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Abstract

This article discusses several definitions of the fractional Laplace oper-
ator L = —(—A)*? in R%, also known as the Riesz fractional derivative
operator; here a € (0,2) and d > 1. This is a core example of a non-
local pseudo-differential operator, appearing in various areas of theoretical
and applied mathematics. As an operator on Lebesgue spaces .£P (with
p € [1,00)), on the space % of continuous functions vanishing at infinity
and on the space %}, of bounded uniformly continuous functions, L can
be defined, among others, as a singular integral operator, as the generator
of an appropriate semigroup of operators, by Bochner’s subordination, or
using harmonic extensions. It is relatively easy to see that all these defi-
nitions agree on the space of appropriately smooth functions. We collect
and extend known results in order to prove that in fact all these defini-
tions are completely equivalent: on each of the above function spaces, the
corresponding operators have a common domain and they coincide on that
common domain.
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1. Introduction

We consider the fractional Laplace operator L = —(—A)o‘/ 2 in R?, with
a € (0,2) and d € {1,2,...}. This operator appears in different disciplines
of mathematics (partial differential equations, potential theory, harmonic
analysis, semigroup theory, function spaces, probability theory), as well as
in various applications that involve long-range interactions (water waves,
dislocations in crystals, anomalous diffusions, non-local quantum theories).
We refer the reader to [12] 46] for a comprehensive list of references from
the point of view of partial differential equations, to [8] for a potential-
theoretic and theoretical probability point of view, and to [15] for an applied
probability perspective.

Numerous definitions of L can be found in literature: as a Fourier mul-
tiplier with symbol —|£|%, as a fractional power in the sense of Bochner
or Balakrishnan, as the inverse of the Riesz potential operator, as a singu-
lar integral operator, as an operator associated to an appropriate Dirichlet
form, as an infinitesimal generator of an appropriate semigroup of contrac-
tions, or as the Dirichlet-to-Neumann operator for an appropriate harmonic
extension problem. Equivalence of these definitions for sufficiently smooth
functions is well-known and easy. There is, however, no reference that
would collect all definitions and discuss how they are related to each other.

The purpose of this article is to fill in this gap: by extending or modi-
fying known results and introducing some new ideas, below we prove that,
whenever meaningful, all definitions of L. mentioned above are equivalent
in the Lebesgue space £P for p € [1,00), in the space %) of continuous
functions vanishing at infinity, and in the space %, of bounded uniformly
continuous functions.

The literature on the above topic is rather scattered. Equivalence be-
tween semigroup definition, Bochner’s formula and Balakrishnan’s formula
is a general result, see [4I]. Inversion of Riesz potentials is well-studied
in the context of £P spaces (with p € [1, g)) and certain classes of distri-
butions, see [39, 47, 49, [55]. Semigroup and singular integral definitions
are also known to be equivalent, at least in Z? for p € [1, g), see 7). Fi-
nally, the semigroup definition on the space % is known to be equivalent to
Dynkin’s pointwise definition, known as Dynkin’s characteristic operator,
see [23].

In the present article we remove unnecessary restrictions and prove
equivalence of the above definitions in full generality. Our proofs are ele-
mentary and mostly analytic, but they originate in potential theory (ex-
plicit expressions due to M. Riesz) and Markov processes (Dynkin’s char-
acteristic operator). The main new ingredient consists of several relations
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between pointwise definitions of Lf(z), which are then re-used to prove
norm convergence in .£P, ¢y and %j,,.

Note that we restrict o to (0,2), that is, we do not consider complex
values of «, nor we include the hypersingular case o > 2. The following
theorem summarizes the results of the paper.

THEOREM 1.1. Let 2" be any of the spaces £P, p € [1,00), €y or Gpu,
and let f € 2 . The following definitions of Lf € 2" are equivalent:

(a)

(b)

(e)

Fourier definition:

F(LH)(E) =1 F (&)
(it 2 = v, pe1,2);
distributional definition:

/ Lf(y)(y)dy = / f(2) Lp(a)de
Rd RA

for all Schwartz functions ¢, with Ly defined, for example, as in (a);
Bochner’s definition:

1 o0
Lf—= tA _ _1_a/2d,
=g, €t

with the Bochner’s integral of an 2 -valued function;
Balakrishnan’s definition:

Lf=

with the Bochner’s integral of an 2 -valued function;
singular integral definition:

20T (45) flt+2)—10)
L= lm s o R
0t 7P0(—2)] Jrargr) 1A

with the limit in Z;
Dynkin’s definition:

: T
S1n 5

/ A(sI — A)7Hf 52271,
0

2,

Oé

Lf— tim 2T [(+2)-1()

r—0F Wd/Q‘F(_%)‘ RAI\B(z,r) ‘Z|d(‘z|2 - r2)o¢/2

with the limit in Z";

quadratic form definition: (Lf,p) = E(f, ) for all ¢ in the Sobolev
space H*/2, where

2°T(4) ())(9(y) — 9(=))
&(f,9) = 27 /2|1 2_% ‘/Rd/Rd |a:— | 7o dzdy
(if ' = £?);
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(h) semigroup definition:
Pf—
Lf = lim Rf—f
t—0+ t

where P,f = f % p; and Fp,(£) = e HEl%;
(i) definition as the inverse of the Riesz potential:

I(%52) Li(+2)
Qaﬁd/;r(%) /Rd 2] dz = —f(")

(ifa <dand & =7, pe[l, )
(j) definition through harmonic extensions:

Y

Azu(z,y) + a%i/ayz_z/o‘@;u(aj, y) =0 fory >0,

u(z,0) = f(x),
8yu(m,0) = Lf(x)7

where ¢, = 27%[['(=%)|/T'(§) and where u(-,y) is a function of
class 2" which depends continuously on y € [0,00) and ||u(-,y)|| 2
is bounded in y € [0, 00).
In addition, in (c), (e), (f), (h) and (j), convergence in the uniform norm
can be relaxed to pointwise convergence to a function in 2 when Z = %,
or Z = %py. Finally, for ' = £P with p € [1,00), norm convergence
in (e), (f), (h) or (j) implies pointwise convergence for almost all x.

We emphasize that in each definition, both f and Lf are assumed to
be in Z . For the detailed statements of the above definitions, we refer the
reader to Section 2l Theorem [[.1]is a combination of Theorems[5.3l and [6.1]
and Lemma [T.11

REMARK 1.1. The main novelty of the proof lies in the following ob-
servation: for a fixed x, the convergence in the Dynkin’s definition (h)
implies convergence in the singular integral definition (e), which in turn as-
serts convergence in the semigroup and harmonic extension definitions (h)
and (j). By using this property instead of more advanced techniques found
in literature, such as inversion of Riesz potentials, we are able to cover all
ZP spaces, with no restrictions on p € [1,00), as well as % and %},. Prob-
abilistic methods are perfectly suited to prove convergence in the Dynkin’s
definition (h), see Section [7] for sample applications and further discussion.

REMARK 1.2. The spaces 2" = £ and & = %, (the space of
bounded continuous functions), not included in the theorem, can often
be reduced to %}, due to the fact that the domains of L defined with the
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singular integral, Dynkin’s, semigroup or harmonic extension definitions on
Gou, €, and L are all equal. Indeed, for example, consider the Dynkin’s
definition of L on Z°°. The convolution of any f € Z°° with kernel
Up(2) = |2|7%(r? — |Z|2)_a/21Rd\§7-(Z) is uniformly continuous. Therefore,
if the limit Lf in the Dynkin’s definition exists in .Z°° norm, then

Lf = T (F 550 = 1)
T
(with the limit in .£°°), so that in particular

f= lim f:k Yr
r—0t HVTH1

(again with the limit in .£°°). Since the limit in .£*° of uniformly continu-
ous functions is uniformly continuous, we conclude that f € %3,, and thus
also Lf € G-

REMARK 1.3. An essential extension of L defined with, for example,
semigroup definition (h) is possible when uniform convergence in %, is
replaced with uniform convergence on all compact subsets of R? in %;,. For
a detailed discussion of this concept in a much more general context of
¢p-Feller semigroups, see [33, Section 4.8].

An even more general approach is possible, when one considers uniform
convergence on all compact subsets of R? in the space of (not necessarily
bounded) continuous functions f such that (1 + |x|)~%~f(x) is integrable.
We remark that some of our results (in particular, Lemmas B.7], 4.1 and [£.2])
extend rather easily to this case. To keep the article concise, however, these
extensions are not discussed below.

We remark that in this article we restrict our attention to convergence
problems for full-space definitions of the fractional Laplace operator L.
Various results are also known for the restriction of L to a domain: detailed
properties of L in a domain with Dirichlet condition can be found in [8]
9, 10, 11, B8, [44]; see also [6] for the study of L in a domain with certain
reflection. Explicit expressions for the fractional Laplace operator can be
found in [5 @) 11, 2], 22, 28], 44]. We also refer to a survey article [46] and
the references therein for an analytical perspective. Some applications of
the fractional Laplace operator in a domain are reviewed in [12], [42]; see
also [31] for a discussion of physical limitations of these applications.

The article is organized as follows. In Section [2] we collect various defi-
nitions of the fractional Laplace operator L. Pointwise definitions (c), (e),
(f), () and (j) for a fixed x are studied Section[Bl In Section [ M. Riesz’s
explicit expressions for the harmonic measure (or the Poisson kernel) and
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the Green function of a ball are used to identify norm convergence in (e),
(f) and (h). Equivalence with the other definitions is discussed in Section [5]
where the main part of Theorem [Tl is proved. Section [ collects further
results: equivalence of pointwise and uniform convergence in 6y and 6.,
almost everywhere convergence in .Z?, and a sample regularity result for L.
Finally, in Section [7] we discuss the probabilistic definition of L involving
an isotropic a-stable Lévy process.

The following notation is used throughout the article. By . we denote
the class of Schwartz functions, and .’ is the space of Schwartz distribu-
tions. Fourier transform of an integrable function f is a % function .7 f
defined by

Z16) = [ e w)da.
R4
The Fourier transform extends continuously to an operator from .£? to £
for p € [1,2] and %—l—% = 1. It also maps .¥ to ., and by duality it extends
to a mapping from .’ to /. The Gauss—Weierstrass kernel (or the heat
kernel) k;(x) is defined by

ke(x) = (4mt) "2 exp(—|z[*/(4t)), Fhy(€) = el
We denote B, = B(0,r) and B = Bj. Generic positive constants are de-

noted by C (or C(d), C(d, ) etc.). Occasionally we use the modified Bessel
function of the second kind K, and the Gauss hypergeometric function o Fj.

