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TANGENT BUNDLE AND INDICATRIX BUNDLE

OF A FINSLER MANIFOLD

Aurel Bejancu

Abstract

Let Fm ¼ ðM;FÞ be a Finsler manifold and G be the Sasaki-Finsler metric on

TM �. We show that the curvature tensor field of the Levi-Civita connection on

ðTM �;GÞ is completely determined by the curvature tensor field of Vrănceanu con-

nection and some adapted tensor fields on TM �. Then we prove that ðTM �;GÞ is

locally symmetric if and only if Fm is locally Euclidean. Also, we show that the flag

curvature of the Finsler manifold Fm is determined by some sectional curvatures of the

Riemannian manifold ðTM �;GÞ. Finally, for any c0 0 we introduce the c-indicatrix

bundle IMðcÞ and obtain new and simple characterizations of Fm of constant flag

curvature c by means of geometric objects on both IMðcÞ and ðTM �;GÞ.

Introduction

The geometry of the tangent bundle TM of a Riemannian manifold ðM; gÞ
goes back to Sasaki [20], who constructed a natural Riemannian metric G on
TM. Then G was called the Sasaki metric on TM and it was the main tool
in studying interrelations between the geometries of ðM; gÞ and ðTM;GÞ. For
results and references on this matter we refer to the excellent survey of
Gudmundsson and Kappos [12]. Many of the research papers on this topic
pointed out deep interrelations between the tangent sphere bundles and the base
manifold (cf. Kowalski-Sekizawa [16], Yampolski [25]).

The purpose of the present paper is to initiate a study of interrelations
between the geometries of both the tangent bundle and the indicatrix bundle of a
Finsler manifold on one side, and the geometry of the manifold itself, on the
other side. As we shall see later in the paper, the extension of the study from
Riemannian manifolds to Finsler manifolds is not an easy task. This is because
a Finsler manifold Fm ¼ ðM;FÞ does not admit a canonical linear connection on
M, as it is the Levi-Civita connection on a Riemannian manifold. Thus the
study of the geometry of Fm was done by means of some linear connections on
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vector bundles over the slit tangent bundle TM � of M. Here we refer to
Berwald connection, Cartan connection, Chern-Rund connection and Hashiguchi
connection. To develop our study we consider the Sasaki-Finsler metric G on
TM � and instead of the above Finsler connections we take the Vrănceanu
connection on TM � induced by the Levi-Civita connection on ðTM �;GÞ. It is
noteworthy that the local coe‰cients of the Vrănceanu connection give the local
coe‰cients of all the above classical Finsler connections and viceversa. In our
study we combine both the classical coordinate approach and the modern
coordinate-free approach.

Now, we outline the content of the paper. In the first section we arrange
some basic formulae from Finsler geometry and define the adapted tensor fields
R, B and C. Then in Section 2 we show that the curvature tensor field ~RR of
the Levi-Civita connection ~‘‘ on ðTM �;GÞ is completely determined by the
curvature tensor field R of Vrănceanu connection ‘ on TM � and the above
adapted tensor fields (cf. Theorem 2.2). In particular, when Fm is a Riemannian
manifold, we obtain some well known results of Kowalski [15]. Section 3 deals
with interrelations between the flag curvature of Fm and the curvature of
ðTM �;GÞ. First, we find an interesting characterization of Riemannian mani-
folds among Finsler manifolds by means of the covariant derivative of ~RR with
respect to ~‘‘ (cf. Theorem 3.1). Then we prove that ðTM �;GÞ is locally
symmetric if and only if Fm is locally Euclidean (cf. Theorem 3.3). This is
an extension to Finsler manifolds of a result of Kowalski [15] for Riemannian
manifolds. New characterizations of Landsberg manifolds are given in Theorem
3.4. Also, we obtain an important formula which relates the flag curvature of
Fm with some sectional curvatures of ðTM �;GÞ (cf. (3.32)). Then we introduce
the L-horizontal and L-vertical sectional curvatures of ðTM �;GÞ and show that
the flag curvature of Fm is completely determined by them (cf. Corollary 3.2).
Finally, we obtain new characterizations of Finsler manifolds of constant flag
curvature via the L-horizontal and L-vertical curvatures (cf. Theorems 3.8 and
3.9). In the last section we define for any c0 0 the c-indicatrix bundle IMðcÞ
and construct a contact metric structure ðj; x; h; gÞ on it. Then we obtain simple
characterizations of Fm of constant curvature c by means of the structure tensor
field j, the Levi-Civita connection ‘ on ðIMðcÞ; gÞ and the x-horizontal and x-
tangential curvatures of ðIMðcÞ; gÞ (cf. Theorems 4.2, 4.3, 4.4).

1. Preliminaries

Let Fm ¼ ðM;FÞ be an m-dimensional Finsler manifold, where F is the
fundamental function of Fm that is supposed to be of class Cy on the slit tangent
bundle TM � ¼ TMnf0g (see Bao-Chern-Shen [4], p. 2). Denote by ðxi; yiÞ,
i ¼ f1; . . . ;mg, the local coordinates on TM, where ðxiÞ are the local coordinates
of a point x A M and ðyiÞ are the coordinates of a vector y A TxM. Then the
functions

gij ¼
1

2

q2F 2

qyiqy j
;
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define a Finsler tensor field of type ð0; 2Þ on TM �. The m�m matrix ½gij � is
supposed to be positive definite and its inverse is denoted by ½gij �. The following
functions

G
j
i ¼ qG j

qyi
; G j ¼ 1

4
g jk q2F 2

qykqxi
yi � qF 2

qxk

( )
;

have an important role in Finsler geometry.
Next, we consider the kernel VTM � of the di¤erential of the projection

map p : TM � ! M, which is known as vertical bundle on TM �. Denote by
GðVTM �Þ the FðTM �Þ-module of sections of VTM �, where FðTM �Þ is the
algebra of smooth functions on TM �. The same notation will be used for
any other vector bundle. Locally, GðVTM �Þ is spanned by the natural vector
fields fq=qy1; . . . ; q=qymg. Then by using the functions G

j
i we define the

nonholonomic vector fields

d

dxi
¼ q

qxi
� G

j
i

q

qy j
; i A f1; . . . ;mg;ð1:1Þ

which enable us to construct a complementary vector subbundle HTM � to
VTM � in TTM � that is locally spanned by fd=dx1; . . . ; d=dxmg. We call HTM �

the horizontal distribution on TM �. Thus the tangent bundle of TM � admits the
decomposition

TTM � ¼ HTM � lVTM �:ð1:2Þ
Then we can define the Sasaki-Finsler metric G on TM � as follows (cf. Bao-
Chern-Shen [4], p. 48, Bejancu-Farran [6], p. 35, Matsumoto [18], p. 136):

G
d

dx j
;
d

dxi

� �
¼ G

q

qy j
;
q

qyi

� �
¼ gijðx; yÞ; G

d

dx j
;
q

qyi

� �
¼ 0:ð1:3Þ

Now, we define some geometric objects of Finsler type on TM �. First, the
Lie brackets of the above vector fields are expressed as follows:

d

dxi
;
d

dx j

� �
¼ Rk

ij

q

qyk
; Rk

ij ¼
dGk

i

dx j
�
dGk

j

dxi
;ð1:4Þ

and

d

dxi
;
q

qy j

� �
¼ Gk

ij

q

qyk
; Gk

ij ¼ Gk
ji ¼

qGk
i

qy j
:ð1:5Þ

We note that Rk
ij define a skew-symmetric Finsler tensor field of type ð1; 2Þ while

Gk
ij are the local coe‰cients of the Berwald connection. Some other Finsler

tensor fields defined by Rk
ij will be useful in a study of Finsler manifolds of

constant flag curvature (see Sections 3 and 4):

ðaÞ Rhij ¼ ghkR
k
ij ; ðbÞ Rhj ¼ Rhijy

i; ðcÞ Rk
j ¼ gkhRhj :ð1:6Þ

From their properties we mention the following:
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ðaÞ yhRhij ¼ 0; ðbÞ yhRhj ¼ 0; ðcÞ Rij ¼ Rji;

ðdÞ Rk
ij ¼

1

3

qRk
j

qyi
� qRk

i

qy j

( )
:

ð1:7Þ

On the other hand, since F is positively homogeneous of degree one with respect
to y, several geometric objects on TM � will be positively homogeneous of certain
degrees. In particular, Gk

i are positively homogeneous of degree one and by
(1.5) and Euler theorem we obtain

Gk
ij y

j ¼ Gk
i :ð1:8Þ

Apart from Gk
ij , the functions F k

ij given by

F k
ij ¼

1

2
gkh dghi

dx j
þ dghj

dxi
� dgij

dxh

� �
;ð1:9Þ

are involved in both the Chern-Rund connection and the Cartan connection.
Moreover, we have (cf. Bejancu-Farran [6], p. 46)

F k
ij y

j ¼ Gk
i :ð1:10Þ

By means of Gk
ij and F k

ij , we define a symmetric Finsler tensor field of type ð1; 2Þ
whose local components are given by

Bk
ij ¼ F k

ij � Gk
ij :ð1:11Þ

As a consequence of (1.8), (1.10) and (1.11) we have

Bk
ij y

j ¼ 0:ð1:12Þ
Also, the Cartan tensor field is given by its local components:

ðaÞ Ck
ij ¼

1

2
gkh qgij

qyh
or ðbÞ Cijk ¼ 1

2

qgik

qy j
:ð1:13Þ

By the homogeneity condition for F we obtain

ðaÞ Ck
ij y

j ¼ 0 and ðbÞ Cijky
j ¼ 0:ð1:14Þ

Next, we denote by h and v the projection morphisms of TTM � on HTM �

and VTM � respectively, with respect to the decomposition (1.2). Then by using
the above Finsler tensor fields Rk

ij , C
k
ij and Bk

ij we define the following adapted
tensor fields:

R: GðHTM �Þ � GðHTM �Þ ! GðVTM �Þ;ð1:15Þ

RðhX ; hYÞ ¼ Rk
ijY

iX j q

qyk
;

C: GðHTM �Þ � GðHTM �Þ ! GðVTM �Þ;ð1:16Þ

CðhX ; hY Þ ¼ Ck
ij Y

iX j q

qyk
;
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B: GðVTM �Þ � GðVTM �Þ ! GðHTM �Þ;ð1:17Þ

BðvU ; vW Þ ¼ Bk
ijW

iU j d

dxk
;

where we set

hX ¼ X j d

dx j
; hY ¼ Y i d

dxi
; vU ¼ U j q

qy j
and vW ¼ W i q

qyi
:

By using (1.4) and (1.15) it is easy to check that

ðaÞ R
d

dx j
;
d

dxi

� �
¼ Rk

ij

q

qyk
and ðbÞ RðhX ; hYÞ ¼ �v½hX ; hY �:ð1:18Þ

Thus HTM � is an integrable distribution if and only if R ¼ 0. For this reason
R is known as the integrability tensor field of HTM �. On the other hand,
the adapted tensor fields B and C represent the obstructions for Fm to be a
Landsberg manifold and a Riemannian manifold, respectively. Indeed, Fm be-
comes a Landsberg (resp. Riemannian) manifold if and only if B ¼ 0 (resp.
C ¼ 0Þ.

