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Abstract

We study Taylor series expansions of stationary characteristics of general-state-space
Markov chains. The elements of the Taylor series are explicitly calculated and a lower
bound for the radius of convergence of the Taylor series is established. The analysis
provided in this paper applies to the case where the stationary characteristic is given
through an unbounded sample performance function such as the second moment of the
stationary waiting time in a queueing system.
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1. Introduction

Stationary performance indices of simple Markovian systems, such as the queue length
probabilities for an M/M/1 queue, are analytic functions of the system’s parameters: the service
rate and the interarrival rate. This observation has initiated the study of analytical properties
of stochastic systems. The approach predominant in the literature is to study Taylor series
expansions of performance characteristics of stochastic networks with Poisson-A-arrival stream
with respect to A. First results can be found in [30] and [13] and extensions to (max,+) linear
stochastic networks are studied in [1]-[6]. Taylor series expansions of the stationary distribution
of finite-state Markov chains have been studied in [8]. Sample path approaches, which are based
on simulation, can be found in [13], [21], [22] and [29]. An analytical approach to computing
stationary characteristics of Markovian queueing systems based on Taylor series expansion is
the power series algorithm (PSA); see [28].

In this paper, we study Taylor series expansions of stationary characteristics of general-
state-space Markov chains. In particular, the approach applies to unbounded performance
characteristics. The flexibility and generality of the framework used in this paper comprises
the aforementioned approaches.

The results presented in this paper serve a twofold purpose. Firstly, elaborating on a
Jordan-type decomposition of transition kernels [15], the elements of the Taylor series are
expressed in terms of measure-valued derivatives and can be translated into unbiased (higher-
order) derivative estimators; see [14] for details. In particular, this allows us to approximate
an entire performance function through simulation. This links our results to sample-path based
approaches like perturbation analysis; see [17] and [9]. Secondly, we derive lower bounds for
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the radius of convergence of the Taylor series. Knowledge of the radius of convergence is of
importance for numerical procedures such as PSA.

The mathematical framework of this paper is that of measure-valued differentiation (MVD)
and normed ergodicity. MVD extends the concept of weak differentiability as introduced by
Pflug [27] so that performance measures from a predefined class £ can be handled, and thereby
overcomes the restriction to bounded functions implicit in the concept of weak differentiation.
Normed ergodicity dates back to the early 1980s; see [ 18] for an early reference. It was originally
used in analysis of Blackwell optimality; see [18] and the revised version which was published
as [11]. Another early reference is [23] and a more recent publication on this topic is [7]. Since
then, it has been used in various forms under different names in many subsequent papers. In
[20] it was shown that, for a countable Markov chain which may have one or several classes
of essential states (a so-called multichained Markov chain), normed ergodicity is equivalent to
geometrical recurrence (for a similar result in Markov decision chains, see [12]). Inspired by
this result for a countable Markov chain, a similar result was proved for a Harris chain in [26].
In this paper we use the recent results of [7].

The paper is organized as follows. Section 2 states the main concepts and results needed from
the theory of MVD and ergodic theory. In Section 3, higher-order measure-valued derivatives
of the stationary distribution are discussed and Section 4 establishes our main result on Taylor
series expansions of the stationary distribution. We conclude the paper with an elaborate
example.

2. Tools from MVD and ergodic theory

2.1. MVD

Let (S, 7) be a Polish measurable space. Let M(S, 7) denote the set of finite (signed)
measures on (S, 7) and M1 (S, T) the set of probability measures on (S, 7).
Definition 1. The mapping P : S x T — [0, 1] is called a (homogeneous) transition kernel
on (S, 7)if

(@) P(s;) € M(S,T)foralls € S; and

(b) P(-; B) is T -measurable for all B € 7.
If, in condition (a), M (S, 7) can be replaced by M{(S, T), then P is called a Markov kernel
on (S,7).

Denote the set of transition kernels on (S, 7) by K (S, 7) and the set of Markov kernels on
(S,7) by K1(S, 7). The product of two transition kernels Q and P on (S, 77) is defined as
follows. Fors € Sand B € T, set

QP(s; B) = (P o Q)(s: B) = /S Q(s;dz) P(z; B).

Moreover, write P"(s; B) for the measure obtained by the n-fold product of P in the above
way.

Let L'(P) c RS denote the set of measurable mappings g : S — R, such that
fs P(s;du)|g(u)| is finite for all s € §. For D C LY(P), we say that a transition kernel
P e K(S,7)is D-preserving if

/ P(;du)g(u) e D Forallg € D.
s
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Thus, if P, Q € K (S, T) are D-preserving, so is their product, and the integral of any g € D
with respect to a finite combination of P and Q is defined.
Consider a family of Markov kernels (Py : 6 € ®) on (S, ), with ® C R, and let

L'(Py: ©):= () L' (Py)
0e®

denote the set of measurable mappings g : S — R such that |, s Po(s; du)|g(u)]| is finite for all
f0e®ands e S.

Definition 2. Let D C L1(Py; ©). We say that Py € K (S, T7) is n times differentiable at 6

with respect to D, or n times D-differentiable for short, if there exists a PQ(") e X (S, 7) such
that, for any s € S and any g € D,

n

der

fs Py(s; du)g(u) = fs P (s; du)g (u) (1)

and Pe(") is D-preserving. If the left-hand side of (1) equals zero for all g € D, then we say

that Pe(n) is not significant. For n = 1, we also write P, for the transition kernel defined in (1).
In case 6 is a boundary point, the limit in (1) has to be understood as a one-sided limit.

We denote the set of bounded continuous mappings from S to R by C,(S). If Cp(S) C D,
then Pg(") in (1) is uniquely defined. For this reason, we will assume throughout the paper that
Co(S) C D if not stated otherwise.