2. Definitions of fractional Laplace operator

In this section we review different definitions of L. For each of them we
discuss basic properties and provide an informal motivation.

2.1. Fourier transform. In the setting of Hilbert spaces, the fractional
power of a self-adjoint operator is typically defined by means of spectral
theory. Observe that the Laplace operator A takes diagonal form in the
Fourier variable: it is a Fourier multiplier with symbol —|¢|?, namely
F(Af)(E) = —|E2PF (&) for f € 7. By the spectral theorem, the op-
erator L = —(—A)®/2 also takes diagonal form in the Fourier variable: it
is a Fourier multiplier with symbol —|¢|“.

DEFINITION 2.1 (Fourier transform definition of L). The fractional
Laplace operator is given by

F(Lrf)(§) = =1 F [ (E). (F)

More formally, let 2" = £P, where p € [1,2]. We say that f € Z(Lp, Z")
whenever f € 2" and there is Lpf € 2 such that (E]) holds.
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2.2. Weak formulation. The Fourier transform of a convolution of two
functions is the product of their Fourier transforms, and —[£|® is a Schwartz
distribution, so it is the Fourier transform of some L € .#’. Therefore, the
fractional Laplace operator L is the convolution operator with kernel L.
Unfortunately, the convolution of two Schwartz distributions is not always
well-defined. Nevertheless, the following definition is a very general one.

DEFINITION 2.2 (distributional definition of L). Let L be the distri-
bution in . with Fourier transform —|£|%. The weak (or distributional)
fractional Laplace operator is given by

Lwf=Lxf. (W)

We write f € P(Lw,.") whenever f € /' and the convolution of L and
f is well-defined in .¥’, that is, for all ¢, € . the functions L x ¢ and
f * 1 are convolvable in the usual sense, and

Lw (o) = (Lx@) * (f +9). (2.1)
When f and Ly f both belong to 2", we write f € Z(Lw, Z).

Note that f € Z(Lw, Z") if and only if f € 2 and thereis Ly f € 2
such that

Lwfxo=(Lxg)x*f

Indeed, the above equality follows from ([2.1]) by taking ¢ = 1, to be an
approximate identity and passing to the limit as n — oo. Conversely,
a function Ly f € 2~ with the above property clearly satisfies ([2.1).

For a more detailed discussion of convolvability of Schwartz distribu-
tions in this context, see [38] Sections 2.1 and 2.2] and the references therein.
Distributional definition of L is also studied in [7, [39] 49], see also [3] 51].

2.3. Bochner’s subordination and Balakrishnan’s formula. If an op-
erator generates a strongly continuous semigroup on a Banach space (see
Section [2.0)), its fractional power can be defined using Bochner’s subordi-
nation. Observe that A*/2 is a Bernstein function with representation

a 1 > — ]
A2 — \F(—Q)I/o (1 — e 1o/t
2

(this identity follows easily by integrating by parts the integral for I'(1—-5)).
Therefore, at least in the sense of spectral theory on .#2,

1 o0
L=—(—A)¥2= 7/ et — )12,
GO =m0 Y
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Here e'® denotes the convolution operator with the Gauss—Weierstrass ker-
nel ki (z).

DEFINITION 2.3 (Bochner definition of L). The definition of the frac-
tional Laplace operator through Bochner’s subordination is given by

x:; ” x ky(z) — fla))t— 1o/
Lof(@) = gy ) (o) — e

- ([ (a2 = rphtatas) o-erar

More formally, we say that f € Z(Lp, ) if the integrals converge for a given
z € RY. If 2 is a Banach space, f € 2 and |f x k — f|lat ™ 7%/% is
integrable in t € (0,00), then the first expression for Lg f(z) in (B]) can be
understood as the Bochner’s integral of a function with values in 2, and
in this case we write f € Z(Lp, Z").

(B)

Note that in general the order of integration in (Bl cannot be changed.
In particular, (B)) is likely the only way to interpret L f(z) for some functions
f for which (14 |2|)~%=f(x) is not integrable. The most natural examples
here are harmonic polynomials: if f is a solid harmonic polynomial, then
f xki(x) = f(x), and hence, according to (B)), Lgf(x) =0 for all x.

A closely related approach uses the representation of A2 as a complete

Bernstein function, or an operator monotone function,
sin Gt [0\

T Jo S+A
(an identity which is typically proved using complex variable methods, or
by a substitution s = A\(1 —¢)/t, which reduces it to a beta integral). This
way of defining the fractional power of a dissipative operator was introduced
by Balakrishnan. Recall that (sI — A)~!, the resolvent of A, is a Fourier
multiplier with symbol (|¢|?> 4+ s)~! and a convolution operator with kernel
function (271)_d/2(\/Em)l_d/2Kd/2_1(\/§m), where K/ is the modified
Bessel function of the second kind.

A2 — §/2-1 g

DEFINITION 2.4 (Balakrishnan definition of L). The definition of the
fractional Laplace operator as the Balakrishnan’s fractional power is given
by ar oo

R Sin =5~ -1 o/2-1 B
Lgf(z) = A(sI — A)"" f(x)s ds. (B)
0

™

More formally, if 2" is a Banach space such that A has a strongly continuous
family of resolvent operators (sI —A)~! on 2" (with s > 0),if f € 2 and
5271 | A(sI — A)~1 || o is integrable in s € (0, 00), then the integral in (B)
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can be understood as the Bochner’s integral of a function with values in
&, and in this case we write f € Z(Lg, Z').

Among the Banach spaces considered in the present article, the family
of resolvent operators is not strongly continuous only when 2~ = £ or
Z = 6.

For more information on Bochner’s subordination in the present con-
text, see [51, Chapter 6], [52, Chapter 13] and the references therein. A
complete treatment of the theory of fractional powers of operators, which
includes the above two concepts in a much more general context, is given
in [41].

2.4. Singular integrals. If the order of integration in (B) could be re-
versed, we would have Lpf(z) = [ga(f(z + 2) — f(z))v(2)dz, where, by a
substitution ¢ = |z|? /(43

v(2) |/ ke ()61 2dt

1= (d+a) /2 —|2|? /(4t)d
2d d/2|r _% ‘/

(2.2)
—14+(d+0)/2 =5 ]

ﬂd/zlf(—g)l |2|dte /0
d
_ 20T (52)
w420 (=) [2]
This motivates the classical pointwise definition of the fractional Laplace
operator.

DEFINITION 2.5 (singular integral definition of L). The fractional
Laplace operator is given by the Cauchy principal value integral

1
Lif@) = Jm e [ (e +2) = ) e o .
= lim (f(z+2) = f(2))vr(2)dz,
r—0t JRd
where
Cd,a
vr(z) = Wle\Br( z), (2.3)
and

Cyo = 2T (5 2 ) (2.4)

m?2 0 (=)
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For later use, we denote v(2) = 19(2) = cgq|2|7%"%, and allow for negative
a in [24). We write f € 2(Ly,z) if the limit in (I) exists for a given
r € R We write f € 2(L;, 27) if f € 2 and the limit in (I]) exists in 2.

The following variant of () is commonly used in probability theory.

DEFINITION 2.6 (variant of the singular integral definition of L). The
fractional Laplace operator is given by

Lifta) = [ (fa+2) = f@) = Vi) s (D

We write f € Z(Lj,x) if Vf(z) exists and the above integral converges
absolutely.

A different regularization of the singular integral (I)) is sometimes found
in analysis.

DEFINITION 2.7 (another variant of the singular integral definition
of L). The fractional Laplace operator is given by

Life) =3 [ (fe+2)+f=2-2f@wEd @

We write f € Z(Lj,x), if the above integral converges absolutely.

As we will see later, the following definition of L as the Dynkin charac-
teristic operator of the the isotropic a-stable Lévy process, although more
complicated than (Il), has certain advantages. The notion of the Dynkin
characteristic operator is discussed in more detail in Section [7l

DEFINITION 2.8 (Dynkin definition of L). The definition of the frac-
tional Laplace operator as the Dynkin characteristic operator is given by

) 1
Eof(e) =l i [ U+ 2) = 100 ey )
= lim [ (f(z+2) = f(2))n(2)dz,
r—0t JRd
where
N Cda
7(z) = |z|d(|z|2d_ r2)a/2 1gag,(2) (2.5)

and ¢gq is given by (2Z4). We write f € Z(Lp,z) if the limit in (DI) exists
for a given 2 € R%, and f € 2(Lp, Z) if f € 2 and the limit in (D)
exists in 2.
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2.5. Quadratic forms. A self-adjoint operator on .#? is completely de-
scribed by its quadratic form. By Fubini, for all » > 0 and all integrable
functions f, g,

/Rd </Rd<f (z+2) - f(x))w(z)dz) 9(@)ds

- / (F@) — F(2)a@wn(y — z)dyda

R4 JR4
/ [ () = 5@y — 2)dyds
Rd JRA
/ (@)~ 1)) gy — x)dyda
=5 |, | () = 1) GG - 5wy — oy,
R4 JRA

A formal limit as 7 — 07 leads to the following definition.

DEFINITION 2.9 (quadratic form definition of L). Let

_Cda )(M—@) T
=5 L \m— ylihe ey

E /R /Rd<f<y> ~ F@) G - Sl - y)dedy,

where v(2) = cgq|2|79"® and ¢y is given by @4). We write f € 2(€) if
f e L?and E(f, f) is finite. We write f € Z(Lg, £?) if f € £? and there
is Lof € £? such that for all g € 2(€),

/R Lof(2)g(@)dz = —E(f,g). Q)

(2.6)

We note that Z(€) is the Sobolev space H*/?, which consists of func-
tions f in .Z? such that [£]|*|.Z f(£)|? is integrable. Furthermore, £(f,g) =
(2m) " [qa [€]*F f(£)F g(€)dE. These properties follow easily from the ex-
pression for the Fourier transform of p; and the relation between £ and py,
see the proof of Lemma [5.J] below.

The quadratic form £ is positive definite and it is an important example
of a (non-local) Dirichlet form. For more information about &£, we refer

o [19, 5], and for a detailed treatment of the theory of Dirichlet forms,
see [26].

