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I. INTRODUCTION

The validity domain of the continuum equations can be extended up to higher Knud-

sen numbers in the range corresponding to the slip regime, like in moderately rarefied gas

flows and in microflows, if correct slip velocity and temperature jump relations are used as

boundary conditions. In this regard, it is necessary, for modelling physical phenomena at

the mean free path scale, to obtain accurate slip and jump conditions on the wall. So doing,

a good form of boundary condition for the Boltzmann equation is also obtained.

Experiments in microflows (MEMS, microconduct) showed that, in this flow regime,

pressure gradients, temperature gradients and velocity gradients become strongly sensitive

and interlinked even at low speeds [1]. A well known phenomenon appearing under these

conditions is the thermal creep [2–5]. In view of these effects, the macroscopic gradients

interplay and the relevant phenomena, such as temperature or pressure variations due to

the viscous dissipation or to the transformation of mechanical energy into internal energy,

should receive consideration other than in ordinary flows.

In the usual formulation of the temperature jump problem, the heat conduction is con-

sidered in a rarefied gas bounded by a plane wall exposed to a uniform heat flow normal to

the wall [6–9]. In this formulation, the temperature jump is governed by the temperature

gradient only and the gas macroscopic motion is not taken into account. This treatment

would be consistent with the negligible effects of the irreversible conversion of mechanical

energy into internal energy, i.e heat energy, via the viscous dissipation in the flow. However,

at the boundary, this argument is contradicted by the macroscopic gradient sensitivity and

the surface effects [10–12]. Thus the gas rubbing against the surface can cause tempera-

ture variations at the wall. On the other hand, temperature jump relations are generally

derived using either a complete diffuse scattering kernel [7, 13, 14] or at best using only

one accommodation coefficient in the surface modelling [8, 9, 15–17]. A very similar way

is generally used to obtain the slip velocity [2, 18, 19]. However it is well known that the

completely diffuse scattering kernel is not a good surface description [20]. Furthermore the
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single accommodation coefficient process is a rough qualitative description of the particle

reflection at the wall related to the Maxwell boundary condition formulation[2]: Maxwell

boundary condition exhibits only one accommodation coefficient for the accommodation of

any kinetic properties whereas different accommodation coefficients can be calculated for

each kinetic property (i.e. the three components of the momentum and energy)[21, 22]. Slip

equations involving various accommodation coefficients have rarely been presented [23].

In this article, we consider more generally the problem of boundary conditions on the

temperature and on the macroscopic velocity from a microscopic level description and using

the complete Chapman-Enskog approximation for the distribution function of the incoming

particles only. So doing, contrary to the standard formulation [6–9], the temperature jump

problem is connected with the gas macroscopic motion at the wall and so the slip velocity

problem is completely coupled with the temperature jump problem. The reflection law

governing the reflection of the distribution function at the boundary is described by an

anisotropic scattering kernel [24], where the gas/surface interaction information lies on the

various accommodation coefficients of the momentum components. The result provides more

general relations for the thermal boundary condition and for the slip velocity.

In section II the scattering kernel is briefly presented. In section III the problem of thermal

boundary condition is investigated. The temperature jump so established appears as a more

complete temperature jump relation depending on viscous effects, gas compressibility, and

surface anisotropy. Section IV deals with the boundary condition on the gas mean velocity.

Although the slip velocity is structured like the previous slip velocity formula including

the thermal creep, it depends on the temperature jump and also involves the tangential

gradients of the normal mean velocity at the wall. The theoretical values so predicted for

the slip coefficient are compared to measures.
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II. MODEL OF ANISOTROPIC SCATTERING KERNEL

ξ(ξx, ξy, ξz) denotes the velocity of reflected particles at the wall (ξ ∈ {Ω = R+×R×R}),

ξ′(ξ′x, ξ
′
y, ξ

′
z) denotes the velocity of impinging particles (ξ′ ∈ {Ω′ = R−×R×R}) and (x, y, z)

are the three spatial coordinates with x the normal axis to the wall oriented from the wall

toward the gas. U(Ux, Uy, Uz) is the gas macroscopic velocity. V = ξ−U and V ′ = ξ′−U are

the peculiar velocities respectively for reflected and impinging particles. Since the normal

component of the macroscopic velocity will be equal to zero at the wall, we will also have

at the wall (x = 0), V ∈ Ω and V ′ ∈ Ω′; n and T will respectively denote the gas numerical

density and the gas temperature, and are obviously functions of (x, y, z). The subscript ”0”

will denote the macroscopic parameters of the gas at the wall, but this subscript is omitted

for the numerical density and for the gradients which are taken at the wall in any further

result in the article.

The scattering kernel developed in reference [24] for the surface modelling may be written

in a factorized form:

B(ξ′, ξ) =

(((

(1 − αx)δ(ξ
′
x + ξx) + αx

2ξx

C2
w

e
− ξ2x

C2
w

)))(((

(1 − αy)δ(ξ
′
y − ξy) +

αy

1

Cw

√
π

e
− ξ2y

C2
w

)))(((

(1 − αz)δ(ξ
′
z − ξz) + αz

1

Cw

√
π

e
− ξ2z

C2
w

)))

(1)

where C2
w = 2kTw

m
, with Tw the wall temperature, k the Boltzmann constant, and m the

molecular mass of the gaseous particles. Further on, we will note C2
0 = 2kT0

m
, with T0 the

temperature of the gas at x = 0. Unlike in some previous models using unknown coefficients,

the three coefficients involved in the scattering kernel (1), αx, αy, and αz, are shown to

equal the three accommodation coefficients of the fluxes of the momentum components [24].

