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�is work presents a novel semiactive model of a one-half lateral vehicle suspension. �e contribution of this research is
the inclusion of actuator dynamics (two magnetorheological nonlinear dampers) in the modelling, which means that more
realistic outcomes will be obtained, because, in real life, actuators have physical limitations. Takagi-Sugeno (T-S) fuzzy approach
is applied to a four-degree-of-freedom (4-DOF) lateral one-half vehicle suspension. �e system has two magnetorheological
(MR) dampers, whose numerical values come from a real characterization. T-S allows handling suspension’s components and
actuator’s nonlinearities (hysteresis, saturation, and viscoplasticity) by means of a set of linear subsystems interconnected via fuzzy
membership functions. Due to their linearity, each subsystem can be handled with the very well-known control theory, for example,
stability and performance indexes (this is an advantage of the T-S approach). To the best of authors’ knowledge, reported work does
not include the aforementioned nonlinearities in themodelling.�e generatedmodel is validated via a case of studywith simulation
results. �is research is paramount because it introduces a more accurate (the actuator dynamics, a complex nonlinear subsystem)
model that could be applied to one-half vehicle suspension control purposes. Suspension systems are extremely important for
passenger comfort and stability in ground vehicles.

1. Introduction

Vehicle suspension systems have the objective of absorbing
road disturbances, while keeping the tires in contact with the
road surface [1–3]. At the same time it improves passenger
comfort and vehicle stability in a certain level.�e traditional,
commercial oriented approach is the passive suspension,
which is designed for comfort or stability purposes, due
to its constant damping force value, and trade-o
 relation
between comfort and stability. Since the 1960s, there have
been technological advances in fabrication and control of
special materials, referred to as rheological �uids [4]. Because
these materials are able to change from viscous to semisolid
in milliseconds, they have been applied to build new types
of dampers. A
erward, generations of economically viable
vehicle suspensions that modify their damping force in real-
time became available.�ey are commonly known intelligent
suspensions [5].

As part of intelligent semiactive suspensions and to
the best of authors’ knowledge, electrorheological (ER) and
magnetorheological dampers are probably the most applied
approaches, fromwhich the latter has been themost explored
option due to its low power consumption and safeness [6, 7].
By installing an MR damper in the suspension system, ride
comfort and vehicle stability can be considerably increased.
However, system’s complexity is augmented because of the
highly nonlinear phenomena inherent in the damper’s com-
position [8]. As a result, modelling and control strategies
for semiactive suspensions are two principal areas where
automotive investigation has been concentrated.

It is well known that one-quarter suspension models are
restricted to vertical motion [5], whereas one-half vehicle
suspension representations extend the analysis to pitch or
roll dynamics [9].Moreover, the 4-DOF suspension approach
developed herein is the so-called bicycle or lateral model, that
is, a simpli�ed model that merges both front wheels into a
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single front one, and does the same with the rear wheels.
Lateral model includes vertical motion of the concentrated
front and rear wheels, as well as vertical and pitch dynamics
of the sprung mass. �ere is reported work related to a
half vehicle through the so-called bicycle model [10, 11].
Publications include vertical and roll dynamics as reported
in Sammier et al. [12] and more recently in Jeon et al. [13]
and Yu et al. [14]. Novel reported work has handled one-
half suspension models, where the Bouc-Wen model has
been applied for the complete control system, but without
considering actuator’s dynamics for control law computation
[15, 16].

�ere is a considerable amount of literature related to
one-half suspension control that applies diverse modelling
approaches. However, most of them avoid nonlinear model
dynamics; for example, Yagiz et al. [17] reported a robust
fuzzy sliding-mode controller for an active one-half bicycle
suspension with very complete results in time and frequency
domains, although an opportunity area is to include the
actuator dynamics, as reported in Félix-Herrán et al. [18].
Moreover, Cao et al. [19] reported a fuzzy controller for a one-
half semiactive suspension, whereas El Messoussi et al. [20]
went further and developed the T-S fuzzy modelling [21] and
control for the four-wheel vehicle model, but in both cases,
MR damper dynamics was le
 aside and no performance
criteria in frequency domain were included.