Remark 1. Note that Pg(") and Pj have a different meaning. To unify the notation, we set
PV =P

o = 1o
Remark 2. Consider the pointwise version of the above definition, that is, define n fold
D-differentiability as follows: for any s € §, a (finite) signed measure PQ(") (s; -) exists such
that (1) holds for any g € . While this definition of Pg(") reflects the way in which Pg(") is
actually calculated in applications, it raises the question of whether Pg(") is akernel on (S, 7)

(i.e. whether Pg(”)(-; A) is measurable for any A € 7). While this fails to be true in general,
we can identify two conditions both enforcing this independently.

1. Let D contain the indicator function of any A € 7. If T is countable, then Pe(”) is indeed
a kernel; see [14]. If O contains in addition Cy,(S) as a subset, then it is called a set of
test functions in [14].

2. Suppose that C,(S) C D. If
sup sup

seS geCy(S)
lgl=1

< 00,

/S Pg(”)(s; du)g(u)

then Pg(") is a kernel; see [15].

Example 1. Let P, Q € K(S, 7) and set

Py=0P+(1-0)0, 6¢clo,1].
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Note that Py € K(S,T) for 6 € [0, 1], and that Py = Q and P; = P. Specifically,
let D(P, Q) = LY(Py; ®) and assume that P and Q are D(P, Q)-preserving. For any
geD(P,Q)andany s € S,

n

der

n

den

fs Py(s: du)g(u) = <9 /5 P(s; du)g(u) + (1 — 6) /5 Q(s;du)g(u))

/P(s;du)g(u)—/Q(s;du)g(u) forn =1,
S S

0 otherwise.

Hence, P; = P — Q satisfies (1) for n = 1 and, since P and Q are D(P, Q)-preserving, it
follows that P is O (P, Q)-preserving. Notice that the Markov kernel Py is infinitely often
D (P, Q)-differentiable and only its first-order D (P, Q) derivative is significant.

2.2. Normed ergodicity

Let X(0) = {Xg(n)} = {Xo(s,n)} for & € O be the Markov chain with initial state s and
transition kernel Py, and set, for any B € T,

Pl!(s, B) := Py(s, n, B) = Pr(Xy(s, n) € B).

The joint state space of X(0) for 6 € ® is denoted by S. However, for any specific 8, the
chain X () may not be irreducible on S but only on a subset of S. For the following ergodicity
analysis we will require that the state space is indeed irreducible and we denote by Sp C S the
class of states such that X (0) becomes irreducible as a Markov chain on Sy. Furthermore, we
denote by 7y the intersection of 7 and Sy. Consequently, (Sg, 7p) is a measurable space for
any 6 € ©.

Condition 1. There exists a function g : Sg — R such that g(s) > 0 for s € Sy and
Elg(Xo (s, mp))] — g(s) = —& + c 1y, (s)
for somemg > 1,¢ > 0 and c < 0o, where, for some d < oo,
Vo ={s € Sp:g(s) =d}.
Note that the function g is the same for each 6.

Condition 2. There exist ng > 0, a probability measure ¢g(-) on (Sp, Tp), and pg € (0, 1)
such that

inf Pr(Xy(x,ng) € B) > pogy(B)
xeVy

forall B € Ty.

Assuming that Condition 1 holds for some 8 € ® and letting

o(s) == g(Xo(s, 1)) — g(s), s € 8p,
we can introduce the following condition.

Condition 3. The randomvariable &y (s) is uniformly integrable in s and in 0 on a neighborhood
Og of 0, and there exists a 1. > 0 such that &y (s)e*$*) is uniformly integrable (in s and in 0
on ®g).
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Recall that uniform integrability of &y (s) in s and 6 is defined as

lim sup/ Pr(ép(s) e dt) =0,
|t|>c

=00 g

and similarly the uniform integrability of & (s)e*¥*) requires that

lim sup / Pr(&p(s)e’® e dr) = 0.
|t|>c

c—>00 S,Q

For a function v : § — R, let V, denote the normed space of real-valued functions f on §
with the finite v-norm
Lf ()l

vl

The associated operator norm for a linear operator 7 : 'V, —> V, is defined by

ITlly = sup [T fll.

I fllv=<t

If1ly = sup
N

NS

For u a (signed) measure, the associated norm is

liielly = sup [puf]

Ifle=1

and, for a kernel P, the associated norm reads

1Pl = sup sup LS @PE1dD]
seS I fllv=1 [v(s)]

It is straightforward to check that, for kernels P, Q,

1P Qlly = IPllullQllv-

For our analysis, we choose v to be the following mapping:
v(s) = e, sES, 2)

for some positive A, where g is defined in Condition 1.

Let mp denote the stationary distribution under kernel Py. Denote by Iy the kernel that
maps any distribution to 7y, that is, uIlyp = mg for u € M (S, 7). In order to simplify the
notation, we will—with a slight abuse of notation—identify y with ITg.

The following result, which was established in [7] (see also [16]), shows that Conditions 1-3
imply that convergence of the Markov chain towards its stationary distribution happens at a
geometrical rate. Specifically, the following results were established in [16].

Result 1. (Heidergott et al. [16, Theorem 2].) Provided that Conditions 1-3 hold at 6, there
exist a finite cg and a py with 0 < py < 1 such that, for A small enough,

1Py — Mglly < co(pe)".

Result 2. (Heidergott et al. [16, Lemma 1].) If Conditions 1 and 3 hold at 0, then a neighbor-
hood ®g of 0 exists such that

sup || P;llv < oo.

ée@)o
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Measure-valued derivatives are defined with respect to a predefined reference set £. The set
D that we will use for analyzing Iy is characterized through the function v(-) defined in (2),
and will be denoted by D,. Specifically, let

D, :={g:5 — R | g is measurable and there is an r € R
such that [g(s)| <7 - v(s) fors € S}.