Thereby, these parameters cannot take an arbitrary value. Moreover, this model includes

various kinds of accommodation processes, and allows distinguishing the accommodations

of the different kinetic properties.
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III. ON THE GAS TEMPERATURE AT x = 0

A correct microscopic level modelling at the boundary cannot be formulated using a

single distribution function for the particles at the wall but using incident f− and reflected

f+ distribution functions. Accordingly, the boundary condition for the temperature can be

derived from different accounts of the heat flux at the surface x = 0. Practically, the heat

flux obtained from the local expression using the two particle distribution functions (f− and

f+) is equaled to the usual heat flux definition given by the whole particle conception.

Let us note Q0 the gas heat flux per surface unit through the wall expressed at x = 0,

~Q the heat flux vector at the same point, and ~n the normal vector oriented from the gas

towards the wall, thus:

~Q.~n = Q0 . (2)

Using the Fourier law, with the gas heat conductivity λc

~Q.~n = −(−λc∇T ) = λc

∂T

∂x
, (3)

on the other hand, from the kinetic theory formalism, Q0 is expressed by

Q0 =

∫

Ω′

[
1

2
m|V ′

x|V ′2f−]dξ′ −
∫

Ω

[
1

2
m|Vx|V 2f+]dξ . (4)

The reflected and the incoming distribution functions are related at the wall as follows:

|Vx|f+ =

∫

Ω′

| V ′
x | f−B(ξ′, ξ)dξ′ . (5)

From relation (5) the local heat flux expression at the wall is written

Q0 =

∫

Ω′

[
1

2
m|V ′

x|V ′2f−]dξ′ −
∫

Ω′

[
1

2
m|V ′

x|f−
∫

Ω

V 2B(ξ′, ξ)dξ]dξ′ . (6)

In this last integral, the
∫

Ω
V 2B(ξ′, ξ)dξ factor can be calculated separately using the scat-

tering kernel (1) (see detailed calculation in Appendix). Then the local heat flux expression

(6) becomes

Q0 =
1

2
m

∫

Ω′

[[[(((

αxV
′
x
2
+ αyV

′
y
2
+ αzV

′
z
2))) − σ0C

2
w − αyU

2
y − αzU

2
z

]]]

|V ′
x|f−dV ′ (7)
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where

σ0 = (αx +
1

2
(αy + αz)) (8)

Now we have to choose an incoming distribution function f−. Previous approaches generally

considered a simplified version of Chapman-Enskog distribution function where all velocity

gradients were cancelled; furthermore in the various methods employed, the gas motion is

rarely taken into account [6–8, 13]. Considering the fact that the incoming particle distri-

bution function should be close to the particle distribution function outside the Knudsen

layer, precisely close to that used to derive the complete continuum equations, we consider

here the full version of the Chapman-Enskog distribution including all the terms [9]. It is to

be noted that temperature jump and slip velocity problems arise even at the Navier Stokes

level and are not reduced to a purely Knudsen layer description problem even if a consistent

Knudsen layer description can give a correction on the results provided by the Navier Stokes

level calculations [14]. Then, f− is written

f− = fM [1 + ϕ] (9)

where fM(V ′) = n
(C0

√
π)3

e
−V ′2

C2
0 is the Maxwellian at temperature T0 of the gas and ϕ(V ′) is

a deviation from the Maxwellian, written in its complete Enskog approximation form for a

simple gas [9]

ϕ(V ′) =
m

kT0

[
λc

nkT0

∇T.V ′(1 − 2

5C2
0

V ′2) +
µ

nkT0

(V ′
i V

′
j −

1

3
V ′2

I) :
∂Ui

∂Xj

] . (10)

I denotes the second order identity tensor, ”:” denotes the double contraction of the tensorial

product, V ′
i V

′
j and ∂Ui

∂Xj
are the usual second order tensors. µ is the shear viscosity. Let us

note that in expression (10), the chapman Enskog distribution is written at the wall, thus the

sign of the velocity gradient is inverted, according to the theoretical kinetic theory definition

of the gas mean velocity at the boundary (see the definition of the gas mean velocity at the

wall in section IV) [2].

In regard to relations (7) and (9) let us note

Q0 = Q0M + Q0ϕ , (11)
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where Q0M denotes the contribution of fM(V ′) and Q0ϕ denotes the contribution of ϕ(V ′)

to Q0. The calculations of Q0M and Q0ϕ, summarized in the Appendix, yield:

Q0M =
mnC0

4
√

π
σ0(C

2
0 − C2

w) − mnC0

4
√

π
(αyU

2
y + αzU

2
z ) (12)

and

Q0ϕ =
σ1

20

mλc

kT0

C2
0

∂T

∂x
− µmC0

12kT0

√
π

(σ0C
2
w + αyU

2
y + αzU

2
z )[3

∂Ux

∂x
−∇.U ] + (13)

µmC3
0

4kT0

√
π

[3αx

∂Ux

∂x
+

αy − αz

2

∂Uy

∂y
+

αz − αy

2

∂Uz

∂z
]

with

σ1 = 3αx + αy + αz. (14)

A. A complete thermal boundary condition.

The complete expression of the heat flux Q0 is obtained by adding expressions (12) and

(13). Then, applying condition (2) we deduce the expression of C2
0 − C2

w. Finally, from

C2
0 − C2

w = 2k
m

(T0 − Tw), we obtain:

(T0 − Tw) − µ

nk
(
∂Ux

∂x
− 1

3
∇.U)[

Tw

T0

+
1

σ0C
2
0

(αyU
2
y + αzU

2
z )] =

λc

√
π

nkC0

(
2 − σ1

10

σ0

)
∂T

∂x
(15)

− µ

nk
[
3αx

σ0

∂Ux

∂x
+

αy − αz

2σ0

∂Uy

∂y
+

αz − αy

2σ0

∂Uz

∂z
] +

T0

σ0C
2
0

(αyU
2
y + αzU

2
z ) .