Recently, Hametner et al. [22] proposed an algorithm
based on grey-box modelling approach. �e strategy consid-
ers the systems’ nonlinearities and a case of study based on a
half vehicle suspension is presented. �e work compared the
real vehicle behaviour against the proposed model. Regard-
ing T-S fuzzy modelling, Li et al. [23] presented a lateral
suspension representation through T-S methodology, but
nonlinearities were not considered in the model. Kasprzyk
and Krauze [24] went further and reported a half-car model
that includes MR damper’s dynamics; however, no T-S
approach was employed.�e obtainedmodel and the applied
control law are both nonlinear. �us, an opportunity area is
detected, if the global model has linear subsystems, the well-
known control theory can be implemented, and T-S strategy
becomes an advantageous option as employed herein. From
these recent outcomes and previous work, the objective of
this research is to develop a model that includes actuator’s
nonlinear dynamics following the T-S fuzzy approach. �is
combination is the herein contribution (taking the work in
Félix-Herrán et al. [25] as the baseline).

�is paper is organized as follows. Section 2 presents the
4-DOF one-half passive vehicle model. Section 3 develops
the semiactive T-S fuzzy model. Section 4 presents the
case of study based on real suspension and MR damper
data. Simulations support theoretical outcomes. �e ending
section concludes the research and includes further research
directions.

2. One-Half Passive Suspension Model

Modelling and control in a one-half 4-DOF vehicle sus-
pension can be accomplished including vertical and pitch
dynamics or vertical and rollmovements [2].�ewell-known

bicycle model with vertical and pitch dynamics [26, 27] is the
most mentioned one-half vehicle approach [9], and it is the
one considered herein (depicted in Figure 1).

In Figure 1, the front tires are represented by a single
element���, and the rear tires by���. As a result, the system
has the capacity to turn over a pitch angle � (positive when it
grows clockwise). �is rotation occurs around an imaginary
axis that is transversal to sprung mass ��. For the present
study, �� is considered to be a bar of length (� + �) with a
moment of inertia ��. Furthermore, the centre of mass is not
exactly in the middle of the vehicle; thus distances � and �,
as well as front ��� and rear ��� unsprung masses, could be
di
erent.

For passive suspensions, ��� and ��� denote the front and
rear suspension springs’ constants. Besides, ��� and ��� are the
dampers’ constants. Moreover, the front tire is represented
by ���, whereas the rear one is symbolized by ���. Front and
back tires’ displacements are 	�� and 	�� (upward direction
in considered positive). Besides, Figure 1 portrays small
displacements 	�� and 	�� that have to be included in the
vertical analysis. Furthermore, system disturbance inputs
come from the road pro�le in the form of 	�� and 	��.

From Figure 1, a set of mathematical relations is gen-
erated, as presented in (1) to (4). �ese equations allow to
analyse the signi�cant variables related to vertical and pitch
dynamics for a 4-DOF one-half vehicle suspension with a
passive damper. �e model developed herein considers three
practical assumptions (pitch angle � is smaller than 5∘, thus
sin � = � and cos � = 1; front and rear MR dampers have
similar characteristics; and gravity force e
ect on the vehicle
is inherent in the suspension de�ection value, and thus it can
be removed from the equations of motion).

Coming out of Figure 1, the following equations are
obtained:

��	̈� = − (��� + ���)	� − (��� + ���) 	̇�
+ (���� − ����) � + (���� − ����) ̇�
+ ���	�� + ���	̇�� + ���	�� + ���	̇��,

(1)

�� ̈� = (���� − ����)	� + (���� − ����) 	̇�
− (�2��� + �2���) � − (�2��� + �2���) ̇�
− ����	�� − ����	̇�� + ����	�� + ����	̇��,

(2)

���	̈�� = ���	� + ���	̇� − ����� − ���� ̇�
− (��� + ���)	�� − ���	̇�� + ���	��, (3)

���	̈�� = ���	� + ���	̇� + ����� + ���� ̇�
− (��� + ���) 	�� − ���	̇�� + ���	��, (4)

where (1) refers to the unsprungmass motion and (2) to pitch
dynamics. Equations (3) and (4) encompass front and rear
tires acceleration, respectively.
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Figure 1: 4-DOF one-half passive suspension. �e picture refers to the bicycle model.

