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Abstract

This paper aims to advance the field of nondestructive testing by eddy currents. It
provides a mathematical and numerical framework for imaging small volume conduc-
tive inclusions of arbitrary shapes from electromagnetic induction data. The effect of
measurement noise on the localization and characterization approach developed in this
paper is investigated.
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1 Introduction

Nondestructive testing by eddy currents is a technology of choice in the assessment of the
structural integrity of a variety of materials such as, for instance, aircrafts or metal beams,
see [M]. In this paper we introduce a new eddy current reconstruction method relying on
the assumption that the objects to be imaged are small. This present study is related to the
theory of small volume perturbations of Maxwell’s equations, see [B]. It is, however, specific
to eddy currents and to the particular lengthscales relevant to that case.

We first note that in the eddy current regime a diffusion equation is used for modeling
electromagnetic fields. The characteristic length is the skin depth of the conductive object
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to be imaged [[]. We consider the regime where the skin depth is comparable to the
characteristic size of the conductive inclusion.

Using the E-formulation for the eddy current problem, we first establish energy estimates.
We start from integral representation formulas for the electromagnetic fields arising in the
presence of a small conductive inclusion to derive an asymptotic expansion for the magnetic
part of the field.

Based on that asymptotic formula we are then able to construct a localization method for
the conductive inclusion. That method involves a response matrix data. A MUSIC (which
stands for MUItiple Signal Classification) imaging functional is proposed for locating the
target. It uses the projection of onto the image space of the response matrix. Once the loca-
tion is found, geometric features of the inclusion can be reconstructed using a least-squares
method. These geometric features together with material parameters (electric conductivity
and magnetic permeability) are incorporated in polarization tensors.

The so called Hadamard measurement sampling technique is applied in order to reduce
the impact of noise in measurements. Finally we provide statistical distributions for the
singular values of the response matrix in the presence of measurement noise and we simulate
our localization technique on a test example.

The paper is organized as follows. Section 2 is devoted to a variational formulation of
the eddy current equations. Section 3 contains the main contributions of this paper. It
provides a rigorous derivation of the effect of a small conductive inclusion on the magnetic
field measured away from the inclusion. Section 4 applies MUSIC-type localization to eddy
current model. Section 5 discusses the effect of noise on the inclusion detection and proposes
a detection test based on the significant eigenvalues of the response matrix. Section 6
illustrates numerically on test examples our main findings in this paper. A few concluding
remarks are given in the last section.

2 Eddy Current Equations

Suppose that there is an electromagnetic inclusion in R? of the form B, = z 4+ aB, where
B C R? is a bounded, smooth domain containing the origin. Let I' and I',, denote the
boundary of B and B,. Let po denote the magnetic permeability of the free space. Let
s and o, denote the permeability and the conductivity of the inclusion which are also
assumed to be constant. We introduce the piecewise constant magnetic permeability and
electric conductivity

225 iIl BOH O x iIl Ba;
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Let (E,, H,,) denote the eddy current fields in the presence of the electromagnetic inclu-
sion B, and a source current Jy located outside the inclusion. Moreover, we suppose that
Jo has a compact support and is divergence free: V - Jy = 0 in R3. The fields E, and H,
are the solutions of the following eddy current equations:

VxE, =iwu,H, inR3,
VxH, = 0,E,+Jy inR3, (2.1)
E.(x) =O0(z|™"), Ha(z)=0(z[™") as|z|— occ.



Eliminate H,, in (EdI) we obtain the following E-formulation of the eddy current problem
(ED):

VxugVxEy —iwoo By = iwdy  in R3,
V-E,=0 in BS, (2.2)
E,(z)=0(|z|™1) as|z| —» .

We will use the function space

u
V1t |z?

and the sesquilinear form on X, (R3) x X, (R?)

X, (R?) = {u: € L*(R?),Vxu € L*(R?),V-u =0 in Bg},

ao(E,v) = (u, ' VX E,Vxv)gs — iwo,(E,v)p

ot

where (-, -)p stands for the L? inner product on the domain D C R3. The weak formulation
of the E-formulation (232) is: Find E, € X, (R?) such that

ao(Eo,v) = iw(Jo,v)pe, Vv € Xo(R?). (2.3)

The uniqueness and existence of solution of the problem (E33) is known (cf., e.g., Ammari
et al. [0 and Hiptmair [3]).
Let Ey be the solution of the problem

Vxuy'VxEy =iwdy in R,
V-Ep =0 in R3, (2.4)
Ey(z) =O0(|z|™) as|z| — oco.

The field Ej is uniquely existent and satisfies

(1o ' VX Eo, Vxv)gs = iw(Jy,v)gs, Yo € H_j(curl;R?), (2.5)
where H_1 (curl; R?) = {u : € L2(R3)}, Vxu € LQ(R3)3}.

u
V14 |z]?
3 Derivation of the Asymptotic Formulas

In this section we will derive the asymptotic formula for H, when the inclusion is small.
Let k£ = wpgo.. We are interested in the asymptotic range when o — 0 and

v = ka? (3.1)

is of order one.

In eddy current testing the wave equation is converted into the diffusion equation, where
the characteristic length is the skin depth ¢, given by § = y/2/k. Hence, in the regime
v = O(1), the skin depth § is of order of the characteristic size a of the inclusion.

We will always denote C' the generic constant which depends possibly on . /o, the upper
bound of wygo.a?, the domain B, but is independent of w, o, jig, f«. Let g, = ./ pto-



3.1 Energy Estimates

We start with the following estimate.

