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Abstract:

A smart multifunctional sandwich plate (SMSP) with a wide range of 
applications can be produced by proper arrangement of its layers. This 
paper offers an SMSP with one central lightweight porous layer, two 
middle polymer/graphene nanocomposite (PGNC) layers and two active 
faces made of a piezoceramic material. The coupled effects of 
temperature conditions and piezoelectric behavior on the natural 
frequencies of the proposed SMSP located on elastic foundations have 
been studied in the current research. For the dispersions of graphene 
particles and pores inside host layers, different functional profiles have 
been considered. Moreover, graphene particles and polymeric materials 
with temperature dependent material properties have been adopted. The 
mechanical properties of PGNC are evaluated by employing Halpin-Tsai 
approach which is modified to capture nanoscale effects. Eventually, the 
coupled governing eigenvalue equations of the proposed SMSP are 
derived using a third order theory called TSDT and are studied by a 
developed meshless solution. In addition, the effects of graphene, 
porosity, geometric and foundation aspects on the natural frequency of 
the proposed SMSP are studied. The results disclose that the natural 
frequencies of the proposed SMSPs are improved by embedding pores in 
core layer due to the remarkable reduction of structural weight. It is 
worth noting that nanocomposite layers can completely compensate the 
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structural stiffness reduction caused by embedding pores in the core.
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Temperature effect on free vibration response of a smart 

multifunctional sandwich plate

Rasool Moradi-Dastjerdi* and Kamran Behdinan†

Advanced Research Laboratory for Multifunctional Lightweight Structures (ARL-MLS), 

Department of Mechanical & Industrial Engineering, University of Toronto, Toronto, Canada

Abstract

A smart multifunctional sandwich plate (SMSP) with a wide range of applications can be 

produced by proper arrangement of its layers. This paper offers an SMSP with one central 

lightweight porous layer, two middle polymer/graphene nanocomposite (PGNC) layers and two 

active faces made of a piezoceramic material. The coupled effects of temperature conditions 

and piezoelectric behavior on the natural frequencies of the proposed SMSP located on elastic 

foundations have been studied in the current research. For the dispersions of graphene particles 

and pores inside host layers, different functional profiles have been considered. Moreover, 

graphene particles and polymeric materials with temperature dependent material properties 

have been adopted. The mechanical properties of PGNC are evaluated by employing Halpin-

Tsai approach which is modified to capture nanoscale effects. Eventually, the coupled 

governing eigenvalue equations of the proposed SMSP are derived using a third order theory 

called TSDT and are studied by a developed meshless solution. In addition, the effects of 

graphene, porosity, geometric and foundation aspects on the natural frequency of the proposed 

SMSP are studied. The results disclose that the natural frequencies of the proposed SMSPs are 

improved by embedding pores in core layer due to the remarkable reduction of structural 

weight. It is worth noting that nanocomposite layers can completely compensate the structural 

stiffness reduction caused by embedding pores in the core.

Keywords: Natural frequencies; Thermal effect; Lightweight porous core; Graphene 

nanoparticle; Smart piezoceramic faces; Multifunctional sandwich plates 
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1. INTRODUCTION
Attaching piezoelectric patches on passive system structures can make structural responses 

applicable for self-controlling and self-monitoring smart systems. Depending on their passive 

structures and piezoelectric designs, these smart systems can also offer other engineering 

applications such as damping vibrations [1–3], energy harvesting [4], fluid delivery [5,6] and 

damage detection [7]. However, due to the brittle behavior of piezoelectric materials, they 

should be attached to softer passive structures which can be one of the main objectives in the 

design of such smart structures. Multifunctional sandwich structures with a softer core are 

appropriate candidates for the passive part of a smart structure due to their advantages. The 

enhancement of stiffness to weight ratio is one of the main concerns which results in the design 

of sandwich structure consisting of a lightweight core integrated with stiffer skins [8–10]. In 

this regard, polymeric materials carrying huge volumes of pores were recommended as 

lightweight materials with controllable thermomechanical properties [11]. In addition, 

polymers enhanced with nanoscale fillers such as graphene particles and carbon nanotubes 

(CNTs) are also recognized as lightweight nanocomposite materials [12–16]. Furthermore, 

utilizing functionally graded (FG) materials concept [17], the dispersions of nanofillers or pores 

in specified profiles can also intensify the benefits of nanocomposites and foams in sandwich 

structures [18,19]. 