In equation (15) each gradient is taken at the position x = 0, i.e. its value at the boundary

obtained from the continuum equations.

The approach used above to derive the thermal boundary condition may be commented

in the following way: first, as a consequence of the weak influence of the temperature and

density variation in the Knudsen layer [6, 25, 26] the double formulation of the heat flux may

be considered as meaning that the heat flux is conserved through this layer. This assumption

is not surprising at all, since it is usually considered as a basic property of the Knudsen layer

[6]. Secondly, it is admitted that the distribution function of the incoming particles is not

significantly changed by the gas/gas collisions occurring in the Knudsen layer. Therefore,
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we use a Chapman Enskog approximation for the incoming particle distribution function

considered as frozen along the Knudsen layer. So we can write relation (15), confusing the

value of the normal temperature gradient at the Knudsen layer inlet with its value at the

wall. Although used by several authors [2, 13, 16] this latter assumption is not completely

founded in some situations, especially when the flow is not sufficiently rarefied or when the

temperature jump is of the same order as the temperature itself [13].

B. General comment on the thermal boundary condition (15)

Relation (15) is a three-dimensional thermal boundary condition based on the complete

Chapman-Enskog approximation for the incoming distribution function. It appears that

this relation is structured in the same way as the continuum energy equation. The second

term on the left-hand-side and the second term on the right-hand-side including the velocity

gradients may be associated to the shear work at the solid boundary due to the gas motion.

These two terms involve notably the gas compressibility and the surface anisotropy effects.

The first term on the right-hand-side is due to the conduction heat flux associated to the

normal temperature gradient. Accordingly, relation (15) shows a contribution of local viscous

heating to the temperature jump through the velocity gradients. Therefore, the temperature

jump is no longer supported by the temperature gradient only. In any case, these terms

involving velocity gradients should receive attention in the slip flow regime and especially

in the flows interacting with an anisotropic surface. On both sides of formula (15), the last

terms in which the square of the slip velocity component appears, may be associated to the

macroscopic mechanical energy lost into heat energy due the wall interaction. However, the

slip velocity (Uy and Uz at x = 0) is generally negligible compared to the thermal velocity

C0. This is especially obvious in microflows because the Mach number is small and thus the

maximal streamwise is itself small compared to the thermal velocity. Furthermore, this is

also admitted by various authors (Scott, Gupta, Shidlovsky, Patterson, et al ) in the spatial

research field [27]. Therefore the terms including the slip velocities (
U2

y

C2

0

and U2
z

C2

0

) will be
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neglected in expression (15) and the temperature jump relation is written in the following

form:

(T0 − Tw) =
λc

√
π

nkC0

(
2 − σ1

10

σ0

)
∂T

∂x
− µ

nk
(
3αx

σ0

− 2Tw

3T0

)
∂Ux

∂x
− µTw

3nkT0

(
∂Uy

∂y
+

∂Uz

∂z
) (16)

− µ

nk
[
αy − αz

2σ0

∂Uy

∂y
+

αz − αy

2σ0

∂Uz

∂z
]

The coefficient (
2−σ1

10
σ0

2

) in front of the temperature gradient term substitutes the usual

coefficient (2−σT

σT
) which appeared in the previous temperature jump relations [8, 15, 16]

where σT was the thermal accommodation coefficient. Let us point out that, when f−

used with the scattering kernel (1) is assumed to be a nondrifting Maxwellian distribution

function, then σ0

2
equals the energy accommodation coefficient (see Appendix ??). It is to

note that some authors [6, 28] had previously put forward corrections on the first coefficient

(2−σT

σT
) by means of approximated resolutions of the Boltzmann Equation in the Knudsen

layer. So, Welander replaced coefficient (2−σT

σT
) by (2−KσT

σT
) where K, calculated numerically,

is equal to 0.827. In our approach, the correction naturally lies on the interplay of the three

momentum accommodation coefficients coming from the scattering kernel redefinition.

Temperature jump on an isotropic surface: αy = αz

The accommodation coefficients characterize both the gas and the surface. But some

properties are only relevant to the surface. Therefore, the macroscopic isotropy of the surface

implies that the corresponding scattering kernel must be invariant under rotation about the

x normal axis. Thus on such a surface, the two tangential momentum accommodation

coefficients must be equal: αy = αz [21]. Let us note that this surface property does not

entail that the normal accommodation coefficient αx should be equal to αy or αz; thus the

reflection process is not necessary globally isotropic. In this case, the temperature jump (16)

is simplified:

(T0 − Tw) =
λc

√
π

nkC0

(
2 − 3αx+2αy

10

αx + αy

)
∂T

∂x
− µ

nk
(

3αx

αx + αy

− 2Tw

3T0

)
∂Ux

∂x
− (17)

µTw

3nkT0

(
∂Uy

∂y
+

∂Uz

∂z
)
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where, according to previous remarks, the terms in
U2

y

C2

0

have been cancelled.