2.6. Semigroup approach. The spectral theorem implies that the frac-
tional Laplace operator L generates a strongly continuous semigroup of
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operators P, = e'r on £2, and P, is the Fourier multiplier with symbol
e &l* . Hence, P, is the convolution operator with a symmetric kernel
function py(2), given by .Zp; (&) = e Hel,
We note some well-known properties of the kernel pi(z). For o« = 1,
p¢(2) is the Poisson kernel of the half-space in R+,
I(4t) t

pu(z) = r@+D/2 (§2 4 |z]2)(@d+D)/2 (2.7)

For arbitrary o € (0,2), Zp; is rapidly decreasing, and therefore p; is
infinitely smooth. We also have .Zp;(¢) = .Zp; (t'/*¢), and so

pi(z) = t_d/o‘pl(t_l/o‘z). (2.8)

Furthermore, by the Bochner’s subordination formula, p; is the integral
average of the Gauss—Weierstrass kernel ks with respect to s € (0,00).
More precisely, let n be a function on (0, 0o) with Fourier-Laplace transform
I e s n(s)ds = exp(—£*/?) when Re& > 0. Then 7 is smooth, positive,
and 7(s) converges to 0 as s — 07 or s — oo, see [51, Remark 14.18]. As
one can easily verify using Fourier transform and Fubini,

pe(z) = t_2/0‘/ ks(2)n(t=%%s)ds. (2.9)
0
Finally,
. a . z —d—a
lzllgnooldd+ p1(2) = Ccda; Jim nz) caalz) ™ (2.10)

with ¢4 given in ([2.4). In particular
C1(d, o) min(1, |2|77%) < pi(2) < Co(d, @) min(1,|z]~4"%).  (2.11)

Property (2.10)) can be easily derived using the Tauberian theory for the
Laplace transform and (2.9). Alternatively, one can use the Abelian—
Tauberian theory for the Fourier transform (or, more precisely, for the
corresponding Hankel transform), see [40l 53] and the references therein.
Yet another way to show (2.10) involves vague convergence of t~p;(z)dz to
v(2)dz = cqalz| 79 %dz as t — 0T, which is a general result in the theory
of convolution semigroups, see [51]. Pointwise convergence is then a con-
sequence of appropriate regularity of p;(z). We omit the details here, and
refer to Lemma [3.4] below for a formal proof of a more detailed property

of pi(z).

DEFINITION 2.10 (semigroup definition of L). The fractional Laplace
operator is given by
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bif(z) — f(z)

Lsf(z) = lim+
t—0 t ) )
= li]%n+ (flx+2) — f(z)) dz.
t— R4

Here Zp;(¢) = e 1" and P f(x) = f * pi(z) (note that py(z) = pi(—2)).
More precisely, we write f € 2(Lg,z) if the limit exists for a given z € R%.
If f € 2 and the limit in () exists in 2", then we write f € 2(Lg, Z°).

The above approach is distinguished because it allows one to apply the
general theory of strongly continuous semigroups of operators on Banach
spaces. The operators P; form a semigroup of contractions on every .£7P,
p € [1,00], and on 6, 6, and 6. This semigroup is strongly continuous,
except on .Z*° and %.

Suppose that 2" is any of the spaces £P, p € [1,0), €y or €. By the
general theory, for A > 0 the operator A\l — Lg (where Lg is defined by ()
with convergence in 2") is a bijective map from Z(Lg, Z") onto 2", and
its inverse is the A-resolvent operator

Unf(x) = £+ ux(x) = /R fot 2ur()d,

where

1

uy(z) = /0 e_)‘tpt(z)dz, Fuy(§) = W

Therefore, the fractional Laplace operator Lg, defined by (S)) with domain
Ps(L, Z'), has no essential extension L on 2 such that A\I — L is injective
for some A > 0; here 2" is any of £P, p € [1,00), 6y or €p,. This is
frequently used to prove equivalence of other definitions with the semigroup
definition.

On %, injectivity of A\I — L follows easily from the positive maximum
principle: if f € % is in the domain of L and f(x) = max{f(y) : y €
R?}, then Lf(x) < 0 (for complex-valued functions one requires that if
f(z) = max{|f(y)| : v € R}, then Re Lf(x) < 0). Therefore, the frac-
tional Laplace operator Lg, defined by (S) with domain Zs(L,%y), has no
essential extension L on %) which satisfies the positive maximum principle.
It is probably well-known, although difficult to find in literature, that the
above property extends to %py.
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PROPOSITION 2.1. If L is an extension of Lg, defined by (S) with
domain 9 (Lg,6y.), and L satisfies the positive maximum principle, then
L is in fact equal to Lg.

P roof. Suppose that A > 0, f € G, ||flloc > 0, and A\f — Lf = 0.
With no loss of generality we may assume that || f|«c = 1 and that in fact
sup{f(z) : € R} = 1. Fix z such that f(z) > 1. Let g € Z(Lg,%s) be
such that g() = 1, ||gllc = % and ||Lsg|loe < 3. Since f(z)+g(z) > 1 and
lim sup|g| 00 [ f(7) +g(x)| < 1, the function f + g attains a global maximum

at some point y, and f(y) + g(y) > 1. Since f + g is in the domain of L,
by the positive maximum principle we have

0> L(f+9)(y) = Lf(y) + Lsg(y) = M\f(y) + Lsg(y)
> M1 —g() + Lsg(y) = A1 = [|gllsc) = I Lsgllc > 5 — 5 =0,

a contradiction. Therefore, \I — L is injective, and hence L is indeed equal
to L. O

Since Fuy(€) = (A + [¢]%) 7 = + Fur (AY%€), we have
uy(z) = A=/ oy (AVog).
If o < d, scaling (Z8) and the estimate (ZIT]) give

|z|* 4 o0
ui(x) < 01/ e x| Tt + Cl/ ettt
0 ||

< Crmin(gla] =", |z|7%) + Crmin(z2% e, 2|z 747%)
<y min(|$|_d+a7 |$|_d_a)7
where C} = C1(d, at), C3 = Ca(d, @); here we used the estimates [’ e ¢ dt <
foatdt = %tQ, foa e ltdt < fooo e 'tdt = 1 for the former integral and

et <lande® < t% for the latter integral. Similar estimates hold also
when a > d and a = d = 1; in the end, we have

min(|z|~e, [z|797%)  when a < d,
ui(x) < C(d, )  min(log(2 + ‘—;‘), |z|72) when a =d =1, (2.12)
min(1, |z|~97%) when a > d = 1.
In particular, uy € Z? if and only if % > dTTO‘, that is, if p € [1, ﬁ) when
a<d,pé€[l,oo) when « =d =1, and p € [1,00] when a > d.
The above observation implies that if f € Z(Lg, Z?), then f € £ for

a

every q € | ,(% —9)71) when p < g, for every ¢q € [p,00) when p = g, and
for every ¢ € [p,] (and even f € %,) when p > g. In the case p < g
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in fact f € Z7 also for ¢ = ( % — %)_1 by the weak Young’s inequality, see
Section 2.7 for more details.

For a detailed treatment of semigroups of operators on Banach spaces,
see, for example, [20]. Fractional powers of generators of semigroups are
studied in detail in [41]. For further properties of the space Z(Lg, £7P),
traditionally denoted by 2%, see [49, Chapter 7] and [55, Chapter V]. In
particular, Z(Lg, £P) coincides with the space of Bessel potentials of .£P
functions, see [49, Theorem 7.16].

2.7. Riesz potentials. Suppose that a < d, that is, d > 2 and «a € (0,2)
ord=1and a € (0,1). Then the function ||~ is integrable in the unit
ball and bounded in the complement of the unit ball, and hence it is the
Fourier transform of a tempered distribution. Using the identity

\—o/2 — p(la) /°° ot —1+a/2 gy
2) Jo

and following the argument used in Section 23] and in (2.2]), one easily
shows that, at least in the sense of spectral theory on .#2,

(=L) " f(x) = ca_a / Flz+ 2)|2|~4edz,
Rd

with cgq o defined as in (2.4).

The same expression for (—L)~!f can be obtained using the general
theory of strongly continuous semigroups, which tells that, at least formally,
(—L)~! is the O-resolvent operator

Uof:/o P, fdt.

Indeed, using the Bochner’s subordination formula (2.9), one easily shows
that

> 1 o « —d+ao
/0 pi(z)dt = F(g)/o T2 (2)dt = cq_q] 2|7,
2

see, for example, [§] for further details. We remark that under appropriate
conditions, Uy is the inverse of —Lg in the general context of generators of
semigroups of contractions on Banach spaces. To be specific, let P, form
such a semigroup on 2", and suppose that P;f converges to 0 as t — oo
for all f € 2 (in our case this is true when 2" = £P, with p € [1,00), or
X =%). If f e P(Ls, Z), then

t
lim PiLgfds = lim (Pf — f) = —f

0 t—o00

t—o0
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(see Section [7 for further details). Hence UyLsf = —f whenever the norm
of P,Lgf is integrable with respect to t > 0. Conversely, if g € 2" and the
norm of P,g is an integrable function of ¢, then

1 o] [e¢) 1 t
Lsl,g = lim - — P,gds = — lim — Psgds = —g. (2.13

§iad t—0+ ¢t (/,; /0 > 59 t—0+ t Jo 59 g- )
A pointwise version of the above identity is also true; see Proposition [7.1]
for a slightly more general statement.

The above considerations motivate the following definition.

DEFINITION 2.11 (Riesz potential definition of L). If o < d, then the
fractional Laplace operator is the inverse of the Riesz potential, namely
Lirf = —g whenever

o) = Lag(o) = coo [ gl 22| 42 )

with cq _o defined as in (2.4]). More precisely, if f,g € 27, the integral in (R])
is finite and the equality therein holds for all # € R% (when 2~ = %p) or
for almost all z € R? (when 2" = .#P with p € [1,00]), then we write
f€P(Lgr Z).