Recently, mechanical and thermomechanical analyses of advanced multilayered structures 

have been become an interesting subject for researchers. For sandwich plates with layers made 

of homogeneous and FG materials, mechanical responses have been presented using refined 

plate theory (RPT) [20], modified higher order plate theory (HSDT) [21] and nth-order HSDT 

[22]. Moreover, modal [23] and stress [24] analyses of curved sandwich panels with FG layers 

were investigated using a HSDT based FEM. Utilizing Sanders shell theory, Qin et al. [25,26] 

presented free vibration responses of cylindrical shells. Duc and Cong [27] proposed auxetic 

cellular honeycomb plates with negative Poisson's ratio located between two aluminum faces 

and conducted vibrational analysis using first order plate theory (FSDT). The influence of 

thermal environment on the buckling loads and natural frequencies of viscoelastic plates 

integrated with FG ceramic/metal faces was investigated using FSDT [28]. For polymeric plates 

located between aggregated CNT/polymer faces, Sharif Zarei et al. [29] studied thermal and 

moist environment effects on natural frequency using HSDT. Considering the same structures, 

Safaei et al. [30,31] investigated thermal gradient influence on vibrational and stress wave 

responses using HSDT. Moradi-Dastjerdi et al. [32] considered a flexible lightweight plate 
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integrated with aggregated CNT/polymer faces and presented free vibration responses using 

FSDT and 3D elasticity for faces and flexible core, respectively. For multilayer PGNC 

structures, temperature influence on the nonlinear vibration responses of such multilayer plates 

was investigated using FSDT and a stress function [33]. Pashmforoush [34] conducted a 

statistical analysis on the vibrational response of PGNC plates. Furthermore, vibrational 

behaviors of plates [35,36], trapezoidal plates [37] and curved shells [38,39] made of PGNC 

were reported. Concerning porosity effect, natural frequencies of isotropic plates [40,41], 

PGNC cylindrical shells [42] and PGNC plates [43] were studied using FSDT. Zhao et al. [44] 

investigated the frequency responses of circular disks and rings with FG profiles of porosity 

dispersions using modified Fourier series and FSDT. Moreover, buckling loads and static 

responses of sandwich plates consisting of aggregated CNT/polymer faces and a polymeric core 

with uniform [45] and FG [46] profiles of pores were studied using HSDT based meshless 

solution. 

Mechanical analysis of advanced structures with active piezoelectric fibers or layers is 

another interesting subject for researchers due to the extensive range of their potential 

applications. Askari Farsangi [47] provided a Levy solution based on FSDT to investigate the 

natural frequency of isotropic plates located between piezoceramic faces. Using a third order 

RPT, Rouzgar and Abad [48] developed an analytical solution to investigate the natural 

frequency of FG plates located between piezoceramics. For the same smart plates, Duc and 

Cong [49] studied nonlinear dynamic responses using TSDT based Galerkin method. Kpeky et 

al. [50] proposed two new elements and presented deflections and free vibration FEM analyses 

of isotropic beams, plates and shells with piezoceramic patches/faces. Arani et al. [51] designed 

a PD controller for CNT/polymer plates located between piezoelectric PVDF faces and studied 

the active natural frequency of proposed smart structures. Using FEM and FSDT, Tao et al. [4] 

conducted broadband energy harvesting study for bistable CNT/polymer plates located between 

piezoceramic faces. The vibrational responses of polymer/nanoclay plates located between 

piezoceramic faces were investigated using FSDT and a meshless solution by Moradi-Dastjerdi 

et al. [52]. Ghadiri and Hosseini [53] studied shock force and electrical input effects on the 

natural frequencies of nanoscale piezoceramic plates located between two graphene sheets. For 

FG piezoceramic plates with FG profiles of porosity dispersions, temperature influence was 

studied on natural frequencies using a four-variable RPT in [54]. The influence of porosity 

aspects on natural frequencies for porous plates located between piezoceramic faces were 

studied using Mindlin plate theory (MPT) and variational principle in [55]. The static and 
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vibrational deflections of FG PGNC plates with piezoceramic faces and FG profiles of porosity 

dispersions were presented using FEM and a C0 type HSDT [56]. The natural frequency 

response of a five-layer curved shell consisting of a porous core, two middle CNT/polymer 

layers and two piezoelectric faces was performed by Setoodeh et al. [57]. 

This paper offers an SMSP with one central porous layer, two middle PGNC layers and 

two piezoceramic faces. Different functional profiles have been considered for the dispersions 

of graphene particles and pores inside their host layers. Moreover, temperature dependent 

material properties have been adopted for graphene particles and polymeric materials. The 

coupled effects of temperature conditions and piezoelectric behavior on the natural frequencies 

of SMSPs located on elastic foundations have been investigated using a TSDT based meshless 

solution. The mechanical properties of PGNC are evaluated by employing a modified Halpin-

Tsai approach to capture nanoscale effects. The proposed SMSP has various potential 

engineering applications because it enjoys active piezoelectric effect, high strength to weight 

ratio, and comparatively manageable thermal response. Effects of graphene, porosity, 

geometric and foundation aspects on the natural frequency of the proposed SMSP are examined. 

2. Modeling of SMSP 
As illustrated in Fig. 1, SMSPs with one central lightweight porous layer and two middle 

PGNC layers integrated with two piezoceramic faces have been considered. SMSPs are located 

on elastic foundations with shear cs and normal cn coefficients and subjected to electrical input 

V0 and thermal gradient effect such that the temperatures of upper and lower faces are Tu and 

Td, respectively. In Fig. 1, the length, width and thickness of SMSPs are denoted by lx, ly and d, 

respectively. Moreover, the thickness of core, PGNC and piezoceramic layers are represented 

by dc, dn and dp, respectively. 