Lemma 3.1 There exists a constant C' such that

IV % (Ea = Eo)|| 2 () + VE| Ea = Eoll12(8,) < Ca®2(VE| Boll 1= (5,) + | VX Eoll L= (5.,))-
Proof. By (E3) and (E3), we know that

(15 ' VX (Ey — Ey), Vxv)gs — iw(0(Es — Ey),v)p,

= (ug ' — pi (V< Ey, Vxv)p, + iw(caEy,v)p,, YveX(R?. (3.2)

)

Since
[(VxEo, Vxv)p,| < Ca’/?|VxE| L3 |V XV 22 (8.)

and
[(0aEo,v)| < Ca®?0.|| Byl (5. 0]l L2 (5.),

by taking v = E, — Ey € X,(R?) in (B2) and multiplying the obtained equation by pg we
have that

11 IV X (B = Eo)||72gsy + kl Ea — Eoll72(5,)
< Ca®? (IV X Eql| o () |VX (B — Eo)|l 12(8,) + kI Eoll L (B,) || Ea — Eollr2(B.,)) -

This completes the proof. O

Let HY(B,) := {¢ € L?(Ba),Vy € L*(B,)3}. Let ¢ € H'(B,) be the solution of the
problem

—A¢po=—-V-Fin B,, —0n¢o= (Eo(x)—F(x))-nonl,, / podx =0, (3.3)
Ba

where
F(x) = %(V x Eyg)(z) x (x — z) + %[D(V x Ey)|(z)(x — z) X (x — 2). (3.4)

Here D(V x Ey) is the gradient matrix of V x Ey. Let tr denote the trace. Since tr[D(V x
Ey)] =V - (V x Ey) =0, we know that

V x F(x) = (V x Ey)(z) + [D(V x Ey)](z)(x — z). (3.5)
Note that since Ey is smooth in B, we have
IV X E—V x F <., <Ca?|V x Eo|lwze(p.)- (3.6)

Denote by Hy = (iwpo) 'V xEy and introduce w € X,(R?) as the solution of the
problem

ao(w,v) = iwpo (gt — i ) (Ho(2), Vxv)p, +iw(0aF,v)p,, Yv € X,. (3.7)

The following lemma provides a higher-order correction of the error estimate in Lemma BI.



Lemma 3.2 There exists a constant C' such that
VX (Eq = Eg — w)||2@s) < Ca®?(|1 = p; | + av)|[V x Egllwa(s,),  (3.8)
| Ea — Eo — Vo — wl| 25,y < Ca™?(J1 = 7' + av)||V X Eollw2(5,), (3.9)
where v = ka? is defined in (B).

Proof. First we notice that by taking v = V) in (Z33), where ¢ € H'(R3) with compact
support containing B, such that ¥» = 0 on the support of Jy,

iw(0aEo, V), =0, Yo € H'(B,).

This yields V-E, = 0 in B, and E, -n = 0 on I',,. Similarly, we know from (BZ) that
w-n =—F@) -nonl, and Vw = -V - F in B,. From (B3) we also know that
V- (Ey+V¢o) =V -Fin B, and (Eg+ V¢y)-n=F(x) -nonl,. Thus

V- (Ey—FEy—V¢g—w)=0 inB,, (Ey—Ey—V¢y—w)-n=0 onl,,
which implies by scaling argument and the embedding theorem that
HEaonquf)of'wHLZ(Ba) < OOZ”VX (EO‘*E()*VQS()*'IU) ||L2(Ba)
= CO(HVX (Ea—EO—w) ||L2(Ba)a

for some constant C' independent of o and .. Therefore, (89) follows from (E3).
To show (BX), we define ¢ as the solution of the exterior problem

—Ago=01in BS, ¢o=¢oonTy, ¢o— 0 as |z — oco.
v
V1 |zf?
(cf., e.g., Nédélec [mm)). }
Define ®, = V¢ in B, ®) = Vo in BS, then ®, € X, (R?). It follows from (B2) and
(B2) that
(1 'V x(Ey — Ey — ®g — w), Vxv)gs — iw(0a(Ey — Eg — 0 — w),v) 5,
= iwpo(py ' — pi ) (Ho — Ho(2), Vx0)p, + iw(0a(Eo + @9 — F),v)p,.

The existence of ¢o in WH™1(BS) = {ap : € L*(BS),Vy € LQ(BE)S} is known

Multiply the above equation by po we have then
(ot ' Vx(Ey — Ey — ®9 — w), Vxv)ps — ik(Ey — Eg — ®9 — w,v)p,
= iwpo(1 — p, ) (Ho(z) — Ho(2), Vxv)p, +ik(Ey + ®o — F,v)p,. (3.10)
It is easy to check that
liwpo(Ho — Ho(2), Vxv)g,| < Ca®2|liwpoHollwr s,V X0 L2(8.)
Ca®?|V x Eollwr.oo (5, ||V x| L2(5,)-

Now taking v = E, — Eg — ®9 — w € X,(R3) in (BW), since V x &3 = 0 in R3 and
&, = V¢, in B, we obtain that

9% (Ba — Bo — w) s, + bl B — Bo — Véo — w2
Co21 = Y|V % Bollwrso () IV X0l 22(5.) + k1 Eo — F + Vol 2. 1v]l 125,
Ca®?(11 = p | + aw) ||V x Eqllw2.~ ) IIVXv|L2(B.),