Finally, we should stress that the adapted tensor field R, B and C together
with the Vrănceanu connection (which is constructed in the next section) will play
an important role in the study of interrelations between the geometries of the
tangent bundle and indicatrix bundle of Fm on one side, and the geometry of Fm

on the other side.

2. The Levi-Civita connection and the Vrănceanu connection on ðTM�;GÞ

Let ðTM �;GÞ be the Riemannian manifold, where G is the Sasaki-Finsler
metric on TM � given by (1.3). Then denote by ~‘‘ the Levi-Civita connection
on ðTM �;GÞ, that is, ~‘‘ is given by (cf. Yano-Kon [26], p. 29)

2Gð~‘‘XY ;ZÞ ¼ XðGðY ;ZÞÞ þ Y ðGðZ;XÞÞ � ZðGðX ;Y ÞÞð2:1Þ
þ Gð½X ;Y �;ZÞ � Gð½Y ;Z�;XÞ þ Gð½Z;X �;YÞ;

for any X ;Y ;Z A GðTM �Þ. The Vrănceanu connection ‘ on TM � that is
induced by ~‘‘ with respect to the decomposition (1.2) is defined by

‘XY ¼ v~‘‘vX vY þ h~‘‘hXhY þ v½hX ; vY � þ h½vX ; hY �;ð2:2Þ
for any X ;Y A GðTM �Þ. Vrănceanu [23] introduced ‘ by its local coe‰cients
for a study of both nonholonomic manifolds and nonholonomic mechanical
systems. The invariant formula (2.2) was given by Ianuş [14] in the general
context of almost product manifolds. It is noteworthy that the Vrănceanu
connection is one of the main tools in a study of the geometry of foliations (see
Bejancu-Farran [7]). In our case, the local coe‰cients of ‘ with respect to the

adapted frame field
d

dxi
;
q

qyi

� �
, i A f1; . . . ;mg, on TM � are given by the local
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coe‰cients of all the classical Finsler connections: Berwald connection, Cartan
connection, Chern-Rund connection and Hashiguchi connection. Indeed, by
using (2.2), (2.1), (1.5), (1.9) and (1.13) we obtain

ðaÞ ‘q=qy j

q

qyi
¼ Ck

ij

q

qyk
; ðbÞ ‘d=dx j

d

dxi
¼ F k

ij

d

dxk
;

ðcÞ ‘q=qy j

d

dxi
¼ 0; ðdÞ ‘d=dx j

q

qyi
¼ Gk

ij

q

qyk
:

ð2:3Þ

Also, we should note that ‘ is an adapted linear connection on TM � with respect
to the decomposition (1.2), that is, both distributions HTM � and VTM � are
parallel with respect to ‘. The main purpose of this section is to relate the
curvature tensor fields of ~‘‘ and ‘ by means of R, B and C. First, we prove the
following propositions.

Proposition 2.1. The Lie brackets on TM � are expressed in terms of
Vrănceanu connection as follows:

ðaÞ ½hX ; hY � ¼ ‘hXhY � ‘hYhX � RðhX ; hYÞ;
ðbÞ ½hX ; vY � ¼ ‘hX vY � ‘vYhX ;

ðcÞ ½vX ; vY � ¼ ‘vX vY � ‘vY vX ;

ð2:4Þ

for any X ;Y A GðTTM �Þ.

Proof. By direct calculations using (1.2), (1.18b), (2.2), and taking into

account that ~‘‘ is torsion-free we obtain

½hX ; hY � ¼ h½hX ; hY � þ v½hX ; hY � ¼ hf~‘‘hXhY � ~‘‘hYhXg � RðhX ; hYÞ
¼ ‘hXhY � ‘hYhX � RðhX ; hY Þ;

which proves (2.4a). Similar reason applies for proofs of (2.4b) and (2.4c). 9

Proposition 2.2. The adapted tensor fields B and C can be expressed in
terms of Vrănceanu connection as follows:

GðBðvX ; vYÞ; hZÞ ¼ 1

2
ð‘hZGÞðvX ; vY Þ;ð2:5Þ

GðCðhX ; hY Þ; vZÞ ¼ 1

2
ð‘vZGÞðhX ; hYÞ;ð2:6Þ

for any X ;Y ;Z A GðTTM �Þ.

Proof. By using (1.3) and (2.3d) we obtain

ð‘d=dxkGÞ q

qy j
;
q

qyi

� �
¼ dgij

dxk
� ghjG

h
ik � gihG

h
jk:ð2:7Þ
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Now, we denote by gij;k the right part in (2.7) and observe that it is just the
h-covariant derivative of gij with respect to the Berwald connection. Then by
using (18.14) and (18.24) from Matsumoto [18] and (1.11) we deduce that

gij;k ¼ �2Cijkjty
t ¼ 2gihðF h

jk � Gh
jkÞ ¼ 2gihB

h
jk ¼ 2Bjik;ð2:8Þ

where ‘‘j’’ represents the h-covariant derivative with respect to Chern-Rund
connection. Thus from (2.7) and (2.8) we obtain (2.5). Next, by using (1.3) and
(2.3c) we infer that

ð‘q=qykGÞ d

dx j
;
d

dxi

� �
¼ qgij

qyk
;

which implies (2.6) via (1.13). 9

Next, in order to express the Levi-Civita connection in terms of Vrănceanu
connection, we define for each of the adapted tensor fields R, C and B a twin
(denoted by the same symbol) as follows:

R: GðHTM �Þ � GðVTM �Þ ! GðHTM �Þ;ð2:9Þ
GðRðhX ; vYÞ; hZÞ ¼ GðRðhX ; hZÞ; vYÞ;

C: GðHTM �Þ � GðVTM �Þ ! GðHTM �Þ;ð2:10Þ
GðCðhX ; vYÞ; hZÞ ¼ GðCðhX ; hZÞ; vY Þ;

B: GðHTM �Þ � GðVTM �Þ ! GðVTM �Þ;ð2:11Þ
GðBðhX ; vYÞ; vZÞ ¼ GðBðvY ; vZÞ; hX Þ;

for any X ;Y ;Z A GðTTM �Þ. Now, we can prove the following theorem.

Theorem 2.1. Let Fm ¼ ðM;F Þ be a Finsler manifold. Then the Levi-Civita
connection ~‘‘ and the Vrănceanu connection ‘ on ðTM �;GÞ are related as follows:

~‘‘hXhY ¼ ‘hXhY � CðhX ; hYÞ � 1

2
RðhX ; hY Þ;ð2:12Þ

~‘‘hX vY ¼ ‘hX vY þ BðhX ; vY Þ þ CðhX ; vYÞ þ 1

2
RðhX ; vY Þ;ð2:13Þ

~‘‘vXhY ¼ ‘vXhY þ CðhY ; vX Þ þ 1

2
RðhY ; vXÞ þ BðhY ; vX Þ;ð2:14Þ

~‘‘vX vY ¼ ‘vX vY � BðvX ; vYÞ;ð2:15Þ
for any X ;Y A GðTTM �Þ.

Proof. First, by using (1.2) and (2.2) we obtain

Gð~‘‘hXhY ; hZÞ ¼ Gðh~‘‘hXhY ; hZÞ ¼ Gð‘hXhY ; hZÞ:ð2:16Þ
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Then, we use (2.1), (1.3), (2.2), (1.18b) and (2.6), and deduce that

Gð~‘‘hXhY ; vZÞ ¼ 1

2
f�vZðGðhX ; hY ÞÞ þ Gðh½vZ; hX �; hY Þð2:17Þ

þ GðhX ; h½vZ; hY �Þ þ Gðv½hX ; hY �; vZÞg

¼ 1

2
f�vZðGðhX ; hY ÞÞ þ Gð‘vZhX ; hYÞ þ GðhX ;‘vZhYÞ

� GðRðhX ; hYÞ; vZÞg

¼ �G CðhX ; hYÞ þ 1

2
RðhX ; hY Þ; vZ

� �
:

Thus from (2.16) and (2.17) we obtain (2.12). Next, by using (2.1), (1.3), (2.4b),
(2.6), (1.18b), (2.9) and (2.10) we infer that

Gð~‘‘hX vY ; hZÞ ¼ 1

2
fvYðGðhX ; hZÞÞ þ Gð½hX ; vY �; hZÞð2:18Þ

þ GðhX ; ½hZ; vY �Þ � Gðv½hX ; hZ�; vYÞg

¼ 1

2
ð‘vYGÞðhX ; hZÞ þ 1

2
GðRðhX ; hZÞ; vYÞ

¼ G CðhX ; vY Þ þ 1

2
RðhX ; vYÞ; hZ

� �
:

Also, by using (2.1), (1.3), (2.4b), (2.5), (2.11), and taking into account that
VTM � is integrable, we obtain

Gð~‘‘hX vY ; vZÞ ¼ 1

2
fhX ðGðvY ; vZÞÞ þ Gð‘hX vY ; vZÞ � GðvY ;‘hX vZÞgð2:19Þ

¼ 1

2
ð‘hXGÞðvY ; vZÞ þ Gð‘hX vY ; vZÞ

¼ Gð‘hX vY þ BðhX ; vYÞ; vZÞ:

Then (2.13) is a consequence of (2.18) and (2.19). Next, (2.14) is obtained from
(2.13) by using (2.4b) and taking into account that ~‘‘ is torsion-free. Finally, we
use (2.1), (1.3), (2.4b) and (2.5), and deduce that

Gð~‘‘vX vY ; vZÞ ¼ Gðv~‘‘vX vY ; vZÞ ¼ Gð‘vX vY ; vZÞ;
and

Gð~‘‘vX vY ; hZÞ ¼ 1

2
f�hZðGðvX ; vYÞÞ � Gð½vX ; hZ�; vYÞ

� GðvX ; ½vY ; hZ�Þg ¼ �GðBðvX ; vY Þ; hZÞ;

which prove (2.15). We should remark that in all these calculations we use the
fact that ‘ is an adapted linear connection on TM �. 9
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Now, we want to find interrelations between the curvature tensor fields of ~‘‘
and ‘. First, we denote by ~RR the curvature tensor field of ~‘‘, that is, we have

~RRðX ;Y ;ZÞ ¼ ~RRðX ;YÞZ ¼ ~‘‘X
~‘‘YZ � ~‘‘Y

~‘‘XZ � ~‘‘½X ;Y �Z;ð2:20Þ
for any X ;Y ;Z A GðTTM �Þ. The curvature tensor field of ‘ is denoted by R
and it is given by a similar formula to (2.20).