In the temperature jump relation (17) the novel two terms at the end in the left-hand-

side represent the contribution of the gas friction on the wall (including compressibility

effects) to the temperature jump at the wall. The weight of these terms depends on the flow

configuration and on the temperature ratio Tw

T0

.

C. Dimensional analysis in particular flow configurations

1. One-dimensional flow normal to the wall.

If the flow streamwise is normal to the wall and the surface is supposed to be an isotropic

plane surface at uniform temperature, then the tangential gradients vanish in relation (16)

( or in relation (17)).

We use the following dimensionless quantities,

T ∗ =
T

Tw

, U∗
x =

Ux

Ue

, x∗ =
x

h

where Ue and Te are respectively a constant speed and a constant temperature characterizing

the flow far from the wall. The characteristic length h is chosen equal to the characteristic

length of the Knudsen layer close to the wall. Note

KT =
2 − σ1

10
σ0

2

, Kx =
3αx

σ0

, αy = αz .

The simplified temperature jump takes the form

T0 − Tw

Tw

=
λc

nkh

√

πm

2kT0

{KT

2

∂T ∗

∂x∗ − kµ

mλm

Ue

√

2m

πkT0

(Kx

T0

Tw

− 2

3
)
∂U∗

x

∂x∗ }

Now using the following relation between the thermal conductivity and the shear viscosity,

kµ

mλc
= 4

15
[9, 29], which requires no particular choice of interaction model apart from the

basic Chapman-Enskog assumptions. Then defining the mean free path by λm = µ

mn

√

πm
2kT0

as

proposed by Cercignani [14], the dimensionless temperature jump relation may be rewritten

in the following form:

T ∗
0 − 1 = Kn{KT

15

8

∂T ∗

∂x∗ −
√

6

π
ℜ(KxT

∗
0 − 2

3
)
∂U∗

x

∂x∗ } (18)
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where Kn = λm

h
, the Knudsen number characterizing the Knudsen layer is close to 1. The

factor ℜ, defined by ℜ2 =
1

2
mU2

e
3

2
kT0

may be written using Mae the Mach number far from the

wall, ℜ =
√

5
3

Mae

√

Te

T0

.

Such a configuration, where the flow is normal to the surface, seems convenient for mod-

elling the boundary conditions of unsteady flows on the nose thermal shield of spatial vehicles

during atmospheric re-entries. In these conditions, the ℜ factor is frequently of the magni-

tude order of 1, since it is usual to obtain Mae slightly smaller than 1 whereas
√

Te

T0

does

not exceed 4 or 5 [30]. On the other hand, to compare the gradient orders of magnitude, it

is convenient to introduce the following dimensionless quantities:

θ =
T − Tw

Ti − Tw

, ω =
Ux

Ui

,

where the i subscript characterizes the state of the gas at the Knudsen layer inlet. Then

∂T ∗

∂x∗ =
Ti − Tw

Tw

∂θ

∂x∗ ,
∂U∗

x

∂x∗ =
Ui

Ue

∂ω

∂x∗ , (19)

Here ∂θ
∂x∗

and ∂ω
∂x∗

are clearly of zero order, whereas Ui

Ue
reflects the scale ratio between the

Knudsen layer and the characteristic length of the flow (i.e. the Knudsen number Kne far

from the wall). So it appears from (19) that the relative influence of the velocity term in

relation (18) depends on the thermal jump magnitude: if it is of the same order as the wall

temperature the velocity terms are negligible. On the contrary, for small temperature jumps

the model predicts a local viscous heating effect on the temperature jump, and the sign of

this contribution may be inverted according to the value of the gas-to-wall temperature

ratio.

2. Flow in boundary layer configurations

Let us consider relation (16) in a two-dimensional flow (the x axis is normal to the wall

and the z axis components vanish), and let us perform the dimensional analysis of the

configurations corresponding to Enskog boundary layers or to flows in microchannels. We
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define the dimensionless quantities as follows:

T ∗ =
T

Tw

, U∗
x =

Ux

Vn

, U∗
y =

Uy

Us

, y∗ =
y

L
, x∗ =

x

h
.

L is the characteristic length of the wall, h the boundary layer thickness or the channel

height. Ue and Vn respectively refer to the tangential and normal velocity in the flow far

from the wall. Us is a constant characteristic velocity slip of the gas at the wall.

Note Ky = αy−αz

2σ0

, ǫn = Vn

Ue
, ǫh = h

L
, η0 = Us

Ue
; the bi-dimensional temperature jump can

be written in the following dimensionless form :

T ∗
0 − 1 = Kn{KT

15

8

∂T ∗

∂x∗ −
√

6

π
ℜ[(KxT

∗
0 − 2

3
)ǫn

∂U∗
x

∂x∗ − (KyT
∗
0 +

1

3
)η0ǫh

∂U∗
y

∂y∗ ]} . (20)

where ℜ is defined exactly as it is in the normal flow configuration.

Considering this flow configuration it appears clearly that h
L

≈ Vn

Ue
<< 1. Otherwise

Us

Ue
< 1 and then η0ǫh < ǫn << 1. Here any star-marked quantity is of the order of 1.

