
Tangential Cauchy-Riemann Complexes on Distributions ( * ) .  
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Summary.- Dopo at, or de]inito ~l complesso di Cauchy-Ir tan genziale su sottovariet~ 

reali generiche, di eodimer~ione q~talsiasi, di u~a varieth complessa, per mezzo di una oppor- 

t~tna successio~e di YvIayer-Vietoris se ne studiano i gruppi di coomologia locali. S i  ottengono 

i,noltre visultati relativi al problema dell'estensione di <~ distribuzioni di Cauchy-~iemann ~> e 

alla coomologia globale di sottovariettt compatte e di do~in i  eompatti con #ontiera regola~'e a 

tratti. 

Introduction. 

This paper  is a na turM continuat ion of [14], where the s~me problems are 

considered in the C ~ category. Given a complex m~nifold X of dimension n and 

real submanifold S of codimensiou k in X, under  a generici ty assumption,  the  Dol- 

beault  complex on X induces a differential complex on S, called the  tangent ia l  

C~uchy-l~iemann complex. I n  the  case of f~mcfions, the first operator  of this 

complex expresses the  necessary conditions for a given funct ion on S to be the  

t race  of a holomorphic funct ion defined on a neighborhood of S. In  terms of 

distributions,  we cap_ no longer th ink  in terms of traces,  bu t  it turns  out  t ha t  any  

holomorphie fmlction tha t  is defined in a wedge with edge # and has ~t S a sin- 

gular i ty  of distr ibution type  defines in a nat~:rM way ~n element  of the k-th Dol- 

beaulf  cohomology group with supports  in S. These last groups ~re re la ted to those 

of the  t~ngeutiM Ca~chy-Riemann complexes on distributions, b y  means of a 

s~atement tha t  is the  dual  of a formal  Canchy-KowMewski theorem. We exploit  

sistem~ticMly these correspondences, reducing the cohomology of the C.It. complex 

on S to the  Dolbeault  cohomology of some wedge-domMns. 

The argumelltS are ordered in the  following w~y" the  first paragraph (in a generM 

framework) and the  th i rd  (for complex analysis) invest igate the afore ment ioned 

relations between the  different eohomology groups, relat ing them b y  long exact  

~Vfayer-Tietoris sequences. In  section 2 we rehearse some results of [15] re levant  

for the  s tudy  of cohomology groups (( up to the  boundary  ~> on piece-wise smooth 

domains. In  w 4 these results ~re applied to prove the vanishing of some local Dol- 

behalf  cohomolegy groups of wedges and in w 5 we obtain the corresponding results 
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for the  tangent ia l  Cauchy-l~iemann complex. In  w 6 we take  up the  problem of 

extending Cauchy-l~iemann distributions defined on ~, proving tha t  in general t h ey  

are restrictions of holomorphic functions defined on statable wedges. In  w 7 we 

prove finiteness ior the  dimension oi some cohomology groups of the  tangent ia l  

Cauchy-]~iemann complex on compact  submanifolds and of the  Dolbeault  complex 

on relat ively compact  piece-wise smooth domains. 

We believe tha t  in w 1 we outl ined a generalization oi the  methods  of [4] and [5] 

t ha t  could be ferti le of fur ther  applications, also beyond the scope of complex 

analysis. 

We also want  to indicate t h a t  results similar to ours, bu t  in different categories 

of functions or of generalized functions where obta ined in [7], [8], [11], [12], [17], [1~]. 
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1. - Mayer.Vietoris  exact  sequences  for distributions. 

A) Regular Families of Closed Sets. 

Let  X be a C ~ differentiable manLfold and let  :E be a smooth vector  bundle  

over  X.  ~or  any  open subset U of X we denote  b y / ~ ( U ,  ~)  the  space of smooth 

sections of ~ over U and by  ~)( U, E) the  subspace o f / ' ( X , / ~ )  of sections of E having 

compact  suppor t  contained in U, M1 endowed with the  usnM Schwartz topologies. 

Le t  ~Dt(U, E) be the  space of distr ibution sections of :E over U: i t  is the  strong 

dual of the  space ~)(U, :E*), where :E* is the dual bundle of /~. 
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For a closed subset s of X we denote by fl)'e(U, E) the closed subspace of distribu- 

t ion sections in ~'(U~/~) havi_ng support contained in E(~ U. 

The maps U --~ ~P(U,/~), U -~ ~ ' (U,  B) and U -~ fl)'~(U, :E) from the open sets 

of X to the  category of vector spaces define soft sheaves over X, t ha t  we will denote 

by  /'(/~), ~D'(/~) and ~ ( /~ )  respectively. ~u will use the notat ion F(/~)~, ~'(E)~ 

and ff)!~(E)~ for their  stalks at  the point x ~ X. 

Let  ~ ---- {/~} be a locally finite family of closed subsets of X. We consider the 

simplicial complex 

2 ( ~ )  = {(~o, . . . ,  %): G 0 n  ... n G o ~  0; q = o, ] ,  2, . . .}  

and we denote by CQ(ff)~(~J)) the  sheai t ha t  associates to a n y  open U in X the space 

C~(ff)'~(U,/~)) of al ternated q-chains ] = (] . . . . . .  ~) with 

i . . . . . . .  e 9~..o. . .ov~o(G ~ ) .  

We define a boundary  operator 

! ! 

for q i> 1 by setting 

Gt)  ......... = Zf .~  .... ,_,~. 
tx 

We extend tl~ese definitions by  setting 

and 

As we have 

~ol = Z 1~ for 1 = G)  e 0 0 ( ~ ( = ) ) .  

~+1o3~-~ 0 for q>O 

we obtain a complex of soft sheaves: 

(1) ... ~ co (v~(~ ) )  ~ G _ I ( ~ ( E ) )  ~ G - A ~ ( ~ ) ) - ~  . . . - ~  
? ! 

- ~  c 0 ( ~ ( B ) ) ~  c _ t ( ~ ( E ) ) - +  o .  

We recall the  notion of regular close4 set (cf. [18], p. 92) : ~( a closed snbset /P of X 

is regular if for any  fixed l~iemannian distance d on X, for every point xoe 2~, we 
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can find an open neighborhood U of x0 in X and  posi t ive cons tants  C, a > 0 such 

t h a t  eve ry  couple of points  x, y ~ U r F can be joined b y  a cont inuous rectifiable 

p a t h  y in ~'  wi th  lenght  of 7<~c.d(x, y)% ~ 

This definition is independent  of the  choice of the  t~iemannian distance on X, 

because all /~iemannian metr ics  onYX define equivalent  distances.  

I n  [18] is p roved  the  following s t a t emen t :  

I f  q5 is a locally finite family of closed sets in X and (3 ~ is regular, then for every 

open subset U of X the sequence 

c0(~(~))(v) ~ e ~(~(E))(g)-~ 0 

is exact. 

We say tha t  a locally finite f ami ly  q~ of closed sets is a regular family if every  

union of intersections of d e m e n t s  of ~ is regular.  

F r o m  the  above  s ta tements ,  one obtains  the  following 

P R O P O S I T I O N  1 .  - -  I] ~) is a regular /amily of closed subsets of X,  then (1) is an 

exact sequence o/ F(R)-modules (where R denotes the trivial real line bundle over X). 

B) Extensible Distribgtions. 

Le t  X be a C ~ differentiable manifold  and  let  ~ be a smooth  vector  bundle  

over  X.  Le t  us fix an  open set [2 c X and  s e t / ~  = X - -  ~ .  Then the  sheaf ~)~(E) 

of extensible  dis tr ibut ions in D is defined b y  the  exact  sequence 

(2) o -+ ~)~(~)  -~  ~) ' (z)  -~  ~ ( B )  -~  o .  

Then also ~)~(~E) is a soft sheaf. We recall  (el. 1VIARTI~EAV [13]) t h a t  also the  

sequence 

(3) o .-> ~)L(E)  -~  ~ ( ~ )  + ~ g ( ~ )  -> o 

is exact ,  l%r  a n y  open set  U c X,  the  space ~)'~(E)(U) -- " '  ~ ( U ,  ~) can be identified 

to  the  space of dis tr ibut ions on $2 (3 U t h a t  are restr ict ions of dis t r ibut ions on U. 

I n  [13] the  following s t a t emen t  is p roved :  

v I 

if interior  of ~ ~ / 2 ,  then for every open set U in X the space ~)9(U: E) is the 

strong dual of the closed subspaee of ~)(U: E*) o/smooth sections of ~,* over U having 

compact support contained in ~.  

Let  ell = {De} be a fami ly  of open sets in X.  Because the  m a p  U -+ O~(E) is a 

presheaf  of / ' (R)-modules ,  we can consider the  space Ch(q~, v, ~).(E)) of chains of the  
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covering ~ with coefficients in this presheaf.  Le t  

denote  the  coboundary  map. 

We set for h : 1: 

~- ~ u%(.E) 

as < = ( f l~, )  e o o ( ~ ,  ~ b ' , ( E ) ) .  

Then we obtain a complex 

(~) o -~ .  c-,(~, <~',(.E))~ co(~, <D',(~))~ c,(<u,, <D~(E))--+ . . . .  

D:EFI~ITIO~. - -  A family qL = {Dt} of open sets is said to be co-regular is< it is 

locally s<inite and for every x e X one van find a neighborhood Uos< x in X such that 

qSe = (U -- Qi} is a locally finite regular family o] closed subsets os< U. 

Then we have the following: 

P~oPoslmlO~ 2. - I f  qh : (~i} is a co-regular s<amily of open sets in X ,  then (4) 

is an exact sequence os< F(R)-rnodules. 

Pnoo~.  - Exactness  at  C-:(%b, ~)'.(E)) follows from the  loeanzat~on principle 

for distributions.  Also the  exactness at  the places CJ(~tb, ~.(:E)) for j > 0 is an 

easy consequence of the fact  t ha t  ~)'(B) is a presheaf of F(R)-modules. 