In order to simplify the presentation of some long formulae we use the
symbol AðhX ;hYÞ, which means that in the expression that follows this symbol we
interchange hX and hY , and then subtract, as in the following formula

AðhX ;hY Þf f ðhX ; hY Þg ¼ f ðhX ; hY Þ � f ðhY ; hXÞ:
In a similar way we use the symbol AðvX ; vYÞ. Now we can state the theorem on
interrelations between ~RR and R.

Theorem 2.2. Let Fm ¼ ðM;F Þ be a Finsler manifold. Then the curvature
tensor field ~RR of the Levi-Civita connection on ðTM �;GÞ is completely determined
by the curvature tensor field R of Vrănceanu connection on ðTM �;GÞ and the
adapted tensor fields R, C and B as follows:

~RRðhX ; hY ; hZÞ ¼ RðhX ; hY ; hZÞ þ BðhZ;RðhX ; hY ÞÞð2:21Þ

þ CðhZ;RðhX ; hY ÞÞ þ 1

2
RðhZ;RðhX ; hYÞÞ

�AðhX ;hYÞ

�
ð‘hXCÞðhY ; hZÞ þ 1

2
ð‘hXRÞðhY ; hZÞ

þ BðhX ;CðhY ; hZÞÞ þ 1

2
BðhX ;RðhY ; hZÞÞ

þ CðhX ;CðhY ; hZÞÞ þ 1

2
CðhX ;RðhY ; hZÞÞ

þ 1

2
RðhX ;CðhY ; hZÞÞ þ 1

4
RðhX ;RðhY ; hZÞÞ

�
;

~RRðhX ; hY ; vZÞ ¼ RðhX ; hY ; vZÞ � BðRðhX ; hY Þ; vZÞð2:22Þ

þAðhX ;hYÞ

�
ð‘hXBÞðhY ; vZÞ þ ð‘hXCÞðhY ; vZÞ

þ 1

2
ð‘hXRÞðhY ; vZÞ þ BðhX ;BðhY ; vZÞÞ

þ CðhX ;BðhY ; vZÞÞ þ 1

2
RðhX ;BðhY ; vZÞÞ

� CðhX ;CðhY ; vZÞÞ � 1

2
CðhX ;RðhY ; vZÞÞ

� 1

2
RðhX ;CðhY ; vZÞÞ � 1

4
RðhX ;RðhY ; vZÞÞ

�
;
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~RRðvX ; vY ; hZÞ ¼ RðvX ; vY ; hZÞð2:23Þ

þAðvX ; vYÞ

�
ð‘vXCÞðhZ; vYÞ þ ð‘vXBÞðhZ; vY Þ

þ 1

2
ð‘vXRÞðhZ; vY Þ þ CðCðhZ; vYÞ; vXÞ

þ 1

2
CðRðhZ; vY Þ; vXÞ þ 1

2
RðCðhZ; vY Þ; vXÞ

þ 1

4
RðRðhZ; vY Þ; vXÞ þ BðCðhZ; vYÞ; vX Þ

þ 1

2
BðRðhZ; vY Þ; vX Þ � BðvX ;BðhZ; vY ÞÞ

�
;

~RRðvX ; vY ; vZÞ ¼ RðvX ; vY ; vZÞð2:24Þ

�AðvX ; vY Þ

�
ð‘vXBÞðvY ; vZÞ þ CðBðvY ; vZÞ; vX Þ

þ 1

2
RðBðvY ; vZÞ; vX Þ þ BðBðvY ; vZÞ; vXÞ

�
;

~RRðhX ; vY ; hZÞ ¼ RðhX ; vY ; hZÞ þ ð‘hXCÞðhZ; vYÞð2:25Þ

þ ð‘vYCÞðhX ; hZÞ þ 1

2
ð‘hXRÞðhZ; vYÞ

þ 1

2
ð‘vYRÞðhX ; hZÞ þ ð‘hXBÞðhZ; vYÞ

� CðhX ;CðhZ; vY ÞÞ � 1

2
CðhX ;RðhZ; vYÞÞ

� 1

2
RðhX ;CðhZ; vYÞÞ � 1

4
RðhX ;RðhZ; vY ÞÞ

þ BðhX ;BðhZ; vY ÞÞ þ CðhX ;BðhZ; vYÞÞ

þ 1

2
RðhX ;BðhZ; vYÞÞ

� BðvY ;CðhX ; hZÞÞ � 1

2
BðvY ;RðhX ; hZÞÞ;

~RRðhX ; vY ; vZÞ ¼ RðhX ; vY ; vZÞ � ð‘hXBÞðvY ; vZÞð2:26Þ

� ð‘vYBÞðhX ; vZÞ � ð‘vYCÞðhX ; vZÞ

� 1

2
ð‘vYRÞðhX ; vZÞ þ CðhX ;BðvY ; vZÞÞ
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þ 1

2
RðhX ;BðvY ; vZÞÞ þ BðvY ;BðhX ; vZÞÞ

� CðCðhX ; vZÞ; vYÞ � 1

2
CðRðhX ; vZÞ; vYÞ

� 1

2
RðCðhX ; vZÞ; vY Þ � 1

4
RðRðhX ; vZÞ; vYÞ

� BðCðhX ; vZÞ; vYÞ � 1

2
BðRðhX ; vZÞ; vYÞ;

for any X ;Y ;Z A GðTTM �Þ.

Proof. First, by using (2.12) and (2.13) we obtain

~‘‘hX
~‘‘hYhZ ¼ ~‘‘hX ð‘hYhZÞ � ~‘‘hX

�
CðhY ; hZÞ þ 1

2
RðhY ; hZÞ

�
ð2:27Þ

¼ ‘hX‘hYhZ � CðhX ;‘hYhZÞ � 1

2
RðhX ;‘hYhZÞ

� ‘hX ðCðhY ; hZÞÞ � 1

2
‘hX ðRðhY ; hZÞÞ

� BðhX ;CðhY ; hZÞÞ � 1

2
BðhX ;RðhY ; hZÞÞ

� CðhX ;CðhY ; hZÞÞ � 1

2
CðhX ;RðhY ; hZÞÞ

� 1

2
RðhX ;CðhY ; hZÞÞ � 1

4
RðhX ;RðhY ; hZÞÞ:

Then, taking into account the decomposition (1.2) and by using (2.12), (2.14),
(2.4a) and (1.18b) we deduce that

~‘‘½hX ;hY �hZ ¼ ~‘‘h½hX ;hY �hZ þ ~‘‘v½hX ;hY �hZð2:28Þ

¼ ‘h½hX ;hY �hZ � Cðh½hX ; hY �; hZÞ � 1

2
Rðh½hX ; hY �; hZÞ

þ ‘v½hX ;hY �hZ þ CðhZ; v½hX ; hY �Þ þ BðhZ; v½hX ; hY �Þ

þ 1

2
RðhZ; v½hX ; hY �Þ ¼ ‘½hX ;hY �hZ � Cð‘hXhY ; hZÞ

þ Cð‘hYhX ; hZÞ � 1

2
Rð‘hXhY ; hZÞ þ 1

2
Rð‘hYhX ; hZÞ

� CðhZ;RðhX ; hY ÞÞ � BðhZ;RðhX ; hYÞÞ

� 1

2
RðhZ;RðhX ; hYÞÞ:
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Next, by direct calculations using (2.20) for both ~RR and R, and taking into
account (2.27) and (2.28) we obtain (2.21). All the other equalities from the
theorem are deduced by similar calculations as above. 9

In order to relate the integrability tensor field R of HTM � to the curvature
tensor field R of the Vrănceanu connection we consider the horizontal Liouville
vector field

L ¼ yi d

dxi
;ð2:29Þ

and prove the following.

Proposition 2.3. The horizontal Liouville vector field is parallel with respect
to Vrănceanu connection along the horizontal distribution HTM �, that is, we have

‘hXL ¼ 0; EX A GðTTM �Þ:ð2:30Þ

Proof. First, by direct calculations using (1.1) we obtain

dyi

dx j
¼ �Gi

j :ð2:31Þ

Then by using (2.3b), (2.31) and (1.10) we deduce that

‘d=dx jL ¼ ‘d=dx j yi d

dxi
¼ dyi

dx j

d

dxi
þ yiF k

ij

d

dxk
¼ ð�Gk

j þ yiF k
ij Þ

d

dxk
¼ 0;

which proves (2.30). 9

We also need the almost complex structure J on TM � given by

ðaÞ J
d

dxi

� �
¼ q

qyi
; ðbÞ J

q

qyi

� �
¼ � d

dxi
:ð2:32Þ

The main properties of J are presented in the next section. Here we prove the
following.

Proposition 2.4. The integrability tensor field R of HTM � is related to both
the curvature tensor field R and the torsion tensor field T of Vrănceanu connection
as follows:

RðhX ; hYÞ ¼ JRðhX ; hY ;LÞ ¼ TðX ;Y Þ; EX ;Y A GðTTM �Þ:ð2:33Þ

Proof. By using (2.20) for R, (2.30), (1.4), (2.32a), (2.3c) and (1.18a) we
obtain

JR
d

dx j
;
d

dxi
;L

� �
¼ �J‘½d=dx j ; d=dxi �L ¼ �J‘Rk

ji ðq=qykÞ yh d

dxh

� �

¼ Rh
ij

q

qyh
¼ R

d

dx j
;
d

dxi

� �
;
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which proves the first equality in (2.33). Taking into account that

TðX ;Y Þ ¼ ‘XY � ‘YX � ½X ;Y �;
and by using (2.4) we deduce that

TðX ;YÞ ¼ RðhX ; hY Þ;
which completes the proof of the proposition. 9

Also, we need to express the local components of the curvature tensor field R
of ‘ in terms of the local coe‰cients of ‘. First we set

R
d

dxk
;
d

dx j
;
d

dxi

� �
¼ Kh

ijk

d

dxh
; R

d

dxk
;
d

dx j
;
q

qyi

� �
¼ Rh

ijk

q

qyh
;

R
q

qyk
;
d

dx j
;
d

dxi

� �
¼ F h

ijk

d

dxh
; R

q

qyk
;
d

dx j
;
q

qyi

� �
¼ Ph

ijk

q

qyh
;

R
q

qyk
;
q

qy j
;
d

dxi

� �
¼ Dh

ijk

d

dxh
; R

q

qyk
;
q

qy j
;
q

qyi

� �
¼ Sh

ijk

q

qyh
:

Then, by direct calculations using (2.20) for R, (2.3), (1.4) and (1.5) we obtain

ðaÞ Kh
ijk ¼

dF h
ij

dxk
� dF h

ik

dx j
þ F t

ijF
h
tk � F t

ikF
h
tj ;

ðbÞ F h
ijk ¼

qF h
ij

qyk
;

ðcÞ Dh
ijk ¼ 0;

ðdÞ Rh
ijk ¼

dGh
ij

dxk
� dGh

ik

dx j
þ Gt

ijG
h
tk � Gt

ikG
h
tj þ Ch

itR
t
jk;

ðeÞ Ph
ijk ¼

qGh
ij

qyk
� dCh

ik

dx j
þ Gt

ijC
h
tk � Ct

ikG
h
tj þ Ch

itG
t
jk;

ðfÞ Sh
ijk ¼

qCh
ij

qyk
� qCh

ik

qy j
þ Ct

ijC
h
tk � Ct

ikC
h
tj :

ð2:34Þ

It is easy to see that Kh
ijk and F h

ijk are the h-curvature and hv-curvature tensors of

Chern-Rund connection, while Sh
ijk is the v-curvature tensor of Cartan connection.