A IA



where v = kao?. Here, we have used
[ Eo — F + Vol 128, < Ca||V x (Ey — F)l|12(B,) < Ca9/2||V x Eollwz2e,) (3.11)

and |[v||z2(B,) < Cal|lV x v|[r2(B,), since Ey — F + V¢ and v are divergence free in B,
and have vanishing normal traces on I',,. This shows (BR) and completes the proof. O

We notice that by Green’s formula,

(o' — piH(Ho(2), Vxv)p, = (5" —Mll)/ (Ho(z) xn)-v

o

/ (1o 'Ho(z) x nlr, - v,

I

where [-]r,, stands for the jump of the function across I'. Let w(€) = w(z + a&), we know
from (B22) that, Vv € X (R?),

(™ x, Vxv)gs —iwa? (oW, v) g = iaw,uo/F[,u_lHo(z)xn]p-v+iwa2(aaF(z+a£)7U)B

where p(x) = py in B, p(x) = po in B° and o(x) = 0, in B, o(x) =0 in B°.
This motivates us to define the interface problem

Vxpu~'Vxwy — iwoaw = iwoa? [ ' F(z + af)] in BU B¢,
[wo X nlr =0, [p'Vxwyx n|r =—iw(l —pu, )Ho(z) xnon T, (3.12)
wo(€) = O(I€] ) as [€] — co.

r—Zz

It is easy to check that w(x) = awo(

The following theorem which is the main result of this section now follows from directly
Lemma B2

Theorem 3.1 There exists a constant C' such that

HVX(Ea — Ey — awo(w ; Z))‘

5/2(11 _ ,—1
LB < Ca” (|1 = p |+ av) ||V x Egllwi.(B.),

< Ca™?(|1 = | 4+ av) |V x Eollwr.(s,)-

|0 =0 = Vo0 —awo (37|

L?(Ba)

To conclude this section we remark that
1
a 'F(z+a€) = iwpg (2 Hy(z) x £+ %DHO(z)g X {)
1 3 o 3
_ T
= 1wl 5 Z;Ho(z)iei X 6 + g AZI DHo(z)ijeiej £ X £ (313)
— iyj=

where DHy(z);; is the (4, j)-th element of the matrix DHy(z). Thus

3
wo (&) = iwpg %Z +* Z DHy(2)ij¥i;(€) | (3.14)



where 6;(&) is the solution of the following interface problem
Vxp~'Vx0; — iwoca?8; = iwoa’e; x € in BU B¢,
[0; xn]r =0, [1'Vx0; xn]r =—[u"!re; xn on T, (3.15)
0:(&) = O(|&]™") as [¢] = oo,

and W;; is the solution of
Vxu 'VxW;; —iwoca?¥,; = iwoa’éje; x € in BU B°,
(W, xnlr =0, [ 'Vx¥,; xnlr=0, (3.16)
Wi;(€) = O(I€]7) as €] — oo.

Here e; is unit vector in the z; direction.

We impose V - 8; = 0 outside B to make the solution ; unique outside B. In this case
by [, Proposition 3.1] that 8; = O(]€|72) and V x 8; = O(|¢]|73) as |¢] — oo. Similarly,
by imposing V - ®;; = 0 outside B we know that V x ¥;; = O(|¢|™3) which implies by
integrating (BI8) over B that

iwa*OzQ/ (‘I’i]‘ +&5e; X £de = / n X /flv x W;,d§
B OB

= / n X /,671V X \I’Z]dé
OBRr
— 0 as R — 40,

where Bp is a ball of radius R so that B C Bg. Thus we obtain

L(‘I’U +&5e; x £)d£ =0. (317)

3.2 Integral Representation Formulas

The integral representation is similar to the Stratton-Chu formula for time harmonic Maxwell
equations (cf., e.g., Nédélec [M@]).

Lemma 3.3 Let D be a bounded domain inJR?’ with Lipschitz boundary I' p whose unit outer
normal is n. For any E € H_y(curl;R3\D) satisfying VXVXE = 0,V-E = 0 in R*\D,
we have, for any © € R3\D,

E(x)=—-Vx /

I'p

(B xn)Gay) - |

I'p

(VXE x n)G(z,y) — V/ (E-n)G(x,y),

I'p

where G(x,y) = is the fundamental solution of the Laplace equation.

1
dn|z—y|

Proof. For the sake of completeness we sketch the proof. Since E € H_;(curl; R?\D),
for any F such that F = O(|z|™!) as |z| — 00, we can obtain by integrating by parts, the
conditions Vx V x E =0,V -E =0 in R3\D, and using standard argument that

(Ea 7AF)R3\D =

(E,VXVXF —VV-F)gs\p

—/F (Exn) - VXF —

VxExn~F+/ (E-n)V-F.

'p I'p



Now for z € R3\D,y € I'p, we choose F = G(z,y)e; and thus —AF = §(z,y)e;. Then
we have

E;(x)
= - X n) - X T,y)e;) — xE xn);G(x nM
= [ Bxn) -y x G ye) - [ (TxBxm,Gay) [ @om T
T (vX/FDwxn)a(w,y))j_/FD(WExn>ja<w,y>_aij [ (B mGle)
where we have used the fact that
(E(y) xn) -V x (G(z,y)e;) = —(Ve x (G(z,y)E(y) X n));.
This completes the proof. O

The following lemma will be useful in deriving the asymptotic formula in next subsection.

1 1
Recall that H, = - VxE., Hy= - Vx Ey.

iwpta iwpo

Lemma 3.4 Let H, = H, — Hy. Then we have, for x € B¢,

Ha(2) = /B VaGlay) < VX () dy-+ (1= 5) /B (H.-9,)VeGlay) dy.