Moreover in a classical boundary layer ℜ is usually of the same order as in the case of

the flow normal to the wall previously analyzed, i.e. ℜ ≈ 1. But in the microflow fields,

the Mach number is generally small compared to 1 (≈ 0.1 − 0.2) and the ratio T0

Te
is not

very different from 1 [31]. Consequently ℜ rarely exceeds 0.1 and the relative weight of the

viscous terms on the temperature jump is generally very small; then their effects should be

negligible in ordinary microflows.

In a simple configuration where the gas is assumed to be moving tangentially along the

wall, only the velocity gradient along the y axis subsists in relations (16) or (17). Then

the viscous heating effects at the wall lie only on the fluid acceleration along the wall. In

spite of its theoretical simplicity, this case is not realistic along an isotropic surface: because

such a unidirectional flow field would exist only if the compressibility were neglected (as in

Poiseuil flow), then ∇.U = 0 and no velocity gradient would subsist in relation (17). But it

is different when gradients coming from anisotropy are present as in relations (16) or (20):

then even if the compressibility is negligible, unidirectional flows involving small viscous

heating at the wall can appear.
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IV. ON THE SLIP VELOCITY

In the same way as the gas temperature at x = 0 was derived from the account of heat

flux, the mean velocity of the gas at x = 0 can be derived from the account of the mass flux.

This mass flux account at the wall leads us to calculate the mean velocity using averages

based on the particle distribution function as formulated in the kinetic theory. But as

was pointed out by Maxwell [2], considering the momentum components, the macroscopic

meaning of these averages calculated at the wall is reversed compared to the meaning taken

in any point within the gas. So, it yields at x = 0

−nU =

∫

Ω′

ξ′f−dξ′ +

∫

Ω

ξf+dξ . (21)

Project relation (21) on the x axis. Using relation (5) between f+ and f− and the normaliza-

tion condition on the scattering kernel, it is found Ux = 0, due to the surface impermeability.

A. Calculation of the slip velocity

Project relation (21) on the y axis. Using relation (5) between f+ and f−, it is obtained

at x = 0,

nUy =

∫

Ω′

ξ′x[

∫

Ω

ξy

ξx

B(ξ′, ξ)dξ]f
−dξ′ −

∫

Ω′

ξ′yf
−dξ′ .

The integral
∫

Ω

ξy

ξx
B(ξ′, ξ)dξ may be calculated separately with B(ξ′, ξ) given in relation (1).

This calculation gives
∫

Ω

ξy

ξx

B(ξ′, ξ)dξ = αx(1 − αy)

√
π

Cw

ξ′y − (1 − αx)(1 − αy)
ξ′y

ξ′x
.

Therefore,

nUy = αx(1 − αy)

√
π

Cw

∫

Ω′

ξ′xξ
′
yf

−dξ′ − [1 + (1 − αx)(1 − αy)]

∫

Ω′

ξ′yf
−dξ′ . (22)

Now, choosing the same incoming distribution function as for the thermal jump calculation

(relation (9)) and using the change ξ′ = V ′ + U , relation (22) splits into

nUy = αx(1 − αy)

√
π

Cw

[UyJ0x + UyJ2 + J4] − (23)

(1 + (1 − αx)(1 − αy))[UyJ0 + UyJ1 + J3] ,
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where are denoted:

J0 =

∫

Ω′

fMdV ′ J0x =

∫

Ω′

V ′
xfMdV ′

J1 =

∫

Ω′

ϕfMdV ′ J2 =

∫

Ω′

V ′
xϕfMdV ′

J3 =

∫

Ω′

V ′
yϕfMdV ′ J4 =

∫

Ω′

V ′
xV

′
yϕfMdV ′ .

J0 and J0x give easily J0 = n
2

and JOx = − nC0

2
√

π
. The calculations of J1, J2, J3, and J4, involve

the complex expression of ϕ given in relation (10). However these calculations are feasible

and it is found

J1 = −3

4

µ

mT0C0

√
π

∂T

∂x
J2 = − µ

mC0

√
π

(
∂Ux

∂x
− 1

3
∇.U) (24)

J3 = − µ

mC0

√
π

(
∂Ux

∂y
+

∂Uy

∂x
) J4 =

3

8

µC0

mT0

√
π

∂T

∂y
+

µ

2m
(
∂Ux

∂y
+

∂Uy

∂x
) .

Relation (23) can be arranged in the form

Uy(4 − γ + β
C0

Cw

) − β
Uy

C0

2C0

√
π

nCw

J2 + (2 − γ)
Uy

C0

2C0

n
J1 = (25)

−(2 − γ)
2

n
J3 + β

2
√

π

nCw

J4 ,

with

β = αx(1 − αy), γ = αy + αx(1 − αy)

Finally, from (25) and (24), the complete boundary condition on the y component of the

tangential mean velocity is written in the following form

Uy(4 − γ + β

√

T0

Tw

) + β
Uy

C2
0

2µ

mn

√

T0

Tw

(
∂Ux

∂x
− 1

3
∇.U) − (26)

(2 − γ)
Uy

C0

3µ

2mnT0

√
π

∂T

∂x
=

2µ

mnC0

√
π

(2 − γ + β
π

2

√

T0

Tw

)(
∂Ux

∂y
+

∂Uy

∂x
) + β

3µ

4mnT0

√

T0

Tw

∂T

∂y
.

As for the thermal boundary condition, the effects of using an Enskog distribution function

for f− will be commented in the conclusion. However, let us point out that through relation

(21) we used the basic definition of the mean velocity in kinetic theory, instead of the usual
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rough momentum balancing generally used in slip velocity derivation [2, 8, 9]. Thus the

new approach appears as a direct calculation of the slip velocity, consistent with the kinetic

theory formulation from the momentum components and accounting for the singularity of

this formulation at the wall.