Moreover, (2.34d) and (2.34e) can be written as follows:

Rh
ijk ¼ Hh

ijk þ Ch
itR

t
jk;

Ph
ijk ¼ Gh

ijk � Ch
ik; j ;

where Hh
ijk and Gh

ijk are the h-curvature and hv-curvature tensors of Berwald
connection, and the h-covariant derivative of Ch

ik is taken with respect to Berwald
connection. Finally, by using (1.10), (1.11), (1.5) and (2.34b) we deduce that
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Bh
jk ¼ �yi

qF h
ij

qyk
¼ �yiF h

ijk:ð2:35Þ

In the remaining part of this section we want to show that in particular,
when Fm is a Riemannian manifold, the Theorems 2.1 and 2.2 give some well
known results of Kowalski [15]. Thus, let Fm ¼ ðM;FÞ be a Riemannian
manifold, that is, we have

F 2ðx; yÞ ¼ gijðxÞyiy j;

where gijðxÞ are the local components of a Riemannian metric g on M. In this
case, the functions G

j
i are given by

G
j
i ðx; yÞ ¼ ykG

j
kiðxÞ;ð2:36Þ

where G
j
kiðxÞ are the Christo¤el symbols of the Levi-Civita connection D on

ðM; gÞ. Denote by R the curvature tensor field of D and set

R
q

qxk
;
q

qx j
;
q

qxi

� �
¼ Rh

ijk

q

qxh
:ð2:37Þ

Then by using (2.36) in (1.4), and taking into account (1.1) we obtain

Rk
ij ðx; yÞ ¼ yrRk

rijðxÞ:ð2:38Þ
Next, we take a vector field X ¼ X iðq=qxiÞ on M and consider its vertical and
horizontal lifts X v ¼ X iðq=qyiÞ and X h ¼ X iðd=dxiÞ, respectively. Then by using
(1.15), (2.38) and (2.37) we deduce that

RðX h;Y hÞðx;yÞ ¼ fRxðXx;Yx; yÞgv
ðx;yÞ;ð2:39Þ

where ðx; yÞ A TM �, y ¼ yiðq=qxiÞx and Xx;Yx A TxM. Also, by using basic
properties of R, (2.9) and (2.38) we infer that

RðX h;Y vÞðx;yÞ ¼ fRxðy;Yx;XxÞgh
ðx;yÞ:ð2:40Þ

Finally, by using (1.5), (2.36), (1.9), (1.1) and (1.13) we obtain

ðaÞ Gk
ij ðx; yÞ ¼ F k

ij ðx; yÞ ¼ Gk
ij ðxÞ;

ðbÞ Ck
ij ðx; yÞ ¼ 0; Ei; j; k A f1; . . . ;mg;

ð2:41Þ

which together with (2.3) imply

ðaÞ ‘X vY v ¼ 0; ðbÞ ‘X hY h ¼ fDXYgh;

ðcÞ ‘X vY h ¼ 0; ðdÞ ‘X hY v ¼ fDXYgv; EX ;Y A GðTMÞ:
ð2:42Þ

Thus, by using (2.39), (2.40) and (2.42), and taking into account that on the
Riemannian manifold ðM; gÞ we have B ¼ 0 and C ¼ 0, from Theorem 2.1 we
deduce the following corollary.

Corollary 2.1 (Kowalski [15]). Let G be the Sasaki metric on the tangent
bundle TM of a Riemannian manifold ðM; gÞ. Then the Levi-Civita connections ~‘‘
and D on ðTM;GÞ and ðM; gÞ respectively, are related as follows:
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ð~‘‘X hY hÞðx;yÞ ¼ fDXx
Yxgh

ðx;yÞ �
1

2
fRxðXx;Yx; yÞgv

ðx;yÞ;

ð~‘‘X hY vÞðx;yÞ ¼ fDXx
Yxgv

ðx;yÞ þ
1

2
fRxðy;Yx;XxÞgh

ðx;yÞ;

ð~‘‘X vY hÞðx;yÞ ¼
1

2
fRxðy;Xx;YxÞgh

ðx;yÞ;

ð~‘‘X vY vÞðx;yÞ ¼ 0:

Now, we want to find interrelations between the curvature tensor fields ~RR
and R of ~‘‘ and D, respectively. First, by using (2.40) and (1.1) in (2.34) we
obtain the following proposition.

Proposition 2.5. Let ðM; gÞ be a Riemannian manifold. Then the curvature
tensor field R of Vrănceanu connection on ðTM;GÞ is completely determined by the
following formulae:

ðaÞ RðX h;Y h;ZhÞ ¼ fRðX ;Y ;ZÞgh;

ðbÞ RðX h;Y h;ZvÞ ¼ fRðX ;Y ;ZÞgv;

ðcÞ RðX v;Y h;ZhÞ ¼ RðX v;Y v;ZhÞ ¼ RðX v;Y h;ZvÞ
¼ RðX v;Y v;ZvÞ ¼ 0;

ð2:43Þ

for any X ;Y ;Z A GðTMÞ.

Also, we need the following proposition.

Proposition 2.6. Let D be the Levi-Civita connection on a Riemannian
manifold ðM; gÞ and ‘ the Vrănceanu connection on ðTM;GÞ where G is the
Sasaki metric on TM. Then the integrability tensor R of the horizontal distri-
bution and the curvature tensor field R of D satisfy the equalities:

ðaÞ ð‘X hRÞðY h;ZhÞðx;yÞ ¼ fðDXRÞðY ;Z; yÞgv
ðx;yÞ;

ðbÞ ð‘X hRÞðY h;ZvÞðx;yÞ ¼ fðDXRÞðy;Z;YÞgh
ðx;yÞ;

ðcÞ ð‘X vRÞðY h;ZhÞ ¼ fRðY ;Z;XÞgv;

ðdÞ ð‘X vRÞðY h;ZvÞ ¼ fRðX ;Z;Y Þgh;

ðeÞ ð‘ZhRÞðX h;Y hÞ ¼ ð‘Y hRÞðX h;ZhÞ � ð‘X hRÞðY h;ZhÞ;

ðfÞ RðX h;RðY h;ZhÞÞðx;yÞ ¼ fRðy;RðY ;Z; yÞ;X Þgh
ðx;yÞ;

ðgÞ RðX h;RðY h;ZvÞÞðx;yÞ ¼ fRðX ;Rðy;Z;YÞ; yÞgv
ðx;yÞ;

ðhÞ RðRðZh;Y vÞ;X vÞðx;yÞ ¼ fRðy;X ;Rðy;Y ;ZÞgh
ðx;yÞ:

ð2:44Þ
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Proof. First, by using (1.15), (2.3b), (2.38), (2.41a) and (2.36) we deduce that

ð‘d=dxkRÞ d

dx j
;
d

dxi

� �� �
ðx;yÞ

¼
dRh

ij

dxk
þ R t

ijG
h
tk � Rh

tjF
t
ik � Rh

itF
t
jk

 !
q

qyh

( )
ðx;yÞ

¼ d

dxk
ðyrRh

rijÞ þ yrðR t
rijG

h
tk �Rh

rtjG
t
ik �Rh

ritG
t
jkÞ

� �
q

qyh

� �
ðx;yÞ

¼ yr
qRh

rij

qxk
þR t

rijG
h
tk �Rh

tijG
t
rk �Rh

rtjG
t
ik �Rh

ritG
t
jk

 !
q

qyh

( )
ðx;yÞ

¼ ðDq=qxkRÞ d

dx j
;
d

dxi
; y

� �� �v
ðx;yÞ

;

which proves (2.44a). By similar calculations we obtain (2.44b). Next, at the
first sight, it is surprising that in the right parts of both (2.44c) and (2.44d) we do
not have covariant derivatives of R. This is due to (2.42a) and (2.42c), as we see
now. By using (2.42c), (2.38), (2.42a) and (2.37) we infer that

ð‘q=qykRÞ d

dx j
;
d

dxi

� �
¼ ‘q=qyk Rh

ij

q

qyh

� �
¼ ‘q=qyk yrRh

rijðxÞ
q

qyh

� �

¼ Rh
kijðxÞ

q

qyh
¼ R

q

qx j
;
q

qxi
;
q

qxk

� �� �v
;

which proves (2.44c). Similar reason applies to (2.44d). Next, we write the
second Bianchi identity for R:

ðDXRÞðY ;Z; yÞ þ ðDYRÞðZ;X ; yÞ þ ðDZRÞðX ;Y ; yÞ ¼ 0:

Then by using (2.44a) we deduce that

ð‘X hRÞðY h;ZhÞ þ ð‘Y hRÞðZh;X hÞ þ ð‘ZhRÞðX h;Y hÞ ¼ 0;

which implies (2.44e). Finally, by using (2.39) and (2.40) we obtain

RðX h;RðY h;ZhÞÞðx;yÞ ¼ RðX h; fRðY ;Z; yÞgvÞðx;yÞ ¼ fRðy;RðY ;Z; yÞ;XÞgh
ðx;yÞ;

which proves (2.44f ). By similar calculations we deduce (2.44g) and (2.44h).
9

Now, we can give a new proof of the following theorem.