Proof. It is easy to check that VxH, =0and V-H, =0 in B¢. By the representation
formula in Lemma B33 we have

Ho(z) = —Vx / (H} x n)Glz,y) - V / (H - n)G(x.y),

Fa

where I~{C‘¥" = I:Ia|B§. Denote INJC: = NQ\BQ. Similar notation applies to EZ. By the
interface condition [E, x n|r, = 0, we have

N 1 1

Hf n=—VXxEl - n-Hy-n = —divr (Elfxn)—Hy-n

iwpio iwpo
= &H(; -n— Hy - n.
Ho

Then since [H, x n]r, = 0, we have

H,(x) = —Vx/

T o _
. (H, xn)G(x,y) — V/FQ(MOHa n—Hy -n)G(x,y). (3.18)

For the first term,

—VX/F (H; xn)G(z,y)dy

@

= VX/B Vy % (Ho(y)G(z,y)) dy

a

= VX/B (G(z,y)VxH, + VyG(z,y) x Hu(y))dy

a

- /B (VaG(@,y) x VxHoly) + (Ho-Va)VyGla,y)) dy,  (319)



where we have used the identity
Vx(uxv)=u(Vv)—(u-Vv+ (v-V)u—v(V-u),

and the fact that Vg - V,G(z,y) = —A,G(z,y) = 0. For the second term, we first notice
that

—V/ ““H, n—Hyn)G(z,y) = ey H, -nG(z,y)+( 1—— / Hy nG(z,y).
By integration by parts we have

V[ B nGlay) = V[V, (Gl ) dy

V[ 9y6Gy) Haly) + Gl y) V() dy
B

@

_ /B (Ha(y) - Vy) VoG, y) dy.

Similarly
v [ (- mG@y) = [ () 9,)VCly) dy.

Thus

v [ EHy 0 Hy )Gy

r, Ho
= —% (Ha(y) - Vy)VaGlz,y) dy
Fa- [ (Holw) - V,)VaGlay) dy. (3:20
Ho JB,

This completes the proof by substituting (BT)-(B=20) into (BIX). o

3.3 Asymptotic Formulas

In this subsection we prove the following theorem which is the main result of this section.

Theorem 3.2 Let v = ka? be of order one. For  away from the location z of the inclusion,
we have

H,(z)— Hy(z) = l ZHO /v G(z, z) x (6; +elx§)d§]
N 3 [; ZHo(z)i/ D2G(z, 2)€ x (0; + e; x §)d§]
n (kE) [ZHO /D2 a:z)(elJr vXa)dg +R,




where
|R| < Cva®|1 - N;1|HH0HW21<>°(BQ) + Ca4||HO||WQv°°(Ba)7
uniformly in x in any compact set away from z.

Proof. The proof starts from the integral representation formula in Lemma BA. We
first consider the first term in the integral representation in Lemma B&. By Theorem B
we know that

r—z
|Ea — Eo — Vo — awo( M2y < Ca™?(11 = pt [+ av) |V x Bollw2.(5,)(3.21)
With the help that VxHy =0 and VxH, = cFE, in B,, we have
| VaGlay) x VxH () dy
B,

= / VaG(z,y) x Eu(y) dy

- /VGwy (Baly) - Boly) — Vooly) — awo(!—2)) dy

+ o /B VaG(a,y) x (Eo(y) + Voo(y) — F(y)) dy

+ o[ (VaGlo) - VaGle,2) ~ DG 2)(w — 2) x (Py) + owi(* ) dy

a

+ o / (VuG(x, 2) + D2G(x, 2)(y — 2)) x (F(y) + awy (Y

a

z
)) dy
- L4+ L
By (B221), we have

[ 11 Ca®(|1 = p; | + av)o ||V x Eollw2.~(.)

Cka®(1 — || Hollwz= (8., + Ca'|[Hollwz.(5,)-

IN A

By (B13) we have |Io| < Cab0, ||V x Egpllw2.(p,) < Ca*||Hollw2e(p,). Similarly, by
using (B4) and (BTA) we can show [I3] < Ca?||Hyl|w2.(p,). For the remaining term we
first observe that
I, = ia'o, / (VoG(z, 2) + aD2G(x, 2)€) x (' F(z + af) + wo(&)) d€.
B

On the other hand,

3
0T UF(: 4 af) fwol€) = iwmo > Hy(z)ilei x € +6)

-
&,
Il
—



which implies after using (BT4)
13
I, = ika? [2 ZHo(z)i/ VzG(x,z) X (€; X £+ 0i)d§]
i=1 B

+ Ry,

3
+ ika® [1 ZHO(z)Z-/ D2G(x, 2)€ x (e; x €+ 6,)d &
2= B
where |Ry| < Ca?*||Hyl|wz2.(p,). This shows that
| VaGlew) x ¥ x Haw)idy
Ba

= ika*

1 3
5 ZHo(z)i/BVwG(w,z) x (e; xg+0i)d4

+ Ry, (3.22)

L3
ik 5= [ :20 i i 01 d
+ ika l2 ;ZlHo(z) /BD G(z,2)€ x (€; x €+ 0,)d ¢

where |R2‘ < CkOé5|]. — /14;1|||HO||W2,OC(BQ) —+ CO‘4||H0HW2’°°(BQ)'
Now we turn to the second term in Lemma B&. From Theorem Bl we know that

i < Ca®?| Hollw. (5.)- (3.23)

)