3. Suspension with Two Magnetorheological
Dampers

3.1. Modelling the Actuators’ Nonlinearities. A passive sus-
pension does not allow modifying the force delivered by
the dampers. Hence, ��� and ��� are going to be replaced by
a set of six elements (�0�, �0�, and hysteresis

front
, �0�, �0�,

and hysteresis
rear

) that represents two MR dampers in order
to vary suspension’s damping factor. For the present study,
front and rear dampers have similar characteristics, and they
are modelled via Bouc-Wen approach [6], as reported in
Félix-Herrán et al. [28]. �e resulting suspension is depicted
in Figure 2. �is new representation includes the following
dynamics:

��	̈� = − (��� + �0� + ��� + �0�)	� − (�0� + �0�) 	̇�
+ [� (��� + �0�) − � (��� + �0�)] �
+ (��0� − ��0�) ̇� + (��� + �0�)	��
+ �0�	̇�� + (��� + �0�) 	�� + �0�	̇��
−���MR� −���MR�,

�� ̈� = [� (��� + �0�) − � (��� + �0�)] 	�
+ (��0� − ��0�) 	̇�
− [(�2 (��� + �0�) + �2 (��� + �0�))] �
− (�2�0� + �2�0�) ̇� − � (��� + �0�)	��
− ��0�	̇�� + � (��� + �0�) 	�� + ��0�	̇��
+ ����MR� − ����MR�,

���	̈�� = (��� + �0�)	� + �0�	̇� − � (��� + �0�) �
− ��0� ̇� − (��� + ��� + �0�)	�� − �0�	̇��
+���MR� + ���	��,

���	̈�� = (��� + �0�) 	� + �0�	̇� + � (��� + �0�) �
+ ��0� ̇� − (��� + ��� + �0�) 	�� − �0�	̇��
+���MR� + ���	��.

(5)

According to Spencer Jr. et al. [6], and tailored for
a 4-DOF one-half vehicle suspension, theoretical internal
variables �MR� and �MR� are de�ned as follows:

�̇MR� = − �� �����	̇� − � ̇� − 	̇������� �MR�
������MR�

������−1
−�� (	̇� − � ̇� − 	̇��) ������MR�

������
+�� (	̇� − � ̇� − 	̇��) ,

�̇MR� = − �� �����	̇� + � ̇� − 	̇������� �MR�
�����MR�

�����−1
−�� (	̇� + � ̇� − 	̇��) �����MR�

�����
+�� (	̇� + � ̇� − 	̇��) ,

(6)

where � = 2, as explained by Wen [29]. Because this
work employs � for other meanings, � is adopted instead.
Moreover, applied current into the actuator a
ects internal
MR dampers’ characteristics with the variation of �0�, �0�, ��,
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Figure 2: 4-DOF one-half semiactive suspension.

�0�, �0�, and ��, as explained in Sireteanu et al. [30] and given
below:

�0� = �0�	 + �0�
��,
�0� = �0�	 + �0�
��,
�� = ��	 +��
��,
�0� = �0�	 + �0�
��,
�� = �0�	 + �0�
��,
�� = ��	 +��
��,

(7)

where �� and �� are the command inputs, that is, two di
erent
electrical current values to manipulate the front and rear MR
dampers. �e semiactive suspension is represented with (5)
to (7).