~D,(E)), due to the  local na ture  of the  statement,  To prove exactness a t  C~ ' '  

we c~n as well assume t ha t  % is finite, say qL = {/2:, ...,/2k}. 

Le t  U be an open subset o~ X and f e C~ (D'(E))(U) satisfy ~f = 0 on U. 

This means  t ha t  f = (S<~) with 

/ , ~ , ( U , E )  and S<,--=S<j on Q , ~ / 2 j ( ~  U for 1 < i ,  j < k .  

Let  ] , e  ~ ' (U ,  :E) be such tha t  

LI ,.(2ieh U -~ f~ for l < i < k .  

B y  hypothesi~ we can assume th a t  { U - - ~ ,  ..., U - - D k }  is a regular family  of 

closed sets. We prove by  recurrence tha t  we can find ~,:, ..., ~ e  ~D'(U, :E) such 

th~,t 

~ 1 / 2 i ( ~  U : f~ for i < h .  

and, for S< G " '  
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Indeed,  we can choose F~ = ~ :  I f  Fh has been found, with 1 <h < k, we observe 

tha t  

~ ---- [h+~ on (t21U.. .  U t2~) n tP~+~ n U .  

Therefore Vh--]h+~e ff)'(U, ]~) has support  in 

I V -  (.c2~ u ... u t%)]w (~7-  t2~+,) = [ ( ~ -  tg~)n ... c~ ( v -  .oh)] w ( v -  9~+~) 

and we c a n  find 

g e Ib~_(~lo ... oa,)(U, E) 

' U 

such tha t  

Then we set 

Clearly 

~9h+1 ---- ~ h -  g = ] h + i -  W. 

~o~+1I [ 2 ~  U = f, for i<h  ~ 1 

and then  the  inductive s ta tement  is proved.  With  

we obtain ~u = ]. 

C) Complexes of .Linear t)artial 1)i//erential Operators. 

We introduce first some s tandard  notations.  I f  

(S*, A , )  = {O ~ 8 ~ 81-~ S ~ . . . }  

is a complex of sheaves of abelian groups over X,  then  for every  open set U in X 

we denote  by  

(U, S*, A . )  = {0 ~ S~ ~ S'(U) - ~  S~(V) - +  ...} 
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the  corresponding complex of sections and b y  H~(U, 8", A, )  its j - th cohomology 

group (j>~0). For  any  fixed point  x e X we denote  b y  

~ ~ A t . . . }  (x, s , ,  A,)  = {0 ~ S ~ ~ S~ - -~ o .  

the  corresponding complex of germs at x and by  H:(x, 8*, A. )  its j - th cohomology 

group (j > 0). We note  tha t  

l im 
Hi(x, 8", A.)  = ~ o , e ~  tt~(U, 8", A . ) .  

Then  we consider a sequence {EJ: j = 0, 1, 2, ...} of G ~ smooth complex vector  

bundles over X and a sequence {A~: I '(X, E ~) -+ I '(X, EJ+I): j ---= 0, 1, 2, ...} of linear 

par t ia l  differential operators with complex valued C ~ coefficients on X. We assume 

that 

Then 

(5) 

Aj+loAr : 0 for j ) 0 . 

(F(~*), A,) = {0 - ~  F(Eo) Ar F(E~) A~ 2 " ( ~ )  ~ ...} 

is a complex of sheaves on X. We will be also interested,  for /~ Q c X, /~ closed 

and Q open, to the  complexes of she~ves: 

(6) 

and 

(7) 

(~)'(E*), ~ , )  = {o - ~  ~)'(E0) A~ ~ ' , (~ )  - ~  O',(E~) - +  ...} 

v ! * ---- % ~t,~( j~ ) ~ ~)~(E 1) - ~  ~)~(E 2) -----)-...} ( ~ 4 ( E , A , ) )  (0 ", 0 ~~ 

F r o m  the exact  sequence (2) we obtain:  

PROP0SI~I()N 3. - Let Q be an open subset o/ X and let F = X - - ~ .  

every U open in X the /ollowing long cohomology sequence is exact: 

(8) 

Then /or 

' O~(E ), A,) o _ ~ o ( u ,  ~ ( E * ) , A , )  - ~ o ( V ,  ~)'(E*),A,) -~Ho(V, v, �9 - ,  

-+ ' ~ ~(E ), A , )  ~ l ( V ,  ~) , (E*),A,)  ~rl(V, ~)'(E*),A,) - ~ ( V ,  " * 
! 

- ~  r e ( v ,  ~ ) . ( E * ) ,  A . )  - ~  . . . .  

D) Long Exact Sequences o] cohomology associated to regular ]amilies o/ closed sets. 

We use the  notat ions of subsections A) and C). We set 
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and 

For q>O and ~ > - - 1  we define 

A;: C~(~(E~)) + C,(~(E;+~)) 

in the obvious way if ~ = -  1 and by  

A ~ / =  (A/,~ if I = (I,o..:o) + C~(~)~(~))(~:) 

Because the diagram (~>~0, q~>0) 

commutes,  we have 

! . 1 '  . 

co(~+(E,)) ~ >_ co_~(~+(E,)) 

for q~>O. 

(U open c X )  if j > 0 .  

By  Proposition 1, if q) is a regttlar family we have for every q > 0  and j > 0  an 

exact sequence 

(11) o -+ z~(~)~(E , ) )  -+  c o ( ~ ) ~ ( ~ 0 )  -+ zo_ , (~ )~ (~ , ) )  -+ o .  

Therefore i t  follows: 

PROP0SI+I01~ 4. - Z] q) is a locally finite regular/amity o] vlosed sets in X,  then 
for every U open in X we have the long exact cohomology sequence (/or q>O) 

(12) o + Ho(v,  zo (+; (~ , ) ) ,  a.,) + n o ( v ,  c~(+;<~,)) ,  ~ , )  + 

+ HO(U, Zq__l(~)~(~*)) , A$) + Hl(~f, Z q ( ~ ; ( . e * ) ) ,  d $ )  + .o. + 

+ H;(v ,  zo_~(~;<B,)), ~ , )  + H,+l(v,  zo(~;<~,) ) ,  A,)  - ,  . . . .  

and for q~>O: 

t $ <1o) ( z ~ ( ~ ~  {o , o , 1 , o + z~(~+(~ )) ~ z~(~+(~ )) _~ - ~  .. = z~ (~ )+ (~ - ) )  .}. 

and we obtain for every q > - - 1  complexes of sheaves: 

(9) ( c~ (~~  = { o - ~  co(~+(~o))_~' G o ( ~ ( E 1 ) ~  c~(~+(E-))' o ~ ...} 
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,E) Restrictions. 

Let r be a locally finite regular family  of closed sets in X and let us set 

/~ = • r and 1"2 = X -  F .  

For  every open set U in X and integers j, q>O we have maps  

' ~~ )), ~ , ) .  ~o(< z,_~(~+(E.)), x , )  + Ho+~(v, z,( ' * 

B y  composition we obtain maps 

g o ( <  ~'.(~*), ~ .)  = -0(v ,  z_l(~;<~*)), a . )  -+ ~t+~(< z~_l(~;(~.)), ~,) 

for q~ k >  O. 

We also have a na tura l  map 

m - , ( ~ ,  ~ ( E  ), A,)  m ( ~ ,  ~)5(E*), A,)  

and thus by  composition a map 

(,) n.-~(v, ~;(E.), ~ . )  -+ m+~(v, z~_l(~;(~*)), ~,). 

Let  us consider now the following particular case of the above construction:  

for real valued smooth functions 

01~ ..., Ok: X - + R  

with 

we set 

doiA...Ado~--/: 0 on X 

�9 '~ = ( ~ ( x )  = o} c x for i = 1 , . . . ,  k 

+ = {F1,..., F~}. 

Then ~b is a regular family. The set 

S = F~N ... N F~ 

is a smooth submanifold of X of real codimension k. Then 

( ~()) ( ' ) )  ;( 
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for every  smooth vector bundle E over X. Thus ( , )  yields a map 

(**)  //~-~(g, " ,  , ~)~(E,), A,) ~ n,+~(V, ~),(~*), A,) . 

Given u ~ Hq-~( U, ~)~(N*), A , )  we call the corresponding element Res (u) e Hq+*(U, 

~ ( E * ) ,  A, )  restriction of u on S. 

Le t  G = X - -  S and W ----- {@~ > O, ..., @~ > 0}. To ] e ii)(~(' U,/~-~) we associate 

the element ] '~ ff)~(U, such tha t  ] ' IW = / I W  and ] ' =  0 on D --  W. This gives 
a map 

no(~ ,  ~'o(E,), A,)  ~ n~(~,  ~ ; ( ~ , ) ,  ~ , )  

and thus by  composition a map:  

(***) ~ ~(v, ~(~,) ,~,)  ~o,, ~+~(v, (~;(~,)), ~,) .  

I ~ A ~ .  - Modulo the  sign, the  map (* * * )  depends only on S and not  on the 

choice of the defining functions Q~,~..., #~: Indeed,  it  is sufficient to observe tha t  

pe rmuta t ion  of #~, ..., @~ only  changes the sign of the  image and tha t  if a: X - - ~ R  

is a smooth funct ion ~anishing on ~ with d~o~A...Ad#~_~AdaV= 0 on X, then  the 

m a p  obta ined f rom Q~, ..., ~_1, a is (-k or --) the same as tha t  obtained from 

~ ,  ..., ~_~, p~. (The choice of ~,, ..., ~ corresponds to choose an orientation of S.) 

~) Zong Exact Sequences corresponding to co-regular ]amili's o] open sets. 