Note that if f € ZP and p € [1, g), then the convolution I, f of f
and |z|79F% is in £P + .2 (because the convolution with |z|~#+215(2) is
in .£P, while the convolution with |z\_d+o‘1Rd\ p is in £*°). Using weak
Young’s inequality, one proves that in fact I, continuously maps .£? into
Z1if (and only if) % = %—%, p € (1,00), see [55, Theorem 1 in Chapter V].
Therefore, if p < g, q= (% — %)L and f € Z(Lg, £P), then f € LPNL1.
For this reason it is sometimes more convenient to consider I, as an operator
from £P to £4, and its inverse L as an operator from Z7 to .£P; see [49]
Section 7.3] for details.

For p € (%, 0|, I f can be defined in the appropriate space of distribu-
tions, see [39), Section I.1] and [49] Section 7.1] for more details. We remark
that this extension can give a similar description of the domain Z(Lg, £7)
as in Theorem [I[1] for general p € [1,00), see [49, Theorem 7.18].

For a detailed analysis of Riesz potential operators I, we refer to [35]
39, 44, 45, 49, [55], as well as recent articles [30, 50] and the references
therein. Noteworthy, the study of the relation between L and the Riesz
potential operator I, resulted in various singular-integral type expressions
for L; see, for example, [47) 48] [49].
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2.8. Harmonic extensions. For A > 0, there is exactly one solution ¢,
of the second order ordinary differential equation:

a2ci/°‘y2_2/°‘8§g0>\(y) = Aoa(y) (2.14)

which is non-negative, continuous and bounded on [0, 00), and which sat-
isfies 5 (0) = 1. Here ¢, = 27%|'(—=5)|/I'(5). This solution is given by

9l—a/2 )\a/2y 1/2 )\a/2y 1/a
= — K
w0 =Sy (57) me((2Y) )
where K, /o is the modified Bessel function of the second kind (by con-
tinuity, we let ©x(0) = ¢o(y) = 1). By a simple calculation, we have

0\ (0) = —\%/2 This property is crucial for the extension technique, de-
scribed below.
Before we proceed, we note that for &« = 1 the equation is simply

85g0>\(y) = A\pa(y), and @y (y) = exp(v/Ay). We also remark that the solu-
tion of (2.I4) linearly independent from ¢) is given by a similar formula,
with K, o replaced by the modified Bessel function of the first kind 1, /,.

Let f € £? and consider the partial differential equation:

Azu(z,y) + azci/ayQ_Q/o‘aju(x,y) =0 for y > 0,
U(ZL‘,O) = f(x)a

together with the following regularity conditions: u(x,y), as a function of
r € R?, is in £? for each y € [0,00), with norm bounded uniformly in
y € [0,00); and u(x,y) depends continuously on y € [0,00) with respect to
the .22 norm. Then the Fourier transform .Zu(¢,y) of u(x,y) with respect
to the x variable satisfies (ZI4)) with A = [£]2, and it is equal to .7 f(£) for
y = 0. It hence relatively easy to see that

Fu(€y) = e (y)F f(£), (2.15)
and therefore,

0y Ful€.0) = @l (0)F f(€) = —[EI° F£(©).

In other words, dyu(x,0) is equal to Lr f(z), the fractional Laplace operator
(defined using Fourier transform) applied to f.

The same method applies not only to .#2. The fractional Laplace
operator L on a Banach space 27, defined using harmonic extensions, is
the Dirichlet-to-Neumann operator for the weighted Dirichlet problem in
the half-space:
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Azu(z,y) + azci/ayQ_Q/o‘aju(:r,y) =0 for y > 0,
Iyu(z,0) = Lp f(z),
where
T(=5)l
Ca = T-r7ay - 2.17
2°T(%) (2.17)

The problem (2I6]) requires a regularity condition on u, which asserts that
the (distributional) Fourier transform of w has the desired form (2.15). We
state without a proof that if 2" is one of the spaces ZP, p € [1, 0], %) or
G, it is sufficient to assume that u(zx,y), as a function of z € R, is in 2~
for each y € [0, 00), with norm bounded uniformly in y € [0,00), and that
u(z,y) depends continuously on y € [0, 00) with respect to the norm of 2.

It is, however, convenient to rephrase the definition (2.I6]) in the fol-
lowing way. The property (2.I5]) of the distributional Fourier transform is
equivalent to the condition u(x,y) = f * g,(z), where

1-a/2 a, \1/2 a, \1l/a
Fqy(§) = pep(y) = QF(%) <|§‘ y> Ka/2<<|€c‘—ay> ) . (2.18)

Co

By [29, formula 6.565.4], after simplification we obtain a surprisingly ele-
mentary expression g,(z) = cg.ay((y/ca)?® 4+ |2|?)~@+/2 with ¢4, given
by (24]) (see [13, Section 2.4] for an alternative derivation). Now the defi-
nition can be given in the same way as in (J)), using the kernel ¢, instead
of Dt-

If a =1, then gy(2) = py(z) is the Poisson kernel for the half-space in
R, This equality does not extend to general o € (0,2). Nevertheless,
qy(z) has similar properties to p;(z): it is strictly positive and infinitely
smooth. Furthermore, ¢;(z) = t%%¢, (t'/%z), and a version of (ZI0) holds
for g,.

DEFINITION 2.12 (Harmonic extension definition of L). The fractional
Laplace operator is given by

f*qy(x) = f(2)

Lyf(x) = lim
y—0F Y
qy(2) H)
—dim [ (fl+2) - f@) 22 g,
y—0t JRd Yy
where
@y(2) = Cda Y (2.19)

((y/ca)?™ + [22)(HHe)/2
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Cd,o is given by ([2.4) and ¢, is given by (ZI7). We write f € Z(Lg,x) if
the limit exists for a given # € R, If f € 2 and the limit in () exists
in 2, then we write f € 2(Ly, Z").

The idea of linking the fractional Laplace operator with a Dirichlet-to-
Neumann operator for o = 1 dates back at least to the work of Spitzer [54].
It was heavily used, for example, in hydrodynamics [24], 25| [32] [36], and,
more recently, in probability theory [Il 2] 8l B7]. Similar relation for gen-
eral « appeared first in the article by Molchanov and Ostrovski [43], and
later in [16 [17), [18]. It became well-recognized in analysis as the Caffarelli-
Silvestre extension technique after it was rediscovered in [13], see, for exam-
ple, [14]. Fractional powers of more general operators on arbitrary Banach
spaces can be studied in a similar way, see [27, 56]. The most general ver-
sion of the above approach is to consider an arbitrary operator L in the x
variable, and an arbitrary elliptic differential operator a(y)@i in the y vari-
able. When L acts on some Hilbert space, spectral theory for operators on
Hilbert spaces and Krein’s spectral theory of strings (see [52, Chapter 15]
and the references therein) imply that the resulting operator L is equal
to —w(—ﬂ) for some operator monotone function, or complete Bernstein
function, 1, and there is a one-to-one correspondence between such 1 and
the coefficient a(y) (as long as one allows for certain singularities of a(y)).
In many cases this approach extends to other function spaces, such as .£?
and %p.

Various variants of (2.I6]) can be obtained by a change of variable.
A divergence form follows by taking y = c,2%:

VCC,Z . (Zl_av;c7z U)(.’]}', Z) =0 for z> 07
lim u(zx, z) — u(x,0) _ Luf().
2—07F Ca 2%

Another interesting variant is obtained by expanding the partial derivatives:

Apu(z, 2) + 220u(2, 2) =0 for z>0,

u(z,0) = f(z), (2.21)
lim u@,2) — u(z,0) = Ly f(x).

z—07+ Ca 2

3. Pointwise convergence

In this section we discuss the relationship between pointwise defini-
)

tions (B), (@), (@), @), (D), @) and () for a given x. Some of these results



26 M. Kwasnicki

depend on explicit expressions for Lf(x) and thus extensions to more gen-
eral operators are problematic.

Our first two results are standard.

LEMMA 3.1. If f € 9(L;,x) for some z € RY, then f € 9(Ly,x),
and Ljf(x) = Lyf(x). Similarly, if f € 9(Lj,z), then f € 2(Ly,x), and
Lif(z) = L1 f(z).

P r o o f. For the first statement, it suffices to observe that

/i (Fa+2) — f(£) — Vf(x) - 21p(2)w()dz
R\ B,

= [ Ut - f@wei:
R4\B,
and take a limit as 7 — 07. The other one is proved in a similar way. O

Note that any bounded f such that f(x + z) = —f(x — 2) belongs to
P(Lj,x), but not every such function has a gradient at x, so Z(Lj,x) is
a proper subset of Z(Ly,z). In a similar way, it is easy to construct a
bounded function f such that the integral of p(2) = (f(x +2) + f(z — 2) —
2f(2))/|z|%t® over R?\ B, has a finite limit as r — 0%, but a similar limit
for the integral of |p(2)]| is infinite. This shows that inclusions in the above
lemma are proper.

LEMMA 3.2. If f has second order partial derivatives at = € R and
(1+ |z])~9=2f(2) is integrable, then f is in Z(Lp,x), (L1, x), 2(Lji,x),
9(Li,x), 9(Ls,x), 2(Lu,z) and P(Lp,x), and all corresponding def-
initions of Lf(x) agree. If f is of class €? in B(x,r), then the rates
of convergence in each of the definitions (D), (M), (S) and () of Lf(x)

depend only on r, sup{max(|f)],IVfW)],|V2fW)|) : y € B(z,r)} and
Jra(1+ 121)"2( f(x + 2)|d=.

P r o o f. The result follows easily from Taylor’s expansion of f at z,
fl@+z) = f(z)+2- V() +0(z),

as well as the symmetry and upper bounds for the appropriate convolution
kernels. We omit the details. O

The following result seems to be new.