3.2. Takagi-Sugeno Fuzzy Model. Following the approach in
[28], a Takagi-Sugeno fuzzy model [31] needs to be obtained
in order to synthesize a controller.�e�rst step is to rearrange
the equations of motion in such a way that nonlinearities can
be clearly identi�ed [25] and, if possible, to group them into
one single nonlinearity. It is important to keep the number
of nonlinearities as small as possible because the resulting

T-S system is going to have 2(#nonlinearities) linear subsystems
[31]; therefore, present research considers the outcomes in
Félix-Herrán et al. [25], in order to obtain a T-S model with
fewer subsystems by considering Bouc-Wen approach instead
of the Spencer model [6]. �e latter is more accurate than
the former, but more complex as well, and it generates a T-
S model with more linear subsystems.

Due to suspension system’smultiple inputmultiple output
nature, it is appropriate to de�ne a state-space model. Hence,
the following state variables and inputs are designated.�1 = 	�, �2 = 	̇�, �3 = �, �4 = ̇�, �5 = 	��,�6 = 	̇��, �7 = 	��, �8 = 	̇��, �9 = �MR�, �10 = �MR�,
and �1 = ��, �2 = ��, �1 = 	��, �2 = 	��. �erefore, the

entire system is reformulated to include state-space variables
and nonlinearities 	1 to 	4:

�̇1 = �2,
���̇2 = − (��� + �0�	 + ��� + �0�	) �1

− (�0�	 + �0�	) �2 + (� − �) (��� + �0�	) �3
+ (� − �) �0�	�4 + (��� + �0�	) �5 + �0�	�6
+ (��� + �0�	) �7 + �0�	�8 −���9 −���10
+	1�1 +	2�2,

�̇3 = �4,
���̇4 = [� (��� + �0�	) − � (��� + �0�	)] �1

+ (��0�	 − ��0�	) �2
− [�2 (��� + �0�	) + �2 (��� + �0�	)] �3
− (�2�0�	 + �2�0�	) �4 − � (��� + �0�	) �5
− ��0�	�6 + � (��� + �0�	) �7 + ��0�	�8
+ ���	�9 − ���	�10 − �	1�1 + �	2�2,

�̇5 = �6,
����̇6 = (��� + �0�	) �1 + �0�	�2 − � (��� + �0�	) �3

− ��0�	�4 − (��� + �0�	 + ���) �5 − �0�	�6
+��	�9 + ����1 −	1�1,�̇7 = �8,

����̇8 = (��� + �0�	) �1 + �0�	�2 + � (��� + �0�	) �3
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+ ��0�	�4 − (��� + �0�	 + ���) �7 − �0�	�8
+��	�10 + ����2 −	2�2,

�̇9 = 	3�9 + ���2 − ����4 − ���6,
�̇10 = 	4�10 + ���2 + ����4 − ���8.

(8)

	1 to 	4 are nonlinear terms de�ned as follows:

	1 = − �0�
�1 − �0�
�2 + ��0�
�3 + ��0�
�4 + �0�
�5

+ �0�
�6 −��
�9,
	2 = − �0�
�1 − �0�
�2 − ��0�
�3 − ��0�
�4 + �0�
�7

+ �0�
�8 −��
�10,
	3 = − [�� �����2 − ��4 −�6

����
+ �� (�2 − ��4 −�6) sgn (�9)] �����9

���� ,
	4 = − [�� �����2 + ��4 −�8

����
+ �� (�2 + ��4 −�8) sgn (�10)] �����10

���� ,

(9)

where �� = ��, �� = ��, and �� = ��, considering that both
MR dampers are identical. In addition, sgn(�9) and sgn(�10)
comply with

���� ���� =  sgn ( ) , (10)

where sgn( ) returns −1 if  < 0, 0 if  = 0, and +1 if  >0. In accordance with T-S modelling, 	1 to 	4 are going to
be replaced by linear subsystems interconnected with fuzzy
membership functions:

	1 = !1	1max�1 + (1−!1) 	1min�1,
	2 = "1	2max�2 + (1−"1) 	2min�2,
	3 = #1	3max�9 + (1−#1) 	3min�9,
	4 = $1	4max�10 + (1−$1) 	4min�10,