Theorem 2.3 (Kowalski [15]). Let ðM; gÞ be a Riemannian manifold and
ðTM;GÞ be its tangent bundle endowed with the Sasaki metric G. Then the
curvature tensor field ~RR of the Levi-Civita connection ~‘‘ on ðTM;GÞ is completely
determined by the curvature tensor field R of the Levi-Civita connection D on
ðM; gÞ as follows:
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ðaÞ f ~RRðX h;Y h;ZhÞgðx;yÞ ¼
1

2
fðDZRÞðX ;Y ; yÞgv

ðx;yÞ

þ
�
RðX ;Y ;ZÞ þ 1

2
Rðy;RðX ;Y ; yÞ;ZÞ

þ 1

4
Rðy;RðZ;Y ; yÞ;XÞ þ 1

4
Rðy;RðX ;Z; yÞ;YÞ

�h

ðx;yÞ
;

ðbÞ f ~RRðX h;Y h;ZvÞgðx;yÞ ¼
�
RðX ;Y ;ZÞ þ 1

4
RðRðy;Z;Y Þ;X ; yÞ

� 1

4
RðRðy;Z;XÞ;Y ; yÞ

�v
ðx;yÞ

þ 1

2
fðDXRÞðy;Z;YÞ � ðDYRÞðy;Z;XÞgh

ðx;yÞ;

ðcÞ f ~RRðX v;Y v;ZhÞgðx;yÞ ¼
�
RðX ;Y ;ZÞ þ 1

4
Rðy;X ;Rðy;Y ;ZÞÞ

� 1

4
Rðy;Y ;Rðy;X ;ZÞÞ

�h

ðx;yÞ
;

ðdÞ ~RRðX v;Y v;ZvÞ ¼ 0;

ðeÞ f ~RRðX h;Y v;Zhgðx;yÞ ¼
1

4
RðRðy;Y ;ZÞ;X ; yÞ þ 1

2
RðX ;Z;Y Þ

� �v
ðx;yÞ

þ 1

2
fðDXRÞðy;Y ;ZÞgh

ðx;yÞ;

ðfÞ f ~RRðX h;Y v;ZvÞgðx;yÞ

¼ � 1

2
RðY ;Z;XÞ þ 1

4
Rðy;Y ;Rðy;Z;XÞÞ

� �h

ðx;yÞ
;

ð2:45Þ

for any X ;Y ;Z A GðTMÞ.

Proof. Taking into account that B ¼ C ¼ 0 on TM, we obtain (2.45) from
(2.21)–(2.26) as follows. First, by using (2.44e), (2.44a), (2.43a) and (2.44f ) in
(2.21) we obtain

f ~RRðX h;Y h;ZhÞgðx;yÞ

¼
�
RðX h;Y h;ZhÞ þ 1

2
RðZh;RðX h;Y hÞÞ þ 1

2
ð‘Y hRÞðX h;ZhÞ

� 1

2
ð‘X hRÞðY h;ZhÞ � 1

4
RðX h;RðY h;ZhÞÞ þ 1

4
RðY h;RðX h;ZhÞÞ

�
ðx;yÞ
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¼ 1

2
fðDZRÞðX ;Y ; yÞgv

ðx;yÞ þ
�
RðX ;Y ;ZÞ þRðy;RðX ;Y ; yÞ;ZÞ

þ 1

4
Rðy;RðZ;Y ; yÞ;XÞ þ 1

4
Rðy;RðX ;Z; yÞ;YÞ

�h

ðx;yÞ
;

which is just (2.45a). In a similar way, by using (2.43b), (2.44b) and (2.44g)
into (2.22) we deduce (2.45b). Next, (2.45c) follows from (2.23) by using (2.43c)
for RðX v;Y v;ZhÞ, (2.44d) and (2.44h). As a consequence of (2.24) we obtain
(2.45d) via (2.43c) for RðX v;Y v;ZvÞ. Finally, by similar calculations in (2.25)
and (2.26) we obtain (2.45e) and (2.45f ) respectively. 9

3. Flag curvature of Fm and curvatures of ðTM�;GÞ

Let Fm ¼ ðM;F Þ be an m-dimensional Finsler manifold and ðTM �;GÞ be its
slit tangent bundle endowed with the Sasaki-Finsler metric G. Then it is easy to
check that J given by (2.32) is an almost Hermitian structure on ðTM �;GÞ, that
is, we have

GðJX ; JY Þ ¼ GðX ;YÞ; EX ;Y A GðTTM �Þ:ð3:1Þ
The fundamental 2-form of ðTM �;G; JÞ is denoted by W and it is given by

WðX ;Y Þ ¼ GðX ; JYÞ:ð3:2Þ
Next, we consider the horizontal Liouville vector field L (see (2.29)) and define
the 1-form y by

yðXÞ ¼ GðX ;LÞ; EX A GðTTM �Þ:ð3:3Þ
Also, we denote by N the vertical Liouville vector field on TM �, that is, we have

N ¼ yi q

qyi
:ð3:4Þ

Now, we express locally the twins of R, C and B defined by (2.9), (2.10) and
(2.11), respectively. Thus we put

ðaÞ R
d

dx j
;
q

qyi

� �
¼ Rk

ij

d

dxk
; ðbÞ C

d

dx j
;
q

qyi

� �
¼ Ck

ij

d

dxk
;

ðcÞ B
d

dx j
;
q

qyi

� �
¼ Bk

ij

q

qyk
:

ð3:5Þ

Taking into account that Cijk and Bijk from (1.13) and (2.8) respectively, are
symmetric with respect to all indices, by (2.10) and (2.11) we deduce that

ðaÞ Ck
ij ¼ Ck

ij and ðbÞ Bk
ij ¼ Bk

ij :ð3:6Þ
However, this is not the case for Rk

ij and Rk
ij . Indeed, by using (3.5a), (1.18a),

(2.9) and (1.6a) we obtain
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ðaÞ Rk
ij ¼ gihR

h
tjg

tk; ðbÞ Rkij ¼ Rikj ;ð3:7Þ
where we set

Rkij ¼ gkhR
h
ij :

Finally, since we have (cf. Bejancu-Farran [7], p. 234)

yiRikj ¼ 0;ð3:8Þ
by (3.7b) we see that

yiRkij ¼ 0:ð3:9Þ
Now, we prove some lemmas which refer to basic properties of the geometric
objects that are investigated in the paper.

Lemma 3.1. The adapted tensor fields R, C and B satisfy the equalities:

ðaÞ RðhX ;NÞ ¼ 0; ðbÞ kRðL; hXÞk ¼ kRðL; JhX Þk;
ðcÞ CðhX ;LÞ ¼ CðL; hXÞ ¼ CðL; vX Þ ¼ CðhX ;NÞ ¼ 0;

ðdÞ BðvX ;NÞ ¼ BðN; vXÞ ¼ BðL; vX Þ ¼ BðhX ;NÞ ¼ 0;

ð3:10Þ

for any X A GðTTM �Þ, where k � k is taken with respect to G.

Proof. First, by (3.4), (3.5a) and (3.9) we obtain

R
d

dx j
; yi q

qyi

� �
¼ yiRk

ij

d

dxk
¼ gkhyiRhij

d

dxk
¼ 0;

which proves (3.10a). Then, by direct calculations using (1.18a), (1.6), (2.32),
(3.5a) and (3.7) we deduce that

R L;
d

dxi

� �����
����
2

¼ Rijg
jkRik ¼ R L;

q

qyi

� �����
����
2

;

and thus we proved (3.10b). Finally, (3.10c) and (3.10d) are direct consequences
of (1.14) and (1.12) respectively, via (3.6). 9

Lemma 3.2. Let ‘ and ~‘‘ be the Vrănceanu and Levi-Civita connections on
ðTM �;GÞ. Then we have the following equalities:

ðaÞ ‘vXL ¼ �JvX ; ðbÞ ‘vXN ¼ vX ; ðcÞ ‘hXN ¼ 0;

ðdÞ ~‘‘vXL ¼ �JvX þ 1

2
RðL; vX Þ; ðeÞ ~‘‘hXL ¼ � 1

2
RðhX ;LÞ;

ðfÞ ~‘‘vXN ¼ vX ; ðgÞ ~‘‘hXN ¼ 0; ðhÞ ~‘‘LvX ¼ ‘LvX þ 1

2
RðL; vXÞ;

ðiÞ ‘NY
h ¼ ~‘‘NY

h ¼ 0; ð jÞ ‘NY
v ¼ ~‘‘NY

v ¼ 0;

ð3:11Þ

for any X A GðTTM �Þ, Y A GðTMÞ.
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Proof. By using (2.3c) and (2.32b) we obtain

‘q=qy j yi d

dxi

� �
¼ d

dx j
¼ �J

q

qyi

� �
;

which proves (3.11a). A similar reason applies for the proofs of (3.11b) and
(3.11c). Now, by using (3.10c), (3.10d) and (3.11a) into (2.14) we deduce (3.11d).
Analogously, by using (2.12), (2.13) and (2.15) we obtain the remaining formulae
in (3.11). 9

Lemma 3.3. The covariant derivatives of R, C and B with respect to
Vrănceanu connection on ðTM �;GÞ satisfy the equalities:

ðaÞ ð‘XRÞðL;LÞ ¼ 0; ðbÞ ð‘NRÞðhX ; vYÞ ¼ RðhX ; vYÞ;
ðcÞ ð‘XCÞðL;LÞ ¼ ð‘LCÞðhX ;LÞ ¼ ð‘LCÞðL; vXÞ ¼ 0;

ðdÞ ð‘NCÞðhX ; vYÞ ¼ �CðhX ; vYÞ;
ðeÞ ð‘vXBÞðN;NÞ ¼ ð‘LBÞðL; vXÞ ¼ 0;

ðfÞ ð‘hXBÞðN; vYÞ ¼ ð‘NBÞðhX ; vYÞ ¼ ð‘NBÞðvX ; vYÞ ¼ 0;

ð3:12Þ

for any X ;Y A GðTTM �Þ.

Proof. Clearly, (3.12a) is a consequence of the skew-symmetry of R. Then,

taking into account that Rk
ij from (3.7a) are positively homogeneous of degree 1

with respect to ðyhÞ and by using (3.5a), (3.11i) and (3.11j) we obtain

ð‘NRÞ
d

dx j
;
q

qyi

� �
¼ ‘N Rk

ij

d

dxk

� �
¼ Rk

ij

d

dxk
;

which proves (3.12b). The formulae (3.12c) and (3.12e) are deduced by direct
calculations using (3.10c), (3.10d) and taking into account that

ðaÞ ‘LL ¼ 0 and ðbÞ ‘NN ¼ N:ð3:13Þ
By similar calculations, taking into account that Ck

ij and Bk
ij are homogeneous of

degrees �1 and 0 respectively, we obtain (3.12d) and (3.12f ). 9

Next, for the sake of completeness, we examine the almost Hermitian
structure ðG; JÞ on TM �. First, by using (3.2) and (2.32) we deduce that

WðhX ; hY Þ ¼ WðvX ; vYÞ ¼ 0 and WðhX ; vYÞ ¼ GðhX ; JvYÞ:ð3:14Þ
Then, taking into account that G is parallel with respect to ~‘‘ we obtain

dyðX ;YÞ ¼ 1

2
fGðY ; ~‘‘XLÞ � GðX ; ~‘‘YLÞg:ð3:15Þ

Now, from (3.11d) and (3.11e) we see that

~‘‘vXL A GðHTM �Þ and ~‘‘hXL A GðVTM �Þ:
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Hence (3.15) implies

dyðhX ; hYÞ ¼ dyðvX ; vY Þ ¼ 0:ð3:16Þ
Finally, by using (3.11d), (3.11e) and (2.9) in (3.15) we obtain

dyðhX ; vY Þ ¼ 1

4
fGðRðL; hXÞ; vYÞ � GðRðL; vY Þ; hXÞgð3:17Þ

þ 1

2
GðhX ; JvYÞ ¼ 1

2
GðhX ; JvYÞ:

Thus as a consequence of (3.14), (3.16) and (3.17) we have

WðX ;YÞ ¼ 2dyðX ;Y Þ; EX ;Y A GðTTM �Þ;ð3:18Þ
which enables us to state the following proposition.