In other words, D, is the set of measurable mappings g from S to R that are bounded by r - v
for some finite number r. In accordance with the discussion following Definition 2, we assume
that Cp(S) C Dy.

Other choices for O are of course possible. For example, a choice for O that is of importance
in applications is the set

Cy :={g € Dy | g is continuous}. 3)

In particular, for v = 1, we obtain the important case D = Cp(S); see [27]. In this paper, we
will focus on & = D, and we will only briefly comment on the implications of another choice
for O in Remark 10.

We require that O is a vector or linear space over R, which is satisfied by D,. In addition
to that, D = D, has to be a subset of L' (P, : ®), a sufficient condition for which is given in
the following corollary.

Corollary 1. Let Py € K(S,T). If |Pslly < oo, then D, C L'(Py, ®) and Py is D,-
preserving.

Proof. By the definition of the norm || - ||y, || Polly < oo implies that, for any g € D,),

< cv(s), seSs,

V 8(2) Py (s; dz)

for some finite number ¢, which shows that

/g(z)Pe(-;dz) € Dy
and
Dy C LY(Py, ©),
which concludes the proof.

Remark 3. In accordance with Result 2, Condition 3 implies that || Py]l, < oo and, by
Corollary 1, this shows that Py is D,-preserving. Consequently, [ g(z) Py (s, dz) is finite
foranym > Oandany g € O, and s € S.

Definition 3. The transition kernel Py is said to be || - ||,-Lipschitz continuous at 6 € O if a
neighborhood ®g C ® of 8 exists such that, for some finite K,

| Po+n — Polly < [A|K forall® + A € O.

The constant K is called the Lipschitz constant.
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Remark 4. Let Py be || - ||,-Lipschitz continuous at & with Lipschitz constant K. This yields
for any g € D, and A sufficiently small that

< AKv(s).

Vg(z)P9+A(S;dz) —/g(z)Pe(S;dz)

Notice that Kv(-) lies in £,. Hence, by || - || ,-Lipschitz continuity, for any g € Dy, a K, € D,
exists such that, for A sufficiently small,

< |A[K ().

‘ / Poia( ds)g(s) — / Py(; ds)g(s)

This property is called D, -Lipschitz continuity of Py at 6 in [16] and we have thus shown that
I - llo-Lipschitz continuity implies £, -Lipschitz continuity.

Theorem 1. Let Py be a D, -preserving transition kernel on (S, T) such that Py is || - |y-
Lipschitz continuous and D-differentiable at 6. If || Pylly is finite, then Py is || - ||,-Lipschitz
continuous and D-differentiable at 6. Specifically, the following product rule holds:

n
Y =R
j=1

Proof. Notice that

PoiaPoin — PoPy = (Poyn — Py) Py
+ Po(Pora — Pp)
+ (Poya — Po)(Porn — Po). €]

Letting K denote the || - ||,-Lipschitz constant of Py and taking || - ||, norms on both sides yields
that

| Po+aPo+a — PoPolly < | Pota — Pollvll Pollv
+ 1 Pollvll Po+a — Pollv
+ 1Po+a — Pollull Po+a — Poll
< |AIK [ Pollo + I1Pollo|AIK +APK?.
Since we have assumed that || Py||, is finite, the above inequalities establish the || - ||,,-Lipschitz
continuity of sz atf.

We now turn to the proof of D, -differentiability. Notice that || - ||,,-Lipschitz continuity of
Py at 0 implies D, -Lipschitz continuity of Py at 6 (see Remark 4), which implies that

|(Po+a — Po)gl < |AIKg,

with K, € D,. Hence, dominated convergence together with D, -differentiability of Py yields
that, for any g € D,
1
lim — (P, — Py)Pyg = P, P,
Jim/ A( 9+a — Po)Ppg = PyPog
and

1
lim — Py(Poyn — Po)g = Po Py
Jim = Po(Pora — Fo)g = PoFyg
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for the first two terms on the right-hand side of (4). We now turn to the last term in (4).
By || - |l,-Lipschitz continuity,

I(Posa — Po)(Pota — Po)lly < |AIPK.

Dividing both sides by |A|, we obtain that

1
| Pyia — Pp)(Poyn — Py)lly =0.
AlmO|A|”( 0-+A 0)(Poya o) |l

This proves the statement for n = 2. The proof now follows by induction.

Remark 5. An alternative version of the product rule in Theorem 1 was established in [14].
The main difference between this product rule and the one in [14] is that Theorem 1 is based
on norm assumptions whereas the product rule in [14] elaborates on the condition that D is a
set of test functions (and thus contains all indicator mappings of sets A € 7).

3. MVD of the stationary distribution

Let
o
Ko(m) =y PPy

The kernel Po( ") can be wrltten as the re-scaled difference between two Markov kernels (see [15]),
which implies that P Hg = 0. The operator Ky (n) can thus be written as

Kg(n) = Pe(n)De,

where
oo
Dy = (P§" —Tly)
m=0

denotes the deviation operator associated with Py.
Remark 6. Let Conditions 1-3 hold at 8. Result 1 implies that

o0

> (P —Tp)

m=0

1

<C9
1 —po

IDolly =

and, by Corollary 1, the transition kernel Dy is D,-preserving. Specifically, [ g(z) Dy (s, dz)
is finite for any g € £, and s € S.

We introduce the following condition.
Condition 4. For6 € O,
Jim | Ppya = Pyl = 0. (5)

In other words, Condition 4 implies that Py is continuous at 6 with respect to the norm || - || .
In case 6 is a boundary point, we consider a one-sided limit in (5). Notice that || - ||, -Lipschitz
continuity of Py at 6 is sufficient for Condition 4 to hold.
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Example 2. We revisit the situation in Example 1 and assume that || P||, < coand || Q|, < oo.
It is easily checked that, for any 0 + A € [0, 1],

Po+a — Pollv = [A[IP = Qllv < 00,

which shows that Py is || - ||,-Lipschitz at 8 for any 6 € [0, 1], and Condition 4 is thus satisfied
on the entire interval [0, 1].