(11)

where �1 refers to the command input �� and �2 stands for
the command input �� from the front and rear MR dampers,
respectively. Moreover, 	1max is the upper bound of 	1,
whereas 	1min is the lower bound of 	1; that is, 	1max and	1min are the maximum and minimum numerical values of	1. �is same condition holds for 	2, 	3, and 	4. Following
the approach in Tanaka et al. [32]; !1, !2, "1, "2, #1, #2,$1, and $2 are fuzzy membership functions, and they are
calculated from (11), as below:

!1 = [−�0�
�1 − �0�
�2 + ��0�
�3 + ��0�
�4 + �0�
�5 + �0�
�6 − ��
�9] − 	1min	1max − 	1min

,
!2 = 1−!1,
"1 = [−�0�
�1 − �0�
�2 − ��0�
�3 − ��0�
�4 + �0�
�7 + �0�
�8 − ��
�10] − 	2min	2max − 	2min

,
"2 = 1−"1,
#1 = [− [�� �����2 − ��4 − �6

���� − �� (�2 − ��4 − �6) sgn (�9)] �����9

����] − 	3min	3max − 	3min

,
#2 = 1−#1,
$1 = [− [�� �����2 + ��4 − �8

���� − �� (�2 + ��4 − �8) sgn (�10)] �����10

����] − 	4min	4max − 	4min

,
$2 = 1−$1,

(12)

where!1+!2 = 1,"1+"2 = 1,#1+#2 = 1, and$1+$2 = 1.
If there are four nonlinearities, the system can be represented

by 24 = 16 linear subsystems interconnected through fuzzy
membership functions de�ned in (12). Furthermore, each 	
term is between a maximum (max) and a minimum (min)

value. Each subsystem has the form of if. . .then rules, as fully
explained in Takagi and Sugeno [21].

Likewise T-S fuzzy theory presented in Tanaka and
Wang [31] and due to 4 nonlinearities, 16 fuzzy membership
functions ℎ1 to ℎ16 are de�ned. �e total number of ℎ
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functions refers to all combinations with 	�. �e resulting
16 ℎ equations are as follows:

ℎ1 = !1"1#1$1,
ℎ2 = !1"1#1$2,
ℎ3 = !1"1#2$1,
ℎ4 = !1"1#2$2,
ℎ5 = !1"2#1$1,
ℎ6 = !1"2#1$2,
ℎ7 = !1"2#2$1,
ℎ8 = !1"2#2$2,
ℎ9 = !2"1#1$1,
ℎ10 = !2"1#1$2,
ℎ11 = !2"1#2$1,
ℎ12 = !2"1#2$2,
ℎ13 = !2"2#1$1,
ℎ14 = !2"2#1$2,
ℎ15 = !2"2#2$1,
ℎ16 = !2"2#2$2.

(13)

As explained in Tanaka and Wang [31], (13) must comply
with

0 ≤ ℎ� ≤ 1, �∑
�=1

ℎ� = 1. (14)

Wrapping up nonlinearities, ℎ functions, and member-
ship functions, the one-half semiactive vehicle’s suspension
system can be expressed with a T-S fuzzy representation:

�̇ (*) = 16∑
�=1

ℎ� [� �� (*) + -�� (*)] + -�� (*) , (15)

where

� � = �+Γ� (16)

�

=

[[[[[[[[[[[[[[[[[[[[[[
[

0 1 0 0 0 0 0 0 0 0

�2,1 �2,2 �2,3 �2,4 �2,5 �2,6 �2,7 �2,8 �2,9 �2,10

0 0 0 1 0 0 0 0 0 0

�4,1 �4,2 �4,3 �4,4 �4,5 �4,6 �4,7 �4,8 �4,9 �4,10

0 0 0 0 0 1 0 0 0 0

�6,1 �6,2 �6,3 �6,4 �6,5 �6,6 0 0 �6,9 0

0 0 0 0 0 0 0 1 0 0

�8,1 �8,2 �8,3 �8,4 0 0 �8,7 �8,8 0 �8,10

0 �� 0 −��� 0 −�� 0 0 0 0

0 �� 0 ��� 0 −�� 0 0 0 0

]]]]]]]]]]]]]]]]]]]]]]
]