HHa M H, - 2V, < w(
s 1 L «

L?(Ba)

1
Let Hi (&) = o Ve x wo(€). Then

/B (H, - V,)VaGlx,y) dy

- /B D2, y) Ha(y) dy

_ 2 Ho _Hopgs Y=
= [ D26ty (Hu) - L) - ) ) dy

_% | (DaG(.y) — Da,2))(Ho(y) + H; (% - iy

_ZE:/BQ D2G(z,2)(Ho(y) — Ho(z)) dy

— Z
o / D2G(x, 2)(Ho(2) + Hy(Y—2)) dy
K+ JB, a
S PRI |

It is easy to see from (BZ23) that |II;| < Ca*||Hollw1.(p,)- By (BId) we know that

« Y-z
[ Hg ( - 2.y < Co®?||Hyllwe.e(p.),

11



which implies |II;] < Ca?||Hyllwz.e(p,). Similarly, we have |II3] < Ca*|Ho|lw1.=(p.)-
Finally, by (BId), we have

3

1

I, = —%oﬁ ZHO(Z)l/ DiG(w,z) (ei + §V X Gl)dé + R3,
=1 B

where |Rs| < Co*||Ho||w2.(p,). Therefore,
[ (H 9,926y dy
Ba

3
1
_ _%a:s ZHO(z)i/ DZG(w,z)(ei +5V % 0i)d5 + Ry (3.24)
* B

i=1

with [Ry| < Co*|Hol|wz2(p,). This completes the proof by substituting (B24) and (B=22)
into the integral representation formula in Lemma B4. O

Assume that f1g = 1. Similar argument leading to (813) yields from (GI3) that [, (6;+
e; x £)d& = 0. Thus the asymptotic formula derived in Theorem B3 reduces in this case to

Ha(:l:> — H()(CL‘)

12

3
ika® [; ;Ho(Z)Z/BD?EG(QZ,Z)ﬁ X (ei x &€+ 91)d5‘|
= ika®D2G(x, z2)MT Hy(z). (3.25)

The remainder now satisfies |R| < Co*||Ho|wz2(5,). Here M is the 3 x 3 matrix whose
column vectors are § [, €x(014e1 x€)d€, L [, Ex(O2+eyx€)dE, and § [ Ex(03+esx&)dE.
Now we assume that Jj is a dipole source whose position is denoted by s

Jo(z) = Vx(pG(z,s)), (3.26)

where the unit vector p is the direction of the magnetic dipole. In the absence of any
inclusion, the magnetic field Hy due to Jo(x) is given by

Hy(z) = VxVx(pG(zx,s)) = D2G(x, s)p. (3.27)
The asymptotic formula (B23) can be rewritten as
q- (H, — Hy)(z) ~ ika® (D2G(x, z)q) " M (D2G(z, s)p) . (3.28)
On the other hand, M7 is a complex tensor. Writing
MT = ReM” + iImMT,
we obtain
Re(q - (Hy — Ho)(z)) ~ —ka® (D2G(x, z)q)T (SmM") (D2G(z,s)p) ,

and
Sm(q- (Hy — Ho)(x)) ~ ka® (DiG(w,z)q)T (ReMT) (DiG(z, s)p) -
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4 Localization and Characterization
Let the N x M response matrix A = (Apm)n=1,... N.m=1,....m be defined by
Apm 1= (H,gm) (rn) — Hém)(rn)) -q.

We assume that N > P, i.e., there are more receivers than sources. As in [@], in order to
locate the conductive inclusion z + aB we can use the MUSIC imaging functional. We focus
on formula (B28) and define the MUSIC imaging functional for a search point z° by

I (ZS) . 1
MU = ) 9
S || Iy — Pimag) (D2G(r1, 2°)q - ey,..., D2G(ry, 2)q - €))7 ||

where P28 is the orthogonal projection on the image of A and (e, es, €3) is an orthonormal
basis of R3.

Once the inclusion is located we can compute from the response matrix A the tensor M
associated with the inclusion by a least-square method. Given the location of the inclusion,
we minimize the discrepancy between the computed and the measured response matrices.

5 Noisy Measurements

In this section we consider that there are M sources and N receivers. The measures are
noisy, which means that the magnetic field measured by a receiver is corrupted by an additive
noise that can be described in terms of a complex Gaussian random variable with mean zero
and variance 202 (in other words, the real and imaginary parts of the measurement noise
are independent and follow a Gaussian distribution with mean zero and variance o2). The
recorded noises are independent from each other.

5.1 Hadamard Technique

Standard acquisition. In the standard acquisition scheme, the response matrix is mea-
sured during a sequence of M experiments. In the mth experience, m = 1,..., M, the mth
source (located at s,,) generates the magnetic dipole Jém)(r) =V x (pG(r, s;)) and the
N receivers (located at r,,, n =1,..., N) record the magnetic field in the g direction which

means that they measure
Ameas,nm:AO,nm+an7 n:L---aNa mzlv---7M7

which gives the matrix
Ameas = AO + Wa (51)

where Ag is the unperturbed response matrix
AOnm = (ngm)(rn) - Hém)(Tn)) - q,

and W,,,,, are independent Gaussian random variables with mean zero and variance o2. Here,
Hc(ym) (r,) and Hém) (r,) are the magnetic fields generated by a magnetic dipole at s,, and
measured at the receiver r,, respectively in the presence and absence of the inclusion.

The Hadamard technique is a noise reduction technique in the presence of additive noise
that uses the structure of Hadamard matrices.