Lemma 1. Let Conditions 1-3 be satisfied at 6.
(1) There exists a neighborhood ©¢ of 6 such that, for all 6 + A € ®y,

[Mogya — g = Mg aA(Poya — Po)Dg. (6)

(i) If; in addition, Condition 4 is satisfied at 0, then

o0

Moa =Tlg Y (Pora — Po)De)"

m=0

and
sup [[TI4]ly < oo. @)
ée@o
Proof. For 6 we have by Result 1 that

1Py — Molly < copy. ®)
By Result 2, || Pg||, < oo and we find with the triangle norm inequality that

Mgl < 1Po — Tallv + | Pollo < oo. €))

Let I denote the identity kernel. It is easily seen that, for any k,

k—1

Z Pé) = - P).

=0

- Pe)(

If6 + A € ®, then

k—1
Mora(l — Pe)(Z Pé) = Tysall — P;)
=0
=Tgia — Mo PY; (10)

the inequalities (9) yield that the expressions in 10 are well defined. Since Py is unichained,
we have that [Ty A ITp = I1p and we obtain from 10 that

Mosa — Mo = Tosa — Moya Py + Mo (Ph — Tp)
k—1
=Ig4ad — Pe)(Z Pé) + Mgy a(Pf — Tp)
=0
k—1
= Mpsa(l ~ Pe)(Z Py — He) + g a(P) — Tp).
=0



Taylor series expansions for stationary Markov chains

1055

We have already established the geometric ergodicity of Py (see (8)), and taking the limit as k

tends to oo we find that

o0
Moia — Mo =Tgra(l — P9><Z Pj - ne),

=0

which proves (i).
By Remark 6, || Dg||, < oo, and Condition 4 gives

lim |[(Po+a — Po)Dglly = 0.
A—0

Choose § > 0 such that ||[(Py+a — Py)Dglly = ¢ < 1 for |A| < § then, for g € D,

8 .
e Dy, withdD; ={geDy:lgl <1},
lglly
and
I(Po+a — Po)Dogllv < I(Po+a — Po)Dallvligllv < ellgllv.
Since
(Po+a — Po)Dog |

I(Po+a — Po)Doglly '

we have
I((Pota — Po)Dg)?glly < 1(Pora — Po)Dollull(Pota — Po)Doglly
< &lgllo.

Similarly,

((Pasa — Po)Dg)eglly < e¥llgllo.

Hence, the Neumann series
o0
> (Pora — Po)Dp)"g
m=0

is convergent and the series can be bounded through

Y ((Po+a — Po)Do)"g

m=0

Elaborating on the equality (6) we find that
Iy =TI — (Pot-a — Pp)Dg)

and it follows from our choice of § that, when |A| < 8,

o0
Mgta =Ty Y ((Pora — Py)Dp)™.

m=0

<L gl
= &llv-
» 1—e

(1)

(12)
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The proof now follows directly from the above expansion for [Ty together with (11). Indeed,
for g € Dy, and 6 + A with |A| < 4§,

D (Poya — Pp)Dp)"g

m=0

Mo+agllv = [ITTglly

v

= Mgl gl

1—c¢
and

1
sup [ITz8]lv = IIHellul—,
He® -

for ® C (0 — 6, 0 + §), which proves the claim.

Remark 7. Inspecting the proof of Lemma 1, we can notice that, if Conditions 1-4 hold at 6,
then

My =Ty Y ((Py— Ps)Dy)" (13)

m=0

for in a neighborhood of 8; cf. (12) above. This relation is well known in Markov decision
chains where it is called a Newton-type representation; see Proposition 3.3(i) in [19].

Remark 8. Under the conditions put forward in Lemma 1, applying Corollary 1 yields that
Iy is D,-preserving. Consequently, for any s € S, [ g(z)I1y(s, dz) is finite for any g € Dy,
and sois [ g(z)mp(dz).

As the following lemma shows, Conditions 1-3 together with || - ||,-continuity of Py are
sufficient for uniform boundedness of || P} — ITg||,.

Lemma 2. Let Conditions 1-3 together with Condition 4 hold at 6. Then there exist a finite
c <oo,apwith0 < p < 1 and aneighborhood ®q of 6 such that, for A small enough,

sup || P7 — Tglly < cp"”. (14)
ée(:')()

Proof. Let6 + A € ©. Using norm inequalities we find that
1P a — Horally < I1Pa — Pllo + I1P5 — Holly + ITTg — Mot all.

We bound the three terms on the right-hand side of this inequality. From Result 2, we may
choose ® such that, when 1 < K < oo,

sup | Pylv < K.
6e®
It is easily verified that the following telescope sum holds:

n
Pia— Py =) Py a(Poyn— Po)Py .
k=1
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This gives the norm inequality

n—1

k —1—k
1P5p = Pglly < 1Posa — Pally D I PE allull P~ 751
k=0

n—1

k —1—k
< 1Poya — Polly Y_ I PoyallSI ol
k=0

< IPg4a — PyllynK".
Choose an ¢ < 1. Result 1 implies that

1P — Mplly < copg.-

1057

Choose an n such that cg oy < &/3. From Lemma 1 we find that there exists a § > 0 such that,

for |[A| < 4,
1Ty — Mosally < =
3
and
[Pora — Pollo < K
Then, for

Op:=1{0:10—0| <8},

we find from the above inequalities that

p1 = sup IIPé1 =l < L.
he®q

Notice that Pé" I; = H@Pé" = [1; implies that

P —TI; = (P — Ty)".