, (17)

where elements in the second row of matrix � in (17) are

�2,1 = − (�0�	 + ��� + �0�	 + ���)�� ,
�2,2 = − (�0�	 + �0�	)�� ,
�2,3 = [� (�0�	 + ���) − � (�0�	 + ���)]�� ,
�2,4 = (��0�	 − ��0�	)�� ,
�2,5 = (�0�	 + ���)�� ,
�2,6 = �0�	�� ,
�2,7 = (�0�	 + ���)�� ,
�2,8 = �0�	�� ,
�2,9 = − ��	�� ,
�2,10 = − ��	�� .

(18)

Moreover, elements in the fourth row are given below:

�4,1 = [� (�0�	 + ���) − � (�0�	 + ���)]�� ,
�4,2 = (��0�	 − ��0�	)�� ,
�4,3 = − [�2 (�0�	 + ���) + �2 (�0�	 + ���)]�� ,
�4,4 = − (�2�0�	 + �2�0�	)�� ,
�4,5 = − � (�0�	 + ���)�� ,
�4,6 = − ��0�	�� ,
�4,7 = � (�0�	 + ���)�� ,
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�4,8 = ��0�	�� ,
�4,9 = ���	�� ,
�4,10 = − ���
�� .

(19)

Furthermore, the elements in the sixth row of (17) are

�6,1 = (�0�	 + ���)��� ,
�6,2 = �0�	��� ,
�6,3 = − � (�0�	 + ���)��� ,
�6,4 = − ��0�	��� ,
�6,5 = − (�0�	 + ��� + ���)��� ,
�6,6 = − �0�	��� ,
�6,9 = ��	��� .

(20)

Finally, the elements of the eighth row are listed:

�8,1 = (�0�	 + ���)��� ,
�8,2 = �0�	��� ,
�8,3 = � (�0�	 + ���)��� ,
�8,4 = ��0�	��� ,
�8,7 = − (�0�	 + ��� + ���)��� ,
�8,8 = − �0�	��� ,
�8,10 = ��	��� .

(21)

In (17), matrix � is constant, whereas the variable part of� � is given by Γ� with

Γ13 = Γ9 = Γ5 = Γ1,
Γ14 = Γ10 = Γ6 = Γ2,
Γ15 = Γ11 = Γ7 = Γ3,
Γ16 = Γ12 = Γ8 = Γ4,

(22)

where Γ1 to Γ4 are de�ned as four augmented matrices, as
follows:

Γ1 = (010,8 |

[0 0 0 0 0 0 0 0 	3max 0

0 0 0 0 0 0 0 0 0 	4max

]
) ,

Γ2 = (010,8 |

[0 0 0 0 0 0 0 0 	3max 0

0 0 0 0 0 0 0 0 0 	4min

]
) ,

Γ3 = (010,8 |

[0 0 0 0 0 0 0 0 	3min 0

0 0 0 0 0 0 0 0 0 	4max

]
) ,

Γ4 = (010,8 |

[0 0 0 0 0 0 0 0 	3min 0

0 0 0 0 0 0 0 0 0 	4min

]
) .

(23)

In addition, vectors -� comply with the following condi-
tions:

-4 = -3 = -2 = -1,
-8 = -7 = -6 = -5,
-12 = -11 = -10 = -9,
-16 = -15 = -14 = -13,

(24)
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where -1, -5, -9, and -13 are described as follows:

-1

= [[[
[
0

�1max�� 0 −��1max�� 0 −�1max��� 0 0 0 0

0
�2max�� 0

��2max�� 0 0 0 −�2max��� 0 0

]]]
]




,
-5

= [[[
[
0

�1max�� 0 −��1max�� 0 −�1max��� 0 0 0 0

0
�2min�� 0

��2min�� 0 0 0 −�2min��� 0 0

]]]
]




,
-9

= [[[
[
0

�1min�� 0 −��1min�� 0 −�1min��� 0 0 0 0

0
�2max�� 0

��2max�� 0 0 0 −�2max��� 0 0

]]]
]




,
-13

= [[[
[
0

�1min�� 0 −��1min�� 0 −�1min��� 0 0 0 0

0
�2min�� 0

��2min�� 0 0 0 −�2min��� 0 0

]]]
]




.