13



Definition 5.1 A Hadamard matriz H of order M is a M x M matrix whose elements are
—1 or +1 and such that H'H = M1. Here I is the 3 x 3 identity matriz.

Hadamard matrices do not exist for all M. A necessary condition for the existence is that
M = 1,2 or a multiple of 4. A sufficient condition is that M is a power of two. Explicit
examples are known for all M multiple of 4 up to M = 664 [[].

Hadamard acquisition. In the Hadamard acquisition scheme, the response matrix is
measured during a sequence of M experiments. In the mth experience, m = 1,..., M, all
sources generate magnetic dipoles, the m’ source generating Hmm/Jéml)(r). This means
that we use all sources to their maximal emission capacity with a specific coding of their
signs. The N receivers record the magnetic field in the g direction, which means that they
measure

M
Bmeas,nm = Z Hmm’AO,nm/+an = (AOHT)nm+ana n= 13"'7N7 m = ]-,"'aMa
m/=1

which gives the matrix
Bmeas = AOHT + Wa

where Ag is the unperturbed response matrix and W,,,, are independent Gaussian random
variables with mean zero and variance ag. The measured response matrix A s is obtained
by right multiplying the matrix Bpcas by the matrix ﬁH:

Aeas 1= MBmeasH = MAOHTH + MVVH7
which gives
ot = 1
Aneas = Ag+ W, W = WH. (5.2)

The interest of the Hadamard technique is that the new noise matrix W has independent
entries with Gaussian statistics, mean zero, and variance o2 /M:

M

s i 1 0121 M
E[anWn/m/] - W Z quHq/m/E[quWn’q’] == M2 Z quHq’m’(snn/(sqq'
q,q'=1 gq=1
2 M - o
S )b ST
g=1
2
g
= 28mm Onn,
M

where E stands for the expectation and d.,, is the Kronecker delta symbol. This gain of a
factor M in the signal-to-noise ratio is called the Hadamard advantage.

5.2 Singular Values of a Noisy Matrix

We consider here the situation in which the measured response matrix consists of indepen-
dent noise coefficients with mean zero and variance o2/M and the number of receivers is
larger than the number of sources N > M. This is the case when the response matrix is
acquired with the Hadamard technique and there is no inclusion in the medium.

14



We denote by aiM) > O‘(M) > O'(M) > 2> 05\4 ) the singular values of the response
matrix A sorted by decreasing order and by A(M ) the corresponding integrated density of
states defined by

1
A ([a, b)) := MCard {l =1,...,M, O'Z(M) € [a7b]}, for any a < b.

AM) is a counting measure which consists of a sum of Dirac masses:

M
A — % > 6, an.
=1 7

For large N and M with N/M =~ > 1 fixed we have the following results.

Proposition 5.1  a) The random measure AM) almost surely converges to the determin-
istic absolutely continuous measure A with compact support:

A[ow,04]) = /Uv ipny( )da 0<o0, <0, (5.3)

o u

where p is the deformed quarter-circle law given by

p (a) { i\/((,yl/Q =+ 1)2 _ 0.2) (0.2 _ (71/2 _ 1)2) if’yl/Q —1l<o< 71/2 +1,

o
0 otherwise.
(5.4)
b) The normalized 1?-norm of the singular values satisfies
M
M[M Z(UJ(M))Z — 'yorrﬂ Mg /2702 Z in distribution, (5.5)
j=1

where Z follows a Gaussian distribution with mean zero and variance one.
¢) The mazimal singular value satisfies

(M)

0" ~oy [ V2414 (1+'y_1/2) 1/3 Z1 4 o(—= )} in distribution, (5.6)

2M2/3 M2/3

where Z follows a type-1 Tracy Widom distribution.

The type-1 Tracy-Widom distribution has the pdf ppwi:
z 1 oo
Pz = [ pw@de—ewn (-5 [ o)+ @ @),
where ¢ is the solution of the Painlevé equation

r—+o0
~

¢ (x) = zp(z) + 20(2)®,  p(z) Ai(z), (5.7)

Ai being the Airy function. The expectation of Z; is E[Z;] ~ —1.21 and its variance is
Var(Z;) ~ 1.61.
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Proof. Point a) is Marcenko-Pastur result [[3]. Point b) follows from the expression of
the normalized [2-norm of the singular values in terms of the entries of the matrix:

Lo~ ()
M Z(J]M )2 M (ATA Z Z Anm?

j=1 n=1m=1

and from the application of the central limit theorem in the regime M > 1. The third point
follows from [[d]. o

5.3 Singular Values of the Unperturbed Response Matrix

We consider here the situation in which there is one conductive inclusion in the medium and
there is no measurement noise. The response matrix is then the N x M matrix Ay defined
by
. T
(Ao)nm = ika® (D2G(ry, 2)q)” M (D2G(z, $1)q). (5.8)

Let us introduce the singular value decomposition of the symmetric 3 x 3 matrix ReM”:
ReM? = (VMHTpMyM,

where ™ is a diagonal matrix with singular values o}! > 3! > o} > 0. The matrix SmA,
possesses three nonzero singular values given by

M 271/2
oo = koz5a;w[z ‘(VM(DiG(z,sm)q))j‘ ]

m=1
N
[Z] v(Dia rn,z)q))j‘2}l/27 j=12,3

A similar conclusion holds for feAy.

5.4 Singular Values of the Perturbed Response Matrix

The response matrix using the Hadamard technique in the presence of an inclusion and in
the presence of measurement noise is

A=Aj+W, (5.9)

where Ay is given by (E8) and W has independent random entries with Gaussian statistics,
mean zero and variance o2 /M.