We use the  notat ions int roduced in subsections B) and C). Le t  ~U~ = {D~} be a 

locally finite co-regular family of open sets in X. I f  E is a smooth vector  bundle 
over X we set 

z , ( ~ ,  ~' = (8: ~;(~)) )  ~ , _ . ID.(E)) Ne t  Cq(~U,, Cq+~(qs ~);(E)) for q >  1 

We define ( q > - - l ,  j > 0 )  

~,:  o ( ~ ,  ~ , (E,))  ~ o(~L, ~',(E,+,)) 

by  associating to ] e C~(r fl)(EO)(U), ] -~ (]i....i,), U open in X, the co-chain 

A J  = (AJ, .... i,) e c~(%, ~),(E~+'))(~).  

Because the  diagram 

~, ~ o ( %  ~,(~,§ 
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commutes,  we obte~in complexes: 

(o (~ ,  " '~),(~,)), A,) = {o ~ co(~162 ~),(~o)) _~ Co(~, 6)~(~)) ~ Co(~, ~),(E~)) ~ . . . }  

and 

(z~(~, ~>',(~,)), a , ) { o _ + z o ( ~ , ~ ) , ( ~ o ) ) ~ z ~ ( ~ , " ~  ~' .. = ~) , (~  )) ~ z~(%, ~ , ( ~ , ) )  - - ,  .}. 

Then, f rom ~he exact  sequence of she~ves ( q > - - l ) ;  ( Z - ~ =  0): 

(~3) o -+ zo(%,  ~b',(~)) -+. o ( % ,  ~),(~)) -+ z + ~ ( % ,  ~),(~)) -+ 0 

we obr r following 

PI~OPOSlTIO~ 5. - I f  RL is a locally f ini te  co-regular fami l y  of open sets in  X ,  then 

for every open set U in  X and every q > 0 we have a long exact sequence: 

~>,<~ )), a,) no(v, o ( ~ ,  ~),(~*)), ~,) (~+~) o -+re(v, z~(~, " '  * +. -+ 

~),(~ )),A,) ~l(U, Zq(~o,~;(~t*))yA,) - +  t to (~ ,  Z+~(%,  ~ ' , - +  - + . . .  

... + w ( v ,  z o ( ~ ,  ~);<~,)), a , )  -+ w ( v ,  o~(~,  ~);(~,)), _~,) -+ 

~>,<~ )), a ,)  ~),(~ )),~,) -+ ~ + ~ ( v , z ~ ( ~ ,  ~' * -+ /~(~Y,  Z+~(%,  " ' * -+ . . . .  

~ r o m  this proposition we deduce: 

COI~OLLAI~Y 1. -- / 1  q >  ]C, U is open in  X (resp. xo~ X ) ,  

~o-~(v,z~(~, ~),<~" ,), ~,)) = 0 (re+ ~o-%, Z,(~, ~),<~*)),:~,) = 0) 

and  

Hq-J(U, CJ(qL, ~ ' * = ~),(~ ), A,))  o 

then, setting T2 = U qL, we have: 

l i b ( V ,  ~ ' * = ~)~(E ), A , )  0 

We shall also need the following 

(rcsp. ~O@o, ~(~ ,  ~);(~*)), ~,) -- o) 

for ] = O, 1, ..., k 

resp. Hq(x o ~ '  * = , ~),(E ), A , )  o) .  

COROLLARY 2. -- Let  q > l  and  let us assume t h a t / o r  0 < r - < k  and  any  choice of the 

indices io, . . . ,  i~ we have for 0 <. ] < k 

m+~(v, ~);~,,o .... o,,(~,),x,) = o  (re+ m"(Xo, ~);~,,o...o,~,/~*),~,)=0) 
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Then  we also have: 

~.(E )),**) = o) ~ ) , ( ~  ) ) ,  = o ~(~, e~(~, " * ~ . )  (~es~. ~'(Xo, e~(~, ~' * 

P~ooF. - We prove the  s ta tement  by  induction on the number  k. We note  tha t  

for k ~ 0 there  is nothing to prove. Zet  us fix then  m > 0 ~nd assume t h a t  the  

s ta tement  is t rue  for every  0 < k  < m and every  q > l .  We give the  argument  for 

an open set U, as the  proof is analogous in the  case of germs. Le t  us fix indices 

io, ..., i,~. Because qY = (~9~o, ..., tO;} is co-regular, then we have exact  sequences: 

g.+~(Y, Z~(~,  " * 

B y the inductive assumption the  first and last terms are zero, for j < m, so tha t  

' '  * ~-- ~ , ( E  ) ) , a , )  ~o(v, z~+l(~, ~.(~- )), . . )  ~o+~(v, z~(v, ~ ' *  

I t  follows tha t  

~ ,  ( ) ~),(E )), A ,  : 

~,(~,.)), a , ) ~  ~0+,,(v, ~,,o... o ~,g*), a,) 

and the  last group is zero by  assumption.  Because 

~),(~ ), A,))  ~ �9 { ~ ( V ,  ~)~,,~... o , ,~(~*), A,):  (io,, ... , ~ )  ~ X(%)} 

the  s ta tement  is proved.  

Col~oL~AI~Y 3. - Zet  q>l and let us  assume that 

(resp. ~:+~(Xo, e~-~-l(~, +;<~*)), a,) = 0) 

/or j = O, 1, . . . ,  t~. 

Then  we have also 

v ,  . ~),(~ )), 
.o(v,  v ( ~ ,  ~.<~o)), . . )  : o  (rest..o(xo, Z~(~, " * ~.) = 0). 

PlcooF. - Because of the long exact  sequence (14) the hypothesis  imply  tha t  we 

have for j = 0, 1, . . . , k  injeetive maps:  

Ho+'(V, Z'~ ~'<~*)), a , )  + H~+,+I(U, z~-~-1(%, ~'<~*)), A , )  



MAURO ~ACI~OVIC~ - GIo~GIO VALL~: Tangential Canehy-Riemann, etc. 135 

and then the s ta tement  follows because 

H~+~(v, zo(~,  ~,(~.>), _~,) ~ ~o+~(v, C-lI~L, ~'(~.)), ~.) = o. 

The proof for the case of germs is the same. 

We also have:  

COrOLLArY 4. - Let q > k and 

= , ~,< )), ~,) : o )  .~q-k+$(U, Cik-J(c~, ~);(.~*)), A,) 0 (reBp..~rq-k+.~(Xo Ck-l(C~, "" E ~ 

/or j = 1 , . . . ,  k .  

Then the ]ollowing ma13s are all surjeetive: 

~).(~ )), ~.)  H , - ~ ( U ,  Z ~ ( % ,  " '  * - +  - +  . . .  - +  

~ '  ~ u%(~'-), a , )  + ~r,(v, zo(~,  ~ , w , , ) ) , a , ) _ ~  ~ ( v  ' ~, , 

~>,<~ )), a.) -+ ~.-~+'(~o, z~+,(~, ~,<~ )), ~,) -+ (~e~. ~0-~(x0, Z ~ ( ~ , ' '  * "' �9 . . .  

+.o(~0, z0(~, ~)',<~,)), a.) _~ ~O(~o, ~)'~<~*), a . ) ) .  

The proof is again an easy application of Proposit ion 5. 

2. - System of  linear partial differential operators with constant coeflicienls. 

Let  ff = C[}~, . . . , } . ]  denote the ring of polynomials with complex coefficients 

in n indeterminates.  I f  

(~5)  0 - - >  ~P'" ~ - ' ( ~  ~P'~-~--> . . .  'aor .3,~,0--> M .--> 0 

is a resolution of the if-module of finite type  M = eoKer (tAo(~): fly, _+ ff~0), then 

we consider for open sets /2, U of R ~ the complex of differential operators 

(16) 
v ,  XoW)> v '  & ' )  . . .  v ,  &~)  

. ~ o ( U ,  - -+  - +  ~)~(U,  --+ , 0 ~ ~ ( U ,  & ' )  0 

where A j ( D ) =  Aj((1/i)(~/~x)) is obtained from Aj(~) by the formal substitution 

~ -+ (11i)(~1~.~ D. 
Let  /2 be an open set in R ~ and let Xoe ~/2. 

~Ve say tha t  g2 is convex at  xo if we can find an open neighborhood U of xo such 

tha t  .(2 • U is convex. 

We say tha t  [2 is str ict ly concave at xo if for an open neighborhood U of xo in 

R ~ the set (R " -  .(2)n U is str ict ly convex. 
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Because convex se%s satisfy the condition of M_artineau given in w 1, B),  we ob- 

ta in  the  following (cf. [15]). 

PI~OPOSITIO~ 6. - With the notations introduced above 

(a) I /  ~ is vonvex at x0, then 

~'(~o, ~g(c" ) ,  4 , )  = 0 /or j > 0.  

(b) I f  [~ is strictly convave at xo and  Ext~+l(M, i f ) =  O, then 

H'(~o, ~g(c~. ) ,  ~ , )  = 0 .  

We will need in the  applications a corollary of this proposit ion in Che case in 

which the  differential opera tors  A~(D) only  depend on derivatives in the  first m 

coordinates in R ~. 

So we assume tha t ,  for j = 0, 1, . . . , d - - l ,  

(*) Ai(D) depends only  upon the  derivat ives 3/~x~, ..., ~/~x,~ (m < n ) .  

P~OPOSITIO~ 7. - With the notations introduced above and under the assumption ( . )  : 

Let ~ ,  ..., ~ be real valued C ~ /unction de]ined on an open neighborhood U o / 0  in  R ~ 
such that 

(i) w e  van f ind 37 e R ~ such that 

< grad ~j(O), h r > 0 /or j = 1 , . . . ,  k ; 

(ii) there is a constant v > 0 such that 

32qJ(O) u~u~>~v ~ u ~ /or every j = 1, ... k and u s, ..., u , ~ e R .  
~,~= 1 ~x~ ~ ~=1 

Let 

9 = {x e ~:  el(x) < o, . . . ,  Q,(x) < o} ,  
k 

= U {x ~ ~7: e,(x) > o} .  
J = l  

Then 

(a) ~ ( 0 ,  ~)g(c, .) ,  4 , )  = o /or j > o .  