2.1.  Porous core 

Three profiles of void dispersions along the thickness of porous central layer, including 

uniform, symmetric (Sym.) and asymmetric (Asym.), have been considered. The mass density 

, Poisson’s ratio  and elasticity modulus  of central porous layer are governed by pρ pυ pE
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the volume (indicated by porosity parameters  and ) and profile dispersion 0λ 01 1mλ λ= − −

of voids. They can be estimated as follows [42,55]: 

Uniform: , 
2

0
2 21 1p mE Eλ
π π

⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

0
2 21 1p mρ λ ρ
π π

⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

(1)

Sym.: , 0( ) 1 cosp m

c

zE z E
d
πλ

⎛ ⎞⎛ ⎞
= −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

( ) 1 cosp m
m

c

zz
d
πρ λ ρ

⎛ ⎞⎛ ⎞
= −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

(2)

Asym.: , 0( ) 1 cos
4 4

p m

c

zE z E
d
π πλ

⎛ ⎞⎛ ⎞
= − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

0( ) 1 cos
4 4

p m

c

zz
d
π πρ λ ρ

⎛ ⎞⎛ ⎞
= − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

(3)

All the profiles: ( )2( ) 0.221 0.342 1.21 1p mzυ β υ β β= + − + (4)

where  and superscript m denotes perfect (without any void) central layer. The 1 p mβ ρ ρ= −

thermal expansion coefficient  and thermal conductivity  of porous core are evaluated pα pC

using the same utilized equations for . pE

Fig 1. Layer arrangement of the proposed smart multifunctional sandwich plate 

2.2.  Nanocomposite layers

The dispersion profiles of randomly oriented graphene particles are also assumed to be 

functional along the thickness of PGNC layers. These profiles of graphene volume fraction 

 are governed by the exponent of graphene volume fraction m and their values at inner ( )rf z

 and outer  faces which are defined as follows:r if − r of −
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Upper PGNC layer: ( )( ) 1 2 2
m

r r i c n nf z f f z d d d− ⎡ ⎤= + ∆ + − −⎣ ⎦ (5)

Lower PGNC layer: ( )( ) 1 2 2
m

r r i c n nf z f f z d d d− ⎡ ⎤= + ∆ − + +⎣ ⎦ (6)

where Δf = fr-o - fr-i. 

Thermal conductivity of such PGNC layers  have been estimated considering the nC

resistance of polymer/graphene interface Rk as follows [58,59]: 

( ) ( )1 1 3 3

1 1 3 3

3 ( ) 2 1 1
( )

3 ( ) 2
rn m

r

f z L L
C z C

f z L L

⎡ ⎤+ Γ − + Γ −⎣ ⎦=
− Γ + Γ⎡ ⎤⎣ ⎦

(7)

where

 ,  , , , 
( )

m
i

i m m
i i

C C

C L C C

−
Γ =

+ −
1, 3i =

( ) ( )
2

1
1 3/22 2

cos
2 1 2 1

q qL q
q q

−= −
− −

3 11 2L L= −

,  , 
1 /

g

i g m
k i

CC
C Cγ

=
+ Γ

( )1 2 /m g
k kq C R dγ = + /g gq a d=

(8)

where the thickness, length and width of graphene particles are shown with dg, ag and bg, 

respectively. In addition, the superscripts of n, g and m show PGNC, matrix and graphene, 

respectively. 

Moreover, temperature dependent thermal expansion coefficient  is estimated using ( , )n z Tα

the reported equation for composites reinforced with 3D randomly dispersed short fibers as 

follows [60]:

( ) ( )

( )
11 22

2

4 1 4 1
( , )

4 1

n n n n n n n

n

n n n

E K K
z T

E K

υ υ α υ α
α

υ

⎡ ⎤+ + + +⎣ ⎦=
+ +

(9)

where T is temperature,  is the effective bulk modulus of PGNC. The in-plane values of nK

 and  are given below [61]:
11

nα
22

nα

 
11

11 11

11

( , )
g g m m

n r m
g m

r m

f E f Ez T
f E f E
α αα +

=
+

(10)

22 22 11( , ) (1 ) (1 ) ( ) ( )n g g m m n n
r mz T f f T Tα υ α υ α υ α= + + + − (11)

in which the volume fraction of matrix material in PGNC is shown by .1m rf f= −

In the estimation of the elastic modulus of composites, Halpin-Tsai equations [62] usually 

provide comparatively accurate values due to considering the geometrical shapes of fillers. 

