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We present wave-optics calculations of the temporal and spatial evolution from random noise of a double phase-

conjugate mirror in photorefractive media that show its image exchange and phase-reversal properties. The

calculations show that for values of coupling coefficient times length greater than two the process exhibits

excellent conjugation fidelity, behaves as an oscillator, and continues to operate even when the noise required for

starting it is set to zero. For values less than two, the double phase-conjugation process exhibits poor fidelity

and disappears when the noise is set to zero.

The discovery of double phase conjugation by Weiss
et al.' has stirred much controversy concerning the
temporal and spatial processes by which two mutu-
ally incoherent input beams become phase conjugates
of each other. Originally, many researchers thought
the process apocryphal since two incoherent laser
beams cannot usually write a stationary interference
pattern with each other. Weiss et al. realized, how-
ever, that both beams fan, and, since they share the
same holographic medium, an effective interaction
between them is produced through the scattering off
each other's gratings. In particular, the highest gain
for this process occurs when the two beams become
counterpropagating phase conjugates of each other
(i.e., the beams exchange slowly varying amplitude
and phase profiles with a sign change on the phase).
It has been shown' that when the input beams to the
double phase-conjugate mirror (DPCM) carry picto-
rial information, they exchange this information with
essentially no cross talk or print through.

Previous analytical research on the DPCM is
contradictory. A one-dimensional analysis, which
by its nature cannot address issues of conjugation
fidelity or replication quality, suggests that the
DPCM is an oscillator with a threshold of coupling
coefficient times length equal to two.' Simplified
two-dimensional analyses2 neglect the effects of
diffraction, phase matching, and the nonlocal nature
(i.e., the refractive-index perturbation at a point is
generated solely by the field amplitudes at exactly
the same point) of the photorefractive effect and
are therefore inapplicable (as shown in Ref. 3, these
simplifications cannot be made for image-bearing
beams or when the phase-conjugation process starts
from noise).

Here we present two-dimensional wave-optics cal-
culations of the temporal and spatial evolution of the
DPCM for beams fully overlapping inside the crystal
(see the inset in Fig. 4 below). We find that the
process has two properties that are characteristic of

an oscillator. First, there is a well-defined threshold
in conjugation fidelity at coupling-coefficient times
length equal to two. Second, for a coupling coeffi-
cient times length greater than two, one can turn
off the noise that seeds the DPCM, and the DPCM
remains substantially unchanged, whereas for values
less than two it disappears.

We formulate the problem of two-beam propaga-
tion in a photorefractive medium in the terms of
the plane-wave expansion technique used recently
used to describe stimulated scattering,4 fanning,5 6

and photorefractive solitons.7 We neglect interac-
tions between orthogonal components (anisotropic
scattering), assume two monochromatic nearly
counterpropagating incident beams of arbitrary input
amplitude profiles, and include only two spatial
dimensions. The total electric field E(x, z, t) of the
two optical beams of the same average frequency co,
counterpropagating in the z direction, is

E(x, z, t) = 2 [A,(x, z, t)exp(ikz - iwt)

+ A2 (x, z, t)exp(ikz + icot) + c.c.]. (1)

We expand each beam in plane waves:

Ai(x, z, t) = Z am(z, t)exp[-ikem(x + emz/2)], (2)
m

A2 (x, z, t) = Y bm(z, t)exp[ikem(x + emz/2)], (3)
m

where Al(x, z, t) and A2(x, z, t) are the slowly vary-
ing parts of the field, x is the transverse coordi-
nate, k = wnb/C is the optical wave number, nb is
the background refractive index in the crystal, e
is the angular separation of the plane waves, and
am(z, t) and bm(z, t) are the expansion coefficients.
Note that in practice the interacting beams are nearly
counterpropagating (1730 in Ref. 1) and that we ac-
count for the angular difference in the envelopes
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Ai. The two beams are assumed to be incoherent
with each other (i.e., we assume that (AlA2*) = 0),
yet the index perturbations formed by each beam
contribute to the scattering of both beams. Since
there is no direct interaction between the beams, the
amplitudes Ai separately obey the nonlinear paraxial
wave equations (assuming negligible absorption)

M~l _ ad2A = -3n(x, z, t)A1, (4)

aA2 i a2A2 _ -ik
+z 2k x 2 = - n(x, z, t)A 2, (5)

where the same refractive-index perturbation
8n(x, z, t) that appears in both equations is produced
by both beams separately and evolves in time as

at + (1 + IA112 + 1A212)8n = iY ymn{aman*
at ~~~~~~~~~m,n

x exp[-ik(m - n)xe - ike2(m2 - n2)z/2] + bmbn*
x exp[ik(m - n)xe + ike2 (m2 - n2)z/2]} (6)

[for the rigorous derivation of Eq. (6) see App. A
of Ref. 4], where Ymn are the coupling coefficients
between the individual plane waves5 (note that en-
ergy conservation, when no absorption gratings are
present, is manifested in Ymn = -Ynm*). Here we
assume that Ymn are real, since the DPCM is gen-
erated through an energy-transfer process caused
by the nonlocal (or real) part of the coupling coeffi-
cients. In Eqs. (1)-(6) the field amplitudes, Ai, an,
and bn, are given in units of the square root of the
equivalent dark irradiance and time is in units of
the dielectric relaxation time evaluated at the equiv-
alent dark irradiance.46 To make the calculations
tractable,6 we define Io as the spatial average of
(1 + IAlI2 + 1A212) and substitute this into Eq. (6).
The refractive-index perturbation 3n(x, z, t) my also
be expanded in the form

Bn(x, z, t) = Yjnmn(Z, t)exp[-ik(m - n)xe
m,n

- ike2 (m2 - n2)z/2].

