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Temporal wavelet analysis for deformation and
velocity measurement in speckle
interferometry
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Abstract. When a continuously deforming object is measured by elec-
tronic speckle pattern interferometry (ESPI), the speckle pattern re-
corded on a camera sensor changes constantly. These time-dependent
speckle patterns would provide the deformation history of the object.
Various objects are applied with both linearly and nonlinearly varying
loads and speckle patterns are captured using a high-speed CCD cam-
era. The temporal intensity variation of each pixel on the recorded im-
ages is analyzed by a robust mathematical tool—Morlet wavelet trans-
form instead of conventional Fourier transform. The transient velocity
and displacement of each point can be retrieved without the necessity of
the temporal or spatial phase unwrapping process. The displacements
obtained are compared with those from a temporal Fourier transform,
and the results show that the wavelet transform minimizes the influence
of noise and provides better results for a linearly varying load. System
error in the wavelet analysis for nonlinear load is also discussed. © 2004
Society of Photo-Optical Instrumentation Engineers. [DOI: 10.1117/1.1801472]

Subject terms: high-speed imaging; continuous wavelet transforms; temporal
phase analysis; speckle interferometry; instantaneous frequency.
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1 Introduction

Electronic speckle pattern interferometry~ESPI! is one of
the most commonly used methods for high-resolution m
surements. It is a nondestructive, whole-field technique
static and dynamic deformation measurements. A pha
shifting technique is usually applied with ESPI to retrie
accurate phase values from speckle patterns. Howeve
requires several, normally three to five images, toget
with prescribed phase steps. For this reason, phase-sh
approaches are not easily accomplished in continuous
formation measurement.1

Temporal phase analysis and temporal phase unw
ping techniques2–4 were introduced to overcome this pro
lem in the late 1990s. Early applications involve contouri
surface with discontinuities by wavelength-scanni
interferometry.5,6 Joenathan et al.7–9 developed a novel ap
proach based on temporal speckle pattern interferom
~TSPI! to measure large continuous deformation of objec
While an object deforms, the phase of speckles on an im
sensor would fluctuate and a high-speed CCD camer
usually arranged to record the speckle patterns. Each p
is then analyzed as a function of time. The phase of
speckles is related to the in-plane or out-of-plane displa
ment or the slope of the deformation, depending on
optical arrangements. The reported upper limit on the
ject deformation measurement using the temporal anal
technique is more than 100mm instead of 6 to 7mm, as in
conventional spatial techniques.

Although some phase analysis algorithms10 have been
introduced, the Fourier transform11 is still a predominant
2780 Opt. Eng. 43(11) 2780–2787 (November 2004) 0091-3286/2004/
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method in temporal phase analysis. The intensity fluct
tion due to deformation of each pixel is first transforme
and one side of the spectrum is filtered with a bandp
filter. The filtered spectrum is inverse-transformed to obt
the wrapped phase. The phase values are then unwra
along the time axis at each pixel independently of oth
pixels in the image. It is well known that the accuracy
the Fourier transform analysis increases for higher temp
frequency with a narrow spectrum. In most cases, howe
the deformation of each point on the object is different, a
the deformation of each pixel may also be nonlinear alo
the time axis. An automatic filtering process becomes d
ficult as the width of the bandpass filter must be broaden
and introduces further errors in phase extraction.

The shortcoming of the mentioned Fourier analysis c
be overcome by using a wavelet transform. The wave
transform12 is a relatively new and robust mathematic
tool for signal analysis. Recently, it has also gained po
larity in optical interferometry and has been applied su
cessfully to denoise speckle patterns.13–15 Continuous
wavelet transforms~CWTs! were also used for phase ex
traction on different types of open-fringe interferograms
fringe patterns with spatial carriers.16–18These applications
use 1-D CWTs along one spatial axis. The phase grad
can be obtained by extracting the ‘‘ridge’’ of the wavel
coefficients, followed by an integration process to retrie
the phase. A wavelet transform has also been applied
temporal phase analysis of speckle interferometry. The c
cept was first introduced by Colonna de Lega in 1996 a
some preliminary results were presented.19,20 Cherbuliez
$15.00 © 2004 Society of Photo-Optical Instrumentation Engineers
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Fu et al.: Temporal wavelet analysis for deformation . . .
et al.,21 Cherbuliez and Jacquot,22 and Cherbuliez23 ex-
tended the study on applying different processing al
rithms to develop a fast and efficient software tool f
phase retrieval from dynamic fringe or speckle patterns

In this paper, a complex Morlet wavelet function is us
to extract instantaneous frequency at each pixel from a
ries of speckle patterns obtained by ESPI. The insta
neous velocity, which is useful in dynamic measuremen
derived directly from the frequency. Unlike Colonna d
Lega’s method, out-of-plane displacement is retrieved
integration and a phase-unwrapping process in time an
spatial domain is not required. Displacement obtained us
temporal wavelet analysis is also compared with that us
conventional temporal Fourier analysis.