However, these equations should be modified for nanocomposite materials due to 

nanofiller/matrix interfaces and other size scale effects. In this regard, Shen et al. [61] imported 
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two efficiency parameters (s1 and s2) in original Halpin-Tsai equations to improve their 

accuracy in the estimation of  as shown below:nE

 ( ) ( )11 22
1 2

11 22

1 2 / 1 2 /3 5( , )
8 1 8 1

g g g g g g
r rn m m

g g
r r

a d f b d f
E z T s E s E

f f

⎡ ⎤ ⎡ ⎤+ γ + γ
⎢ ⎥ ⎢ ⎥= +

− γ − γ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
(12)

where

 , 11
11

11

1
2 /

g m
g

g m g g

E E
E E a d

−
γ =

+
22

22
22

1
2 /

g m
g

g m g g

E E
E E b d

−
γ =

+
(13)

2.3.  Governing Equations

The prepared SMSPs are subjected to mechanical, thermal and piezoelectrical effects. The 

coupled governing equations for such advanced plates are defined as [5]:

( )
( )

T
T

= − ∆ −
= − ∆ +

Tσ Q ε α χ E
D χ ε α κE

(14)

where electrical displacement  and stress  vectors are related to electrical field  and D σ E

strain  vectors using dielectric , elastic stiffness  and piezoelectric  constant ε κ Q χ

matrices, and thermal expansion  vector when temperature is changed as  from α 0T T T∆ = −

room temperature . The definitions of these matrices and vectors are given below: 0 300T K=

{ } { } { }, ,
T TT

b s b xx yy xy s xz yzσ σ τ τ τ= = =σ σ σ σ σ (15)

{ } { } { }, ,
T TT

b b xx yy xy yz xzε ε γ γ γ= = =ε ε γ ε γ (16)

{ },0 0
T

zV= −E (17)

11 12
55

12 22
44

66

0
0 0

, 0 ,
0 0

0 0

b
b s

s

Q Q
Q

Q Q
Q

Q

⎡ ⎤
⎡ ⎤ ⎡ ⎤⎢ ⎥= = =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎢ ⎥⎣ ⎦

Q
Q Q Q

Q (18)

[ ]
15

24

31 32

0 0 0 0 χ
, 0 0 0 , χ 0

χ χ 0 0 0
b s b s

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

χ χ χ χ χ (19)

11

22

33

0 0
0 0
0 0

κ
κ

κ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

κ (20)
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where electric potential along the thickness of piezoelectric faces is shown by .V

The energy function  of the proposed SMSP including strain energy, elastic foundation Π

energy and kinematic energy can be written as [5,18]: 

2 2 2 2 2 2
, ,

1 1( )( ) ( )
2 2

T T
n s x y

A

z u v w T d c w c w w dAρ
Ω

⎡ ⎤⎡ ⎤ ⎡ ⎤Π = − + + + − ∆ − Ω + + +⎣ ⎦ ⎣ ⎦⎣ ⎦∫ ∫ε α σ E D& & & (21)

where  and A are the volume and face area of SMSP, respectively. The in-plane (u and v) Ω

and out-of-plane w components of SMSP’s deflections are determined as the following third 

order theory of plates [63]:

( )
( )

3
0 1 0,

3
0 1 0,

0

x x x

y y y

u u z z w

v v z z w

w w

η λ η

η λ η

= + + +

= + + +

=

(22)

where , mid-plane deflections are represented with subscript 0, and plate rotations 2
1 4 3dλ = −

are indicated by  and . Using Eq. (22), the linear part of strain vectors are defined as xη yη

below [63]:

( )3 2
1 1 3 1 0, 1 3b z z zλ λ= + + = +0ε ε ε ε γ γ (23)

where 

0, , , 0,
0,

0, 1 , 3 , 0, 0
0,

0, 0, , , , , 0,

, , ,
2

x x x x x xx
x x

b y y y y y yy
y y

y x x y y x x y y x xy

u w
w

v w
w

u v w

η η
η

η η
η

η η η η

⎧ ⎫ ⎧ ⎫ ⎧ ⎫+
+⎧ ⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪= = = + =⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬+⎪ ⎪⎩ ⎭⎪ ⎪ ⎪ ⎪ ⎪ ⎪+ + + +⎩ ⎭ ⎩ ⎭ ⎩ ⎭

ε ε ε γ (24)

3. Meshless Formulations

According to Eq. (22), the deflections of all nodes must have five unknowns (degree of 

freedoms, DOFs) including , , ,  and . In this regard, a meshless solution with 0u 0v 0w xη xη

moving least squares (MLSs) shape functions are developed which approximate DOFs of 

displacement field U as follows [18]:
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0 0 0
1

ˆ ˆ ˆˆ ˆ ˆ, , , ,
nT

i i i xi yi i i
i

u v w N Uη η
=

⎡ ⎤= =⎣ ⎦ ∑U (25)

where shape functions and generalized DOF values for all nodes n in the domain are shown 

with  and , respectively. iN Û

Using Eq. (25), the discretized definition of electric field (Eq. 17), displacement field (Eq. 

22) and strain vectors (Eq. 23) are as follows: 

ˆ
V= −E ψ V (26)

{ } { }3
1 1 3

ˆˆ ˆ ˆ ˆ T
i i iu v w z zλ= = + +0u φ φ φ U (27)

{ } ( )3 2
0 1 1 3 1

ˆ ˆ, 1 3b sz z zλ λ= + + = +ε ψ ψ ψ U γ ψ U (28)

where the definition of all  and  matrices are given in Appendix. Introducing these ψ φ

equations and Eq. (14) into the equation of energy function (Eq. 21) and following the standard 

method, the governing Eigen value equation for the proposed SMSPs are determined as:

( )1ˆ ˆ 0uu ue ee eu
−+ + =MU K K K K U&& (29)

in which mass matrix  and stiffness matrices of mechanical , coupling electro-M uuK

mechanical  and piezoelectric permittivity  are determined as: T
eu ue=K K eeK

0 1 3 0 1 3
T T T T

A

dA⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦∫M φ φ φ M φ φ φ (30)

( )

0 1 3 0 1 3
T T T T

uu
A

T T T T T
s s s s n n n s s s

A A

dA

dA c c dA

⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤+ + +⎣ ⎦ ⎣ ⎦

∫

∫ ∫

b

s

K ψ ψ ψ Q ψ ψ ψ

ψ ψ Q ψ ψ φ φ φ φ
(31)

0 1 3
T T T T T

ue be v s s se v
A A

dA dA⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦∫ ∫K ψ ψ ψ χ ψ ψ ψ χ ψ (32)

T
ee v v

A

dA= ∫K ψ κψ (33)

where:
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 , 

3
1/2

2 4
1

/2 2 6
1

1

.

h

h

z z

z z dz

Sym z

λ

ρ λ

λ−

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

∫M
/2

/2

h

h

dz
−

= ∫κ κ (34)

 , { }
/2

3
1

/2

1
h

T

be b
h

z z dzλ
−

= ∫χ χ { }
/2

2
1

/2

1 3
h

T

se s
h

z dzλ
−

= ∫χ χ (35)

 , 

3
1/2

2 4
1
2 6/2

1

1

.

h

b
h

z z
z z dz

Sym z

λ
λ
λ−

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

∫bQ Q
/2 2

1
2 2 4

1 1/2

1 3
3 9

h

s
h

z
dz

z z
λ

λ λ−

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
∫sQ Q (36)

 and  are defined in Appendix. nφ sφ

4. Results and discussions

Here, first, the developed meshless solution was validated. Then, steady state heat 

conduction behavior and free vibration of the proposed SMSPs were investigated. PZT-4 

piezoceramic, PMMA/graphene and neat PMMA are adopted as the materials of outer 

piezoelectric, middle nanocomposite and (porous) core layers, respectively. The following 

temperature dependent E and α are utilized for PMMA and graphene particles (with ag = 14.76 

nm, bg = 14.77 nm and dg = 0.188 nm) [61]: 

, 

6 2 9 3
11

6 2 9 3
22

(2.16637 0.00193 2.93701 10 1.51775 10 ) TPa

(2.16868 0.00193 2.85954 10 1.45145 10 ) TPa

g

g

E T T T
E T T T

− −

− −

= − + × − ×

= − + × − ×

(3.52 0.0034 )mE T GPa= −

(37)

, 
5 2 9 3 6

11
5 2 9 3 6

22

( 3.83788 0.01416 1.63355 10 6.33589 10 ) 10 /K

( 3.73997 0.01296 1.35033 10 4.60392 10 ) 10 /K

g

g

T T T
T T T

α

α

− − −

− − −

= − − − × + × ×

= − − − × + × ×

645(1 0.0005 ) 10 /m T Kα −= + ∆ ×

(38)

The constant properties of the utilized materials are also considered as follows: 

PZT-4 [64]: , , , 2
31 32 5.2C mχ χ= = − 2

51 24 12.7C mχ χ= = 9
11 22 13 10 F mκ κ −= = ×

, , , , , 9
33 11.5 10 F mκ −= × 11 81.3pQ GPa= 55 25.6pQ GPa= 37500 /p kg mρ = 2.1 /pC W mK=

( )62 10 /p Kα −=

PMMA: , ,  [61] 0.34mυ = 31150 /m kg mρ = 0.247 /mC W mK=
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Graphene: ,  [61],  [65], 0.177gυ =
34118 /g kg mρ = 5000 /gC W mK=

 [66]9 23 10 . /kR K m W−= ×

Shen et al. [61] determined the values of efficiency parameters (s1 and s2) defined in Eq. 

(12)for some particular nanofiller volume fractions at three temperatures, as shown in Table 1. 

Therefore, their direct application in nanocomposites with smooth variation of fr or under 

temperature gradient effect does not provide accurate results. Hence, a 2D spline interpolation 

with respect to fr and T is implemented on s1 and s2 to generate a smooth approximation on s1 

and s2 in 300 < T (K) < 500 and 3 < fr (%) < 11 [67].

Furthermore, for the constants of foundation, the normalized forms of  and 2 / m
s sC c a D=

 are utilized .2 / m
n nC c a D= ( )( )23 /12 1m m mD E d υ= −

Table 1 The utilized graphene efficiency parameters [61]

T (K) fr (%) 3 5 7 9 11

300 s1 2.929 3.068 3.013 2.647 2.311

s2 2.855 2.962 2.966 2.609 2.260

400 s1 2.977 3.128 3.060 2.701 2.405

s2 2.896 3.023 3.027 2.603 2.337

500 s1 3.388 3.544 3.462 3.058 2.736

s2 3.382 3.414 3.339 2.936 2.665

4.1. Validation study

Due to the lack of experimental or even numerical results for the proposed SMSP in 

literatures, the accuracy of the provided solution is examined by comparing the first-five natural 

frequencies obtained for a Ti-6Al-4V plate located between piezoelectric G-1195N faces with 

available data. For this smart plate, the dimensions are lx=ly=400 mm, dc=5 mm and dp=0.1 mm. 