LEMMA 3.3. If f € 2(Lp,x) for some x € R?, then f € 9(Ly,x), and
Lpf(z) = Lif(x).
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Proof Let0 < s <t Substituting r? = s24v(t? — s?) and using [29]
formula 3.197.4], we obtain

! 1 1
s td(t2 _ 7,2)04/2 r(r2 _ S2)1—a/2

1 /211 _ ,\—a/2
1 / v (1—w) o
o (

dr

~ 2524 Jy (1+0(t2/s% — 1))
_TQrO-%) _ar(§)r-3)
282td(t2/82)a/2 4g2—apd+a T
Taking s = R, t = |2| and multiplying both sides by ¢4, leads to
R2 o 1
vr(z) = ‘ / Up(z ey dr. (3.1)

Note that both sides of the above equality are zero in Bg, and so it extends
to all R > 0 and all z.
The remaining part of the proof is standard. Let f € Z(Lp,x) and

o) = [ (flat2) = f@)in)a:

for 7 > 0. Then ¢ converges to a limit ¢(07) = Lpf(z) asr — 07. In
particular, ¢ is bounded on some interval (0,rg). Since v,.(z) < ,(z), the
definition (DI) requires that (f(z + 2z) — f(z))v.(2) is absolutely integrable

for all » > 0. Hence, by ([B.I]) and Fubini,

/ (F(x+2) — f(@))wr(2)dz
Rd

_ 4R2 > 1 i
al'(2)[0(-2) | — R2)1-a/2

ro/R 1
S — o(Rs) ————_d
(%)W —% |/ (Rs) s ®

1
*arireg f, O e

and all integrals above are absolutely convergent. We consider the two inte-
grals in the right-hand side of (3.2]) separately. By dominated convergence,
as R — 0T, the former one converges to (see [29, formula 3.191.2])

B 4p(01) 0 1 . n
ar<%>r<—%>/1 s —nyran =200

In the latter integral, the absolute value of the integrand decreases to 0
as R — 0T, and the integral is absolutely integrable for all R € (0,rg).
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Again by dominated convergence, the latter integral in the right-hand side
of [32) converges to 0 as R — 0. 0

It is easy to construct f € Z(L,x) which is not in Z(Lp,x).

ExaMPLE 3.1. Let

o0
flo+2) Z (22 — 7421 /2 L, 2ra (120),

n:l

where, for example, r, = 27" and ¢, = 57". Then

,a-n 1
flx+2)v dz-ch c dy < 00,

Rd Ba\By |y (|y[? — 1)1—a/2

so f € (L, x), but

flx+ 2)v,, (2)dz = 00,
Rd

so that f ¢ Z(Lp,x).

The next result is likely well-known, although the author could not
find it in the literature. Clearly, if f(z + 2) = —f(z — 2) for z € R? and
f(z+2)|2|7 is integrable in R4\ B(x, r) for every r > 0, then f € 2(Ly, )
and Lyf(x) = 0. Nevertheless, f may fail to be locally integrable near z,
and so f ¢ P(Lg,z). For locally integrable f, however, the pointwise
definition of Lg is indeed an extension of the pointwise definition of L.

LEMMA 3.4. Iff € 2(Ly,x) for somez € R% and f is locally integrable
near x, then f € 9(Lg,z), and L f(z) = Lgf(x).

P r oo f. Let m(r) be the profile function of ccz(ll\z|d+o‘p1 (z). Later in

this proof we show that |m’(r)| is integrable on (0,00). Once this is done,
the argument is very similar to the one used in the proof of Lemma B.3l
Observe that m(0) = 0 and m(r) — 1 as r — o0, so that the integral of
m/(r) is equal to 1. Since

Cda|z|d+oz (Z) _ Cdlt d/a|z|d+a ( —l/az) — tm(t—l/a|z|)

t=1/eg] 00
_ t/ m!(r)dr = t/ 1Rd\BT(t—1/az)m’(r)dT,
0 0
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we have, by Fubini,

pu(z) =t / Caal2| T g, (£ 2y (r)dr
0

=t /Ooo Vyt/a, (2)m (r)dr.
Let f € Z2(L;,x) and
o) = [ (Fat2) = f@pw)a:

for r > 0. Then ¢ is bounded and it converges to a limit p(0") = L f(z)
as r — 0T. Since
1(2)

p * « /
[ a2 =an 2 as = [ oo wr

the desired result follows by dominated convergence.
It remains to prove integrability of |m/(r)|. Observe that

m/(|2]) = cq ol TH(d + a)pr(2) + 2 - Vi (2)),

so that the Fourier transform of g(z) = cgq|2|'797m/(|2]) is equal to
Fg(§) = (d+a)e™ " =V (ge”T)
= (d+a)e " — (d — al¢|*)e "
= e 17 (1 4 J|).
The right-hand side is smooth in R%\ {0}, and its series expansion at 0 is

Fg(&) = ol - %|§\2O‘) + O(|¢>*). By [40, Theorem 4],

22a—d/2—lr(gl + a)
. 14a, 1 T d+2a _ 2
m cqor T imi(r) = ‘Zl‘gnoo 2|7 (2) = (o)

)

where the right-hand side is understood to be equal to 0 if « = 1. It follows
that for a € (0,1), m/(r) is ultimately positive, while for « € (1,2), m’(r)
is ultimately negative. By (21, for « = 1, m/(r) is everywhere positive
(ultimate positivity also follows from [40, Theorem 4] by considering the
next term in the series expansion of #g¢(€)). Since m/(r) is smooth on
[0,00) and

R
lim m/(r)dr = lim m(R) —m(0) = lim ¢t [2|"pi(2) = 1,
R—oo Jg R—o0 |z| w00
we conclude that |m/(r)] is integrable, as desired. 0

In a similar way, we obtain the following result.
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LEMMA 3.5. Iff € @(Ly,x) for somex € R? and f is locally integrable
near x, then f € Z(Ly,x), and Ly f(x) = Ly f(z).

P r 0 o f. The argument is exactly the same as the proof of Lemma[3.4]
once we note that by (ZI9), the profile function of ¢} |2/ ¢ (2), namely
m(r) = (r2/(cz?® + r?))[d+2)/2 s increasing. 7 0

In order to prove a similar result connecting (H) and (S)), one would
need some relationship between g,(z) and p(2). For a =1, q,(2) = py(2)
and equivalence of (H)) and (9) is trivial. For a € (1,2), we conjecture that
o(r) = \/?Ka/g(rl/a) is completely monotone. If this is the case, then
Fqy(§) can be expressed as the integral average of .Zp,(§) = e U and
so f € 9(Lg,x) implies f € 2(Ly,x). For a € (0,1) one might expect
the converse; however, it is unclear whether % p;(£) can be expressed as an
integral average of .Zqy(§).

CONJECTURE 3.1. For a € (1,2) the function \/FKQ/Q(TI/O‘) is com-
pletely monotone in r € (0, 00).

As in Lemma B3] the inclusions in Lemmas B.4] and are proper.
An example of f € ZP(Lg,x) which is not in Z(Ly,x) is, however, more
complicated, and we only sketch the argument.

ExaAMPLE 3.2. Let

flz+2)= ZEn‘Z|1+a(1[rn,(1+6n)rn}(|Z‘) - 1[(1—5n)Tnyrn](|Z‘))7
n=1

where, for example, r, = 27", §, = 47" and &, = n8". First of all,
f is easily proved to be integrable. Due to cancelations, the integral of
fz+ 2)]z| 7 over z € B46,)rm \ B(1=s,)r, is zero, and therefore

/ [+ 2)vp, (2)dz = cia flx+ z)\z|_d_°‘dz
Rd B(1+5n)7'n\B7'n

= Cq,ad|B|enbnrn — 00
as n — oo. It follows that f ¢ Z(L;,z). However, if m(r) denotes the
profile function of |2|9T%p; () and M is the supremum of |[m/(r)|(1 4 r!T®)
(which was shown to be finite in the proof of Lemma [3.4]), then
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flx+2) ptiz) dz

/ _/ |z|1+a pt(z) dZ
B(146,,)rn \Brn Bry, \B(1—5p)rn t

o (1+6n)Tn Tn
Zd|B\En / —/ m(t~Yr)dr
n—1 Tn (1=6n)rn

= i d|Blepry,
n=1

/6" (MY (1 + 8)r) — mE~ V(1 = 8)r))ds
0

> t_l/arnM(F%
S Zd|B‘Enrn 1 T (%t_l/o‘r )1+Oé
n=1 n

o
t
=Y 2'%q|B|Me,52r, " —0
nz::l [BIMendurn, (2o yite 41
as t — 0. This proves that f € Z(Lg,x), and a similar argument shows
that f € Z(Ly,x). We omit the details.

Apparently an example can be given to prove that f € Z(Lg,x) does
not imply f € Z(Lp,x), but the author could not work out the technical
details. On the other hand, it is not true that f € Z(Lp,x) implies f €
9(Lg,z): pointwise convergence in (B]) does not require integrability of
(14z])~9=*f(2) at infinity. For example, when d > 2, the function f(z) =
22 — 23 can be proved to belong to Z(Lp, ) (and in fact L f is everywhere
zero according to (Bl)), but due to fast growth of f at infinity, f does not
belong to Z(Lg, ). This is, however, the only obstacle in the proof of the
following result.

LEMMA 3.6. If f € 9(Lp,x) for some xz € R% and (1+ |2])~%f(2) is
integrable, then f € P(Lg,z) and f € Z(Ly,x), and Lpf(x) = Lsf(x) =
Luf().

P r o o f. Recall that by the Bochner’s subordination formula (2.9),

pi(z) = 72/ / o (2)n(t %) dr,
0

where k,(z) is the Gauss—Weierstrass kernel and 7(s) is a smooth function
such that 0 < 7(s) < Cpmin(1, s~ 17%2) for s > 0 and lim,_,., s'1%/25(s) =
1/|T(=$5)| (see [5I, Remark 14.18]). Therefore, by Fubini,
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(D) —— (I) —— (S) +—— (B)
) / I \ Ia:/
(@ ) (H)
FIGURE 1. Relationship between pointwise definitions of
Lf(x) for f such that (1 + |z])~%“f(x + 2) is integrable.

An arrow indicates inclusion of appropriate domains, and
an arrow with a tail indicates proper inclusion.

| G2 = @) 2z = [ s = @) ar
R4 0

Suppose that f € Z(Lp,z). Then, by dominated convergence,

lim (f (x+z)—f(a:))Mdz
t—0t JRd t

e - f@)r =y
_5

as desired.
A similar argument involving the identity

—2/a 1
) =g ——|/ ol —2/ar>1+a/2ep< <ca>2/ay—2/ar>d“

which follows easily from the gamma integral, shows that f € Z(Ly,x)
and Ly f(x) = Lpf(z) (this is a variant of a result proved in [56]). O

The proofs of pointwise results can be re-used for the corresponding
statements for norm convergence in any of the spaces £P, 6o, 63, and 6.

LEMMA 3.7. Let 2 be any of the spaces £P, p € [1,00|, 60, Gp
and ¢,. If f € 9(Lp,Z"), then f € P(L;, Z"), which in turn implies
fe2Ls, Z)YND( Ly, Z). Also, if f € P(Lp, Z"), then f € P (Lg, Z )N
YLy, Z"). Furthermore, all definitions of Lf agree on appropriate do-
mains.