Proposition 3.1. Let G be the Sasaki-Finsler metric on TM � given by (1.3)
and J be the natural almost complex structure on TM � given by (2.32). Then
ðG; JÞ is an almost Kählerian structure on TM �.

Remark 3.1. The above proposition represents a generalization to Finsler
manifolds of a result of Tondeur [22] on the tangent bundle of a Riemannian
manifold. A di¤erent proof of this result was given by Hasegawa, Yamauchi
and Shimada [13]. Moreover, they proved that ðG; JÞ becomes Kählerian if and
only if Fm is of zero flag curvature. 9

In the remaining part of this section we present new characterizations of
special Finsler manifolds: Riemannian manifolds, Landsberg manifolds, Finsler
manifolds of constant flag curvature, by means of the geometry of ðTM �;GÞ.
First, we prove the following surprising theorem.

Theorem 3.1. Fm is a Riemannian manifold if and only if

ð~‘‘N
~RRÞðhX ;N; vY Þ ¼ 0; EX ;Y A GðTTM �Þ:ð3:19Þ

Proof. First, by using (3.12f ), (3.12d), (3.12b), (3.10a), (3.10c) and (3.10d)
in (2.26) we obtain

~RRðhX ;N; vY Þ ¼ RðhX ;N; vYÞ þ CðhX ; vYÞ � 1

2
RðhX ; vYÞ:ð3:20Þ

Next, by (1.5), (1.8) and (2.31) we deduce that

d

dxi
;N

� �
¼ 0:

Also, the homogeneity of Gk
ij and (3.11i) imply that

‘N‘d=dx j

q

qyi
¼ 0:
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Then, by using again (3.11i) we infer that

RðhX ;N; vY Þ ¼ 0:ð3:21Þ
Thus (3.20) and (3.21) imply

~RRðhX ;N; vY Þ ¼ CðhX ; vYÞ � 1

2
RðhX ; vYÞ:ð3:22Þ

Now, by using (3.11i), (3.11g), (3.11j), (3.22) and the homogeneity of both Ck
ij

and Rk
ij we deduce that

ð~‘‘N
~RRÞ d

dx j
;N;

q

qyi

� �
¼ ~‘‘N

~RR
d

dx j
;N;

q

qyi

� �� �
� ~RR

d

dx j
;N;

q

qyi

� �

¼ ~‘‘N Ck
ij �

1

2
Rk

ij

� �
d

dxk
� Ck

ij �
1

2
Rk

ij

� �
d

dxk
¼ �2Ck

ij

d

dxk
;

that is,

ð~‘‘N
~RRÞðhX ;N; vY Þ ¼ �2CðhX ; vY Þ:ð3:23Þ

As Fm is a Riemannian manifold if and only if C ¼ 0, from (3.23) we obtain the
assertion of the theorem. 9

Next, we recall the following well known result on the geometry of the
tangent bundle of a Riemannian manifold.

Theorem 3.2 (Kowalski [15]). Let ðM; gÞ be a Riemannian manifold and G
be the Sasakian metric on TM. Then ðTM;GÞ is locally symmetric if and only if
ðM; gÞ is locally Euclidean.

Thus by combining Theorems 3.1 and 3.2 we obtain the following gener-
alization of Theorem 3.2 to Finsler manifolds.

Theorem 3.3. Let Fm ¼ ðM;FÞ be a Finsler manifold and G be the Sasaki-
Finsler metric on TM �. Then ðTM �;GÞ is locally symmetric if and only if Fm is
locally Euclidean.

Proof. Suppose ðTM �;GÞ is locally symmetric. Then by Theorem 3.1 we
deduce that Fm is a Riemannian manifold. Thus the remaining part of the proof
is consequence of Theorem 3.2. 9

Remark 3.2. Theorem 3.3 has been stated also by Wu [24]. Unfortunately,
the proof given by Wu has some mistakes. First, formula (4.3) of that paper is
missing the v-curvature tensor field of Cartan connection whose local components
are given by (2.34f ) of the present paper. Then, as a consequence of (4.3), it is
stated in Wu [24] that
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~RR
q

qyi
;
q

qy j
;
q

qyk

� �
¼ 0;

which must be replaced by

~RR
q

qyi
;
q

qy j
;
q

qyk

� �
¼ Sh

kji

q

qyh
: 9

Aikou [2] has proved that Fm is a Landsberg manifold if and only if the
leaves of vertical distribution are totally geodesic immersed in ðTM �;GÞ.

Now, we obtain new characterizations of Landsberg manifolds by means of
the Levi-Civita connection ~‘‘ on ðTM �;GÞ.

Theorem 3.4. Let Fm ¼ ðM;FÞ be a Finsler manifold. Then the following
assertions are equivalent:

(i) Fm is a Landsberg manifold.
(ii) ~RRðN; vY ; vZÞ ¼ 0, for all Y ;Z A GðTTM �Þ.
(iii) ð~‘‘N

~RRÞðN; vY ; vZÞ ¼ 0, for all Y ;Z A GðTTM �Þ.

Proof. First, by using (3.10a), (3.10c), (3.10d) and (3.12f ) in (2.24) we
obtain

~RRðN; vY ; vZÞ ¼ RðN; vY ; vZÞ þ ð‘vYBÞðN; vZÞ:
Then by (3.10d) and (3.11b) we deduce that

ð‘vYBÞðN; vZÞ ¼ �BðvY ; vZÞ:
Also, we have

R N;
q

qy j
;
q

qyi

� �
¼ ykSh

ijk

q

qyh
¼ 0:

Hence we infer that

~RRðN; vY ; vZÞ ¼ �BðvY ; vZÞ:ð3:24Þ
Next, by using (3.24), (3.11f ) and (3.11j) we obtain

ð~‘‘N
~RRÞ N;

q

qy j
;
q

qyi

� �
¼ �~‘‘N Bk

ij

d

dxk

� �
þ Bk

ij

d

dxk
:

Taking into account the homogeneity of Bk
ij and by using (3.11i) we deduce that

~‘‘N Bk
ij

d

dxk

� �
¼ 0:

Hence we proved that

ð~‘‘B
~RRÞðN; vY ; vZÞ ¼ BðvY ; vZÞ:ð3:25Þ

As Fm is a Landsberg manifold if and only if B ¼ 0, the equivalence of the
assertions follows from (3.24) and (3.25). 9
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Next, we want to relate the flag curvature of Fm and the sectional curvature
of ðTM �;GÞ. Let ðx; yÞ be a point of TM �, where x ¼ ðxiÞ is a point of M and
y ¼ ðyiÞ is a non-zero tangent vector to M at x. Suppose that X ¼ ðX iÞ is
another tangent vector to M at x such that y and X are linearly independent
in TxM. Then, according to Bao-Chern-Shen [4], p. 68, we call the plane
PðX Þ ¼ spanfy;Xg the flag at x with flagpole y and transverse edge X . Con-
sider the horizontal lifts X h ¼ X iðd=dxiÞ and L of X and y respectively, and give
the following definition. The flag curvature of Fm at the point x with respect to
the flag PðXÞ is the number

KðX Þ ¼ GðRðX h;L;LÞ;X hÞ
DðX h;LÞ ;ð3:26Þ

where R is the curvature tensor of Vrănceanu connection on TM � and

DðX h;LÞ ¼ GðX h;X hÞGðL;LÞ � GðX h;LÞ2:
We may choose X such that X h and L are orthogonal with respect to G (see
a discussion in Bao-Chern-Shen [4], p. 69). For other types of curvatures of
Finsler manifolds see Shen [21].

We also recall that the sectional curvature of ðTM �;GÞ at the point ðx; yÞ
with respect to the plane spanfU ;Vg is given by

~KKðU ;VÞ ¼ Gð ~RRðU ;V ;VÞ;UÞ
DðU ;VÞ ;ð3:27Þ

where
DðU ;VÞ ¼ GðU ;UÞGðV ;VÞ � GðU ;VÞ2:

In order to relate K and ~KK we prove the following theorem.

Theorem 3.5. Let Fm ¼ ðM;F Þ be a Finsler manifold and ðTM �;GÞ the slit
tangent bundle of M endowed with the Sasaki-Finsler metric G. Then we have the
following equalities:

~RRðhX ;L;LÞ ¼ RðhX ;L;LÞ þ 3

4
RðL;RðhX ;LÞÞ þ 1

2
ð‘LRÞðhX ;LÞ;ð3:28Þ

~RRðvX ;L;LÞ ¼ RðvX ;L;LÞ � 1

2
ð‘LRÞðL; vX Þ þ 1

4
RðL;RðL; vX ÞÞ;ð3:29Þ

~RRðhX ;N;NÞ ¼ 0;ð3:30Þ
~RRðvX ;N;NÞ ¼ 0;ð3:31Þ

for any X A GðTTM �Þ.

Proof. First, by direct calculations using (3.10c), (3.10d), (3.12c) and (3.12a)
in (2.21) we obtain (3.28). Then, by using (3.10c), (3.10d), (3.12a), (3.12c) and
(3.12e) in (2.25) we deduce (3.29). Next, we use (3.10a), (3.10c), (3.10d), (3.12b),
(3.12d) and (3.12f ) in (2.26) and obtain
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~RRðhX ;N;NÞ ¼ RðhX ;N;NÞ:
Then, by using (3.11c), (3.11b) and (2.4b), we obtain

RðhX ;N;NÞ ¼ 0;

which proves (3.30). Finally, by using (3.10c), (3.10d), (3.12e) and (3.12f ) in
(2.24) we deduce that

~RRðvX ;N;NÞ ¼ RðvX ;N;NÞ:
On the other hand, we have

R
q

qyk
;N;N

� �
¼ yiy jSh

ijk

q

qyh
¼ 0;

and thus we obtain (3.31). 9

Now, let ðx; yÞ be a point of TM � and X be a tangent vector to M at x such
that spanfy;Xg is a flag at x. Then we state the following theorem.

Theorem 3.6. Let Fm ¼ ðM;F Þ be a Finsler manifold and ðTM �;GÞ the slit
tangent bundle of M endowed with the Sasaki-Finsler metric G. Then we have the
following equalities:

~KKðX h;LÞ ¼ KðXÞ � 3

4

kRðX h;LÞk2

DðX h;LÞ ;ð3:32Þ

~KKðX v;LÞ ¼ 1

4

kRðX h;LÞk2

DðX h;LÞ ;ð3:33Þ

~KKðX h;NÞ ¼ ~KKðX v;NÞ ¼ 0;ð3:34Þ

where X h and X v are the horizontal and vertical lifts of X respectively, and k � k is
taken with respect to G.