Considering the same material properties, present FSDT and TSDT based meshless results are 

compared with the results obtained from classical laminated plate theory (CLPT) [68], MPT 

[55], FSDT [47] and a third order RPT [48], as summarized in Table 2. The comparison reveals 

a good accuracy for the provided method particularly when the results are compared with those 

presented in [48] which employed higher order plate theory. 
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Convergence study is also presented in this subsection for the proposed SMSP with 

clamped edges, lx = ly = 1 m, dc= 20 mm, dn= 2 mm, dp= 0.5 mm, and without elastic foundation 

(Cn = Cs = 0). Noted, these details are utilized for all following simulations unless otherwise 

mentioned. Figure 2 shows the fundamental frequency of the proposed SMSP at room 

temperature versus the distributed nodal arrangement of n×n when fr is linearly varied from 3% 

to 11% through PGNC thickness, and porosity dispersion with λ0=0.8 is symmetrically varied 

through core thickness. Good convergence for the developed meshless solution is observed in 

this figure such that the frequency does not change after n = 17 which has been adopted for all 

following models.

Table 2 The first frequencies (Hz) of a Ti-6Al-4V plate located between G-1195N faces

Theory 1st 2nd 3rd 4th 5th 
CLPT [68] 144.25 359.00 359.00 564.10 717.80
MPT [55] 144.94 362.01 362.01 578.69 722.92
FSDT [47] 145.35 363.05 363.05 580.35 725.00
3rd order RPT [48] 145.35 363.06 363.06 580.37 725.03
Present (FSDT) 146.55 366.00 366.00 585.86 730.97
Present (TSDT) 146.18 363.39 363.55 579.07 718.94

5 10 15 20 25
n

200

220

240

260

1(H
z)

T=300 K

fr=3% 11%, m=1

0=0.8, Sym.

Fig. 2. Fundamental frequency  of SMSP versus the node arrangement of n×n1ω

4.2. Steady state thermal response

The influences of porosity and graphene contents on the temperature responses of SMSPs 

with dn= 8 mm and dp= 2 mm subjected to Td=300 and Tu=400 K are illustrated in Fig. 3. Figure 

3a illustrates that the dispersion or volume of porosity can significantly affect not only the 
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temperature profiles of core layer but also those of nanocomposite layers. It should be 

mentioned that the temperature profile of a layer is governed by the thermal conductivities of 

that layer. The embedded pores in core act as a thermal barrier. Therefore, due to the significant 

effect of porosity dispersion on the thermal conductivity of core layer, it considerably affects 

the temperature profile of SMSP, especially in core layer which is the thickest layer. As 

expected, SMSPs with perfect or uniform porous central layers have linear temperature profiles. 

Figure 3b discloses that lower values of m improve the thermal conductivity of PGNC layer 

due to the increase of graphene content in PGNC layers. 

300 320 340 360 380 400
T (K)

-0.5

-0.25

0

0.25

0.5

z /
 d

0=0

0=0.8, uniform

0=0.8, Sym.

0=0.8, Asym.

fr=3%

(a)

300 320 340 360 380 400
T (K)

-0.5

-0.25

0

0.25

0.5

z /
 d

m=0.05
m=1
m=20

fr=3% 11%

0=0.8, Sym.

(b)
Fig. 3 The influences of (a) porosity and (b) graphene contents on the resulted temperature 

profiles of SMSPs 

4.3. Natural frequency response

The influences of all aspects of the proposed SMSP on the fundamental natural frequency 

are studied in this subsection. First, fundamental natural frequencies are plotted versus 

temperature at upper surface for different graphene dispersions m and volumes of pores λ0 when 

Td = 300 K, as can be seen in Figs. 4a and 4b. By reducing structural stiffness, the increase of 

temperature gradient reduces ω in all cases. Because of decreasing graphene content, higher 

values of m introduce fewer natural frequencies, as shown in Fig. 4a. Interestingly, the increase 

of porosity volume increases the frequency of SMSP due to structural weight reduction. 
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1(H
z)

m=0.05
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m=20Td=300 K

fr=3% 11%

0=0.8, Sym.

(a)

300 350 400 450
Tu (k)

185

190

195

200

205

210

1 (H
z)

0=0 0=0.4 0=0.8

fr=3% 11%, m=1

Td=300 K

Sym.

(b)
Fig. 4 Fundamental frequency of SMSP versus temperature at upper face for different (a) 

graphene dispersions (b) pores volumes

The influences of graphene aspects on the frequencies of the proposed SMSP are illustrated 

in Fig. 5 for different values of m and λ0 when temperature is changed from 300 K at lower face 

to 400 K at upper one and graphene volume fraction is varied from fr-i=3 % at the inner faces 

of PGNC to different values of fr-o at their outer faces. Regardless of the variation of other 

parameters, the increase of fr-o generally improves SMSP frequencies due to the better 

enhancement of the stiffness of PGNC. This effect is more noticeable in graphene dispersion 

profiles with lower m values, as shown in Fig 5a. However, Fig. 5b reveals that the frequencies 

of SMSP with porous or perfect central layers are enhanced by increasing fr-o in the same trend. 