P roof We only prove that f € Z(L;, £?) implies f € Z(Lg, Z?),
the other statements being very similar. Recall that

pe(z) = t/ooo Vyija,(2)m’ (r)dr,
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where m/(r) is an absolutely integrable function, with integral 1. Denote
o) = [ (et 2) = f@)mn(ie
If fe 2P(L;, %£P), then p, converges to g = Lif in £P. By Fubini,

[ (a2 = 5@ " e - o

= [ Garer(@) = os @),
and so, by dominated convergence,
. 1 o o
t1_1)%1+ 17 (Pef = f) = po+llp

[e.e]

< lim [ flppa, (@) = o () [lplm/ (r)]dr =0,
t—0t Jo

as desired. O

4. M. Riesz formulae

In the present section we provide further links between the convergence
in various Banach spaces, which are consequences of the following identity,
discussed in detail in Section [} for all f € Z(Lg,6,) and all y € B,

faty)=— / Lsf(x + 2w (y. 2)dz + / f(@ + 2y, 2)d,

r Rd\ET
(4.1)
where
am PTG (P — r2)e7
is the Poisson kernel of a ball B, for L, and
(r2=ly>)(r*—|=?)
7)) =
r\Y, 20‘7Td/2(r(%))2 |y _ Z|d_a 0 (1 + S)d/2 .

is the Green function of a ball B, for L (here and below, y € B, and
z € RY\ B,)). We record that ,(y, z)dz is a probability measure, that

7T7"(y7 Z) = /B ’%"(y7 U)V(Z - ’U)dU,
and that

/ Y (y,z)dz = lim (Y 2) _ I'(3)

oo v(2)  a20-IT(2)T(4E2)

[\GlisH

(r? = JyP?)*/2.
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When a < d, the formulae for m,(y,2) and 7,(y, z) are all essentially due
to M. Riesz, see [44] [45]. The case a > d is addressed in [34], see also [5]
and the references therein. For a detailed derivation of the expression
for m,(y,z) and further properties, we refer to [39, Section IV.5] and [4]
Section V.4], while the above form of 7, (y, z) was found in [5]. Formula (£.1])
for f € 2(Lg, %)) is a very general result, valid for all generators of Feller
semigroups, provided that m,(y, z) and v, (y, z) are replaced by appropriate
kernels, which are typically not given by closed-form expressions, see [23].
We remark that by [29, formula 3.194.1],

D)0 = [y — =)
20-La d/2(T(2))2roy — 2|4

d « a (P =y~ 2P
=, =14+ =; — .
X 92 1(2727 +27 7"2|y—Z|2
For y = 0, when a # d, by [29] formula 9.132.1],
Cd,—a F(d)

w02 = L = e PGP

d d—a |z
(2 =Py (51 5% ).
Since 2F1(%, %; 1;2) =z~ arsinh 2'/2 if a = d (and so a =d = 1),

/12 — 2|2
K.
Similar expressions can be given for general y € B,.
In fact we do not need the explicit expressions for 7. and ~,; we are
satisfied with the existence of 7,.(0,z) and ~,(0,z) such that (4.1 holds
with y = 0, and the identity

Up(2) = (/ 7- ’yT(O,v)dv> - (0, 2), (4.4)

with 7,.(z) defined by (2.35). As remarked above, the appropriate kernels
7 and 7, exist for every generator of a Feller semigroup, and (4.4) can
be taken as the definition of 7,.(z). Therefore, the following result extends
easily to much more general (at least translation-invariant) generators of
Feller semigroups.

’Yr(:% Z) =

1
(0, 2) = — arsinh
T

LEMMA 4.1. Let 2 be any of the spaces £P, p € [1,00), €y or G-
If fe 9(Ls,Z), then f € P(Lp, Z"), and Lgf = Lpf.

Proof When Z = %, or Z = %, the result is a direct consequence
of (41 and uniform continuity of Lsf: we have
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/Rd(f(z +2) — f(@)p(2)dz — Lg f(z)

— </r (0, z)dz>_1 (/Rd\BT f(@+ 2)m(0,2)dz — f($)> — Lsf ()

_ < / Two,z)dz)_l / (Lsf(a+) — Ll )0, )
and so

swp{| [ (fa+2) = f0)in (e - Lo

RS Rd}
(4.5)
<sup{|Lsf(z+2) — Lsf(z)| : z € RY, z € B, }.

The right-hand side converges to 0 as r — 07, which proves the result for
%:(fo or %:(fbu.

Suppose that 2= = Z£P for some p € [1,00). Let g. be a smooth
approximate identity: g.(z) = e 9g(e71z), where g is smooth, g(z) > 0,
Jra9(z)dz =1 and g(z) = 0 for z ¢ B. Let f € P(Lg, £?), and define
fe = f * g-. By Fubini

%(Ptfa_fa)_LSf*gaz(%(Ptf_f)_LSf)*gE’

Since the convolution with g., as an operator on .#?, has norm ||g.||; = 1,
we have

I3 (Pefe = fo) = Lsf * gellp < I15(Pef = f) = Ls flp,

and the right-hand side converges to 0 as t — 0". Therefore, we have
fe € 2(Ls, £P) and Lgf. = Lsf * ge.

In the above expressions Lg is defined by (§)), with the limit in .#?. Ob-
serve, however, that f. € 65°, and hence, by Lemma B.2], f. € Z(Ls, %p).
Since the limits in ZP and % coincide, we may write Lgf. = Lsf * g,
where Lgf. is defined by (S) with the limit in %j, while Lgf is defined
by (S) with the limit in ZP.

Our goal is to prove an ZP analogue of (A3]). As in the derivation
of (&3], we have

Je

P
dx

/];{d(fa(x + Z) — fg(m))ﬂr(z)dz _ LSfa(fL’)

:/Rd

p

</ 7 (0, z)dz> h /BT (Lsfe(x + z) — Lsfe(x))7r(0, 2)dz| dx.
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By the Minkowski integral inequality,

/ / (fola+ 2) — fo(@))in(2)dz — L f-(x)
R4 R4

<(/ r wr<o,z>dz)_l A ([ Jestito+2) - Loo)Pas) (0. 210z

< sup{/ |Lsfe(x + 2) — L fe(x)|Pdx : z € Br} .
R4

Recall that f. = f x g. and Lgf: = Lgf * g-, and that ||gc||1 = 1. Thus,
P
Lo\ (ela+2) = felain(e)ds - Lsfi(o)| do
R4 [JRd
< sup {/ |Lsf(x+z) — Lgf(x)|Pdx : z € BT} .
R
In the left-hand side of (&6]), f. converges in .Z” to f as e — 0T, while
Lsf. converges in .£P to Lgf. Since 7, € £, the convolution with 7, is

a continuous operator on .ZP. Therefore, passing to the limit as ¢ — 07
in ([@.6]), we obtain

L[ a2 = @y (eds - Lsf@
Rd |/Rd
< sup {/ |Lsf(x+ z) — Lgf(x)|Pdz : z € BT} .
Rd
This is the analogue of (£5) that was needed: the right-hand side of the

above estimate converges to 0 as r — 01. Indeed, when z — 0, Lg f(x + 2)
converges in ZP to Lsf(x) (as a function of x). It follows that

P
dx

(4.6)

p
dx

p
lim dxr =0,
r—0t JRd

(f(z +2) = f(2))7r(2)dz — Ls f(x)

R

as desired. O

As a direct consequence of Lemmas [3.7] and [Tl we obtain the following
interesting statement, which appears to be partially new.

LEMMA 4.2. Let 2 be any of the spaces £P, p € [1,00), 6y or
G- Then the following conditions are equivalent: f € P(Lp, Z'); f €
.@(L[, %), fe .@(LS, %), and Lpf=L;f = Lgf.

When 2" = %, the equivalence of (S]) and (DJ) in the above proposition
is a standard (and general) result, see [23, Theorem 5.5]. Equivalence of ()
and () is also known, at least when 2" = Z? and p € [1, g), through the
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inversion of Riesz potential operators, see [47, Theorem 16.5 and Section 17]
and [49, Theorems 3.22 and 3.29].

5. Norm convergence

In this section we collect other results which connect various definitions
of Lf for fin £P, €y and %},. Combined with Lemma [42] they prove the
first part of Theorem [Tl

LEMMA 5.1.  The conditions f € 9(Lg,£?) and f € 9(Lg, £?) are
equivalent, and Lgf = Lqf.

Proof. By dominated convergence theorem, the quadratic forms cor-
responding to +(I — P;), namely

atr )= [ ([ 0@ - re+ ™ ) flajas

//\f ‘2pt(t )dyda;

converge to the quadratic form &, defined by (Z8). The convergence of
E(f, f) is in fact monotone, as can be easily seen using Plancherel’s theorem
and monotonicity of }(1 — e ey in t > 0.

If %(Ptf—f) converges in .Z2 to Lgf ast — 0%, then &(f, f) converges
to — [ga Lsf(z)f(z)dz, and so f € 2(£). Furthermore, for any g € 2(£)
(in fact, for any g € £?), &(f, g) converges to — [ga Lsf(x)g g(x)dz, and it
follows that f € Z(Lg, £?).

The operator Lg defined by (Q)), with domain 2(Lg,-£?), is thus an
extension of Lg defined by (§), with domain Z(Lg, #?). Since —Lg is
non-negative definite, Al — Lg is injective for any A > 0. It follows that
9(Lg, £?) is equal to Z(Lg, £L?). O

Lemmal[5.0]is a special case of a general result in the theory of Dirichlet
forms, see [26], Sections 1.3 and 1.4].

LEMMA 5.2. Suppose that p € [1,2]. Then f € P(Lg, £P) if and only
if fe .@(Lp,fp), and Lgf = Lpf.

Proof Let ]lg + % = 1 and suppose that f € Z(Lg, £?). Then

FEPf =) = %(e_ﬂg'a —1).Z f(£) converges as t — 0" both in £4
(because the Fourier transform is a bounded operator from #? to .£?) and
pointwise. The two limits must coincide, that is, .# (Lgf)(§) = [£|*F f(€),
as desired.
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As in the proof of Lemma B.I] it follows that the fractional Laplace
operator Ly defined by (E]), with domain 2(Lg, #?), is an extension of
Lg defined by (§)), with domain 2(Lg, £?). Clearly, A\l — Lp is injective (it
is a Fourier multiplier with symbol A + [£|%). It follows that Z(Lp, £P) =
9 (Ls, A ) O

Extension to p € (2,00) requires the distributional definition.