B. Simplified expression of the slip velocity

Relation (26) is a complete boundary condition on the tangential velocity for the con-

tinuum equations. However, in this relation, the term involving the velocity gradients on

the left-hand-side and the term involving the velocity gradients on the right-hand-side are

in a magnitude order of the ratio Uy

C0

. It is the same for the terms involving the temperature

gradients. As mentioned before in the discussion about the thermal boundary condition,

the slip velocity of the gas at the wall is negligible compared to the thermal velocity (at

x = 0, U2
y << C2

0), thus the last two terms on the left hand side of relation (26) can be

neglected: the dimensional analysis (section IV D) would confirm this choice with some re-

strictions for the normal temperature gradient term if a strong heat flux exists across the

wall. Then the slip velocity component on the y axis is written

(4 − γ + β

√

T0

Tw

)Uy = (27)

2µ

mnC0

√
π

(2 − γ + β
π

2

√

T0

Tw

)(
∂Ux

∂y
+

∂Uy

∂x
) + β

3µ

4mnT0

√

T0

Tw

∂T

∂y
.

Naturally, the corresponding expression of the slip velocity on the z axis might be written

in the same way transposing y and z notations. In relation (27) the tangential gradient of

the normal mean velocity component appears: it was generally missing in previous approach

formulae [2] and recently pointed out as necessary [32]. In the usual terms (thermal creep

and Uy normal gradient) the slip coefficient and the thermal creep coefficient depend on the

gas-to-wall temperature ratio T0

Tw
and on the various momentum accommodation coefficients

(notably on the normal accommodation coefficient). In the usual cases where the wall is

an isotropic surface (αy = αz), coefficients γ and β are the same in the expressions of the

two components Uy and Uz of the slip velocity: thus Uy and Uz refer to a unique vectorial
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equation for the slip velocity along the surface plane. Therefore, in any case the present

model is suitable to treat a three dimensional flow configuration.

When the reflecting surface is considered as an ideal specular reflecting surface (αx =

αy = αz = 0), two significant results are predicted from relation (27), which cannot be

derived from previous models. First, when all the accommodation coefficients vanish in

relation (27), the ”thermal creep” vanishes too. This confirms theoretically the ”thermal

transpiration” qualitative explanation provided by Maxwell and Reynolds and adopted so

far, considering the ”thermal creep” as resulting from a gas/surface interaction effect [2, 33].

Consequently, the thermal creep should vanish when the boundary condition becomes pure

geometrical condition, as it is provided by a perfect specular reflecting surface [14] where

the gas does not exert any stress. Contrary to relation (27) the classical slip models predict

in this case a thermal creep effect remaining anomalously present. Second, when all the

accommodation coefficients vanish, the present formula (27), which is a direct calculation of

the slip, leads to a correct qualitative response,

Uy =
µ

mnC0

√
π

(
∂Ux

∂y
+

∂Uy

∂x
) ≃ λm

µ
τ (28)

where τ is the tangential shear stress at the wall. This result means that on a specular surface

the slip velocity is practically the gas mean velocity at a distance equal to the mean free path

from the wall, as phenomenologically predicted [1, 9, 18]. On the contrary, as soon as the

Maxwell accommodation coefficient (usually associated to the tangential accommodation

coefficient) vanishes, the Maxwell slip coefficient becomes infinite, and so the velocity slip

remains unknown whatever the stress behavior at the wall.

C. Comparison with experimental measurements of slip coefficient

Before comparing our slip velocity results with the Maxwell approach and with experi-

mental results, a preliminary remark is needed. In expression (10), according to Chapman-

Enskog assumption (see pages 173 − 175 of reference [9]), the viscosity coefficient derives

from the well-known inverse fifth power law interaction potential (Maxwellian molecules):
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such a model does not lead exactly to the usual mean free path expressed by λm = µ

mn

√

πm
2kT0

,

which corresponds to the Maxwell phenomenological assumption (see pages 231, 240 and the

Appendix of reference [2]) and which remains close to the hard sphere model mean free path.

Therefore, it is necessary to correct the viscosity coefficient appearing in the present slip ve-

locity calculations using a factor 3π
2

in order to be consistent with the formal λm expression.

This is obtained by fitting both the Maxwell slip velocity and the present slip expression

in the case of diffuse reflection where the Maxwell expression is known to give satisfactory

results[14]. Then, from the slip velocity relation (27) a slip length can be deduced

ζ0 =
3µ

√
π

mnC0

(2 − γ + β π
2

√

T0

Tw
)

(4 − γ + β
√

T0

Tw
)

. (29)

The corresponding slip coefficient, σv, derived using relation ζ0 = σvλm, reads

σv = 3
(2 − γ + β π

2

√

T0

Tw
)

(4 − γ + β
√

T0

Tw
)

(30)

From the interplay of the normal and the tangential accommodation coefficients one can see

that the slip length from relation (29) depends slightly on the accommodation coefficients and

remains close to λm. Precisely, the present relation (30) predicts that, when the temperature

jump is negligible, σv ranges from 1 to 1.93 when the gaz/surface properties vary through the

variation of the accommodation coefficient values (Table II). On the contrary, the Maxwell

expression of the slip length 2−αy

αy
λm increases strongly for vanishing values of the Maxwell

accommodation coefficient. The slip coefficient prediction based on the Maxwell type of

boundary condition should be called into question as soon as the physical conditions move

away from the perfect accommodation and especially for small values of the accommodation

coefficients (see table I).