2 Theoretical Analysis

A schematic layout of ESPI setup for out-of-plane measu
ment is shown in Fig. 1. An expanded laser beam is co
mated and separated by a beamsplitter into object and
erence beams. A series of speckle patterns are captured
high-speed CCD camera with a telecentric lens during
formation. The intensity of each pixel can be expressed

I xy~ t !5I 0xy
~ t !1Axy~ t !cos@wxy~ t !#

5I 0xy
~ t !H 11V cosFf0xy

1
4pzxy~ t !

l G J , ~1!

whereI 0xy
(t) is the intensity bias of the speckle pattern,V

is the visibility, f0xy
is a random phase, andzxy(t) is the

out-of-plane deformation of the object. A series of spec
patterns are recorded during the deformation and at e
pixel, the intensity variation is analyzed by CWT.

The CWT WS(a,b) maps a functions(t) onto a 2-D
domain~time-scale plane!. It can be expressed by

WS~a,b!5E
2`

1`

s~ t !hab* ~ t !dt, ~2!

Fig. 1 Schematic layout of ESPI system.
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where

hab~ t !5
1

Aa
hS t2b

a D , ~3!

h(t) is known as the mother wavelet;hab(t) are the basis
functions of the transform, known as daughter waveletsa
Þ0 is a dilation scale parameter related to the frequencb
is a position parameter along the time axis; and* denotes
the complex conjugate. The factor 1/Aa in Eq. ~3! is used
to keep the energy ofhab(t) constant during dilation and
translation.

The signals(t) can be recovered from the wavelet c
efficientsWS(a,b) by an inverse wavelet transform give
by12:

s~ t !5
1

C E
2`

1`E
2`

1`

WS~a,b!hS t2b

a D da

a2
db, ~4!

where the constantC depends only onh(t) and is given by

C52pE
2`

1` uĥ~v!u2

uvu
dv,`, ~5!

where ĥ(v) denotes the Fourier transform ofh(t). The
requirement that constantC has to be less than infinity
leads to the so-called admissibility condition on the moth
wavelet functions. Ifh(t) is1 in L (R), then ĥ(v) is con-
tinuous, henceC can be finite only ifĥ(0)50, which im-
plies that the mother wavelet functionh(t) has an average
of zero value.

In this paper, the velocity and displacement, which a
derived from the instantaneous frequencies of inten
variation, are measured using wavelets. An analytic wav
is selected as the amplitude and phase of the signal a
be separated. A particular choice for the mother wavele
the Morlet wavelet, which is widely used in the study
signals with strong components of pure sinusoidal or mo
lated sinusoidal waves. The Morlet wavelet has the form

h~ t !5g~ t !exp~ iv0t !, ~6!

where g(t)5exp(2t2/2), and v0 is the ‘‘mother’’ fre-
quency, the only parameter that must be chosen. One
sideration is thatĥ(0) is numerically negligible. This con
dition is verified when v0.5. Interference effects
introduced by the Morlet wavelet must also be conside
when v0 is selected.20 Here v052p is chosen to satisfy
the admissibility condition so that the wavelet function
able to remove the negative frequencies as well as avoid
dc contribution of the signals.24

In a CWT, a kernel that consists of a scaled templ
waveform shifts along the signal and calculates the wav
coefficient that represents how closely correlated the wa
let is with this section of the signal. In this paper, it expan
a 1-D temporal intensity variation of certain pixels to a 2
plane of scalinga ~which is related to the frequency! and
positionb ~which is related to the time axis!.
2781Optical Engineering, Vol. 43 No. 11, November 2004
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Fu et al.: Temporal wavelet analysis for deformation . . .
To avoid a large error in the CWT at the boundary, t
intensity variation signal on each pixel is extended at
left- and right-hand edges. Symmetrical or zero padd
extension techniques are commonly adopted in the prac
In this paper, a linear predictive extrapolation method25 is
selected. The advantage of this extrapolation method is
phase and frequency of intensity variations are maintain
After the CWT has been carried out on the extended d
the wavelet coefficients are truncated appropriately.