(b) I /  Ext~+~(M, ~') = O, then 

re(o, ~)'o(c~.), A , )  = o ,  
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P~OOF. - Let  tls consider the C ~ change oi coordinates about  0 given by  

~b 

This change of coordinates t ransforms the  complex (16) into a complex of linear 

par t ia l  differential operators still having constant  coefficients, whilel if 2 > 0 and 

large, t9 and G are t ransformed into sets respect ively convex and str ict ly concave 

at  0. The s ta tement  follows then  f rom proposit ion 6. 

I~E~A~K. - In  [15] the  following stronger version of Proposit ion 6, (a) is proved:  

~,ror every convex se~ U, we have m ( R ' l  ~ ( c ~ . ) ,  A . ) =  0 ]or j > 0 ~>. 

F r o m  this one deduces the  following improvemen t  of Proposit ion 7 (a): 

(~ There exists so> 01 only depending on <grad @j(0)1 IV>, on v and on the complex 

(16)I s~teh tha~ 

m({ixl  < A , )  = o /or i > 0 i/0 < , .  

3. - Tangential  Cauehy-Riemann complexes on distributions. 

A) Preliminaries. 

Let  X be a complex  manifold of dimension n and let ~ be a closed connected 

real submanifold of X of re~l dimension 2 n -  k. 

I f  J: T X - +  T X  is the  complex s t ructurc  of XI t h en  for every  point  x e S we 

denote  by  

H~S = T~S (3 JT~S 

the  complex analyt ic  tangent  space to S at  x. 

We say t ha t  S is generic at x if 

d i m c H ~ S  = n -  k 

and we say simply tha t  S is generic if this p roper ty  holds at  every  x e S. In  this  

e a s e  

m~s 

is a subbundle of TS.  

We denote by  A the  vector  bundle of complex valued exterior differential forms 

on X and we set A = F(A).  Then we define the sheaf of ideals 3 s in A generated 

by  the  germs of functions vanishing on % and b y  their  ant iholomorphie differentials. 
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The quotient  sheaf 

a , =  A/~. 

is concentra ted on S. We have the  exact  sequence of sheaves: 

(17) 0 - - + 3 s ~ A ~ O ~ O .  

Let  A v'q be the  bundle of exter ior  forms of t ype  p, q (i.e. homogeneous of degree p 

in the  holomorphie and of degree q in the anti-holomorphic differentials) and let 

An'q= F(AV'~). We se~ 

3~'q = 3 s n A "'q 

F r o m  the  Dolbe~ult  complex 

(~.*, &) = { o - ~  ~ . o  ~ ~ . ~  ~ ~ . ~  ~ ... ~ ~ , .  _+ o) 

and the  sub-complex 

(~i,*, & ) =  { o - ~  ~ ,o_L  ~ , ~  ~ , ~  . . . ~  ~,"~  o) 

passing to the  quotient  we obtain the  complex 

(~s) (a~,*, ~,.) = {o - ~  a~ ,~ ~ a~ ,~ _~  a~ ,~ -+ . . .  -+ a~ ,"-~ - +  o) .  

(We note  tha t  O~'q = F(QVs '~) for a smooth vector bundle Q~'q over S.) 

This is a complex of differential operators of first order on S, t ha t  is called 

tangent ia l  Canchy-Riemann complex on S (cf. [2]). 

Le t  us denote  by  C the  sheaf of currents  on X and by  C ~'q the subsheaf of those 

currents  t ha t  are of t ype  (p, q). Taking the  natur~] orientat ion in X,  choosing a 

smooth densi ty on X, we can define a dual i ty  pairing between A ~''~ and A s-~'~-q. 

Then 

(~',~ = ~)'(A~,q) . 

Given T e  tv'q(U) and u e ~D(U, A'~-v"~-q), with U open in X, we denote by  

<r, ~t> = Y(u) 

the  action of T on u. We note  tha t  

<~T, u> = (--1)v+~<T, Ou> for Te C~.q(U), r ff)(U, A"-~,"-q), q < n, 

~T = 0 if q = n ,  
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We have ~ complex of sheaves (Dolbeault complex on currents) 

(c',*, 8,) = {o -+  c ' , ~  c ' , ~ &  c',~ . . . -~  c*,~-+ o}. 

~or  O<p<n and O<q<n we define ~ as the subsheaf of C ~'~ such that ,  for U 

open in X, ~e~ if and only if <T,~o>~-0 for every ~0e3 s (U)(~ 

(h ~ (U,  A~-v'~-q). Because 3~ -~ ' ' -q - - -  A n-~'n-q when q < k, then  ~ 0 if q < k. 

Moreover we notice t ha t  ~ ff)s(A' ~'~). 

L E n A  I. - We have 

8 0"~p,qf- 0"[~o, q ~ 1 
~ 8  ~ ~ 

0 ~ q  P~oo~. - :Let U be open in X an4 let T ~  3 s ' (U) .  

v~ ~ (U,  A~-~"~-~-~). Then 

C T ,  ~> = ( -  ~)~§ 8~> = o 

Let  ? e 5~-"~-q-~(U) 

3,~-~,~-~/U~ A~-~,~-q). because 8 ~ e  s ~ ~ ~ ) ( U ,  

B y  the  above lemma,  we have a complex of sheaves: 

o , ~  ~ ~" o 3 ~ , ~ + 1 _ ~  o , ~  ~ + 2  o , ~  ~ O} ( 1 9 )  ,~~ , 8 , )  = { 0  - - >  ~'s' ~ o~'  - ,  . . .  - - +  o #  -->.  

t ha t  we call the  tangent ia l  Cauchy-I~iemann complex on distributions. 

By  the  exact  sequence (17), for every  open set U in X the  space o v q 3s' (U) is the 
! n - -~ ,n- -q  , Ii')n--~'n--q'~g* i S  t h e  dual of O~U~ , ~snn-"n-q~, and hence ~ ~D ((Qs ) ) where ,~s , 

dual bundle of Q~-~,n-q. I f  ~ is orientable,  we can associate to  any  smooth densi ty  

on S a na tura l  isomorphism (Q~-~'n-q-k)*~__Q~s'q and (19) is isomorphic to the 

complex:  

(19') (9) ( Q s ) ,  8s*) = {0 - +  ~,(Q~,O) ~ ~),(Q~,I) N ff),(q~,2) --> ...--> 

~)  ! t f l ~ ' n - k ~  0 

B) A Mayer-Vietoris Exact Sequence /or 1)istributions. 

We have the  following exact  sequences of sheaves on X:  

(20) 

(21) 

(22) 

v ,  A 0 -~  ~)~(A) -> ~'(A) -~ ~ x - s (  ) -> o 

0 --> ~ s ~ ~ ' (A)  -+ 5)'(A)/~ -+ 0 

v / A . o -~  ~ ( a ) / ~  ~ ' ( x ) / ~  -~  ~)k-s(  ) ~ o 

Denoting by  ~-~'~ the  snbsheaf of A v'~ of germs of smooth exterior  forms vanishing 
t ~O,q 0 ~,q  of infinite order on S, for every open set U in X the quotient space ~s(U, A )/ 3~ (U) 
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can be identified to the  strong dual  of the  quotient  space 

( 3]-~'~-~( U) r~ ~( ~S, An-~,~-~) ) l( ~-~,~-~( V) r~ ~(17, A~ -~,~-~ ~~ ~-~,~-~( U) . 

If S is generic~ it was proven in [2] t ha t  (Formal Cauchy-l~owalewski Theorem) 

o -~ ~,0(y) ~ ~,1(~) ~ ~.~.(~) -~. . .  -~ ~2~(~;)-~ o 

(where the  vert ical  bar  means restr ict ion to the  quotient)  is exact  for every  open U 

in X and p ~ 0, ..., n. Then  b y  dual i ty  we obtain (cf. also [13]) : 

PROPOSITION 8. - (Dual ~ormal Cauehy-Kowalewski Theorem.) I f  S is generie~ 

then 

~~ ~'s,'X~'*"~ ~ ' * , ,  s , &) = 0 

]or every U open in X and every O<p, q<n.  

F r o m  this result  we deduce the  following 

COgOL~AgY. - I] ~ is generie, then for every open U c X and O<p, q < n  we have 

an isomorphism 

~~ U, ~ ' (X~'*) /~ '*, & ) ~  ~ ( U ,  ~)j :_s(~ '*) ,  & ) .  

P~oo]~. - The s ta tement  follows f rom the  previoas proposit ion and the  long exact  

cohomology sequences deduced from the  short  exact  sequence (22). 

Then we have:  

P~oPoslTIO~ 9. - (Mayer-Vietoris ~,xaet Sequence ]or Distributions.) I f  ~ is 

generic~ then we have ]or every open set U in X and every 0 < p < n the long exact sequences: 

(23) o -+ ~ - ' ( ~ ,  @~_~(A~,*), &) _~ ~o(~, o~2~+, ' &) _+ n~(~, ~),(A~,,), &) _~ 

-~ ~-~(~ ,  o~2~§ , &) - ~ ( ~ ,  ~'(~.*), &) -~ ~~ ~;~_~(A~'*), &) -~ 

-~ ~-~(~ ,  ~ &) -~ ~ ' (~ ,  ~'(A"*), &) -~ ~ (U ,  ~_~(~'*) ,  &) -~0. 

P~OOF. - Indeed  i t  is sufficient to  apply  the  above corollary to the long exact  

sequence deduced f rom the  short  exact  sequence (91). 