3 4 5 6 7 8 9 10 11
fr-o (%)

160

180

200

220

240

1 (H
z)

m=0.05
m=1
m=20

T=300 400 K

0=0.8, Sym.

fr=3%

(a)

3 4 5 6 7 8 9 10 11
fr-o (%)

150

160

170

180

190

200

210

1 (H
z)

0=0

0=0.4

0=0.8

T=300 400 K

fr=3% , m=1

Sym.

(b)
Fig. 5 Fundamental frequency of SMSP versus graphene volume at outer faces for different 

(a) graphene dispersions (b) pores volumes
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Porosity influence on the natural frequency of SMSPs with linear variation of graphene 

content from fr-i = 3 % to fr-o = 11 % are plotted in Fig. 6. It is observed that embedding more 

pores inside central layer improves the natural frequencies of SMSP due to remarkable 

reduction of structural weight. It is worth noting that nanocomposite layers can completely 

compensate the stiffness reduction caused by pores inside the core. Fig. 6a shows that porosity 

dispersion profile has an insignificant effect on the natural frequencies of SMSP, although it 

can completely change steady state temperature profile as shown in Fig. 3a. The reason is the 

stiffness of PGNC and piezoceramic layers are much higher than the stiffness of porous core 

layer which is the nearest layer to the neutral axis of SMSP. In addition, all the three profiles of 

porosity dispersion have the same porosity volume fraction. Therefore, porosity dispersion 

cannot remarkably affect the structural stiffness to weight ratio, and consequently, it has an 

insignificant effect on the natural frequency of SMSP. Moreover, the natural frequency of 

SMSP is decreased by raising environmental temperature as illustrated in Fig. 6b due to the 

decreases of the elastic moduli of PMMA and graphene particles according to Eq. (37). 

0 0.2 0.4 0.6 0.8
0

190

195

200

205

1 (H
z)

Uniform
Sym.
Asym.

T=300 400 K
fr=3% 11%, m=1

(a)

0 0.2 0.4 0.6 0.8
0

185

190

195

200

205

210

1 (H
z)

T=300 K
T=350 K
T=400 K

fr=3% 11%, m=1

Sym.

(b)
Fig. 6 Fundamental frequency of SMSP versus porosity volume for different (a) porosity 

dispersions (b) environment temperatures

Core thickness influence on the natural frequency of the proposed SMSPs with symmetric 

porous central layer at Td = 300 K and Tu = 400 K is illustrated in Figs. 7a and 7b for fr = 3% 

and fr = 11%, respectively. The increase of core thickness generally improves the natural 

frequency of SMSP such that sharp increases in ω are observed when dc is increased up to about 

30 mm. In these cases, embedding more porosity results in SMSPs with higher natural 
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frequencies. However, there are specific core thicknesses at both graphene volume fractions 

that introduce SMSPs with natural frequency independent from porosity volume. It means that, 

embedding pores has no effects on the natural frequency of such structures. 

0 10 20 30 40
dc (mm)

50

100

150

200

250

300

1 (H
z)

0=0

0=0.4

0=0.8

T=300 400 K
Sym.

fr=3%

(a)

0 10 20 30 40
dc (mm)

50

100

150

200

250

300

1 (H
z)

0=0

0=0.4

0=0.8

T=300 400 K
Sym.

fr=11%

(b)
Fig. 7 Fundamental frequencies of SMSPs versus core thickness when (a) fr = 3% and (b) fr = 

11% 

The relation between PGNC thickness and the natural frequency of SMSPs with perfect 

and porous cores is illustrated in Fig. 8 for fr-i = 3%, fr-o = 11%, Td = 300 K, and Tu = 400 K. 

Due to the presence of higher graphene content, PGNCs with lower m values introduce SMSPs 

with higher natural frequencies. It is also found that the use of thicker PGNC layers provides 

SMSPs with higher natural frequencies. Comparing Fig. 8 with Fig. 7 reveals that increasing 

the thickness of middle layers of nanocomposite has much stronger impact on natural 

frequencies of SMSPs than increasing the thickness of central layer. The reasons can be their 

distances from neural axis and huge differences between their elastic moduli. 
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(b)
Fig. 8 Fundamental frequencies of SMSPs versus PGNC layer thickness when (a) λ0 = 0 and 

(b) λ0 = 0.8 

The influence of piezoceramic thickness on the natural frequency of SMSPs with 

symmetric porous core, λ0 = 0.8, Td = 300 K and Tu = 400 K are illustrated in Fig. 9 for different 

uniform dispersed graphene contents. In SMSPs with fr = 3%, the improvement of natural 

frequency is observed when piezoceramic thickness is increased. However, at higher values of 

fr, the use of thicker piezoceramic layers does not increase the natural frequencies of SMSPs. 

The reason is that the elasticity modulus of PGNC layers with high fr are higher than those of 

piezoceramic layers. 

0 0.5 1 1.5
dp (mm)

160

180

200

220

1 (H
z) fr=3%

fr=7%
fr=11%

0=0.8, Sym.