(25)

Furthermore, disturbance vector-�, which is common to
all subsystems, is de�ned as

-� = [[[
[
0 0 0 0 0

������ 0 0 0 0

0 0 0 0 0 0 0
������ 0 0

]]]
]




. (26)

Considering the set of state variables at the begin-
ning of this section, the state vector associated to (15)

is [	� 	̇� � ̇� 	�� 	̇�� 	�� 	̇�� �MR� �MR�]
, albeit the
command input vector is [�� ��]
, and disturbance input

vector is [	�� 	��]
.
Di
erential equations and T-S fuzzy models must have

a similar behaviour. In next section, a numerical example is
applied to compare the models.

4. Case of Study

Simulation results based on realistic data support the the-
oretical work in Section 3. �e one-half vehicle suspension
parameters are in Table 1.

MR damper numerical data are the same ones employed
for the one-quarter case in Félix-Herrán et al. [28], and � =1.0 × 106m−2,� = 1.2 × 106m−2, and � = 15 are taken from a
real MR damper characterization in Sireteanu et al. [30]. It is
worthwhile to mention that real MR dampers do not respond
instantaneously to current changes [6]. Herein simulations

consider dampers’ transient time B = 190 s−1, as noticed in
Sireteanu et al. [30].

Table 1: One-half vehicle suspension parameters for simulation
work.

Parameter Value�� 800 kg�� 1,400 kg/m2

� 1.38m� 1.36m��� = ��� 40 kg��� = ��� 20,000N/m��� = ��� 210,000N/m��� = ��� 1,000Ns/m

1 2

Time (s)

3 40

(c
m

)
0

1

2

3

4

Figure 3: Road bump-like signal.

Keeping in mind that more linear subsystems generate
a more complex T-S fuzzy model, Félix-Herrán et al. [28]
presented a simpli�ed approximation for �0�, �0�, ��, �0�, �0�,
and ��, as functions of current (�) into the MR dampers. �is
approach is employed as follows:

�0� = �0� = 604.1− 256.8� (N/m) ,
�0� = �0� = 516.6+ 144.9� (Ns/m) ,
�� = �� = 53290+ 29013� (N/m) ,

(27)

where � stands for either �� or ��, which are within the range
[0.18–1.75]� to work in the most linear range of �0, �0, and �.	1 to	4 are de�ned as in (9) and their ranges (maximum and
minimumvalues) are closely related to the gains computation
[28].

�ere is a practical aspect to be considered before cal-
culating the controller gains by reducing system’s matrices
ill-conditioning. Bouc-Wen parameters �, �, and � can be
modi�ed in such a way thatMR dampers’ responsemaintains
almost the same behaviour; hence, a heuristically modi�ca-
tion is applied in this work with the following values: � =� = 1.0 × 105m−2, and � = 1.37. With this action, a gap
between the nonlinear di
erential equations and T-S models
is introduced; however, accuracy is kept within an acceptable
error range. Furthermore, present research considers that
both dampers (front and rear) have the same characteristics.

For the T-S fuzzy modelling, based on (11), and consider-
ing that disturbance inputs from the ground are limited to a
sinusoidal signal within the range [0–5]Hz and a road bump
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Figure 4: Road bump test. Both currents to MR dampers are set to a �xed value of 0.80A.

of 0.04m high, 	1max = 162, 	1min = −190, 	2max = 161,	2min = −195, 	3max = −2.6, 	3min = −407.20, 	4max =−2.65, and 	4min = −409. �erefore, !1, !2, "1, "2, #1,#2, $1, and $1 are de�ned as in (12). Moreover, 16 fuzzy
membership functions, ℎ1 to ℎ16, are de�ned as in (13) and
they comply with (14). As a result, the T-S system in (15) was
obtained, and themodel has to be tested regarding stability in
closed-loop.