P~oPosITIO~r 10. - I /  ~ is generie~ then we have /or every open set U in X and 

every 0 < p ,  q <n~ q> k~ isomorphisms: 
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P~ooF. - The s ta tement  follows from Proposit ion 8 and the long exact  cohomology 

sequence deduced from the  short exact  sequence 

(2~) 0 -> ~ s ~ O's(A) ~ ~'~(A)l~ ~ O. 

COROLLARY. -- With the assumptions o/ the previous proposition, i/ U is a Stein 

open set, then 

H~(U, ~)~(A~.,), &) ~ Ho-~(U, o3~.~+,), ~,) ~ nq-~(V, ~'~x-s,'A"*~,, ~.) 

/or p>O and q > k .  

4. - Vanishing theorems for the local Dolbeault cohomology at edge points. 

A) Preliminary Lemmas. 

Zct  X be a complex manifold of dimensions n and let ~ ,  ..., ~k be real valued 

smooth functions defined on X. Let  

t2 = (x z x :  Mx)  < o, ..., q~(x) < o} 

and let xoE ~Q be a point  where 

q , (x . )  . . . .  q~(Xo) = 0 

and d~,(Xo), ..., d@l~(Xo) belong to a same open half space of T~~ this means tha t  

we can find N E T~~ such tha t  

<d0j(xo), N> > 0 for j = I, ..., k .  

We assume moreover t ha t  the  Taylor series of the Q~'s be linearly independent  

in the space of formal power series. Then we have:  

L E n A  2. - Assume that we can find a complex linear subspaee V o/complex di- 

mension s o/ T~oX such that, ]or every j ~ 1, ..., k, the Levi ]orm o] ~ at Xo is positive 

definite on the intersection o] V with the tangent analytic space to the hypersur]ace 

{e~ = o}: 

(25) i<8~(Xo),  v A J v >  > 0 i] v # O, v E V and <doj(zo) , v> = <dQj(Zo), Jr> = O. 

Then we have: 

HO(Xo, ~)~(A~.*), ~,) = o /or q > n - s .  
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PROOF. -- Subst i tu t ing exp [c~r with e >  0 sufficiently large, for ~ ,  we can 

assume tha t  the  Levi  forms (25) are positive definite on V. 

By  ~ convenient  choice of hololnorphic coordinates z x, ..., z ~ on a neighborhood 

of xo we can achieve the following: 

(i) xo corresponds to the origin of the  coordinates. 

(ii) In  the corresponding tangent ia l  coordinates u ~, . . . ,  u ~ the  subspace V has 

equations:  

- q~s+l  ~ . . .  ~ @n_~_  0 . 

Moreover we make the  additional assumption tha t  the coordinates can 

be chosen to satisfy: 

(iii) There is a convex open neighborhood o~ of 0 in C ~ and an open neigh- 

borhood e% of 0 in C ~-s such tha t  for every  (z '+1, . . . , z  ") ewe,  the map 

o)~e (z~, . . . ,  z')  ~ e j ( z  ~, , . . ,  z' ,  z~+~, . . . ,  z*) 

has a positive hessian on co~. 

(We note  tha t  eondit on (iii) can always be fulfilled if the  edge is (( generic ~>, 

i.e. if 

Le t  us se$ 

aq~@o)A...A a~(~o) # o ) .  

g =  8'+ ~" 

where g' and ~" denote anti-holomorphie differentiation with respect  to z ~, . . . ,  z s 

and with respect  z '+~, . . . , z  ~ respectively. 

Le t  A, v'r denote  the  subbundle of A ~'~ of forms homogeneous of degree r in 

d~S+l,  d~ ~. We have v'q-- A,  - - 0  if r > q .  

Because g' defines in the given coordinates differential operators with constant  

coefficients without  derivatives in the coordinates corresponding to z "+1, ..., z ", then  

by  proposit ion 7 (a) the complex 

(o ,  ~,~.~' ,~,'+*,,, ~) = {o  ~ ~ , ~ ,  j o ~  ~ , ~ ,  , o - +  . . .  -+ ~ ( ~  ) o ~  

is aeyclic in positive dimensions: 

w(o, ~,~.a' , . , .+. , , ,  ~;) = o 

Let  us set 

v'q  , ' ~  A ~  . 

J~>r 

for ] > o .  
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Then  we have  the  exact  sequence of (trivial) vector  bundles on ~o,X~o,: 

~ q  ~ q  2~q 0 -> A(~+,) --> A(r ) -> A~ ,~ 0 

where the  first m a p  is the  inclusion and  the  l~st in the  na tu ra l  project ion.  We 

obtain t, herefore a commuta t i ve  d iagram ol sheaf complexes with exact  columns:  

0 0 0 0 

0 ~ 0 ~ ~ /  ( ~ + 1 ) )  "~-~T2/ (~+1) I ~t~Dk'~*(r+l) ) ~ " ' "  

0 - +  ~ ( A ,  ) ~ ,5' t~,,~+*~ ~ ~ '  , - - , ,~+~ r ~ '  ,A~,,+~ 

0 0 0 0 

This yields an exact  sequence in cohomology:  

(28) ... -~  H~ 0, v, ~. ,  Z , )  - ~  H ~ ( o  ' v ,  ~. ,  0 , )  

H o - , ( o ,  ~g(A,,,,+*), ~',) -~ . . . .  

Because the  last  group is zero for q > r~ we deduce t ha t  we have  a surject ive m a p  

Ho(0, ~.(A(~)v' .,.), ~, )  -~  ~ ( o ,  ~(A~,*), ~ , ) .  

But ,  if q > n -  s, A(q)- 0 for every  j and thus  necessari ly 

H~(0, ~ ( a ~ ' * ) ,  ~,) = 0 .  

To complete  the  proof, we need now to get rid os the  addi t ional  a s sumpt ion  

(iii). To this aim, let us in t roduce the  k -  1 dimensional  s implex:  

(26) A ---- {A = (2', . . . ,  )k) a r k :  Z ' > 0 ,  Vi and  2 * +  ... -~ Z k =  1}. 

Then  we set 

(27) @(~)= ~1@1-{- ... -~ ff@k 
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and we notice that for every 2 e A 

i < ~q(~)(Xo) , vAJv> > 0 for v e V -  {0} and <d~(Xo), v> = 

= <d~(Xo), Jr> = o .  

Then we conclude by  repeat ing the argument  of the  proof of Proposit ion 8 

in [14], because (lii) can be e~sily htlfilled when k ----- 1 (this starts  the  induction on k) 
k 

and when Q1, ..., ~ are subst i tuted b y  @~, ..., 0~, with ~ [)1,-- ~]~ sufficiently small. 
~,j=l 

Let  us set f2~---- { x e X :  ~dx)< O} for i = 1 , . . . ,  k. 

LE:M_~A 3. - Assume that we van l ind a complex linear subslpaee V of T ~ X  such 

that 

(29) i < ~ ,  v A J v }  < 0 /or v e V - -  {0}, <doj(xo), v> -~ <d~j(x0), J r )  = 0 .  

Then we have 

v ! 

H~(x0, ~9~ ~... ~ ~,(A~'*), ~.) -~0  f o r p : O , . . . , n  and l < q <  d i m c Y - - 1  . 

P R O O F .  - Subst i tut ing 1 -  exp [--e@j], with e > 0 and large, we can assume 

tha t  the 3Jevi forms of the  0j's are negative definite on V. Then we choose holomorphie 

coordinates to  satisfy (i) and (if) in the  proof of the  previous lemma and we make  

the addit ional  ~ssnmption tha t :  

(iii)' There is a convex open neighborhood col of 0 in C s (s = dim c Y) and an 

open neighborhood co~ of 0 in C*'-* such that ,  for every  (z*+~ ..., z ~) e co2, 

the maps  

~e (z 1, . . . . . . .  . . ,  z s )  - ~  ql(z~, , z, ,  z8+1, , z ~) (j = 1,  . . . ,  ~ )  

have a str ict ly negative defined hessian on o)1. 

We give now explicit ly the argument ,  analogous to tha t  at  the  end of the  proof 

of the previous lemma,  by  which one can get rid of this addit ional  assumption.  

Le t  A be as in (26). l~irst we notice tha t  for every  choice of a positive integer h 

and of 21, ..., ~aeA,  the  functions ~(%~), ..., 0(a~) satisfy the  same assumptions as 

01,. . . ,  @~ in the s ta tement  of the  lcmma. 

For  (~1, . . . ,  2~) = k e A  ~ we set 

~(X)-- sup l~,--~Jl. 
l~<g,~<h 
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Given  Z e A ~ le t  (io, ~o) be  t h e  f i rs t  pa i r  of  indices  (for t h e  l ex i cog raph ic  order)  such  

that 

T h e n  we define 

a o ( Z )  e A ~-~ b y  

a~(;k) e A ~ b y  

a,(~,) e A ~ b y  

Moreove r  we set  

T h e n  

ao(~.), = ~,+~ 

a,(X)~ = 2~ 

a,(~.), = ,~ 

for  i v a  io, i < 7o; ao(;k)~o= �89176 -+- ~0); 

if i>~o 

�9 x ~  

~or i ~ io, adX)~ = 1 ( ~ , . +  ;t~o). 

h 

~2(x) = LJ { x e X :  ~(~,)< o} 
i = 1  

~or X = (2~, . . . ,  2~) e A  ~ �9 

~(q~(x)) ~ ~ (~(x) )  = ~(x) 

~(~,(x)) n ~(~(x) )  = ~(~o(x)). 