Proof. Taking into account that the last term in (3.28) is lying in GðVTM �Þ
we obtain

Gð ~RRðX h;L;LÞ;X hÞ ¼ GðRðX h;L;LÞ;X hÞ þ 3

4
GðRðL;RðX h;LÞÞ;X hÞ:

Then, by using (2.9), we deduce that

Gð ~RRðX h;L;LÞ;X hÞ ¼ GðRðX h;L;LÞ;X hÞ � 3

4
GðRðX h;LÞ;RðX h;LÞÞ;

which proves (3.32) via (3.26) and (3.27). Next, by using again (2.9) and taking
into account that the first terms in (3.29) lie in GðHTM �Þ we infer that

Gð ~RRðX v;L;LÞ;X vÞ ¼ 1

4
GðRðL;X vÞ;RðL;X vÞÞ:

Thus, by (3.10b) we obtain (3.33). Finally, (3.30) and (3.31) imply (3.34). 9
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By (3.34) we can state the following corollary.

Corollary 3.1. The tangent bundle of a Finsler manifold cannot be of
positive or negative sectional curvature with respect to G.

We call ~KKðX h;LÞ (resp. ~KKðX v;LÞÞ the L-horizontal sectional curvature (resp.
L-vertical sectional curvature) of ðTM �;GÞ at ðx; yÞ with respect to X A TxM.
Then, by using (3.32) and (3.33), we obtain the following interesting corollary.

Corollary 3.2. The flag curvature of the Finsler manifold Fm ¼ ðM;F Þ is
completely determined by the L-horizontal and L-vertical sectional curvatures of
ðTM �;GÞ as follows:

KðXÞ ¼ ~KKðX h;LÞ þ 3 ~KKðX v;LÞ:ð3:35Þ

Remark 3.3. It is easy to see that (3.32) represents a generalization to
Finsler geometry of a well known formula that relates curvatures of ðTM;GÞ and
ðM; gÞ, where ðM; gÞ is a Riemannian manifold (see Aso [3], Gudmundsson-
Kappos [12]). The latter was obtained by using a curvature formula for
Riemannian submersions due to O’Neill [19], which of course does not apply
to the Finsler case. 9

Next, we recall that F m is a Finsler manifold of scalar curvature K if the flag
curvature KðXÞ is independent of X , that is, it is a scalar function on TM �. If,
moreover, KðXÞ is independent of both the vector X and the point ðx; yÞ, then
Fm is called a Finsler manifold of constant flag curvature.

Several interesting characterizations of both classes of Finsler manifolds
are presented in the book of Bao-Chern-Shen [4], pp. 76, 313. To state one
characterization for each class we need to recall that hij, given by

hij ¼ gij � lilj; where li ¼
1

F
giky

k;ð3:36Þ

is called the angular metric of Fm. In our study we need the characterizations
from the next theorem (see Matsumoto [18], p. 168).

Theorem 3.7. Let Fm ¼ ðM;FÞ be a Finsler manifold. Then we have the
following assertions:

(i) Fm is of scalar flag curvature K if and only if

Rij ¼ KF 2hij:ð3:37Þ
(ii) Fm is of constant flag curvature c if and only if

Rij ¼ cF 2hij:ð3:38Þ

Remark 3.4. We should mention that our Rij is the same as Ri0j of
Matsumoto [18], and it is F 2 times the Rij of Bao-Chern-Shen [4]. 9
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Now, we state new characterizations of the above Finsler manifolds by using
geometry of ðTM �;GÞ.

Theorem 3.8. Let Fm ¼ ðM;FÞ be a Finsler manifold. Then we have the
following assertions:

(i) Fm is of scalar flag curvature if and only if both the sectional curvature
~KKðX h;LÞ and ~KKðX v;LÞ of ðTM �;GÞ are independent of X.

(ii) Fm is of constant flag curvature c if and only if the L-horizontal and L-
vertical sectional curvatures of ðTM �;GÞ are given by

~KKðX h;LÞ ¼ c� 3c2

4
F 2;ð3:39Þ

and

~KKðX v;LÞ ¼ c2

4
F 2;ð3:40Þ

respectively.

Proof. Suppose that Fm is of scalar curvature K . Then, by direct calcu-
lations using (1.15), (1.6), (3.37) and (3.36), we obtain

kRðX h;LÞk2 ¼ K 2F 2DðX h;LÞ:
Thus, from (3.32) and (3.33), we deduce that

ðaÞ ~KKðX h;LÞ ¼ K � 3

4
K 2F 2; ðbÞ ~KKðX v;LÞ ¼ 1

4
K 2F 2;ð3:41Þ

that is, both ~KKðX h;LÞ and ~KKðX v;LÞ depend only on the point ðx; yÞ. Con-
versely, suppose

~KKðX h;LÞ ¼ f1ðx; yÞ and ~KKðX v;LÞ ¼ f2ðx; yÞ:
Then, by (3.35), we obtain

KðXÞ ¼ f1ðx; yÞ þ 3f2ðx; yÞ;
which completes the proof of the assertion (i). Next, we suppose that Fm is of
constant flag curvature c. Then, by using (3.41), we obtain (3.39) and (3.40).
Conversely, suppose that ~KKðX h;LÞ and ~KKðX v;LÞ are given by (3.39) and (3.40),
respectively. Then, by using (3.35), we deduce that KðXÞ ¼ c: 9

In particular, we state the following theorem.

Theorem 3.9. Let Fm ¼ ðM;FÞ be a Finsler manifold. Then the following
assertions are equivalent:

(i) Fm is of zero flag curvature.
(ii) Both the L-horizontal and L-vertical sectional curvatures of ðTM �;GÞ

vanish on TM �.
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(iii) The curvature tensor field ~RR of ðTM �;GÞ satisfies

~RRðhX ; hY ;NÞ ¼ 0; EX ;Y A GðTTM �Þ:

Proof. The equivalence of (i) and (ii) is a direct consequence of the
assertion (ii) of Theorem 3.8. Next, by using (3.11g) and (1.18b) we obtain

~RRðhX ; hY ;NÞ ¼ RðhX ; hY Þ; EX ;Y A GðTTM �Þ:
Thus, by using (3.38), (1.6c) and (1.7d), we obtain the equivalence of (i) and
(iii). 9

Remark 3.5. From the above theorem we see that ~RR ¼ 0 implies K ¼ 0. It
is interesting to note that the converse is not true. Indeed, let Fm be a Finsler
manifold of zero flag curvature and non-Riemannian. Then, by (3.22), we
conclude that there exist hX and vY such that ~RRðhX ;N; vY Þ0 0: 9

4. Indicatrix bundle and curvature of Fm

Let Fm ¼ ðM;F Þ be an m-dimensional Finsler manifold and ðTM �;GÞ be the
slit tangent bundle of M endowed with the Sasaki-Finsler metric G. For any
c0 0 we denote by IMðcÞ the hypersurface of TM � given by the equation

F 2ðx; yÞ ¼ e

c
;ð4:1Þ

where e ¼ þ1 or e ¼ �1, according to c > 0 or c < 0, respectively. We call
IMðcÞ the c-indicatrix bundle of Fm, and note that IMðcÞ ¼ IMð�cÞ. It is easy
to check that L given by (2.29) is tangent to IMðcÞ, while N ¼ JL is a normal
vector field to IMðcÞ. Then we set:

ðaÞ x ¼ 2L; ðbÞ N ¼ 2N; and ðcÞ h ¼ ec

2
y;ð4:2Þ

where y is the 1-form given by (3.3). Next, we consider on TM � the
Riemannian metric g given by

g ¼ ec

4
G;ð4:3Þ

and denote by the same symbol g the Riemannian metric induced on IMðcÞ.
Then both x and N are unit vector fields with respect to g and we have

hðXÞ ¼ gðX ; xÞ; EX A GðTIMðcÞÞ:ð4:4Þ
Finally, for any vector field X on IMðcÞ we put

JX ¼ jX þ hðXÞN;ð4:5Þ
where J is the almost complex structure on TM � given by (2.32) and jX is a
vector field that is tangent to IMðcÞ. Then we prove the following proposition.
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Proposition 4.1. Let Fm ¼ ðM;FÞ be a Finsler manifold. Then ðj; x; h; gÞ
is a contact metric structure on IMðcÞ.

Proof. Since x is a unit vector field with respect to g, from (4.4) we obtain

hðxÞ ¼ 1:

Also, by using (4.4) and (4.5) we deduce that

h � j ¼ 0:

Then we apply J to (4.5) and obtain

j2 ¼ �I þ hn x:ð4:6Þ
Next, taking into account that J is an isometry with respect to G (cf. (3.1)), and
using (4.5) we infer that

gðjX ; jYÞ ¼ gðX ;YÞ � hðXÞhðYÞ; EX ;Y A GðTIMðcÞÞ:ð4:7Þ
Then, according to Blair [9], p. 33, ðj; x; h; gÞ is an almost contact metric
structure on IMðcÞ. Finally, we consider the 2-form

FðX ;Y Þ ¼ gðX ; jYÞ;
and, by using (4.5), (4.3), (3.2), (3.18) and (4.2c), we deduce that F ¼ dh. Thus
ðj; x; h; gÞ is a contact metric structure on IMðcÞ: 9

Remark 4.1. By using the Cartan connection on Fm, Hasegawa, Yamauchi
and Shimada [13], and Anastasiei [1] proved the existence of a contact metric
structure on IMð1Þ: 9

Next, we take a vector field X on M and consider its horizontal and vertical
lifts X h and X v on TM �, respectively. Then X h is tangent to IMðcÞ, while X v is
expressed at the points of IMðcÞ as follows

X v ¼ X t þ hðX hÞN;ð4:8Þ
where X t represents the part of X v that is tangent to IMðcÞ and it is called the
tangential lift of X on IMðcÞ (see Boecks-Vanhecke [10] for the sphere bundle).
Taking into account (4.2b), (3.11f ) and (3.11g) we deduce that

ðaÞ ~‘‘X tN ¼ 2X t and ðbÞ ~‘‘X hN ¼ 0:ð4:9Þ
On the other hand, we have the Weingarten formula

~‘‘UN ¼ �AU ; EU A GðTIMðcÞÞ;ð4:10Þ
where A is the shape operator of the immersion of IMðcÞ in ðTM �; gÞ. Thus
comparing (4.9) with (4.10) we obtain

ðaÞ AX t ¼ �2X t and ðbÞ AX h ¼ 0:ð4:11Þ
This entitles us to state the following proposition.
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Proposition 4.2. The c-indicatrix bundle has m principal curvatures equal to
0 and m� 1 principal curvatures equal to �2. Thus IMðcÞ is a hypersurface of
ðTM �; gÞ of constant mean curvature

H ¼ �2
m� 1

2m� 1
:

Remark 4.2. Matsumoto [17] has considered the metric G on the indicatrix
bundle corresponding to c ¼ 1 and obtain m principal curvatures 0 and m� 1
principal curvatures equal to �1. 9

In the remaining part of this section we want to show that the geometry
of the c-indicatrix bundle is deeply related to the study of Finsler manifolds of
constant flag curvature c. First we prove the following theorem.