T-S fuzzy model validation consists in a series of time
response comparisons between T-S di
erential equations
models.�e set of variables involved in the suspension system
are those proposed (state variables) in the beginning of Sec-
tion 3.2. Herein tests apply two di
erent road disturbances: a
road bump and a sinusoidal signal. Road bump-like signals
are commonly applied to review time domain suspensions’
response, whereas sinusoidal ones are o
en employed to
analyse suspensions’ frequency domain response [12, 30].

In Figure 3, there is a road bump disturbance input of
0.04m high. From the bicycle model perspective, the road
bump a
ects the front wheel at 0.5 s in the form of 	��, and

the samepulse turns into	��, at 3.0 s, acting on the rearwheel.
�is input is represented by (28), as reported inWu et al. [27]:

	�� (*) = 0.04 (1− cos 8H*) (m) ,
in the range of 0.50 ≤ * ≤ 0.75 (s)

	�� (*) = 0.04 (1− cos 8H*) (m) ,
in the range of 3.00 ≤ * ≤ 3.25 (s) .

(28)

Simulations compare the nonlinear di
erential suspen-
sion against its T-S fuzzy counterpart. For each case, the fol-
lowing variables are sketched: chassis displacement, chassis
vertical acceleration, pitch angle displacement, pitch angle
acceleration, front tire displacement, and rear tire displace-
ment. Simulation time is set to 5.0 s. Figures 4 and 5 portray
the comparisons for the road bump signal, whereas Figure 6
exposes the sinusoidal input test. In Figures 4 to 6, the light
grey dotted line represents the T-S model response in (15),
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Figure 5: Road bump test. �e front MR damper receives 0.20A, and the rear is fed with 1.75 A.

and the black solid line indicates the nonlinear model in (5)
to (7).

A second test is run for a sinusoidal disturbance of proper
characteristics [12]. �e herein sine input is modelled by

	�� (*) = 0.015 sin (2H*) (m) ,
	�� (*) = 0.015 sin (2H* + 1.033) (m) . (29)

Results in Figures 4 to 6 provide evidence about the
likeness between di
erential equations and T-S fuzzymodels.
Even though some response di
erences are exposed, both
representations have, in general, the same dynamics, and this
is enough to apply T-S modelling, as the baseline for further
control synthesis.

5. Conclusions and Future Work

�e T-S fuzzy modelling approach contributes to develop a
theoretical suspension representation that includes the actu-
ator dynamics.�e proposed novel keeps themain behaviour
of the original di
erential equations suspension model, with
the advantage of being represented in a suitable formulation
that allows applying the well-known linear control theory. A
case of study with simulations results supports the proposed
outcomes.

�e work herein goes beyond the outcomes in [25].
Moreover, it has the potential to be useful for [13–16],
where no actuator dynamics are considered. In addition, the
outcomes achieved in the present research provide a viable
alternative to the recent in [22–24], by means of a 4-DOF
one-half vehicle suspension with two magnetorheological
nonlinear dampers. Control possibilities include fuzzy, I∞,
andI2 strategies, among others.
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Figure 6: Sinusoidal disturbance. �e front damper is connected to 1.70A, and the rear one to 0.30A.

At this moment, the opportunity area is T-S fuzzy model
accuracy. Exhaustive work is required to identify the exact T-
S nonlinearities boundaries, according to disturbances and
control signals. Present work required a large set of tests
considering all scenarios. Another limitation is that each
nonlinear term is divided into two subsystems; hence, it
is important to be assertive when de�ning nonlinearities
because T-S formulation can grow in complexity.

Finally, this research is outstanding because it aims to
obtain vehicle suspensions that meet comfort and stability
standards (two aspects very valuable in automotive industry).
�is e
ort provides another step of the complete global
chassis control in ground vehicles.
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