B y  the a s s u m p t i o n s  we m a d e  on t h e  ~, 's,  t h e  f a m i l y  {~2(a,(k)), ~(a~(k))}  is eo - rega la r  

n e a r  xo for  e v e r y  A e A a, so t h a t  t h e  sequence  

o ~ ( ~ ) ( X  L~ ~(~(x)l(A~'~)~~174 " '  ~'~ ~ '  ~'~ 

is e x a c t  for  al l  0 ~<p, j < n a n d  the re fo re  we h a v e  a long e x a c t  sequence  in c o h o m o l o g y :  

2 

o H~ bg(~)(x~,*), ~ , ) - >  | H~ 4"' ' ~ ' * '  ~,) ---> ~,~(a~(x)) ~ ~ 
i = 1  

-v JZ~ ~ '  ,--,*, ~,) ~(~.(~))~ ~, H~(Xo, ~(~)(x~,*), ~,) ~ . . . - ~  

~-~(~o,  " ~'* ~,) ~~ ~ , ) - ~  --> ~(~.(~))(A ), --~ ~(~)(A~'*), 

2 

| H~ ~ '  ,a~,*, ~ . ) - ~  ~~ ~ '  ' - - '* '  ~ . ) - ~  a'~(~(x))~ J, a~(ao(X))~"~ }~ . . . .  
i = 1  

Because  for  k ----1 we can  a lways  choose  coord ina tes  to  sa t i s fy  (iii)', b y  i nduc t ion  

we can  a s s u m e  t h a t ,  g iven  some  h > l ,  t h e  s t a t e m e n t  holds  for  l<k<h ,  so t h a t  

H~(Xo, z,, ' ~ , * '  g,)  o for 1 < g  < 8 a~(~~ ~-~ }, = 
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Since s > 2  (otherwise there  is nothing to prove),  by  Hartogs '  theorem the  map 

is onto. Therefore we obtain 

2 

m(Xo, ~)~(~)(~',*), ~,) ~_ | m(-o, ~(-,~))(~v' .,*), ~.) for 1 <~ < s. 
i = 1  

An i tera ted application of this a rgnment  shows tha t  the s ta tement  reduces to show 

tha t  the  vanishing of the cohomology is t rue  for groups 

m(Xo, ~(~)(~,*), ~,) 

when ~(~,) is arbi t rar i ly  small, and in this case we can certainly fulfill (iii)'. 

Assume then  tha t  we have chosen coordinates z~ ...~ z ~ a~ Xo to satisfy (i), (ii) 

and (iii)' and let ~ ---- ~'-{- ~" as in the previous lemma. Wi th  G = ~2~ u ... ~2 $2~ we 

have,  with ~he notat ions of the previous lemm~, a complex 

~ l / ~ . ~  ~ ~, ~ r / ~ , ~ + l  ~ ~, ,~ r /~ ,~+ ,  % ___> # , l~ .~+s~  
G ~  ) 0 - - >  ~ u ( ~  r )0---> ~ ,~ . t~  r ] o - - >  . . .  ; ~ u ~ . ~  r )0---> 0 

which is acyclic a t  the  places r - { - ]  for ] < ] < s - - 2  and j = s. F r o m  the  exact  

sequence (28) (with t7 a t  the place ef ~2) we deduce tha~ we have surjective maps 

Ho(0, ~, ~,, ~,) H~ ~(~,,)*) ~,) ~a(A(~+~)), --~ 

for 1 < q -- r < s -- 2. Therefore 

m(0, ~ ( ~ , * ) ,  ~.) re(o, " ~,* = ~ ( A ( o )  ), ~,) = 0 

if Hq(O~ ~)a(A(q)~' ~'*), ~,) = 0 and q < s -  2. 

But  we h~ve an injection 

(where the last isomorphism is due to Hurtogs '  extension theorem),  tha t  shows tha t  

Ha(0, ~a(A(,)'' ~'*), ~,) injects into Hq(0, ~'(A~'*), ~,) and thus is zero since this last 

group is zero. 

B y  Corollary 2 to Proposit ion 5 and the  previous lemma we obtain:  

LE~v~h 4. - Under the same assumptions o] lemma 3 we have 

Hq(xo, ~)~(A~'*), ~,) = 0 /or 0 <p  < n and 1 < q < dim c V - -  k .  
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B) The notion ol p-pseudoeonvexity and q-pseudoeoncavity at the edge points. 

We use the notations of point (A) and in particular A ~nd 9(a) are defined by 
(26) and (27). 

We set 

H , , . =  (u e T~ox:  <~q(~)(xo), u> = 0} = {u e T ~ x :  <ae(a)(Xo), ~> = 

= <4q(~)(xo) , Ju> = o} 

s~ = minimal subsimplex of A containing ~ -~ {# r A: #~ = 0 ii ~ = 0} 

d~ ~- dimension of s~ = (number of i with 4~va 0 ) -  1 

~ = dim c V~,~~ n ~ d z -~ 1 .  

Then we consider the Hernfi tean form on V~,~~ corresponding to the quadratic 

form: 

(30) i(~e(~)(Xo), vAJv} for v e Va,,, 

(restriction to Va,,o of the Levi form of ~(~)). We define 

e(x., 4) = (p, q) 

if the quadratic hermitean lorm (30)h~s p -  d z ~ - ~  positive eigenva,lues and 

q -- d~ -~ ~a negative eigenvalues. 

Let  

E(x~) = (e(xo, 4): 2 cA} 

and 

po(Xo) = inf {p: (1", q) e /~(zo))  

qo(xo) = m f  {q: (r, q) e ~(Xo)}.  

We say that .(2 is po(Xo)-pseudoconvex and qo(Xo)-pseudo-eoneave ~t xo, 

Let  Z: R --> R be an increasing smooth real function with Z(O) = 0 and Z~(0) > 0. 

If we set 

and 

~ = Z(q~) (j = 1, . . . ,  Ix} 

k 

5(~.)= ~ 2 " 5 j  for )~eA,  
i = 1  
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then we have 

k 

ogg(~)(Xo) = ]~ ~,(x"(o) ~Q~(Xo))A~(Xo) + (x'(0) ~ ( ~ o ) )  �9 
i = 1  

I f  we choose g to be convex ~t 0, tak ing  Zn(0) positive and large, we can obtain 

t h a t  for every  ~ ~ A the  Levi  form 

(31) ( i  ~(a)(xo)  , vAJv~ 

has 

(p(xo, ~) - d~ § ~) + (d~-- ~) = p(Xo, ,t) 

positive eigenvalues on T~oX. 

I f  we choose g to  be concave a t  0, taking g'~(0) negative and large, we can obta in  

t ha t  for every  ~ e A  the  Levi  form (31) has at  least  q(xo~ ~) negative eigenvalues 

on T%X. 

The nota t ion of p-psendoconvexi ty  and q-pseudoconeavity in t roduced in this 

way  is a pseudo-conformal invar iant  of D at  xo, as it  does not  depend on the choice 

of the  fm]ctions ~ ,  . . . , ~ .  

C) The Vanishing Theoren~s. 

With the  notat ions of subsections A) and B): let  

k 

~ 1  

Then we have the  following 

PROPOSITIO~ 11. - Assume that ~ be po-pseudoeonvex and q.-pseudoeoneave at xo 

and that locally ~ van be described as the intersection o] k open sets with smooth 
boundaries. Then 

~J(Xo, ~)'~(A'.*), ~.) = o /or l < i < q o -  k and/or n - - p o < i < n ,  /or p = 0 , . . . ,~ .  

Moreover with G de]ined as above, we have: 

H~(Xo, ~)a(A~'*), ~.) = 0 for 1 < i  < qo a n d / o r  n -- To + k -- 1 <i  < n ,  

]or p ---- O, ..., n .  

PROOF. - In  v iew of the  remarks  in subsection B), repeat ing the  arguments  

given at  the  end of the  proof of lemma 2 and at  the beginning of the  proof of 

lemma 3~ we reduce to the  s ta tements  of lemmas 2~ 3~ 4. 
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P~oPosITIo~ 12. - Under the same assumptions o/ the previous proposition: i] 

qo>l ,  then the natural map induced by the restriction: 

is onto. I /  qo> k, then the natural map 

is onto. 

I~E~A~K. - F r o m  the  r e m a r k  at  the  end of w 2 it  follows tha t ,  ~nder  the  a, ssump- 

t ions of Proposi t ion 11, we can find a fundamen ta l  sys t em of open neighborhoods 

{U,,,} of Xo in X such t h a t  

m ( u ~ ,  ~ ( A ~ . * ) ,  &) = 0 ~or i > n - - p ,  

H~(U~, " '  " '* ~ , )  0 for il)a(A ), = ] > n  -- po + k - - 1 .  

5. - The Poincar6 lemma for the tangential Cauchy.Riemann complex on distributions. 

Let  X be a complex  manifold  of dimension n ~nd let S be a generic rea.l sub- 

manifold  of X of real  codimension k. As we are in teres ted in local results,  we will 

a ssume tha t  S is defined b y  global  equations on X ,  i.e. t h a t  for smooth  real  va lued 

funct ions @~, ..., @~: X -* R we have  

s = {x e x :  e,(~) - - e~(x) = 0} 

and that 

aQ,(x)A...Aa~(x)r VxeX. 

The Levi  fo rm of S is defined in the  following way:  let  H S  denote  the  analy t ic  

t angen t  bundle  d S and  let  H S  ~ denote the  annihi lator  of 1/S in T*S.  Given a n y  

v e F(HS)~ and  2 e H~S ~ we consider 

s 4, %) = ~([v, Jv]~). 

I t  tu rns  out  indeed t h a t  s 2, v~) only depends on the  v a h e  v| H , S  of v at  x 

and  t h a t  therefore  for every  fixed I e H~S ~ the  m a p  

(32) % --> s 2, %) 
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defines ~ he rmi tean  quadrat ic  form on H~S, t h a t  we call the  i~evi fo rm of S a t  x 

in the  direction 2. We  denote  b y  

e~(x, 4) = (p, q) 

the  funct ion ~hat associates to each 2 e H S  ~ the  pair  (p, q) where p is the  number  

of posi t ive and  q the  n u m b e r  of negat ive  eigenvalues of the  fo rm (32) on H~S. 