Theorem 4.1. Let Fm ¼ ðM;F Þ be a Finsler manifold and c be a non zero
real number. Then Fm is of constant flag curvature c if and only if we have

Rijðx; yÞ ¼ ehijðx; yÞ; Eðx; yÞ A IMðcÞ;ð4:12Þ
where Rij and hij are given by (1.6b) and (3.36) respectively, and e ¼ þ1 or e ¼ �1,
according to c > 0 or c < 0.

Proof. Suppose Fm is a Finsler manifold of constant flag curvature c0 0.
Then, by (3.38) and (4.1), we have (4.12). Conversely, suppose (4.12) is satisfied.
Thus, for any point of IMðcÞ, we have (3.38). It remains to show that (3.38) is
still true at any other point of TM �. Let ðx; yÞ be a point of TM �nIMðcÞ.
Then there exists a positive number k such that F 2ðx; yÞ ¼ k. As F 2 is positively
homogeneous of degree 2 with respect to y, we have

F 2 x;

ffiffiffiffiffi
e

kc

r
y

� �
¼ e

c
:

Hence the point x;

ffiffiffiffiffi
e

kc

r
y

� �
lies on IMðcÞ and by (4.12) we deduce that

Rij x;

ffiffiffiffiffi
e

kc

r
y

� �
¼ ehij x;

ffiffiffiffiffi
e

kc

r
y

� �
:

Then, taking into account that Rij and hij are homogeneous of degrees 2 and 0
respectively, we obtain

Rijðx; yÞ ¼ ckhijðx; yÞ ¼ cF 2ðx; yÞhijðx; yÞ:
Thus (3.38) is satisfied at ðx; yÞ, and therefore Fm is of constant flag curvature
c. 9

Corollary 4.1. Fm is of constant flag curvature c0 0 if and only if on
IMðcÞ we have
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Ri
k ¼ eðd ik � 2yihkÞ;ð4:13Þ

where we put hk ¼ hðd=dxkÞ.

Proof. By direct calculations using (1.6c), (3.36), (4.2) and (3.3) we obtain
the equivalence of (4.12) and (4.13). 9

Next, we make the notations:

HIMðcÞ ¼ HTM �
jIMðcÞ and VIMðcÞ ¼ VTM �

jIMðcÞ:

Also, we denote by IMðcÞ t the complementary orthogonal vector bundle to
spanfNg into VIMðcÞ. Then the tangent bundle of IMðcÞ admits the orthog-
onal decomposition

TIMðcÞ ¼ HIMðcÞl IMðcÞ t:
Now, apply J to (4.8) and by using (4.5), (4.4) and taking into account that
JN ¼ �x and JX v ¼ �X h we deduce that

X h ¼ �jX t þ hðX hÞx:ð4:14Þ
Thus the above decomposition becomes

TIMðcÞ ¼ spanfxgl jðIMðcÞ tÞl IMðcÞ t:ð4:15Þ
By applying j to (4.14) and using (4.6) we obtain

jX h ¼ X t:ð4:16Þ
Finally, the integrability tensor field R of HTM � defines a vector bundle
morhpism denoted by the same symbol R and given by

R : HIMðcÞ ! HIMðcÞ : RðX hÞ ¼ JRðL;X hÞ:ð4:17Þ
By (1.6) and (4.17) we infer that

R
d

dx j

� �
¼ R i

j

d

dxi
:ð4:18Þ

Now, we can state the following theorem.

Theorem 4.2. Fm ¼ ðM;F Þ is a Finsler manifold of constant flag curvature
c0 0 if and only if at any point ðx; yÞ A IMðcÞ and for any X A TxM, one of the
following equalities is satisfied:

jX h ¼ eRðX h;LÞ;ð4:19Þ
jX t ¼ eRðL;X tÞ;ð4:20Þ
jX t ¼ eRðjX tÞ:ð4:21Þ

Proof. Take X ¼ ðq=qxkÞx in (4.19) and, by using (1.15), (1.6), (4.5) and
(4.2b), we obtain the equivalence of (4.13) and (4.19). Next, we suppose that
(4.19) is satisfied, and by using (2.9) and (4.7) we deduce that
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gðRðL;X tÞ;Y hÞ ¼ gðRðL;Y hÞ;X tÞ ¼ �egðjY h;X tÞ

¼ gðejX t;Y hÞ; EY A TxM;

which proves (4.20). Conversely, suppose (4.20) is true, and by using (2.9), (4.8),
(3.10a) and (4.7) we infer that

gðRðX h;LÞ;Y vÞ ¼ �gðRðL;X hÞ;Y vÞ ¼ �gðRðL;Y t þ hðY hÞNÞ;X hÞ

¼ �gðRðL;Y tÞ;X hÞ ¼ �egðjY t;X hÞ ¼ gðY t; ejX hÞ

¼ gðejX h;Y vÞ; EY A TxM:

Thus (4.19) and (4.20) are equivalent. Finally, by using (4.17) and (4.14) we
deduce that (4.21) is equivalent to

eRðX h;LÞ ¼ �JjX t;

which in turn, is equivalent to (4.19) via (4.5), (4.6) and (4.16). This completes
the proof of the theorem. 9

Now, let I be the identity morhpism on jðIMðcÞ tÞ. Then, by using (4.21),
we obtain the following simple characterization of Finsler manifolds of non zero
constant flag curvature.

Corollary 4.2. Fm is of constant flag curvature c0 0 if and only if the
restriction of R given by (4.17) to jðIMðcÞ tÞ is either I or �I , according to c > 0
or c < 0, respectively.

Next, let ‘ be the Levi-Civita connection on ðIMðcÞ; gÞ. Then, by using
Gauss formula for the immersion of IMðcÞ in ðTM �; gÞ, we obtain

‘Ux ¼ ~‘‘Ux; EU A GðTIMðcÞÞ;ð4:22Þ
since by (4.11b) we have

Ax ¼ 0:ð4:23Þ

Theorem 4.3. Fm ¼ ðM;FÞ is of constant flag curvature c0 0 if and only if
at any point ðx; yÞ A IMðcÞ and for any X A TxM, one of the following equalities is
satisfied:

‘X hx ¼ �ejX h;ð4:24Þ

‘X tx ¼ ðe� 2ÞjX t:ð4:25Þ

Proof. By using (4.22), (3.11e) and (4.2a), we obtain

‘X hx ¼ �RðX h;LÞ;
which proves the equivalence of (4.24) and (4.19). In a similar way, by using
(4.22), (3.11d), (4.5) and (4.4), we deduce that
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‘X tx ¼ �2jX t þ RðL;X tÞ:
Thus (4.25) is equivalent to (4.20). 9

Corollary 4.3. Fm is of positive constant flag curvature c if and only if the
contact metric structure ðj; x; h; gÞ on IMðcÞ is a K-contact structure.

Proof. By Theorem 4.3 we deduce that Fm is of positive constant flag
curvature c if and only if

‘Ux ¼ �jU ; EU A GðTIMðcÞÞ:ð4:26Þ
Then, by a result of Blair [8], p. 64, we see that (4.26) is just the condition for
ðj; x; h; gÞ to be a K-contact structure. 9

Remark 4.2. By Corollary 4.3 we conclude that Fm is of positive constant
flag curvature c if and only if x is a Killing vector field on IMðcÞ (cf. Bejancu and
Farran [5]). In particular, for c ¼ 1 it was proved by Hasegawa, Yamauchi and
Shimada [13], and Anastasiei [1] that IMð1Þ admits a Sasakian structure. 9

Now, let R and ~RR be the curvature tensor field of ‘ and ~‘‘, respectively.
Then, by using (4.23) and (4.3) into the Gauss equation of the immersion of
IMðcÞ in ðTM �; gÞ (cf. Chen [11], p. 45), we obtain

gðRðU ;V ; xÞ;WÞ ¼ ec

4
Gð ~RRðU ;V ; xÞ;WÞ;ð4:27Þ

for any U ;V ;W A GðTIMðcÞÞ. The x-horizontal sectional curvature (resp. x-
tangential sectional curvature) of ðIMðcÞ; gÞ at the point ðx; yÞ with respect to
X A TxM is the sectional curvature KðX h; xÞ (resp. KðX t; xÞÞ given by a similar
formula to (3.27), but with respect to g and R.

Theorem 4.4. Fm ¼ ðM;F Þ is a Finsler manifold of constant flag curvature
c0 0 if and only if at any point ðx; yÞ A IMðcÞ and for any X A TxM, the x-
horizontal and x-tangential sectional curvatures of ðIMðcÞ; gÞ are given by

KðX h; xÞ ¼ 4e� 3;ð4:28Þ
and

KðX t; xÞ ¼ 1;ð4:29Þ
respectively.

Proof. By using (3.27) for both K and ~KK and (4.27) we obtain

KðX h; xÞ ¼ 4e

c
~KKðX h; xÞ:ð4:30Þ

Next, by using (3.11i) and (3.11e) and taking into account that ½N; x� ¼ 0, we
deduce that
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~RRðN; x; xÞ ¼ 0:ð4:31Þ
Thus, by direct calculations using (4.27), (4.8), (4.31) and (3.27) we infer that

KðX t; xÞ ¼ 4e

c
~KKðX v; xÞ:ð4:32Þ

Now, suppose that Fm is of constant flag curvature c0 0. Then, by assertion (ii)
of Theorem 3.8 and (4.1), we have

~KKðX h; xÞ ¼ c

4
ð4� 3eÞ and ~KKðX v; xÞ ¼ ec

4
on IMðcÞ:ð4:33Þ

Thus, by using (4.30), (4.32) and (4.33) we obtain (4.28) and (4.29). Conversely,
suppose (4.28) and (4.29) be satisfied on IMðcÞ. Then, by (4.30) and (4.32) , we
deduce (4.33). Thus the conditions in (3.39) and (3.40) are satisfied on IMðcÞ.
Hence KðXÞ ¼ c at any point ðx; yÞ A IMðcÞ and for any X A TxM. This means
that (4.12) is true, and therefore by Theorem 4.1 we conclude that Fm is of
constant flag curvature c. 9

In particular, we obtain the following corollary.

Corollary 4.4. Fm is of positive constant curvature if and only if we have

KðX h; xÞ ¼ KðX t; xÞ ¼ 1; on IMðcÞ:

Remark 4.3. The necessity of conditions on K in this corollary can be also
deduced by using Corollary 4.3 and a general result on the curvature tensor field
of a K-contact manifold (cf. Blair [8], p. 65). 9
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