Online Appendix for Team Contests with Multiple Pairwise Battles:
by Qiang Fu, Jingfeng Lu and Yue Pan

Proof of Theorem 3

Parts (b) and (c¢) of Theorem 3 can be shown following the same arguments for their coun-
terparts in Theorem 2. We now focus on part (a). To establish part (a), we show that the
ex ante expected prize spread in battle ¢ is E(V;) = 7, + 6(n|2n)|_,, which is independent
of the temporal structure.

In this extended setting, we continue to denote by (k4, kp) the state of the contest. The
tuple indicates the number of victories each team has secured before battles in a cluster z
are carried out.

We first illustrate that for any battle ¢ within any arbitrary cluster, the prize spreads
of the two teams must be symmetric regardless of the prevailing state (k4,kp). The case
of max{ka,kp} > n + 1 is trivial. In this case, one team has won. The prize spread is
simply 7;, which is symmetric. Without loss of generality, hereafter we focus on the case of
kakp <n+1.

Let n(z) be the number of battles included in a cluster z. Let 7, denote the set of battles
in a cluster z. We use t to index a battle in a cluster z with state (k4, kg). A player A(t)
receives 7, if he wins, and the contest may enter any state (ka+1+41, kp+n(z)—1—1), with [ €
{0,1,...,n(2)—1}, after all the n(z) battles in z are fought. Note that (ka+[, kg+n(z)—1-1)
can be used to denote a stochastic contest state facing battle ¢. If he loses, then the contest
may enter any state (ka + 1, kg +n(z) — ), with [ € {0,...,n(z) — 1}, after all the battles
in z are fought.

Suppose that after z the contest is in state (l%A,/;B). Let ﬁi(l%A,l;;B) denote team i’s
conditional winning probability. Clearly, 131(/;’ A, 1223) =1 and ﬁj(/::A, /;:B) —0when k; >n+1.

As a result, player A(t)’s effective spread amounts to

VA (ka, k) = m + Avi(ka, kp),Vt € T..

n(2)-1 { [Ba(ka + (L +1), kg +n(z) = (1+1)) }
—0a( )

A _ ~
Here, Avg'(ka, kp) = Foa+ 1,k +n(2) = 1] - Ba(l] n(z) — 1)

=0

where 0,(1| n(z) — 1)‘7\“} is the probability that team A wins [ out of the n(z) — 1 simul-
taneous (nontrivial) battles in cluster z, excluding battle ¢.

Similarly, the effective prize spread for player B(t) is V;®(ka, k) = m+AvB(ka, kp),Vt €



7., where

[0p(ka+ 1, kg +n(z) —1)
A’Ut kA, /fB Z _ﬁB(kA +~(1 + l)a kB + n(z) - (1 + l))]
1=0 .QA(l|n(z)—1)‘Tz\{t})

Note that > ;cra, 5y Ui(ka +1, kg +n(z) —1) = 1 and Y;cqa py Oi(ka + (1 4+1), kp +n(2) —
(1+41)) = 1 hold for every I € {0,...,n(z) — 1}. We thus obtain VA(k4, k) = V2 (ka, kp).
Hence, each battle in z is symmetrically valued, and each nontrivial battle ¢ in any cluster z
has a stochastic outcome (faq), tB()), which is solely determined by matched players’ cost
distributions by Theorem 1.

We then consider V/A(k4, kp) to further pin down the symmetric prize spread V;(ka, kp)
for a battle ¢ in any cluster. The case of max{ka,kg} > n + 1 is trivial. One team has
won, thus the prize spread is simply 7;. We now focus on the case of k4, kg < n. For the
unclustered battles after the last clustered battles, the results of Lemma 1(a) apparently
hold. We now consider the last cluster that contains more than one battle, which is denoted
by z1. We assume without loss of generality that there are unclustered battles following
this cluster.! Lemma 1(a) applies to all (unclustered) battles that follow cluster z;. Recall
that Av(ka, kp) is defined in Observation 1 as va(ka + 1,kg) — va(ka, kg + 1) or equiva-
lently vg(ka, kg + 1) —vg(ka + 1,kp). Note that from Lemma 1(a), we have Av(ka, kp) =
0;(n — k| 2n — ka — kp) 231

For a stochastic state (k4 + [, kg +n(z1) — 1 —1), let

M ka+LEkg+n(z)—1-1)
= Oalka+ (1+10),kp+n(z1)— (1+1) —0a(ka+ 1, kg +n(z)—1).