Substituting Eqs.~1! and ~6! into Eq. ~2!, the wavelet
transform of temporal intensity variation can be expres
as26

Wxy~a,b!5
Aa

2
Axy~b!S ĝ$a@z2wxy8 ~b!#%1eS b,

v0

a D D
3$exp@ iwxy~b!#%, ~7!

where z5v0 /a, and e is a corrective term, which will
remain small if the following conditions are satisfied:

v0
2

uwxy8 ~b!u2

uAxy9 ~b!u
uAxy~b!u

!1, ~8!

and

v0
2

uwxy9 ~b!u

uwxy8 ~b!u2
!1. ~9!

The presence ofwxy8 in the denominator shows thatAxy8 and
wxy8 are slow varying ifwxy8 is small but may vary much
more quickly for large instantaneous frequencies. As
exp@2iwxy(b)# and dc terms are negligible with proper s
lection ofv0 , only the exp@iwxy(b)# term remains in Eq.~7!.
Delprat et al.27 shows a different proof with similar result
using a stationary phase approximation.

The trajectory of maximumuWxy(a,b)u on the a-b
plane is called a ‘‘ridge.’’ IfAxy(b) andwxy8 (b) have small
variations over the support ofhab , andwxy8 (b)>Dv/a, e is
negligible, and the instantaneous frequency can be obta
by

wxy8 ~b!5z rb5
v0

arb
, ~10!

as uĝ(v)u has a maximum value atv50. Note thatarb
denotes the value ofa at instantb on the ridge. The instan
taneous velocity of pointP(x,y) at instantb, which is pro-
portional towxy8 (b), can be retrieved directly.

The wavelet transform on the ridge can then be
pressed as

Wxy~arb ,b!'
Aarb

2
Axy~b!ĝ~0!exp@ iwxy~b!#. ~11!

The phase valuewxy(b), which represents the temporal di
placement, can be retrieved by two methods. One metho
to calculate the arctangent of the ratio of the imaginary a
real parts of the wavelet transform on the ridge:
2782 Optical Engineering, Vol. 43 No. 11, November 2004
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wxy~b!5tan21S Im@Wxy~arb ,b!#

Re@Wxy~arb ,b!# D ~12!

where Re and Im denote the real and imaginary parts of
wavelet transform. However,wxy(b) obtained from Eq.
~12! is within @0,2p! and phase unwrapping cannot b
avoided. In this paper, the phase valuewxy(b) is calculated
by integration of the instantaneous frequency in Eq.~10!,
and phase-unwrapping procedure is not required in tem
ral and spatial domain. Combination of phase values
each pixel at certain instantT generates a phase map ofwT ,
and deformation between two instantsT1 and T2 can be
obtained by (wT2

2wT1
).

3 Experimental Illustration

Two test specimens are used in this study. The first sp
men is a fully clamped square plate with several artific
defects ~circular blind holes with different depths!. The
width and thickness of the plate are 80 and 5 mm, resp
tively. The plate is loaded by a uniformly distributed pre
sure applied with compressed air, and continuously
formed by increments of pressure in the chamber. T
beam of a He-Ne laser~30 mW, l5632.8 nm! illuminates
the specimen and a reference plate at right angle throu
beamsplitter. The object and reference beams are reco
on a CCD sensor. During deformation of the object, a se
of speckle patterns is captured by a high-speed CCD c
era ~KODAK Motion Corder Analyzer, SR-Ultra! with a
telecentric gauging lens. The second specimen is a can
ver beam, which is loaded with a nonlinear motion using
computer-controlled piezoelectrical transducer@Fig. 2~a!#.
The setup is similar to the previous one. Only a portion
the beam is inspected and a typical speckle pattern is sh
in Fig. 2~b!.

4 Results and Discussion

Figure 3~a! shows a typical speckle pattern captured from
part of the fully clamped plate at intervals of 0.004 s wi
imaging rate of 250 frames/s~fps!. A small area of interest

Fig. 2 (a) Cantilever beam and loading device and (b) typical
speckle pattern captured by a high-speed CCD camera.
10 to 155.69.4.4. Terms of Use:  http://spiedl.org/terms
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Fu et al.: Temporal wavelet analysis for deformation . . .
containing 3003300 pixels is also shown. Five hundre
speckle patterns are captured during a 2-s period. Am
them, 128 consecutive images are selected for proces
Figure 3~b! shows an ESPI fringe pattern at an instantT
50.2 s, which is obtained by subtraction of two spec
patterns. For each pixel, 128 sampling points along the t
axis are obtained. Figure 4 shows the gray-value varia
of points A and B @indicated in Fig. 3~a!#. A difference in

Fig. 3 (a) Area of interest on typical speckle pattern captured by a
high-speed CCD camera and (b) ESPI fringes at instant T50.2 s.