Again using norm inequalities we obtain for m > 1 that
I1PF" = Tglly = I1(Pg — T5)" [l
— ”(Pé _ Hé)nl_m/nj+mﬂl|_m/nj ”U

< (II(Py = TI)" )™/ ™ (Py — T1gym—nlm/ndy,,

= (IP2 = Tyl ™/ Pt — gy,

<p"" _max_|IPf— T,

=0,..., n—1

5)

(16)

the first and third equalities following from (15) and |-| being the integer-part function. The

inequality (14) with
c:= sup max ||P91< — Il
ée@o T n=l

and p := ,011/" follows (16).

The following theorem establishes a recurrence relation for the D, -derivatives of Ky (n).
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Theorem 2. Assume that Conditions 1-3 are satisfied at 0. If Py is || - ||y-Lipschitz continuous
at 0, then Iy is || - ||y-Lipschitz continuous at 0. If, in addition, Py is D,-differentiable at 6,
then Ty is D,-differentiable at 6 with

H/e =TIgKp(1).
Proof. We elaborate on Lemma 1(i):
Hoya — g = Mo A (Pora — Po) Do

implies that
Tlo+a — Mally < IMTo+allv(Po+a — Po)Dgllv.

Let Py be || - ||,-Lipschitz continuous at # with constant K. The conditions of the theorem then
imply that || Dg|l, < oo; see Remark 6. We have

[To+a = Tolly < ITTg+allo|AIK | Dgllv

and, because sup; ¢ [[T15llv < oo (see Lemma 1), the || - ||, -Lipschitz continuity of TTy follows.
We now turn to the O, -differentiability of I1p. Again by Lemma 1,

[Mg1a — Ilg = Mgy aA(Pora — Po) Dy
= (ITg4ao — Ip)(Pora — Pg)Dg + Mg (Pgran — Py)Ds.

By the | - ||,-Lipschitz continuity of I1g and Py, we have
I(To1a — Tg)(Posa — Po)Dglly < |APK

for some finite number K. Hence, for any g € OD,,

1
lim — (g4 — [p)(Posa — Po)Dyg = 0.
lim ~(Mo+a — o) (Po+a — Po) Dog

By the O,-Lipschitz continuity of Py (which is implied by the || - ||, -Lipschitz continuity of
Py; see Remark 4), we obtain for any g € D, that
1
m|(P9+A — Pp)Dyg| < Kg,

with K, € D,. The D,-differentiability of Py implies that, for any g € D,, the limit

1
Iim — (P, — Py)Dgg = P,D
AlinoA( 0+A 9)Dg g o Do g

exists and is again in £,. Since I1pK, is finite (from (7) in Lemma 1(ii) together with
Corollary 1), the dominated convergence theorem applies and we obtain that

1
lim —IIy(P, — Py)Dgg =TIy P, Dye.
Jim — 0(Posn 0) Do g 0PyDyg

‘We have thus shown that
[y = Mg Py Dy = Mg Kp(1),

which concludes the proof of the induction hypothesis.
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Remark 9. In [16], differentiability of 1y with respect to an arbitrary set & was established
under a different set of conditions. Studying the relation between the settings in [16] and those
chosen for the present analysis is a topic of further research.

The following theorem will establish sufficient conditions for D, -differentiability of Kg(n).
To simplify the presentation, we summarize the set of conditions needed for the theorem by a
single condition, Condition C", where n > 0.

Condition C". (i) The kernel Py is n + 1 times D, -differentiable at 9.

(ii) For some r > 0, the neighborhood ®y = (6 —r, 0 +r) of 0 is such that, when 0 < m < n,
||P0(m)||v < o0 and Pg(m) is || - |lo-Lipschitz continuous at 6.

Example 3. We revisit the situation in Example 1 and assume that || P||, < coand || Q|, < co.
In accordance with Example 1, Py is infinitely often D, -differentiable at any 6 € [0, 1] (with
only the first-order D, -derivative significant) and

I1Pglly < IPIlw + 111w < 0.

Moreover, by Example 2, Py is ||-||,-Lipschitz continuous at any 6 € [0, 1] and £, -preserving.
Because any (higher-order) D, -derivative of Py is independent of 0, they are ||-||,-Lipschitz
continuous at any 6 € [0, 1]. Hence, Condition C” is satisfied for any n on the entire interval
[0, 1].

Theorem 3. If Conditions 1-3 and C" for some n > 1 are satisfied at 0 then Ky(n) is D,-
differentiable with
Kg(n)' = Ko(n)Kg(1) + Kg(n + 1).

Proof. Let Qg = P{". Then
M
Ko(n) = lim > 0y P}'.
m=0

By Theorem 1,

M
(o) - fa o Ear
m=0

m=0 j=0

and, taking the limit as M tends to infinity,

Jim (Z QQPQ) ZQ9P9 +Z ZQQ Py /"'pp].

m=0 j=0

Rearranging terms gives

Jim (Z Q9P9> — Ko(n+ 1)+ Ko(m)Kq (1). a7
It remains to be shown that

hm <Z Qo Py g) = Ko(n)'g, g € Dy.
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To see this, note that, for any M > 0,

M ’ 1
Ko(n) = (Z QePé”> + ( > QePg") (18)

m=0 m>M
and the proof of the claim thus follows from

Mli_r)noo< > ergm> =0. (19)

m>M

By Condition C", we may choose ®( small enough such that

sup |Q4llv = K1 < 00, (20)
ée@o

which is a consequence of the || - ||, -Lipschitz continuity of Qyp = Pe("). Indeed, since || Qg|ly is
finite, || - ||,-Lipschitz continuity of Qg at 8 with constant K on, say, ®¢, implies for6 + A € B
that