&M ka+ 1L kg +n(z) —1-1)
= valka+ (1+1),kg+n(z1) —(1+1)) —valka + 1, kg +n(z) —1)
= Av(ka+ 1l kg+n(z)—1-1)
= Oa((n+1) = (ka+ 14020+ 1= (ka+ ks +1(20) 3y snio et

ifka+l<n+1,and kp+n(z)—1—1 < n+1; and it boils down to zero otherwise. Hence,

n(z1)—1 ~
Avj(ka,kp) = = (& (ka + Lk + (1) =1 = 1) 4l n(z1) = 1) )
min{n(z1)—1,n—ks} A O
— > & (k?A+l,kB+”(Z1) —1=10)-0a(l|n(z1) — 1) T \{t}]

l=max{0,kp+n(z1)—1—n}

IThe case in which no more battles follow the cluster z; is simpler and yields the same result.
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2n+1
min{n(z1)il,n*kA} [ QA( (7’L + 1) - (kA +1+ l)| 2n+1

I=max{0,kg+n(z1)—1-n} —(k'A + kB + 7’1,(2,’1)))
ne —1
allln(a) =) ]
= Oa(n—kal2n — (ka + kp)| grspashps vy - V€ o

ka+kp+n(z1)+1

where 04(n —ka|2n — (ka + k)| 57k, kp 11720y 1S the probability of team A’s winning
exactly n — ky out of the 2n — k4 — kp (nontrivial) battles (excluding battle t) when the
contest enters the state (k4, kp) after the cluster that precedes z; is contested.

It follows that V;(ka, kg) = Vi (ka, kg),t € 7., can be rewritten as

w0+ Avf (ka k) = m+ 0a(n — ka| 20 — (ka + k)| @ik shp 1724 -

The above formula for V;(ka, kg) still applies for the case max{ka, kg} > n + 1. In this
case, clearly 0a(n —ka|2n — (ka+kp))|(gisparhpr1ien = 0- Because ka +1 < n+1,
and kg +n(z;) — 1 —1 < n+ 1, the range of [ (i.e. from max{0,kps + n(z1) — 1 — n} to
min{n(z;) — 1,n — ka}) excludes all (and only) the events that the result of battle ¢ does
not make a difference in determining the winning probability of the whole contest.

We then consider the cluster that immediately precedes z;, which is denoted by zs.
Suppose that it faces an arbitrary state (ka, kg). Note that we allow it to include only one
battle. Recall that we can focus on the case of k4, kg < n+ 1. We have

Av (ko ki)

B n(z2)—1 [0a(ka+ (14 1), kp + ngz2> — (1+10))
= 2 ) —alkat bkt n(z) — )] Ba(b n(z) — 1>’Tzz\{t}

l2=0

Suppose that after z, the contest is in a state (l;A, l;:B). Recall that @(l;;A, l;;B) =1 and
6j(l~€A, IE:B) — 0 when k; > n+ 1. Note that we have shown that in cluster 21, every nontrivial
battle ¢ has winning probabilities (1), p@)). We now calculate vl(k A, kB) for ka, kg < n.

Note in this case, every battle in cluster z; is nontrivial. Thus

(=1 .
]fA,kB Z VA kA+l1,kB+n( ) — ll) QA(Zly TL(Zl)) T

21

|, with ka+kp=Fka+kp+n(z,).

Hence, Vi, € {0,1,...,n(z2) — 1},

’5,4(]{7,4 + (1 + lg), k‘B + n(zz) — (1 + l2)) — ﬁA(kA + 12, kB + TL(ZQ) — 12)
n(21)

= Y [valka+ 1+ bL)+ kg +n(z) — (14+1) +n(z) — L)
11=0
—UA(]CA + l2 + ll, /{?B + TL(ZQ) - lg + n(zl) - ll)] : éA(ll| TL(Zl)) T

Z1




n(z1)

= > Avlka+la+h,kp+n(z) — (141) +n(21) = 1) - Oa(li|n(21))

11=0 z1

n(z1)

= ZZ {0a(n — (ka+1la+ 1) 20+ 1 — (ka+ kp + n(22) +1(21)) 5 s sk sn(za)4n(z1) 41
1=0
o)

YCARIEN)) .

= Oa(n— (ka+1)|[2n+1— (ka+ ks +n(2) 1k init (1)

Therefore, Vt € 7,, we have

Avi(ka, kp)
n(z2)—1 -
= Z {0a(n—(ka+12)|2n+1— (ka+kp+ n(z2))|kA+kB+n(z2)+1

l2=0
Balllnlz) = D))

= Oa(n—kal2n — (ka + kB))|{£|£zkA+kB+1,£¢t} : (2)

In view of (1), we can also obtain Av{(k4, kg),Vt € T., by considering clusters z3 and 2,
while applying the procedure for deriving (2) by considering clusters z; and z;. The following

general formula can then be obtained: for any battle ¢ in any cluster z,
Avf (ka, kp) = 0a(n — ka| 20 — (ka + k)| @iispysnps1izn - 7t € Ty (3)

where (ka, kg) is the contest state before cluster zj is carried out.
By repeating the exercise in the proof of Lemma 1(b), we can conclude that each battle

t has an ex ante expected prize spread of m; + 04(n|2n) which does not depend on how

o>
these battles are clustered or sequenced. We then complete the proof.