Table III presents results of slip coefficient measurements carried out by Porodnov et.al.

[34] for various gases on various surfaces. These are direct measurements of the slip coefficient

without any arbitrary fixed value of the accommodation coefficients. Table III shows that

when the couple gaz/surface properties vary the measured slip coefficient values lie between
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1 and 2. Consequently, taking into account the correction on the viscosity theoretical

calculation, and so on the mean free path definition at the wall, as pointed out above,

we observe that the slip coefficients predicted by relation (30) are in agreement with the

experimental values of reference [34].

D. Dimensional analysis in boundary layer configurations

In a boundary layer or in a microflow configuration, we analyze equation (27) in the

same way which led to relation (20) Using the same parameters as those defined in section

(III C 2), supplemented with ηy = Uy

Ue
, we obtain :

(4 − γ + β
√

T ∗
0 )ηy =

3

2
Kn(2 − γ + β

π

2

√

T ∗
0 )(η0

∂U∗
y

∂x∗ + ǫhǫn

∂U∗
x

∂y∗ ) + βǫh

√
6π

8ℜ
∂T ∗

∂y∗ (31)

As in equation (20) the star-marked quantities are all of the order of 1. Moreover η0 is usually

found in the [0.1-0.2] range. Therefore, on the basis of the previous comments, it appears

that the thermal creep has generally a weight ( ǫh

ℜ ) of the same order as the weight η0 of the

normal gradient of the tangential velocity. In usual microflow domains, the negligible effect

of the tangential gradient of the normal velocity component seems confirmed. Nevertheless,

it is to note that the above analysis is carried out neither for complex geometries involving

strong surface curvature nor for particular motions of the wall. Such conditions have recently

been mentioned as enhancing the effect of the missing terms in the usual slip formulae [32].

V. CONCLUDING REMARKS

Slip and jump boundary conditions at the wall were obtained analytically through a con-

sistent approach based upon the kinetic theory. An anisotropic scattering kernel, previously

derived, was employed to express the reflection law. The complete Chapman-Enskog distri-

bution function involving the velocity gradients was used for the incoming particles. Two

main aspects of the results may be pointed out. First, supplementary terms appear in the ex-

pressions of the boundary condition. In the temperature jump some terms involving various
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velocity gradients are present besides the normal temperature gradient term: these kinetic

terms reflect the contribution to the temperature jump, provided by the gas friction against

the solid surface; these viscous terms may account for the special behavior of the anisotropic

reflecting surfaces. In the slip velocity the thermal creep is supplemented with new crossed

gradients of the tangential velocity components, which some authors recently pointed out

as missing in usual formulae. Second, in the usual terms the surface anisotropy can also

be acting; thus the usual coefficients involved in the previous approaches are modified, in-

cluding now three accommodation coefficients. Moreover, in the velocity slip coefficient, the

wall-to-gas temperature ratio is also present.

As a result, the boundary conditions appear as a structured set of equation in which

the coupling between the various gradients appears naturally. The coupling coefficient are

linear combinations of the accommodations coefficient of the three momentum components.

From a quantitative point of view, using dimensional analysis of the various geometrical

configurations showed that some of the new terms are of the same magnitude order as the

usual terms, showing the pertinence of the present approach. Finally the use of an incom-

ing Chapman-Enskog distribution function requires a last comment: distribution functions

involving the gas motion have rarely been employed so far to treat the thermal boundary

conditions: in the eighties Scott and Gupta [16] used a Chapman-Enskog distribution to

describe the gas behavior near the wall, but in a very different conceptual frame. Their

approach was based on the gas property balances between the inlet of the Knudsen layer

and the area in contact with the wall. Thus the temperature jump and the slip velocity ap-

peared exclusively as a variation of the gas property across this layer and the wall itself was

disregarded. The present approach is focused on the contact of the gas with the wall, and the

influence of the Knudsen layer itself has not been realistically accounted for. The variation

of the gradient through the Knudsen layer may be significant when a strong temperature

difference occurs between the gas and the wall. But, in any case the present approach allows

us to show the emergence of new phenomena in boundary conditions. A first comparison

of the slip coefficient with experimental values partially validates the model and shows its
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usefulness. A complete exploitation needs theoretical and experimental investigations on

the accommodation coefficient data.

APPENDIX A: NOTICE ON THE DETAILED CALCULATIONS

Let us write simply the scattering kernel B(ξ′, ξ) of relation (1) in the form

B(ξ′, ξ) = PxPyPz

where Px, Py, and Pz correspond respectively to the three factors appearing in relation (1).

These three factors Px, Py, and Pz all satisfy
∫ +∞

0

Pxdξx
=

∫ +∞

−∞
Pydξy

=

∫ +∞

−∞
Pzdξz

= 1 . (A1)

1. On the calculation of
∫

Ω V 2B(ξ′, ξ)dξ

At x = 0, taking into account Ux = 0 it can be written

V 2 = (ξ − U)2 = ξ2 − 2ξyUy − 2ξzUz + U2 ,

then
∫

Ω

V 2B(ξ′, ξ)dξ =

∫

Ω

ξ2B(ξ′, ξ)dξ − 2Uy

∫

Ω

ξyB(ξ′, ξ)dξ − 2Uz

∫

Ω

ξzB(ξ′, ξ)dξ + U2 .