T=300 400 K

Fig. 9 Fundamental frequency of SMSPs versus piezoceramic thickness 

Table 3 presents the natural frequency of different types of SMSPs under various thermal 

conditions for two electrical boundary conditions of open-circuit (OC) and close-circuit (CC). 
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The schematic loop of the utilized OC electrical boundary condition is illustrated in Fig. 1. For 

CC electrical boundary condition, both faces of piezoceramic layers are grounded; therefore, 

SMSP is turned to a passive structure. Table 3 shows that the natural frequencies of active (OC) 

SMSPs are a little higher than passive (CC) ones due to piezoelectric effect. Moreover, the 

natural frequencies of SMSPs under thermal gradient effects of Td = 300 K and Tu = 400 K are 

higher than those at the thermal environment of T = 350 K. 

Table 4 presents the effects of the aspect ratio (ly/lx) of SMSP foundation coefficients (Cn and 

Cs) and edge constrain type on the natural frequencies of SMSPs with symmetric porous cores, 

λ0=0.8, fr-i = 3%, fr-o = 11%, m = 1, Td = 300 K, and Tu = 400 K. The increase of the aspect ratio 

of SMSP from ly/lx=1 to ly/lx=2 dramatically reduces natural frequency; however, further 

increases of ly/lx has an insignificant effect on the natural frequency of SMSP. Furthermore, the 

frequencies of SMSPs located on elastic foundations are higher than those of SMSPs without 

foundation such that Cs has more effects than Cn. Finally, the decrease of frequency is observed 

when edges lose the number of their constrains such that among the studied boundary 

conditions, fully clamped and fully simply supported SMSPs have the highest and lowest 

natural frequencies, respectively.

Table 3. Fundamental frequencies of SMSPs ω1(Hz) with perfect and symmetric porous cores

T (K) λ0 Circuit dp =0.1 mm dp=0.5 mm
fr=3% fr =7% fr =11% fr=3% fr =7% fr =11%

300 0 OC 148.45 199.96 213.09 158.82 200.60 212.06
CC 148.27 199.84 212.99 158.13 200.11 211.61

0.8 OC 163.43 219.33 233.39 169.66 216.01 228.68
CC 163.25 219.22 233.29 168.99 215.52 228.23

350 0 OC 143.65 193.85 207.23 154.96 195.34 206.95
CC 143.46 193.73 207.12 154.26 194.84 206.49

0.8 OC 158.11 212.60 226.97 165.39 210.27 223.14
CC 157.92 212.49 226.87 164.70 209.77 222.69

400 0 OC 140.59 189.35 203.26 152.42 191.46 203.51
CC 140.39 189.23 203.15 151.71 190.95 203.05

0.8 OC 154.67 207.67 222.68 162.56 206.09 219.50
CC 154.48 207.55 222.57 161.87 205.59 219.04

300→400 0 OC 144.33 194.46 208.02 155.50 195.89 207.66
CC 144.15 194.35 207.92 154.80 195.38 207.20

0.8 OC 158.91 213.34 227.92 166.03 210.94 224.00
CC 158.72 213.23 227.81 165.35 210.44 223.54
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Table 4. Fundamental frequencies of SMSPs ω1(Hz) with symmetric porous cores, λ0=0.8, fr-i 

= 3%, fr-o = 11%, m = 1, Td = 300 K, and Tu = 400 K (C: clamped edge, S: simply supported 

edge)

B.C. Cn Cs ly/lx=1 ly/lx=2 ly/lx=4 ly/lx=8
CCCC 0 0 203.82 142.87 132.32 130.34

200 0 205.46 145.19 134.83 132.88
0 20 207.23 145.96 135.16 133.10

CSCS 0 0 171.70 89.99 71.70 67.88
200 0 173.63 93.63 76.22 72.64
0 20 175.61 94.54 76.45 72.65

SSSS 0 0 131.95 83.25 70.90 67.80
200 0 134.46 87.18 75.47 72.56
0 20 136.86 88.07 75.68 72.57

5. Conclusions

A multifunctional smart sandwich plate was proposed by layer arrangement of two 

piezoceramic faces, two middle FG polymer/graphene layers and one central FG porous in this 

paper. The coupled effects of temperature conditions and piezoelectric behavior on the natural 

frequencies of SMSPs located on elastic foundations were studied using a TSDT based 

meshless solution. It was observed that porosity aspects significantly affect the temperature 

profiles of core and nanocomposite layers. Moreover, embedding porosity in core layer 

increases the natural frequency of SMSPs due to the remarkable reduction of structural weight. 

However, some specific core thicknesses were captured such that embedding porosity does not 

affect the natural frequency of SMSP. Regarding the effect of graphene aspects, the results 

disclosed that the increase of graphene content generally improves natural frequency. This 

effect can be intensified or relieved by changing graphene distribution profile or the thickness 

of piezoceramic layers, respectively. Finally, a reduction in the natural frequency of SMSP was 

observed by increasing the temperature of environment or thermal gradient effect because of 

the reduction of structural stiffness. 
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Appendix
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