We consider the critical regime in which the singular values of the unperturbed matrix
are of the same order as the singular values of the noise, that is to say, 01A07 the first singular
value of ReAy, is of the same order of magnitude as o,,. We will say a few words about the
cases 0?0 much larger or much smaller than o, after the analysis of the critical regime.

Proposition 5.2 a) The normalized I?>-norm of the singular values satisfies

z:(aJ(»M))2 - ’70121} Moo (082 + /2702 Z in distribution, (5.10)
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where Z follows a Gaussian distribution with mean zero and variance one and

1/2

oA = [23:(0;*0)2] . (5.11)

bl) If 0?0 < Y4y, then the mazimal singular value satisfies

(M) 1/2 1 —1/2\1/3 1 . .
o) ~oy ['y 2414 W(l +A7Y )2+ O(W)} in distribution, (5.12)
where Z follows a type-1 Tracy Widom distribution.
b2) If Uf" > 44, then
1
O'%M) = gho (a + O(W)) in probability, (5.13)
where 1o
o2 o
a={(1+(1+ L 4 - .
(1+a+ (712 ”(090)4>

If, additionally, a?” > O’ZAO, then the mazimal singular value in the regime M > 1
has Gaussian distribution with the mean and variance given by

M 1
2
(M) _ ﬁ
Var(oy") = u (6 + 0(1))7 (5.15)
where )
1 _ 9n
- Tty
- B B 1/2°
1+ (1 +7) A +roas
(e1?) (61%)

Proof. Point a follows again from the explicit expression of the /2-norm of the singular
values in terms of the entries of the matrix. Point b in the case N = M is addressed in [
and the extension to N > M is only technical. Note that, in the item b2, if Ufo 02A° > 0?0,
then the fluctuations are not Gaussian anymore, but they can be characterized as shown
in [T o

5.5 Detection Test

We focus again on formulas (BZ8). We consider the response matrix in the presence of
measurement noise:

A=Ay +W,

where Ay is zero in the absence of a conductive inclusion and equal to (E8) when there is an
inclusion. The matrix W models additive measurement noise and its entries are independent
and identically distributed with Gaussian statistics, mean zero and variance o2 /M.
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The objective is to propose a detection test for the conductive inclusion. Since we know
that the presence of an inclusion is characterized by the existence of three significant singular
values for SmAg (there are three significant values for e A but of lower order), we propose
to use a test of the form R > r for the alarm corresponding to the presence of a conductive
inclusion. Here R is the quantity obtained from the measured response matrix defined by

o0

Mo, (M)\g]Y?
[m S jLalog ))2}

and the threshold value r has to be chosen by the user. This choice follows from Neyman-
Pearson theory as we explain below. It requires the knowledge of the statistical distribution
of R which we give in the following proposition.

R=

(5.16)

Proposition 5.3 In the asymptotic regime M > 1 the following statements hold.

a) In absence of a conductive inclusion we have

Re~l4+~7 124 Wvﬂﬂ(l + 7*1/2)1/3Z1 + o(Mlz/g), (5.17)
where Z1 follows a type-1 Tracy Widom distribution.
b) In presence of a conductive inclusion:
bl) If o0 > yY4q,, then we have
oo 1
R g s (5.18)

where Zy follows a Gaussian distribution with mean zero and variance one.
b2) If o0 < 44, then we have (ETT).

Proof. In absence of a conductive inclusion, we have on the one hand that the truncated
normalized [?-norm of the singular values satisfies

M

1 (M)\2 2| M—oo 2 . . . .
E . — — /2v0;Z in distribution
|: _ ,1/2 2 (0] ) '}/Un:| ’7 n ?
M = 3(145712)2 ¢

4

where Z follows a Gaussian distribution with mean zero and variance one, which implies
that

M
1 12
> (o] =120 4 of

[M 312 ) in probability, (5.19)

1

2/3
=4 M2/
and on the other hand the maximal singular value satisfies (B) in distribution. Using
Slutsky’s theorem, we find the first item of the proposition.

In presence of a conductive inclusion, we have on the one hand that the truncated nor-
malized [2-norm of the singular values satisfies (E19). On the other hand the maximal
singular value is described by Proposition B2 which gives the desired result by Slutsky’s
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theorem. |

The data (i.e. the measured response matrix) gives the value of the ratio R. We propose
to use a test of the form R > r for the alarm corresponding to the presence of a conductive
inclusion. The quality of this test can be quantified by two coefficients:

- The false alarm rate (FAR) is the probability to sound the alarm while there is no inclusion:

FAR = P(R > rs| no inclusion ).

- The probability of detection (POD) is the probability to sound the alarm when there is an
inclusion:
POD = P(R > rs| inclusion ).

It is not possible to find a test that minimizes the FAR and maximizes the POD. However,
by the Neyman-Pearson lemma, the decision rule of sounding the alarm if and only if R > rs
maximizes the POD for a given FAR A with the threshold

re=1+~""24 S12(1 442 el (1-5), (5.20)

IM2/3 v
where ®rwi is the cumulative distribution function of the Tracy-Widom distribution of
type 1. The computation of the threshold rs is easy since it depends only on the number of
sensors N and M and on the FAR §. Note that we should use a Tracy-Widom distribution
table. We have, for instance, @1y, (0.9) ~ 0.45, @14y, (0.95) ~ 0.98 and $ry,, (0.99) ~ 2.02.