LEMMA 5.3. Let 2" be any of the spaces £P, p € [1,00), 6y or G-
Then f € P(Lg, Z") if and only if f € P(Lw,Z"), and Lsf = Ly f.

P r oo f. Supposethat f € Z(Lg, Z°) and let L be the Schwartz distri-
bution with Fourier transform —[£|*, as in (W]). We claim that if p, ¢ € .7,
then

(Loxf)x (o) = (Lx o) % (F %20)
- (i Hocro=0)) < (700

= lim (3(prx 0 =) (f <)
= lim (4(pex f = ) * (o))

= (.t =) st

Indeed, the first equality is the definition of the convolution of Schwartz
distributions (and L and f are convolvable, because L @ is integrable
and f * 1 is bounded). For the second one, observe that both L * @ and
lim; g+ 1(pe*p—) (the limit in £') have Fourier transforms —|¢|*Z¢(€).
To prove the third equality, note that %(pt * ¢ — ) converges in .Z1, and
fx1 € £, The fourth equality follows by Fubini: ps, p,¢ € £! and
f € L'+ £, Finally, the fifth one is a consequence of convergence of
Hpexf—f)in 2 and p =9 € .29, where %—i—% =1 (we take p = oo when
2 is 6 or Gpy)-

As in the proof of Lemmas (.1 and [(£.2] the weak fractional Laplace
operator Ly defined by (W), with domain Z2(Ly, 2), is an extension of
Lg defined by (S)), with domain 2(Lg, 2"). Since the Fourier transform of
Ly f is —|§|*Z f(§) (note that the definition of multiplication here is not
obvious, because .Z f is a distribution; we omit the details), AI — Ly is
injective. Therefore, Z(Lw, Z) = 2(Ls, Z°). O

Lemma [5.3] is rather well-known, as well as its extension to general
translation-invariant generators of Markov semigroups (that is, generators
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of Lévy processes), see [38, Proposition 2.5]. The first part of the argument,
after obvious modification, gives the following result.

LEMMA 5.4. Let Z be any of the spaces £P, p € [1,00), 6y or G-
Then f € P(Ly, Z") implies f € P(Lw, %Z"), and Ly f = Ly f.

Finally, we recall, without proof, two results. The first one is a special
case of a general theorem in the theory of fractional powers of dissipative
operators.

THEOREM 5.1 ([41, Theorems 6.1.3 and 6.1.6]). Let 2  be any of
the spaces £P, p € [1,00), €y or Gy,. Then the following conditions are
equivalent: f € P(Ls, Z2°); f € 9(Lp, Z); f € (Lp, Z"). Furthermore,
Lsf=Lpf=1Laf.

The other one is the inversion formula for the Riesz potential operators.

THEOREM 5.2 ([49, Theorem 3.22]). Suppose that p € [1, g) Then
f€P(Lg,£P) if and only if f € P(L;, £P), and Lpf = L;f.

Partial extensions of the above result (in the sense of distributions) to
&P for p € [£,00) can be found in [49, Section 7.1]. It is also of interest
to study f € Z£P for which Lf € £? with different p and ¢, see [49]
Sections 7.1, 7.3 and 7.4].

The results of this section, together with Lemma 2] prove the first
part of Theorem [Tl which we state more formally below.

THEOREM 5.3. Let 2" be any of the spaces £P, p € [1,00), €y or G-
Then the following conditions are equivalent:

o feP(Lp, ) o feY(Lp, Z);
(when 2" = £P, p € [1,2]); e f€ 9Ly, X) (when X = £?);
[ ] fe@(LW, ); hd fe@(LS, )7
.fE.@(LB, )) OfE.@(LR, )
o f €Ly X); (when 2" = 27, p e [1,2));
o feD(L, Z); o feD(Ly,Z).

In addition, if f € €' and f € 9(L;, Z), or if f € 9(Lj, Z°), then f
satisfies all of the above conditions. Finally, all corresponding definitions
of Lf agree.
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6. Further results

In this section we collect results which relate the pointwise and norm
convergence in various definitions of L on ZP, 6y and ..

It is a standard result that if f € %, the limit in Q) exists for all
x, and Lgf(x) (defined pointwise) is a %y function, then in fact the limit
in (§) is uniform; in other words, if f € Z(Lg,x) for all z and Lgf(z) is
in %y, then f € P(Lg;%)). Indeed, the operator L defined by () for those
[ € %, for which a pointwise limit in () exists for all x and defines a
%o function, is an extension of L (with domain Z(Lg, %)) which satisfies
the positive maximum principle, and hence it is equal to L. Exactly the
same argument, based on Proposition 21l proves the corresponding result
for 6p,,-

By Theorem 53] the above argument extends to pointwise convergence
in other definitions as well, thus proving the next part of Theorem [L.I]
where everywhere pointwise convergence is discussed. For clarity, the result
is formally stated below.

THEOREM 6.1. Let 2 be either 6y or 6;,,. Then each of the equivalent
conditions of Theorem is equivalent to each of the following conditions:

o fe 2, feP(Lp,x) forallz and Lpf € Z°;
o feZ,feP(L,x) forallx and Lif € Z;

o fe 2, feP(Lp,x) forall x and Lpf € Z;
o fe X, fePD(Ls,x) forallxz and Lgf € Z;
o fe 2, feP(Ly,x) forallxz and Lyf e Z.

Furthermore, all corresponding definitions of Lf agree.

NN SN

The following example shows that continuity of L f is essential: there is
a function f € % such that Lg f(z) exists for all z, but it is not a continuous
function of x.

EXAMPLE 6.1. Let g(z) = e 1* 21 /|2|, where z = (21,20, ...,2q).
Furthermore, let A > 0 and f = Uyg = u) * g, where U, is the A-resolvent
operator and wy) is its kernel function (see Section 2.6]). Then f € %) and
f € 2(Ls,£"). Furthermore, f is smooth except at 0, and so Lgf is
defined both as a limit in %! and pointwise for z € R\ {0}. These two
limits coincide almost everywhere, and, by continuity of g, everywhere in
R\ {0}. Tt follows that with Lgf(z) defined pointwise,

Lsf(z) = AUxg(z) — (M — Ls)Ung(z) = AMf(z) — g()
for all x € R4\ {0}. Since f(—z) = —f(z), we also have Lgf(0) = 0. It
follows that f € €y and f € Z(Lg,z) for all x, but Lgf ¢ %o, and therefore
f ¢ P(Ls,%).
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When a € (1,2), also continuity of f is essential, as indicated by the
following surprising example: there is a function f such that Lgf(x) exists
for all z € R? and is everywhere zero, but nevertheless f is not continuous.

EXAMPLE 6.2. Let a € (1,2) and f(z) = |x1|* %sign 21, where z =
(x1,29,...,24). Then f is locally integrable, and we claim that Lp f(z) =
for all x. Indeed, since f(x + z) = —f(z — 2) when z; = 0, we have
Lpf(z) =0 when z; = 0. Furthermore, g(z) = |z1|%! is known to satisfy
Lpg(z) = 0 when x1 # 0, and f(x) = %g(x). Our claim follows by an
appropriate application of dominated convergence, we omit the details. In
particular, Lgf(x) = 0 for all x. However, f is not continuous, and clearly

f §é Q(LSy%bu)'

Apparently, the above example in fact describes the worst case: if f is
more regular than above, we conjecture that in fact f is continuous.

CONJECTURE 6.1. Suppose that any of the following conditions is
satisfied:

e a€(0,1] and f 1's locally integrable;
e o€ (1,2), ¢g= 5 and |f|? is locally uniformly integrable;
e ac(0,2], f is locally integrable and f > 0.
If f € 9(Lg,x) for all v € RY and Lgf(z), defined pointwise by (), is a

bounded uniformly continuous function, then f is uniformly continuous and
the convergence in (Q) is uniform. Furthermore, there is a linear function
g such that f —g € P(Lg, 6p)-

Almost everywhere the convergence for functions in the .£P domain
follows by standard methods. The following result for p € [1, g) (and for
Ly, not Lg; however, see Lemma [(.1] below for a version for Lp, L; and
Ly) is proved in [49, Theorem 3.24].

LEMMA 6.1. Let p € [1,00). If f € P(Lg, £LP), then f € P(Lg,x) for
almost all x, and the pointwise limit in (S)) is equal almost everywhere to
the P limit in (9).

Proof Let A>0and g=Af— Lgf, sothat f = Uyg. Then

FBf = f) = Lsf = 1(L= e M)Pf + (e M PUxg = Ung) + (\f — 9)

¢
— %(1 —e P f - %/ e M Pygds + (\f — g).
0

o+
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As a corollary of the Lebesgue differentiation theorem, P, f converges almost
everywhere to f as t — 07 and P,g converges almost everywhere to g as
s — 07. Hence, the right-hand side of the above formula converges almost
everywhere to 0 as t — 07; here we use the fact that the integral in the

right-hand side defined pointwise coincides with the Bochner’s integral in
ZP. O

The converse is not true: for any p € [1,00) there is a function f € £P
such that f € Z(Lg,x) for almost all z and and Lg f(x), defined pointwise
by ([[), is a ZP function, but f is not in 2(Lg, £?).

EXAMPLE 6.3. There is a positive measure u, supported in a com-
pact set K of Lebesgue measure zero, such that f = uy * p is in .Z' and
£ (if @ < d, then, for example, K can be an arbitrary set of posi-
tive a-capacity and Lebesgue measure 0, and p its equilibrium measure,
see [39, Section IL.1]). Since Lguy(z) = Auy(x) for x # 0, it follows that
Lsf(z) = Mf(z) for 2 € R?*\ K. However, f is not in 2(Lg,.ZP), for
otherwise we would have \f — Lgf = 0, and so f = Ux(Af — Lsf) = 0,
a contradiction with f being positive everywhere.