Each of the integrals appearing in the right-hand-side of this latter equation can be calculated

using a standard table for related integrals. Finally, remembering that ξ′ = V ′+U the result

may be written
∫

Ω

V 2B(ξ′, ξ)dξ = V ′2 − αxV
′
x
2 − αyV

′
y
2 − αzV

′
z
2
+ σ0C

2
w + αyU

2
y + αzU

2
z .

with σ0 = αx + 1
2
(αy + αz)

2. On the calculation of Q0M

Q0M is written

Q0M =
1

2
m

∫

Ω′

[[[(((

αxV
′
x
2
+ αyV

′
y
2
+ αzV

′
z
2))) − σ0C

2
w − αyU

2
y − αzU

2
z

]]]

|V ′
x|fM(V ′)dV ′ .
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The integrals required for the Q0M calculation are in the form
∫

Ω
V k

x V l
yV n

z fM(V )dV where

k, l, n are integers. These integrals can be generated using a standard integral table of the

exponential function, remembering that, according to our notation, |V ′
x| = −V ′

x for V ′
x ∈ Ω′.

The result reads

Q0M =
mnC0σ0

4
√

π
(C2

0 − C2
w) − mnC0

4
√

π
(αyU

2
y + αzU

2
z )

3. On the calculation of Q0ϕ

Q0ϕ is written,

Q0ϕ = −1

2
m

∫

Ω′

[[[

χ −
(((

αxV
′
x
2
+ αyV

′
y
2
+ αzV

′
z
2)))]]]|V ′

x|fM(V ′)ϕ(V ′)dV ′ (A2)

where χ = σ0C
2
w + αyU

2
y + αzU

2
z . Writing ϕ(V ′) in the form

ϕ(V ′) =
2λc

nkTC2
0

∇T.V ′ − 4λc

5nkTC4
0

V ′2∇T.V ′ (A3)

+
2µ

nkTC2
0

(V ′
i V

′
j ) : (

∂Ui

∂Xj

) − 2µ

3nkTC2
0

V ′2∇.U

the terms of ϕ(V ′) which do not lead to vanishing integrals are the terms:

∂T

∂x
V ′

x ;
∂T

∂x
V ′

xV
′2 ; V ′

x
2∂Ux

∂x
; V ′

y
2∂Uy

∂y
; V ′

z
2∂Uz

∂z
; and V ′2∇.U (A4)

Then, using the relevant integral table of the form
∫

Ω
V k

x V l
yV n

z fM(V )dV , we find from this

long calculation

Q0ϕ =
σ1

20

mλc

kT0

C2
0

∂T

∂x
− µmC0

kT0

√
π

[
∂Ux

∂x
(
χ

6
− 3αx

4
C2

0) − ∂Uy

∂y
(
χ

12
+

αy − αz

8
C2

0)

−∂Uz

∂z
(
χ

12
+

αz − αy

8
C2

0)] .

Q0ϕ can be easily rewritten in the form given in relation (13).
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APPENDIX B: ENERGY ACCOMMODATION COEFFICIENT WHEN

f−(V ′) = fM (V ′), U = 0

The heat energy accommodation coefficient is defined by

Φ− − Φ+

Φ− − Φ+
d

. (B1)

where Φ− is the incoming heat flux at the wall, Φ+ is the reflected heat flux, and Φ+
d

is the reflected flux in the hypothetical situation of perfect accommodation to the wall.

(Φ− − Φ+) is expressed exactly as in relation (4), (6) and (7). Then the particular case

where f−(V ′) = fM(V ′) yields

Φ− − Φ+ =
mnC0σ0

4
√

π
(C2

0 − C2
w)

(Φ− − Φ+
d ) can be calculated in the same way, substituting the scattering kernel B(V ′, V )

by the diffuse one, Bd(V
′, V ) = 2

C4
wπ

Vxe
− V 2

C2
w . It is found

Φ− − Φ+
d =

1

2
m

∫

Ω′

|V ′
x|V ′2fM(V ′)dV ′ − mC2

w

∫

Ω′

|V ′
x|fM(V ′)dV ′

and finally,

Φ− − Φ+
d =

mnC0

2
√

π
(C2

0 − C2
w) .

Consequently in this case the energy accommodation coefficient equals σ0

2
.
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TABLES

αy 1 0.8 0.7 0.6 0.5 0.4 0.2 0.1

σv 1 1.5 1.86 2.33 3 4 9 19

TABLE I: Maxwell slip coefficient calculated using relation
2−αy

αy
for different values of αy.

αx αy = 1 0.9 0.8 0.7 0.5 0.4 0.1 0

1 1 1.12 1.23 1.34 1.53 1.61 1.86 1.93

0.9 1 1.11 1.22 1.32 1.50 1.59 1.82 1.88

0.7 1 1.10 1.20 1.29 1.46 1.53 1.74 1.80

0.4 1 1.09 1.28 1.24 1.38 1.45 1.62 1.67

0.1 1 1.07 1.14 1.20 1.31 1.36 1.50 1.59

TABLE II: Slip coefficient of relation (30) given for different values of αx and αy .

He Ne Ar Kr Xe H2 D2 CO2

1.24 1.25 1.31 1.23 1.33 1.22 1.27 -

1.49 1.56 1.46 1.39 1.38 1.37 1.41 1.24

1.53 1.59 1.33 - - - 1.57 -

1.02 1.71 1.35 - - 1.46 1.37 -

TABLE III: Experimental values of slip coefficients of various gases on various surfaces [34].