Inclusion of only the phase-matched terms in Eqs. (8)
and (9) yields (recall that ymm = 0):

- = -E npnan,az nb 

abp _ - ik
az nb Ejnnpbn.

(11)

Note the solution' that yields maximal scattering
from mutual gratings: ap = bp* for all p, which is
not necessarily reached for arbitrary images, initial
conditions, and coupling coefficients.

In our calculations, we use parameters typical of
BaTiO3 that provided a good match between steady-
state fanning observations and calculations.6 An-
gles are measured with respect to the +c axis, and
31 plane waves are used to describe the transverse
dependence (angular separation of half a degree).
We have solved the equations numerically by using
the split-step methods,4 and we have checked the
calculations by doubling the number of steps in z
and t and in the transverse resolution in x (namely,
reducing the angular separation to 0.25°). As found
in Ref. 6, our calculations show that the non-phase-
matched terms are important only for propagation
distances of a few optical wavelengths, and hence
all our results are based on numerical solution of
Eqs. (10) and (11).

We calculate the full temporal evolution of the
DPCM and show the steady-state results in Figs. 1
and 2 and the phase-conjugation fidelity versus time
for several different coupling levels in Fig. 3. The
total intensity is Io = 1, and the intensity ratio of
the input beams is 0.87. The average coupling co-
efficient for the transmission gratings geometry of
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Substitution of Eqs. (2) and (7) into Eq. (4), mul-
tiplication by the factor exp(ikpxe), and integration
over x yield

lap = Lk E nmzap+nm exp(-ik e2 Alz/2).

Similar operations on Eq. (5) lead to

ab _ -ik fnmnbp-n+m exp(ike 2 A&2 z/2).az nbmn

Similarly, Eq. (6) is transformed into

anmn + IOnmn = Ymn(aman* + bm*bn),at

Fig. 1. Steady-state spatial evolution of the plane-wave
amplitudes for a DPCM in a photorefractive crystal.
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where Al = 2(m - n)(m - p), A2 = 2(n - p)(n - m),
and ke2A/2 is the momentum mismatch between a
specific plane wave ap (or bp) and the grating nmn.
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Fig. 2. Steady-state input and output phases for the
interacting beams at angles corresponding to the location
of pictorial information.
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Fig. 3. Phase-conjugation fidelity as a function of time
for several gain levels (from the top to the bottom curves):
yoL 4.9, 2.46, 2.05, 1.64, 1.23, 0.98.
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Fig. 4. Phase-conjugation fidelity at steady state as a
function of coupling coefficient times length yoL.

Fig. 1 is approximately5 yo - 9.83 cm-'. As in the
experimental observation,' the process builds up from
noise scattering (fanning), and therefore we introduce
an initial noise level of 10-4Io (i.e., a,,, bn = 10-1 for
every n at z = 0 and z = 5 mm), with a random phase.
In Fig. 1 we plot the steady-state spatial evolution of
the plane-wave amplitudes in the Fourier (spatial-
frequency) plane for several planes perpendicular
to the propagation distance z. The input beams
are at the top left (A2) and bottom right (Al), and
the arrows indicate the direction of propagation for
the two beams (the input profiles were completely
arbitrary). The left-hand plot shows the propagation
of A2 and its transformation (like some drawings
of Escher9) into the phase conjugate of Al, and the
right-hand plot shows the similar evolution for Al.

Figure 2 shows the steady-state input and output
phases for both beams, in the vicinity of their
pictorial information, where the inversion of the
phase manifests the phase-conjugation properties of
the output beams. Note that the phase-reversed
image acquires an additional bias (transversely
uniform) phase of -0.3 rad, which is maintained for
all gain levels. For lower gains, a deterioration in
the phase-conjugation fidelity appears, manifested as
differences in the small features of the Fourier-plane
amplitudes, which correspond to large-scale distor-
tions in the real plane. Figure 3 shows the phase
conjugation fidelity CF, defined by

CF = Y amb.I(Y la.l _ 1b.1) (12)
In m

as a function of time for several gain levels. Figure 4
shows the phase-conjugation fidelity at steady state
as a function of gain. There is a fairly sharp thresh-
old at yoL 2 for the phase-conjugation process, and
good fidelity can be obtained in steady state at or
above this threshold. To verify that the DPCM is
an oscillator, we set the noise source term to zero
after reaching steady state. For coupling coefficients
times length less than two, we observed that the
conjugate wave decreases to near zero. For values
greater than two, the conjugate wave remains es-
sentially unchanged. We have also evaluated this
effect for large input beam ratios and found that the
threshold increases dramatically, as predicted.' We
have also changed the scaling factor for the noise for
values of yoL slightly above threshold and found that
the fidelity is almost insensitive to the noise level.
Slightly below threshold, however, the fidelity is very
sensitive to the level of noise.

In conclusion, we present a model for the temporal
and spatial evolution from random noise of the DPCM
in photorefractive materials and demonstrate image
exchange and phase reversal between the beams.
We conclude that the DPCM is indeed an oscillator,
since high phase-conjugation fidelity can be obtained
only above a well-defined gain threshold.

We acknowledge the enlightening comments of the
reviewers of this Letter.

Note added in proof: In calculations performed af-
ter this Letter was accepted, we find that the thresh-
old value is not necessarily equal to 2, in general,
but depends on the spatial profile of the input beams
and decreases with decreasing feature size in the
information borne on the beams.
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