1Qo+all =1Qo+a — Qo + Qollv = 1 Q6llv|AIK < 00

and (20) holds for K1 = K| Qg|ly, where we assume without loss of generality that [A] < 1.
We consider the difference quotient for any 6 + A € ®g, the neighborhood as defined in
Lemma 2. Since, for m > 1 and each 6 € O,

DR =) Qp(PI =Tl = Y Qy(Py — Ty,

m>M m>M m>M

we have that

AM) = Z QoraPyp — Z Qo Py’

m>M m>M
= > Qopa(Poya—Tosn)" = > Qo(Py — )"
m>M m>M
= Y QoraPoya —Tgpn)" = Y Qopa(Py —Tp)”
m>M m>M
+ Y QoralPy—TIp)" = > Qo(Py — Tp)™.
m>M m>M

‘We derive bounds for the difference of the first and the second terms and for the difference of
the third and fourth terms in the right-hand side of this equality. Using (20), we find that

Y QoraPoya — Moy a)" = Y Qora(Po — Tp)"

m>M m>M

D (Poya—Toea)" = Y (P —Tlp)"

m>M m>M

v

<K

v
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By Theorem 2, Tlg4a is || - ||y-Lipschitz continuous at 6 with constant K;, say. Together
with the || - ||,-Lipschitz continuity of Py with constant, say, K3, we obtain from the above
inequality that

D (Poya—Tora)" = Y (P —TIp)"

m>M m>M v
m—1
= | Y ((Poya — Po) = (Tlgya —T1p)) D (Poya — Moy n) (Py — M)~ *
m>M k=0 v
< 1(Poya — Pp) — (Mora —Tp)lly Y cmp™
m>M

< |A|(K2+ K3)K (M),

where the first inequality follows from Lemma 2 and where

Ki(M) = Z cmp™.
m>M
Note that limp; o0 K1(M) = 0. Hence,

> QoraPora —Toya)" = Y Qoya(Ps— )"

m>M m>M

< |A[K (K2 + K3)K1(M).

v

Similarly, with the || - ||,-Lipschitz continuity of Qg a, say

1Qo+a — Qollv = |A|K4,

we have that

D QosalPy—Tp)" = Y Qu(Py — Tg)"

m>M m>M

< |A|K4(K> + K3) Z cp™.
v

m>M

‘We conclude that
A(M) < |AIK(M),

with
M+1

K(M) := (K4+K1)(K2+K3)<c +K1(M)>,

L—0p
and
lim K(M) =0,
M—o0

which establishes (19). Taking limits in (18),
/
/1 m
Ko(n)' = Mlgnoo< Y Q6P )
m<M
= Kg(n+1) + Kg(n) Ky (1),

where the last equality follows from (17).
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We come to the main result of this section, namely that [Ty is n times D, -differentiable
under appropriate conditions and IT ((_)") can be obtained in a closed-form expression.

Theorem 4. Assume that Conditions 1-3 and C" for some n > 1 are satisfied at 0. Then Ty
is n times D,-differentiable with

ng =y ”—!nalﬁ[mak),

Iy
1<m<n 1 m k=1

1<ly<n

Li++ly=n

or, equivalently,

m
n _ n! )
My~ = Z ['...lmgHGH(PQ Dy).

1<m=<n ’ k=1
1<lk<n
L4+l =n

Proof. Notice that Ky (m) is a transition kernel for m < n.
We give a proof by induction. For n = 1, the proof follows from Theorem 2.
For n = 2, we combine Theorems 2 and 1 as follows:
2
Ny = (MyKe (1))
=Ty Ky(1) + MyKe(1)
=Tl Ko (1)Ko (1) + Mg Ke (1),
and, invoking Theorem 3, this is equal to

Mo Ko (1)Kg(1) + Mg Kg (1)Ko (1) + TIg K9 (2) = 2TT K (1)Ko (1) 4+ TIg Ky (2).

To continue the induction, suppose that the statement of the theorem is true for n. Taking
the (n + 1)th derivative of I1y yields

m
(n+1) n!
IT = — | I Ko(l
9 > 1 )

/

1<m=<n
1<lp<n
it =n
For given ! = (I, 12, ..., l;), Theorem 1 gives
m / m m /
(Ha []ke (lk)) =T, [ | Ko + Ty (1"[ Ko (lk)> :
k=1 k=1 k=1

By Theorem 1 together with Theorem 2,

my [ Kot) = Mg Ko (1) [ | Ko

k=1 k=1

and

m j—l1

(1’[ Ke(lk)) =Y [ ke Ke) ] Koo
k=1 j

j=1 k=1 k=j+1
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where we set I—[g = lif @ > B. Inserting the explicit formula for K¢ (/;)" gives

m ’ m j—1 m
(]‘[ Ke(lk)> =>" [T ket (Ko Ka(D) + Koty + 1)) [] Kol
k=1 j=1 k=1 k=j+1
Hence,
m / m
(He I1 Ke(lk)> =TyKo(1) [ | Ko o)
k=1 k=1
m j—1 m
+Te ) [T Ko KoKe() [T Kot
j=1 k=1 k=j+1
m j—1 m
+T Y [[KeWKej+1) [T Kot
j=1 k=1 k=j+1
Observe that a vector (I1, [2, ..., ;) is translated by

My Ko (1) [ | Ko ()
k=1

into (1,11, 12, ..., 1), by

m j—1 m
My Y [ ket KeUpKe(l) ] Kotl)
j=1 k=1

k:j—ﬁ—l

into the vectors (I1, ...,1;, 1,1j41,1y) for 1 < j < m, and by

m j—1 m
My Y [[KetKoti+1) ] Kol

j=1 k=1 k=j+1

into the vectors (I1,...,l;j—1,{j + 1,1j41,1ly) for 1 < j < m. Because

n
Zlk =n,
k=1

it follows that the elements of the new vectors add up to n + 1. Moreover, by the above
procedure, any vector [ with 1 < fk <n+1and Zk ik = n + 1 is obtained. Finally, we take
into account that the number of ways to achieve a certain vector [ increases with the growing n.
This concludes the proof of the theorem.