We set 

x) = 4): 2 s n s o -  {o}} .  

I f  

qo= inf {q: (p, q) e ~ ( S ,  x)} 

we say t h a t  S is q-concave at x i] q<qo. 

To give an in te rpre ta t ion  of (32), let us collsider the  vector  bundle  N * X  on S 

of differential forms in X vanish ing  on TS: we have  ~he inclusion N * X c T * X  I S. 

Then we obselwe tha$ b y  the  generici ty a s s u m p t i o n  the  na tu ra l  project ion 

T*X] S ~ T*S 

induces an  i somorphism 

J* N* X -~  HS~ , 

where J* :  T*X-- -~T*X is the  dual  of the  complex  s tructure.  

I f  2 ~ H~S ~ and  eo e /~(N*X)~ is such t h a t  2 ~ ~(J*~) ,  we have,  for v~e H~S: 

s 4, v~) = (J*o~, [v, Jv]~) = �89 (dJ*~o, v ~ A J v , ) .  

Because the  differentials d ~ ,  ..., d~k generate  F ( N * X ) ,  we have  

co = ~ d ~ i +  ... + ~ d ~  with ~ ,  .. . ,  a t e  F(R)~,  

and  because 8~j(x) and  ~ j ( x )  vanish  on v~ and  Jv~ for v~e H ~ 8  we obta in :  

J = l  

f=l  

One reconnizes the  usual  Levi  f rom (31), if we choose as coordinates on H~S ~ the  

coefficients 2 I, . . . ,  2 k of the expression of J*-Izr ~ (NsX)~ in the  basis d~(x),  .... 

�9 .., d~7~(x). 
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We have the following 

THV, O~E~ A. - (Poincard Lemma ]or the Tangential Cauchy-Riemann complex on 

Distribution.) I] S is qo-eoneave at xo, then 

~(Xo,  ~)'(Q~.*), 5 ~ . ) ~  H~(Xo, o~,~+. ,  5,) = o ]or p = O,. . .~n ,  

1 < ~ < qo and j > n - k - q o .  

I] k = 1 (S is a hypersur/ace) and (Po, qo) e E(S ,  Xo) with O<po<qo<n -- 1, then 

~(Xo,  ~),(Q~,.), 5 s . ) ~  H~(Xo, o~,~+. ,  5.) = o /or p = 0, ..., n ,  

l <~ ] < po, n - q o -  l < ] < qo and ] > n -- p o - - 1 .  

P~ooF.  - B y  the Corol~ry to Proposit ion 10, as xo has in X a fundamental  

system oi open Stein neighborhoods, we have 

(33) HJ(xo, o3~.~+,, 5,)~.~/irJ+k-~(Xo, ~x_s(Ar. , ) ,  ~,) for ] > 0 .  

Therefore it is sufficient to prove the vanishing theorem for the  right hand side 

of (33). 

(A) We consider first the case k = 1. Then, if 

9 + =  {x: e,(x)> o} and ~ - =  {~: ~(x)< 0}, 

we have 

for all 0 < p ,  q~<n. 

By Proposit ion 11, assuming as we can that 

i@5Q1, v A J v }  , v e H~S  

has po-positive and qo-negative eigcnvalues, b y  PropOsition 11 we have 

Hq(Xo, ~)~+(A~'*), 5 . ) = 0  if l < q < p o  and n - - q o < q < n ,  p = O , . . . , n  

and 

nO(Xo, ~ _ ( A ~ , * ) ,  5.) = o i~ l < q <  qo and n - p o < q < n ,  p = o , . . . ,  n .  

The s ta tement  follows. 
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(B) We assume tha t  qo > 1 and we prove tha t  

~(Xo;  o~ ,~+ , ,  ~ )  = o ~or p = o, ..., n 

:Let us set, for a real  ~ 

(34) 

and 1 ~< j < q~. 

~ =  ~ - 2 r  ~ § ... § d ) .  

I f  we subst i tute  X by  a neighborhood of xo in X, the system of open sets 

= {~o, ~ ,  ..., ~ }  (35) 

where 

(36) 

is co-regular and 

9;  = {x e x :  ~ ( x )  < 0} 

U % - - - - - X - - ~ ,  n ~L[~--= 0 .  

Then by  Corollary.1 to Proposi t ion 5 we have~ for a fixed q>k~ 

HO(Xo, ~i_~(~'.*), ~,) = 0 

if 

~ - ' ( X o ,  v ' ( ~ ,  ~',(~.*)), ~,)-= | H~ ~'o~.o .... o~.(~.*), ~,) = o 
O~he <. . .  <hr <~k 

for r---= 0~ 1, ..., k - - 1 .  

(indeed we note  tha t  Z~-X(r163 ~- C~-~(qs and Z~(qs ---- 0). 

Taking 2g > 0 sufficiently large, all intersections ~a~ ... (3/2h, (r ~ 0, ..., k -  1, 

O<~ho< h~< ... < h,<k) are (qo§  k - - l )  -concave at  Xo. Thus b y  Prop0sit ion 11 

lta-~(Xo,~)'~,...~a,j(A~'*),~,)=--O for l<~q- - r<~(qo+k- -1 ) - - ( r+ l ) .  

I f  we set q -=-- j § k -  1, we obtain the  inequal i ty  

l < ~ k - - ( r §  for r - =  0~1~...~ k - - 1  

tha t  is satisfied for 1 ~ ~ ~ ~/o-- 1 . . . .  
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(C) The proof tha t  

H~(Xo, ~ ~.) ---- 0 if p : 0, ..., n and ~ > n -- qo-- k 

is obtained repeating the argument  of (B), only taking this t ime N large and negative 

in the definition of the qr 

6. - Extension of  Cauehy-Riemann distributions. 

We use the notat ions introduced in w 5. Choosing in (34) an 2V > 0 and snffieiently 

large, then  every linear combination of ~0, .. . ,  ~ has a t  x o ~ S a  Levi form with at  

least k negative eigenvalues on T~.X. Then, with cub = {tgo, zg~, ..., ~9~} defined by  

(35) and (36) we have by  Proposition 11: 

m(~o,C~(~,~)',(A~.*)),~,)=o for 0 < j < k - 2  and r < q < k - - j - - 1 .  

Then by  Corollary ~ to Proposition 5 we obtain a surjective map:  

m(Xo, z~-~(~, ~;(A~,*)), ~,) -+ m- l (xo ,  ~;~_~(~,*), 8,) 

We notice tha t  

~ ~ ~  o 
, o~,~+*, ~,) 

(37) z~-~(~, ~).(A:.~)) = C~-:(%, ~).(A:,~ | +;,,o . .~  .,.(A:,'). 

The inch~sion maps of the direct snmmands in the right hand side of (37) give 

by composition the restriction maps:  

~es~. . .~ : H~ (D'~,,o ... o n,~(AV'*), 8.) ~ H~ o3~.~+,, 8 . ) .  

I f  ~ is qo-psendoconcave ~t Xo, with qo~ l ,  then by  the theorem of Hartogs we 

have 

" ,--,*, 8,) m(~0 ~'(~,*), 8,) = ~ 

where g2 ~ denotes the sheaf o~ germs of holomorphic p-forms on X. Then we have:  

TH~O~E~ B. - I / S  is qo-pSectdoeoneave at Xo with qo>~l, then every germ o/Cauehy-  
Riemann p-distribution on S at Xo (i.e. every element of H~ ~ 8 , ) ) / s  the restriv- 

tion to S o/ a germ o] holomorphie p-/orm at x o. 
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With  the  nota t ions  of w 5: let LcH~.S  ~ be the set of i e H ~ . S  such tha t  

e(x0, ;0) e N•  

i.e. such t h a t  the  Levi  fo rm 

v~ -+ C(xo, t ,  v~) 

is n0n-negat ive  on H,.S. 
The set L is a closed convex cone in H,.S ~ 
We Choose on L the  coordinates ~djusted to the  normal  bundle.  

no t  a half  space in H,.S ~, the  open set 

Then,  if L is 

/2 = interior  of ['1 {x eX: ~(~)(x) < 0} 

is non-empty .  

I n  this  case we can find ~ ,  .. . ,  iT~eR �9 such t h a t  

Le t  

L c  {a~2, § ... + ~*~:  ~ >  o, Vi = 1 ,  ..., ~}. 

W - -  (x e X :  e(~)(x) < o, ..., e<~)(x) < o}. 

Let  L '  be any  proper  convex open cone containhlg Z -  {0} and  let 

tP'= interior  of [7 {x e X :  0(~)(x) < 0}. 
-leL" 

P~OPOSITIO~ 13. - The restriction map 

~O(xo, ~ , (~ . ,*) ,  8.) ~ HO(x0, ~ '  , ~  

_~ HO(Xo, o~,~§ ~ . ) ~  Ho(~0, ~, ,~, , , ,~ ,, ~ . )  

is onto. 

PROOF. -- By  unique cont inuat ion the  s t a t emen t  is t rue  if we show it  is t rue  when 

~ 9 ' ~  W. We can also assume t h a t  21, . . . ,  1~ is the  e~nonieal base  of R ~. 

Let  the  ~; 's  be defined as in (34) wi th  N >  0 and  large. Then for 1~<]~< ... < 

< y~_~< k we have  b y  Proposi t ion 12 i somorphisms 

v, ~,, ~ , ) .  
//~ ~)'(a~'*), 8,) --~/~~ ~ , ,~  , , ~  ... ~ ,~_~(a ), 

Then,  b y  the  r e m a r k  a t  the  end of subsection E of w 1, and  (37), we obtain  the  

result.  
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7. - Finiteness theorem for global cohomology groups. 

A) Tangential Cauehy-Riemann Complexes on Compact Submani]olds. 