The POD of this optimal test (optimal amongst all tests with the FAR §) depends on

the value o and on the noise level o,. Here we find that the POD is

070 1/2
61 a—ylers
POD = (b(\/Mﬁuz)’

where ® is the cumulative distribution function of the normal distribution with mean zero
and variance one. The theoretical test performance improves very rapidly with M once
oo > 41/45, . This result is indeed valid as long as 0 > 445, When o2° < 4/4q,,
so that the inclusion is buried in noise (more exactly, the singular values corresponding to
the inclusion are buried into the deformed quarter-circle distribution of the other singular
values), then we have POD = 1 — ®pyw1 (®5yy, (1 — 6)) = 4. Therefore the probability of
detection is given by

A
9,
n

o 12
POD = max {@(W(’aﬂl/z”) : 5} (5.21)

Remark: The previous results were obtained by an asymptotic analysis assuming that
M is large and ¢4* and o, are of the same order. In the case in which o#* is much larger
than o,, then the proposed test has a POD of 100%. In the case in which O'{XO is much
smaller than oy, then it is not possible to detect the inclusion from the singular values of
the response matrix and the proposed test has a POD equal to the FAR (as shown above,
this is the case as soon as o™ < y1/40,).
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6 Numerical Experiments

In this section, we will give some numerical examples to demonstrate the detecting algorithm.
The unperturbed measurement is acquired synthetically by asymptotic formula (B2H) and
noisy measurements are given by (B3). Assume that B,, is an ellipsoid described by equation

2
(@ —20)? + (y—w0) + 20 — a2

where « is characteristic length of the inclusion measured in meters. Then the domain B is

characterized by letting @ = 1 and (zo, Yo, 20) be origin. We assume that the inclusion B,

is also located at origin, o = 0.01, pu* = po = 1.2566 x 1075 H/m and ¢ = 5.96 x 107S/m.

Letting w = 133.5 to make ka? = 1, then (E3) is of order a®. We compute the polarization

tensor M by an edge element code for (B13). In this situation, the numerical tensor M is

2.6185 + 0.35017  0.0000 + 0.0000¢  0.0001 + 0.0000¢
M = 10.0000 + 0.0000¢  2.6180 + 0.3500¢  —0.0001 — 0.0000%
0.0001 + 0.0000¢ —0.0001 — 0.0000z  1.6403 + 0.1930:

We remark here that the polarization tensor M is computed numerically, one can imagine
M is a diagonal matrix for an ellipsoidal inclusion.

The configuration of the detecting system includes coincident transmitter and receiver
arrays uniformly distributed on the square [—2,2] x [—2,2] x 1, both consisting of 256(M =
N = 16%) vertical dipoles (p = g = e3) emitting or receiving with unit amplitude. The
searching domain is a box [—0.5,0.5]> below the arrays. It is worth to be mentioned here
that the number of transducers should be a multiple of 4 in order to mimic the Hadamard
technique in realistic situation.

Mentioned that Hg is real, after we acquired the multistatic response Ag, we first take
its imaginary part to get rid of Hy as we won’t compute the incoming field without the
inclusion. Then in what follows, we denote Ag the imaginary part of unperturbed MSR
matrix computed by (B=Z3).

In the above setting, we calculate the SVD of the unperturbed MSR matrix Ag. Figure
M displays logarithmic scale plot of the singular values of Ag. It has a good accordance with
the previous theoretical analysis: each inclusion according to three singular values. Then
we can construct the projection P™2& with the first three singular vectors corresponding
to the first three significant singular values. In the right part of Figure 0, we also plot the
magnitude of Zyiy on cross section z = 0, which shows that the MUSIC algorithm can detect
the inclusion very well.

We test the influence of the noisy measurements by adding a Gaussian noisy matrix
with mean zero and variance 02 /M to unperturbed MSR matrix Ag. In our tests, the
Gaussian noise is generated by MATLAB function randn. The imaging results shown in
Figure B indicate that with the decreasing of noise level the imaging results become more
and more sharp. Then we show the validity of (B220). Noticing that M = N makes v = 1
in our setting. By the analysis in Section 5, for given FAR §, POD depends on the ratio
o /a,,. Here we only consider the critical regime in which o1* is of the same order of o,
(specially af ° > 0,). Fixing FAR ¢, for each ratio Uf ° /oy, we generate 1000 Gaussian noisy
matrices with mean zero and variance o2 /M and add them to Ag to get according noisy
MSR matrices A. We compute R with the help of SVD for each A and count the times for
R > rs to get the numerical POD. Figure B shows the comparisons between numerical POD
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o =0
n

magnitude of imaging functional on cross section z=0.

107 . . *

Figure 1: Distribution of singular values of Ay with M = N = 256 and the magnitude of
Invu on plane z = 0.0.

and (E20) for each §. We can conclude that the numerical results have a good accordance
with (E220) and the accordance is better when 6 /o, becomes bigger.

7 Concluding Remarks

In this paper we have provided an asymptotic expansion for the perturbations of the mag-
netic field due to the presence of a small conductive inclusion. The characteristic size of the
inclusion is of order the depth skin. Our asymptotic expansion is valid for arbitrary shaped
inclusions. Based on it, a detection test and a localization method have been provided and
tested. It would be very interesting to use our results in this paper for real-time target
identification in eddy current imaging using dictionary matching. We also plan to use them
for target tracking from induction data. Another interesting problem is to quantitatively
estimate the resolution of the direct localization from induction data in the presence of noise.
This would be the subject of a forthcoming publication.
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