Remark 10. For the analysis in this section, we have worked with D, as the set of performance
mappings. In applications we might also be interested in carrying out the analysis for subsets
of D,, such as @, as defined in (3).
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Let D be a subset of D,. In order to apply the analysis in this section to D, the following
issues have to be addressed:

e Py, Dg and Iy are i)-preserving,
e || - |l,-Lipschitz continuity implies f)-Lipschitz continuity.

For example, if D = C,, then it has to be checked on an individual basis if Py is
Cy-preserving. However, for the remaining issues, sufficient conditions can be established.
To see this, let Conditions 1-3 hold and assume that Py is || - ||,-continuous. By Lemma 1,
[ITTg]l, is finite and, since 1y g is a constant mapping, I1g is C,-preserving. Moreover, if Py is
Cy-preserving, then Py is Cy-preserving, and it follows that Py* — I is Cy-preserving. Since
ZZzO(Pé” — ITy)g(s) converges uniformly to Dgg(s) forany s € S as N tends to oo, it readily
follows that Dy is C,-preserving.

As for C,-Lipschitz continuity, if v is continuous, then, following the line of argument put
forward in Remark 4, it follows that || - ||,-Lipschitz continuity indeed implies C,-Lipschitz
continuity.

4. Taylor series expansions

When Iy is to be developed into a Taylor series, we have to control the growth rate of the

elements of the series, that is, of {l'[é") }. By Theorem 4, the key ingredient for obtaining an
upper bound for the elements of the Taylor series is to bound the operator Ky (m), 0 < m < n,
in the expression for Hé"). Elaborating on the || - ||, norm, such a bound can be obtained from

1Ko (m)]ly =

o0
> B (P~ TIp)
m=0 v
)
=< 1Py Dellv

< 121,11 De -

Theorem 4 yields that

gl < 3" e 1Malo [T RS Dol

1<m=<n : k=1
1<lk<n
l+tm=n

= ||[TIgl|lyHg (n),

where

n! - 1
Hoy = 3. | 15" Dyl
o L

1<m<n
1<ly<n
h++lp=n

We summarize the above analysis in the following theorem.
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Theorem 5. Let Conditions 1-3 and C"*! for some n be satisfied at 0. Then, for any g € D,
A" (m)
/gdH0+A =y W/gdng + rny1a
m=0
for any A with |A| < r, where r is given in Condition "t and

n+1

ITlglly sup Hoya(n +1).

Tndl,A =
! (n+ 1! Al

Suppose that the conditions of Theorem 5 hold. In particular, assume that Condition C"
holds for any n. Let ry be given through

1 . 1 1/n
— =1lim sup(—' Mgl He (n))
re n n:

1 1/n
= limsup<;H9(rz)) . 21

n

Then, for any g € D,, [ gdIly can be developed into a Taylor series at 6 whose radius of
convergence is at least rg and we obtain the following result.

Corollary 2. Assume that Condition 1-3 hold at 6. If Condition C" is satisfied at 0 for all

n > 1, then
o

N Ao
Hgia = Z ?Hg
n=0 '

for |A| < rg, withrg as given in (21).

Example 4. We revisit the situation of Example 3 and we assume that Conditions 1-3 hold
at 6. Under the conditions in Example 3, Theorem 4 applies and we obtain that

nyY = n! Te(Ke ()"
Because only the first-order derivative is significant, we have
Hy(n) =n!(I(Q — P)DIl,)",

where

D= Z(P’" —Tp)
m=0

is the deviation operator associated with P and I1p the operator that maps any distribution to
the unique invariant distribution to P. The radius of convergence of the Taylor series at 6 is
therefore given by

1 1 1/n
— =lim SuP(;IlnellvHe(nO

re n

= (@ = P)D|v.
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Hence, by Corollary 2, the Taylor series for 1y reads

o0
Myra =)  A"TH(Kp(1)"
n=0

o
= > A"TlH((Q — P)Dy)" (22)

n=0
for any & € [0, 1] and |A| < ry. The representation (22) was shown to hold for finite-state
Markov chains in [8]. In Section 5 we will compute rg for an example from queueing theory.

In the previous example, we calculated the radius of convergence of the Taylor series for
a Markov chain that had only one significant derivative. The general situation is as follows.
Notice that
n e
Hy(m) < Y~ T [T12 11 Dell-
1<m=<n k=1

1<lx<n
h++lu=n

If the chain satisfies Conditions 1-3 at 8, then ||Dg|| is bounded by the expression given in
Remark 6. Assume that the first s (Py) D, -derivatives of Py are significant and set s(Py) = 0o
if all higher-order £,-derivatives are significant. Let

ne = sup [P\,

n<s(Py)
Then ;
19 n!
||H9(n)||u§<091_ ) X oo
Po | <m<n - b
1<ly <min(n,s(Pp))
l1+-+ly=n
Notice that \ \
n! n'
— < — <"
O
1<m=<n 1€{0,...,n}"
1<l <min(n,s(Py)) L++l=n
li+A+ly=n
Hence,
n
Cone
g 1y < ||He||v( ) n",
1 —pg

and an upper bound for the radius of convergence is obtained from the Cauchy—Hadamard
theorem to be

1 cong . <n" )1/"
— = limsup{ — ,
ro 1— 00 n n!
which gives
1 —pg
rg = .
Conepe

Unfortunately, even for simple systems the values for cg, pg and ny cannot be computed.
Numerical procedures for computing cg, pg and 1y (approximately) are topics of further
research.