Fig. 4 Gray values of points A and B.
Downloaded from SPIE Digital Library on 25 Aug 20
.

amplitude is observed due to nonuniform illuminatio
However, only temporal frequencies are considered as t
contain information on velocity and displacement. The te
poral frequency of pointA is much higher than that of poin
B. This implies that pointA deforms faster than pointB.
The modulus of the Morlet wavelet transform of intens
variation of pointsA and B are shown in Figs. 5~a! and
5~b!, respectively. The dashed line shows the ridge of
wavelet transformation where the maximum moduli a
found. Little variation of arb is observed on the ridge
which implies the velocities are almost constant along ti
axis. Figure 6~a! shows the velocities at pointsA and B,
where the transient velocities at each pixel can be retriev
Integration of (2p)/arb is carried out on each pixel to gen
erate a continuous temporal phasew. At a certain instantT,
the phase change due to the displacement can be obta
from (wT2wT0

), wherewT0
is the phase at instantT050.

In an ESPI setup, as shown in Fig. 1, a 2p phase change
represents a displacement ofl/2 ~5316.4 nm! in the z di-
rection. The transient displacements of pointsA andB are
shown in Fig. 6~b!. Figure 7~a! shows a 3-D plot of the
out-of-plane displacement at instantT50.2 s. A 333 me-
dian filter was used on the phase map to remove sev
ill-behaved pixels. The corresponding fringe pattern
shown in Fig. 3~b!. Figure 7~b! shows the out-of-plane dis
placements on cross sectionC-C @indicated in Fig. 3~a!# at
different instants. A smooth spatial distribution of displac
ment is observed.

For comparison, temporal Fourier analysis was also
plied on the same speckle patterns. Bandpass filters
different widths were applied. As the temporal frequenc
of each pixel are different, a relatively wider filter provide

Fig. 5 Plots of the modulus of Morlet wavelet transform at (a) point
A and (b) point B.
2783Optical Engineering, Vol. 43 No. 11, November 2004
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Fu et al.: Temporal wavelet analysis for deformation . . .
the best result as it includes all frequencies. A 1-D ph
unwrapping was then applied along the time axis, as
phase values obtained by inverse Fourier transformation
within @0,2p!. Figure 8~a! shows the 3-D displacement plo
from temporal Fourier analysis and Fig. 8~b! is the out-of-
plane displacements at cross sectionC-C. As in wavelet
transform, a 333 median filter was also applied on th
phase map. However, the fluctuation due to noise is
obvious. In Figs. 7 and 8, we observe that the maxim
displacement fluctuation due to noise is around 0.08mm in
the Fourier transform, but only 0.02mm in the wavelet
analysis.

In the second experiment, a slightly nonlinear loadi
was applied to a cantilever beam using a piezoelectr
transducer. Figure 9~a! shows modulus of the wavelet tran
form of intensity variation on pointD @indicated in Fig.
2~b!#. Different values ofarb on the ridge are observed
which implies the nonlinearity of the velocities. Figure 9~b!
shows the velocity of pointD, which is directly derived
from instantaneous frequency in Fig. 9~a!. A smooth tran-
sient displacement curve of pointD was obtained through
integration of velocity @shown in Fig. 9~c!#. Figure 10
shows the velocity distribution on cross sectionE-E @indi-
cated in Fig. 2~b!# at different instants. From a compariso
of the displacements using wavelet and Fourier anal
~shown in Fig. 11!, we observe that CWT on each pix
generates a smoother spatial displacement distributio
different instants compared to Fourier transform. The ma
mum displacement fluctuation due to noise is around 0
mm in Fourier transform, but only 0.02mm in wavelet
analysis.

Fig. 6 Transient (a) velocities and (b) displacements of points A and
B.
2784 Optical Engineering, Vol. 43 No. 11, November 2004
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From the preceding comparison between the results
wavelet and Fourier analysis, we can observe that wav
analysis shows better results in continuous displacem
measurement. As wavelet analysis calculates the optim
frequency at each instant, it performs an adaptive bandp
filtering of the measured signal, and thus limits the infl
ence of various noise sources and increases the resol
of measurement significantly. In contrast, the Fourier tra
form uses a broader filter, which is less efficient in elim
nating noise effect. The maximum displacement fluctuat
due to noise depends on the width of the bandpass filter
the quality of the speckle patterns.