Let X be a complex  manifold of dimension n and let S be a generic orientable 

reM submanifold of X or real codimension k. Then we have:  

TIIEOI%EI~ Q. - I f  q > 1 and S is (q -[-1)-pseudo concave at every point and compact, 

then 

(38) 

are all ]inite dimensional. 

PROOF. - By  Theorems A and B above we have an exact sequence of sheaves: 

(39) o~,,,~ ~ oa~,~+~ o~,,~+~ o~i,~+o+~ 
0 - +  ,.Q~'[ S - - +  ~ s  - - >  ~ - +  " "  - - +  �9 

On the  other hand  by Proposition ii and 12 in [14] we have also an exact se- 

quence of sheaves: 

(~0) ~-r ~ ' ~  - - ~  w .  S ~ . . . ~  

Therefore the isomorphisms (38) follow because (39) and (40) are free resolutions 

of the same sheaf. We can use then  Ceeh cohomology to compute He{S, ~Yv I S). 

By  an argument  of f~mctional analysis (cf. [2], p. 383, Lemma 3), we deduce 

the following: <( We can ]ind a ]inite open covering ell of S in X such that: 

(i) g~(%l~, ~,ls) -~ g~(s, Q~I s) is onto; 

But  S has in X a fundamentM system of relatively compact (q ~ 1)-pseudo- 

concave open reighborhoods and thus  we obtain from (i) and (if) a surjeetive map 

for some relatively compact (q ~-l)-pseudoconeave open neighborhood of S in X. 

Because Hq(U, Y2p) is finite dimensional (el. [3]), the s ta tement  follows. 

B) Duality on Compact Submani]olds. 

The complexes deduced from (38) and (40): 

(39)' (S, 0j~,k+,, ~,) = {O --> ~ ~ ~ --> ...---> ~ ---> 0} 
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and 

(~o)' (8, Q'.*~ , ~ . )  = { 0 - ~  ~o~-:'~ , ~ Q:-',~,s)~ , - ~  . . . - ~  ~o:-: ,"-~,s , ,  , ~  o} 

are dual of each other when S is compact, because the map 

o5~.~+~(~) 0~ o5~,~+~+~(~) 

is the dual map of 

S 't ! ' ~  t 1 .  

I f  S is qo-pseudoconcave at  every point, then the  two complexes (39)' ~nd (40)' 

have finite dimensional cohomology groups at  the places j with 1 < j  <qo--1 .  Then 

an application of the dual i ty  lemma yields the following 

PROPOSITION 14. - .I] S is compact and qo-pseudoconeave at every point~ then the 

cohomology groups 

m,s, , oz~.,+,s , ~,)~_ re(s ,  I"(Q]-~,*), ~ . )  

for p -~ O, .. . ,  n and n -- k -- qo ~ 1 < q < n -- k are isomorphic and finite dimensional. 
Moreover 

l t~-k(S,  o~,~+, s , ~ , ) ~ ~  < T , D  = 0, v/e~"-"l ~(~)} 

and 

tt~-~( S,/'(Q~'*), ~ s . ) ~  Q~,,-k(S)/{/: llano 
8 

= o, v~  e I2"-~1 ~(s)). 

]or p = O, ..., n. 

1 ~ .  - Also the  groups Hn-k-q'+l(S, oj~.k+,, ~,) and H~-~-a~247 F(Q~s'*), ~s*) 

are finite dimensional for p = 0, ..., n. This result can be proved for instance by 

the method of sub-elliptic estimates (cf. [16]). I t  implies tha t  also the groups 

Hq.(E, o3~,k+,, ~,) and Hq~ F(Q~'*), ~s*) are separated. 

The case of a compact hypersurface is discussed in [9]. 

G) Domains with piece-wise smooth boundaries. 

Let  ~ be an open domain in the complex manifold X and let F denote its closure. 

The Taylor series of real valued smooth functions defined on a neighborhood of a 

point xo~/7 and  non-negative on /7 form a convex cone C in the space of formal 

power series at  x0. 
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We say t ha t  Q is piece-wise smooth at  xoe ~t9 c /~  if there: are k funct ions 

~ ,  ..., ~ok defined in a neighborhood U of Xo such tha t  

(i) the Taylor  series of ~ ..., ~ at  xo generate C and form an extremM 

subset of O; 

(ii) for every  ~ = I~ ..., k, we have ' d%(xo) r O. 

We say in this case t ha t  x0 is a k-edge of Q. I f  every  point  of ~9  is ~ k-edge for 

some finite k, we say tha t  ~9 is piece-wise smooth.  We say also tha t  ~ ,  ..., ~ 

define ~9 near  xo. Clearly the  funct ion tha t  associates to each point  of the  boundary  

of ~ piece-wise smooth open set the  (( order of edge ~) is upper  semicontinuous. Le t  

ns denote  b y  W~(E) the  sheaf of Whi tney  sections on /v of the  vector  bundle E 

(cf. [14]). We have the  following global version of the  results established in w 

and in w 5). 

P R O P O S I T I O N  1 5 .  - .Let Y2 be a piece-wise smooth relatively eompaet open subset o] X .  

(a) I] Q is (q + k)-pseudoeoneave at every k-edge point x ~ ~Q (k = 1, 2, ...)~ 

and q > 1 then 

Ho(x, and n'(X,  

are ]inite dimensional ]or 0 < p < n .  

(b) I] Y2 is po-pseudoeonvex at every point o/ ~Y2, then 

X) and 

are /inite dimensional for ~ > n --Po~ P ~- O, ..., n. 

P~ooF. - The proof of point  (a) can be done b y  reducing to  ~ech cohomology 

as in Theorem C and therefore  is omit ted.  The proof of s ta tement  (b) can be ob- 

ta ined by  an adapta t ion  of the  bump lemma in [3]. 

I t  is convenient  to fix a finite family  of smooth functions R = {~i: i e I} such 

tha t  

I2 = { x e X :  ei(x) < O, g i e I }  

iv = { x e X :  0~(x) < 0, Y i e I }  

and for every  x0 ~ ~9 there  is a subfamily of R defining t9 near  Xo; This is always 

possible for piecewise smooth relat ively compact  open sets. 

When  proving the  local vanishing theorem,  we showed tha t  the locM cohomology 

groups at  points xoE ~9  can be factored through groups of some domains, each of 

which pseudo-conformMly equivalent  to a domain of C" cut ted  into s tr ict ly convex 
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domains  b y  a f ami ly  of paral lel  complex 10-planes. This p rope r ty  is preserved under  

small  deformat ions  of /2: if xoe ~f2, we can find an open neighborhood V of Xo 

in X such tha t ,  for every  real  va lued  smooth  funct ion 9 on X we can find s > 0 

such tha t ,  i f  

t2, = {x: e,(x) + t~o(x) < o, Vi e I} ,  

then for ]t f < s the maps  

(41) 

and  

(42) 

.w(x, w,~,(x,,*), &) .--> H~(v, w~,(A",*), &) 

~(x,  6;~,(.~".*), &) +.w(v, ~,~,(.a" ~,*), &) 

have  zero image  for j > n - -  1o0, to = 0, . . . ,  n. 

We choose a finite open covering 'U of ~9  b y  open sets F in X such t h a t  the  

p rope r ty  above  is satisfied and  a par t i t ion  of uni ty  {Pv: V e r b y  smooth  real 

va lued  nonnegat ive  f lmetions with compac t  suppor t  subordinated  to qS. 

I f  

s: q ~ F - - ~ s r e R ,  sv>O, VV~CU 

is a given function,  we set 

~2,= {xeX: e,(,~) + Z ~,,~,,(x) < o}. 
qy 

B y  the  r emarks  made  above  we deduce t h a t  there  is so > 0 such tha t ,  if 

Sv< eo , Y V E S ,  

t hen  

and 

W(x, " ,,* &) + ~(v ,  ~.(.a ), ~;,(A,.*), &) 

H i ( X ,  _ v,* w,~,(x ), &) -~ ~ ( v ,  w~.(av.*), &) 

have  zero image for all V ~ q3" and  all j > n --  Po, 10 = O, ..., n. 

Le t  Vo~ ql  and  let s, s '  be  such t h a t  

' v v  + a l -  { v d  

! 

Eva~ 8vo " 
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T h e n  we have  (assuming  eo > 0 suff ic ient ly  small) exac t  sequences :  

... ~ ~ ( x ,  w~. (x~,*), ~.) ~ H,(x, w~(a~,*), &) | 

e~'(Vo, w~o (a~,*), ~.) ~ ( V o ,  Wa~ &) -~ ... 

and  

-~ ~ ( x ,  ~.,r ~.*), X) -~ ~ ( x ,  %~.(a~*), X) | 

�9 H'(ro, ~' ",* ~.) re(v0, %' 'A ~'*' &) -~ ~ ) a ~ , ( A  ) ,  - ~  ~,~ 1, . . .  

f r o m  which  we deduce  t h a t  

H'(x, w~,(~'.*), &) + ~'(x, w~.(~.*), ~.) 

a n d  

.H.i(X~ - r m* 

are  on to  for  j > n - - p o  a nd  p = 0, . . . ,  n. 

B y  recur rence  we ob ta in ,  for  some  e wi th  % >  0, VVe  ~U, sur jeet ive  maps  

a n d  

~t~(x, w~.(x~.*), &) -> ~ ( x ,  %(~.*), &) 

~ ( x ,  ~.(~" ~,*), X) -~ ~ ( x ,  %'~(~t~,*), X) 

for  j > n - - p o  a n d p : 0 , . . . , n .  

Because  these  m a p s  f ac to r  t h r o u g h  the  g r o u p  Hi(U,  [2~) for  a n y  open  set  U wi th  

�9 " c U c ~6, a nd  F has  in X a f l m d a m e n t a l  s y s t e m  of po-pseudoconvex  re la t ive ly  

c o m p a c t  open  ne ighborhoods ,  t he  s t a t e m e n t  follows. 
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