Remark 11. Substituting the Taylor expansion of P; — Py into (13) and collecting the terms
of 6% for given k provides an other derivation of the Taylor series of IT e
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5. Example

Let P denote the Markov kernel of the queue-length process in an M/M/1 queue with arrival
rate 1 and service rate w, where we assume that n; < w. Furthermore, let Q denote the
Markov kernel of the queue-length process in a G/M/1 queue with service rate ; and whose
interarrival times consist of two stages: the first stage is exponentially distributed with rate n;
and the second stage is independent of the first stage exponentially distributed with rate 1,. For
6 € [0, 1], set

Py=(1—-0)P+060Q.

Then Py is the Markov kernel of the embedded queue-length process in a G/M/1 queue with
service rate w. Interarrival times follow a Cox distribution with rates n; for j = 1,2 and
parameter 6, that is, the interarrival times consist with probability 1 —6 of a single exponentially
distributed stage with rate 71, and a second stage with rate 7, follows with probability 6. Let
Xo(n) = (Xp(1,n), Xg(2, n)) be the state of the embedded jump process, with Xg(1,n) € N
the total number of customers in the system and Xy (2, n) € {1, 2} the stage of the interarrival
time. Let
Po((k,i); (k' i) =Pr(Xe(m + 1) = (K',i") | Xg(m) = (k, 1))

for (k, i), (K',i") € N x {1, 2}. Set
Dy, ={g:Nx{1,2} - R | for some r|gk,i)| < re** for all (k, i) e N x {1, 2}}

for A sufficiently small.

It is shown in [16] that Py satisfies Conditions 1-3 at any 6 € [0, 1]. Moreover, it is
easily checked that || P||, and ||Q], are finite and, by Corollary 1, P and Q are therefore
D,-preserving. In accordance with Example 3, Condition C" holds for any n atany 6 € [0, 1].
In the remainder of this section, we compute a lower bound for the radius of convergence of
the Taylor series of Iy developed at 6 = 0.

The deviation matrix for the M/M/1 queue, denoted by D, was derived in [24], [25] and
[10]. For the embedded process it is

S ema=i0 4 i 1)1 = p)p!
DG, j) = ’
n(l —p)

where

p=1 (23)

"
denotes the traffic intensity of the M/M/1 queue.

Let D(i, 1; j) = D(, j) for any i, j > 0. Note that, in principle, we also have to define
D(i, 2; j), but since these values are not required for our analysis we do not dwell on this issue
here. In accordance with Example 4, the radius of convergence is determined through

1(Q = P)Dlly.

where, from Section 5.2.1 of [16], we may take v(i, k) := ,0{ for py > 1 and p;y — 1 < § for
some § > 0. In particular,

max{j—i,0} _ ; & 7 4+ 1)(1 — i
(Dv)(i):Z'O @+j+D—p)p ol

!
=0 u(l —p)
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Note that P is not defined on states (k, 2). We may define P on these statesas Q,then Q—P =0
on these states. Hence,

((Q = P)Dv)(i,2) =0.
For state (i, 1), we find the following transition probabilities

m

PG, 1Li+1,1)=0G1;i2) = —————
N1+ pliso

for i > 0; see Section 5.2.1 of [16] where a complete specification of P and Q is given. By
calculation,

((Q—P)Dv)(i,1)=(QG, 1;i+1,1)— PG, 1;i+ 1, D)(Dv)i + 1)
+(0G, 1;i—1,1)= P(@,1;i — 1, 1)(Dv)(i — 1)
+(0@,1;i,2) — P@, 1;i,2))(Dv)(i).

In particular,
oG, 1;i+1,1)=0=P(,1;i,2)

and
0G4, 1,i—-1,)="P01Li-11),

which gives

((Q — P)Dv)(i, 1) = Q(, 1;i,2)(Dv)(i) — P, ;i + 1, )(Dv)( + 1)

m
= s (P — (D) + 1)
i>0
_om ( P 4 j A DU =P
ni+ plizo \ n( —p) ‘
3 e U ) Ul DTS ,»)
- — 1

j>0 p( —p)

_ n1 max{] 10} j max{j—i—1,0} ])

= I

n + uliso //«(1_:0) (; j;)

= (Z G+ j+Dplp] - Z—(i+j+2)pfp{).

—‘f— -
N+ pliso p =0

The summations in the above equality are

Z(pmax{j—i,O} _Iomax{j—i—l,O})p{ — Z (pj—i _,Oj_i_l),of
Jj=0 Jj>i+1
1)pl+lZp]tllll
j=i+1

i+1
L —pp1

=—(1-p)p
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and

DG+ j+Dplpl =Y G+ j+2p 0 =) (=o' p]
J=0 J=0 jz0
1

1—pp1

Hence, we obtain for the overall expression

((Q—P)DU)(ZJ):——(,OZ (— — .
M+ ulisopu \"! L—pp1) 1-ppi

Recall that the norm of a matrix A is defined as

v(j)

1Al = supDA(z Ny

Using this and (23), we find that

I(Q — P)Dly = sup —" 1( py 1 )
ST m A uliso e \1—pp1 " pi(1 — ppr)

_l(Hp‘)
~u\1—pp
=)
— m \1—ppi

Since the radius of convergence rq is independent of p;, we have that

1 ! 1—
r0>hmsup< ( R )) _ﬂ<_'0>
o1l 1 — pp1 2\ »p
Note that if we take a different time scale, then 11 will change but p is invariant. Hence, we
may choose a time scale for which rgp > 1, and consequently the Taylor series converges on the
complete interval [0, 1]. The Taylor series then gives the analytic expansion of the stationary

distribution [Ty on [0, 1]. Recalling that ITp denotes the unique invariant distribution on P, we
have thus shown that

Mg =) 6"Mp((Q —~ P)D)"

n=0
n
= Zeﬂ’m((g P) Z(P’" Hp)) :
m=0
for any 6 € [0, 1].
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