When the loading is linearly increased, the values
Axy(b) andwxy8 (b) remain constant and the corrective ter
e in Eq. ~7! can be negligible. For loading that is nonlinea
a slight nonlinearity ofwxy8 (b) is observed and the correc
tive term e will affect slightly the results of the instanta
neous frequency extraction. If conditions in Eq.~8! and Eq.
~9! are satisfied, the errors on frequencywxy8 (b) are limited.
However, when the displacement is extracted by integ
tion, an accumulated error is observed. Compared to
Fourier transform, a slight offset can be observed in
wavelet results when the displacement is large. Compa
the averaging displacement at the right end (F-F) of the
beam@shown in Fig. 2~b!#, a difference of 0.04mm is ob-
served when the displacement is around 2.3mm, which
indicates that the system error due toe is around 1.7% for

Fig. 7 (a) 3-D plot of out-of-plane displacement generated by wave-
let transform and (b) transient displacements on cross section C-C
obtained by wavelet transformation.
10 to 155.69.4.4. Terms of Use:  http://spiedl.org/terms
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Fu et al.: Temporal wavelet analysis for deformation . . .
velocities that vary between 3.7 and 4.7mm/s @Fig. 9~b!#.
Further study of the effect ofe with different extents of
nonlinearity would be useful.

Continuous wavelet transform maps a 1-D intens
variation signal to a 2-D plane of position and frequen
and extracts the optimized frequencies. Although some f
converging iterative algorithms20–23are introduced and it is
not necessary to explore the whole time-frequency pla
the CWT is still a time-consuming process and requi
high computing speed and memory. The computation t
is about 10 times larger than that of the temporal Fou
transform. This is the main drawback of CWT in tempo
phase analysis. Similar to other temporal phase anal
methods, the wavelet transform is also limited by Nyqu
sampling theorem. It is impossible to analyze signals wit
frequency higher than half of the acquisition rate. Howev
these two disadvantages have become inconspicuous d
the rapid improvement in the capacity of computers a
high-speed CCD cameras.

The temporal phase analysis technique has the ad
tage of eliminating speckle noise, as it evaluates the ph
pixel by pixel along the time axis. There are still som
ill-behaved pixels, however, compared to the speckle no
in the spatial domain, these pixels can be easily identi
and removed. The temporal phase analysis technique
have its disadvantages and the determination of abso
sign of the computed phase is impossible by both temp
Fourier and wavelet analysis. This limits the technique
the measurement of deformation in one direction. Furth
more, it cannot analyze a part of an object that is not m

Fig. 8 (a) 3-D plot of out-of-plane displacement generated by Fou-
rier transform and (b) transient displacements on cross section C-C
obtained by Fourier transform.
Downloaded from SPIE Digital Library on 25 Aug 20
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Fig. 9 (a) Plot of the modulus of Morlet wavelet transform at point
D, (b) transient velocity of point D, and (c) transient displacement of
point D.

Fig. 10 Velocity distribution at cross section E-E at different in-
stants.
2785Optical Engineering, Vol. 43 No. 11, November 2004
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Fu et al.: Temporal wavelet analysis for deformation . . .
ing with the rest. Adding a carrier frequency to the ima
acquisition process is a method to overcome th
problems.21 However, the limitation of the mentioned Ny
quist sampling theorem must be considered and somet
a compromise is not easily reached. Another interes
point in this paper is the selection of wavelet basis fu
tions. The complex Morlet wavelet was selected becaus
gives the smallest Heisenberg box. However, further st
on the performance using other wavelet basis functi
would also be useful.

5 Concluding Remarks

We presented a novel method to retrieve the transient
locity and displacement on a continuously deforming obj
using temporal wavelet analysis of speckle patterns. Un
conventional phase evaluation techniques such as the
rier transform, this method analyzes the phase values p
by point along the time axis using a complex analytic
wavelet—the Morlet wavelet transform. Compared to t
Fourier transform, the wavelet has the advantages on
tracting the instantaneous frequencies, from which the
locity can be retrieved directly. A high-quality deformatio
map of the object can also be obtained without any pha
unwrapping processes. A comparison between the temp
wavelet transform and the Fourier transform showed t
wavelet analysis can limit the influence of various no
sources and significantly improve the result in displacem

Fig. 11 Displacement of the cantilever beam at different instants
obtained by (a) wavelet transform and (b) Fourier transform.
2786 Optical Engineering, Vol. 43 No. 11, November 2004
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measurement. The maximum displacement fluctuation
to noise was limited to 0.02mm. The system error in wave
let analysis when the loading is nonlinear was also e
mated. Besides the continuous deformation and velo
measurements described in this paper, the wavelet ana
could also be applied to wavelength-scanning interfero
etry and other similar contouring techniques.
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