The convergence to an .ZP function everywhere is a different problem,
see Conjecture

Regularity results for functions in Z(Lg, ZP) (and also in spaces of
Holder continuous functions or in Besov spaces) follow easily from the iden-
tification of Z(Lg, £P) with the space of Bessel potentials of £? functions
(see [49, Theorem 7.16]), and the properties of the latter (see [55, Chap-
ter V]). We illustrate these results with the following simple statement,
accompanied with a short proof. Note that by using the weak Young’s
inequality, one can slightly refine the last statement.

PROPOSITION 6.1. Let 1 <p<p' <s <oocand0<r <R < oo or
r = R = 0o. Suppose that f € 9(Lg, £P).
(a) If Lgf is continuous at some x, then f is continuous at x.
(b) If 1g ryLsf € £7 and p > g, then f is uniformly continuous in
B(z,r).
(c) If 1gz ryLsf € £P and % > % — g, then 1p, . f € 7.
Here we denote B(x,00) = RY.

P roof. Clearly, (a) is a special case of (b), so it suffices to prove (b)
and (c). We consider these two statements simultaneously, assuming that
s’ = oo in (b).
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Let A > 0 and g € £P, and suppose that g1 = 1p r)g is in v
Observe that uy € £, where % +$ =1+ %; indeed, % > djTo‘. By
Young’s inequality, g1 * u) € 25 and g1 * uy € Gy when s’ = co.

Define g» = 1gi\p(r)9 = 9 — g1 When 7 = R = oo, then g» = 0.
Suppose that 0 < r < R < oo. For y € B(x,r), we have

g2 x ux(y) = g2 * (Lga\ B(o,r—r)Un) (¥)-

Furthermore, by the estimate 2.12]), we have 1ga\ (o p_ryur € £, where
% + % = 1, and hence g2 * (1ga\p(o,r—r)Ur) € ©pu. We conclude that
1B (g * ux) € £ and if § = 0o, then in addition ¢ * uy is uniformly
continuous in B(z,r).

Suppose now that g = Lgf for some f € Z(Lg, Z"), and in addition
1p(z,r)9 € P By iterating the formula

f=f—=g)xuy=—gxux+Af xuy,
we obtain

n
f= —Z)\k_lg*ujk—i—)\”f*uj”

k=1
for arbitrary n > 1, where u}* denotes the convolution of k factors wy.
By the first part of the proof (and iteration), for any k& > 1, the function
1B (g * ujk) is in 2%, and when s’ = oo, then in addition g * ujk
is uniformly continuous in B(z,r). Clearly, u}" € #!. Furthermore, if
n > %, then Zu("(§) = (A +|£|*)™" is integrable, and so uy" € £*.
It follows that u}" € £, where % + % = 1, and hence f * u)" € Cpy.
This proves that 1p . f € 2% and when s’ = oo, then in addition f is
uniformly continuous in B(z, ). O

7. Isotropic stable Lévy process

A detailed treatment of isotropic stable Lévy processes can be found,
for example, in [4, 8]. Here we only give an informal introduction to the
subject and discuss some benefits of the probabilistic approach.

For each starting point x there exists a stochastic process X, t > 0,
with the corresponding probability and expectation denoted by P, and E,,
having the following properties:

(a) X, starts at z, that is, P,(Xo =) = 1;

(b) X has stationary and independent increments, that is, X; — X has

the same distribution as X;_s — Xg, and X;, — X, are independent
whenever 0 < s1 <t1 <59 <ty < ...
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(¢) Xy has right-continuous paths with left limits, that is, the one-sided
limits X;y and X;_ exist and X,y = X; for all ¢;
(d) the distribution of X; under P, is equal to p;(z + 2)dz.

We remark that a process satisfying conditions (a) through (c) is said to be
a Lévy process. A process X; is said to be a Feller process if its state space
is a locally compact metrisable space, it satisfies (a) and (c), and also the
following two conditions (which are weaker than (b)): X; has the Markov
property, and the transition operators T} f(z) = E, f(X;) form a strongly
continuous semigroup on %y. A process X; is isotropic if it is invariant
under orthogonal transformation of the state space. Finally, X; is stable if
the process ¢X; under P, has the same law as the process X «; under P,.

A random time 7 is said to be a Markov time for X, if the event {7 < t}
is measurable with respect to the (appropriately augmented) o-algebra of
sets generated by the family of random variables { X : s € [0,¢]}; intuitively
this means that in order to determine whether 7 < ¢ it suffices to see the
path of the process up to time ¢. It is known that first exit times of open
sets:

mp =inf{t >0: X; ¢ D}

are Markov times (in fact this is true whenever D is a Borel set).

By (d), the transition operators of X; are the operators P; introduced
in Section 2.6] that is, E,f(X;) = P.f(x). Therefore, by Fubini, the
A-potential operators of X; are the A-resolvent operators Uy:

Unf(z) = /Ooo e MP,f(z)dt = E, /OO e M (X, dt.

0
Below we state Dynkin’s formula, one of the fundamental results in the
theory of Markov processes, in a version valid for an arbitrary Feller process.
For non-random time 7 it reduces to the well-known formula

t
Ptf:f+/0 P,Lgfds.

Its full strength is, however, presented when 7 is the first exit time of a set.

THEOREM 7.1 (Dynkin’s formula, [23, Theorem 5.1]). If 7 is a Markov
time, A > 0, g is Borel measurable and

f(z) =E, /0 - e Mg(X,)dt,

then for all x for which the integral in the right-hand side of the above
formula is absolutely convergent,
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B F(X) = fle) =B [ e (X (7.1)
In particular, if A > 0, f € 9(Lgs, %},) and A > 0, then for all x,
B, (e /(X)) = f(z) — E, /0 MO = L) f(X)ds.  (1.2)

If in addition E,7 < oo (or, more generally, if Ex(f; |Lsf(Xs)|ds) < 00),
then the same formula holds with A = 0, that is,

E,f(X,) = f(x) + E, /0 " Lef(X.)ds. (7.3)

Sketch of Proof. Formula (7)) follows by splitting the integral
defining Uyg(z) into fOT and ffo, and applying the strong Markov property
for the latter one; we omit the details. If f € Z(Lg, %), then f = Uyg
for g = A\f — Lf, and so formula (7.2)) is merely a reformulation of (7.1J).
Formula (7.3]) follows by dominated convergence. O

The identity (4.1)) is simply the Dynkin’s formula (7.3]) applied to the
first exit time from a ball B(z, ), together with explicit expressions for the
expectation of f(X;) and [ g(Xs)ds:

E"Ef(XTB(zﬂ«)) = /Rd\BT f(l‘ + 2)777"(07 z)dz,

TB(z,r)
E, / g(Xs)ds = / o+ 2700, 2)dz,
0 .

where the Poisson kernel 7w, of a ball is given by (42]), and the Green
function =, of a ball is given by (4.3).

We remark that for general Feller processes, E,7p < oo provided that
D is a sufficiently small neighbourhood of x and X; is not constantly equal
to z under P, (that is, z is not an absorbing state). In our case in fact
E,.mp < oo for all bounded D.

The Dynkin characteristic operator, defined by the formula

Emf(XTB ) - f(l‘)
L _ 1 (z,7)
Df(l‘) r—1>%l+ EITB(z,r)

(7.4)

for all functions f for which the limit exists, is a way to localize the defini-
tion of Lg for a general Feller process. In our case, (T.4]) reduces to (D). The
Dynkin characteristic operator is particularly useful when the state space is
not the full space R? and distribution theory cannot be used: by a general
result, Lp defined by (7.4]) is an extension of Lg with domain 2(Lg, %)),
and if f € 6y and Lpf € %y (with Lpf defined pointwise by (7.4])), then
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in fact f € Z(Lg,%y). We have seen, however, that even for the fractional
Laplace operator in the full space R% the Dynkin characteristic operator is
a useful concept: it provided a convenient way to prove the equivalence of
the singular integral and semigroup definitions of L.

Using probabilistic methods, one immediately obtains the following sim-
ple and well-known, but quite useful result, which is a pointwise version of

formula (2.13]).

PROPOSITION 7.1. Ifa < d, |z — y|* ?g(y) is absolutely integrable
iny € RY, and g is continuous at x (or, more generally, = is a Lebesgue
point of g), then I,g is in Z(Lp,z), and Lpl,g(z) = —g(x) (where I,
is the Riesz potential operator, that is, the 0-resolvent operator Uy of the
semigroup P;). Consequently, a similar statement holds true for Ly, Lg
and L.

P r o o f. By LemmasB.3] B4 and B.5 it suffices to prove the result for
Lp. By the assumption, the integral f(y) = Iog(y) = E, fooo 9(Xs)ds is ab-
solutely convergent when y = z, and so we may use Dynkin’s formula (7.1))
with A = 0. It follows that

Ezf(XTB(IJ-)) - f(:L’)

Lpf(z) = lim

r—0t+ EITB(m,r)
i L. /TB(z,r) X
= — Jim — S
r—0t EwTB(:c,r) v 0 g\t

TB
= — i E X)dt
ri%l“' Eomp OA g(x r t)
—1
= — lim </ Vl(O,y)dy> /g($+7°y)71(07y)dy-
r—0+ B B

If g is continuous at x, or if x is a Lebesgue point of g, then the limit in
the right-hand side is equal to g(z), as desired. O

We conclude this article with another application of the probabilistic
method, which proves the last statement of Theorem [I.1l It is a version of
Lemma for the Dynkin’s definition Lp of the fractional Laplace opera-
tor.

LEMMA 7.1. Letp € [l,00). If f € 9(Lg,£LP), then f € P(Lp,x),
fe2L,x), f € P(Lg,z) and f € P(Ly,x) for almost all x, and for all
x at which Lgf is continuous. Furthermore, the pointwise limits in (D),
@), (S) and (H) are equal almost everywhere to the £P limit in ().
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P roof. As before, by Lemmas 3.3 B.4] and B.5 it suffices to prove
the result for Lp. Let A > 0, f € Y(Lg,%?) and g = Lgf, so that
f=Ux(Af —g). Observe for almost all z, the integrals defining U f(z) =
E, [;7 e M f(X¢)dt and Uyg(z) = E, [ e Mg(X,)dt are absolutely con-
vergent for all A > 0. For such a point z and for » > 0, by Dynkin’s

formula (7.1]),
E.f(Xry, ) = f(2)  Eo((L—e ) f(Xp,, )

EZTB(:C,T) E-'ETB(I,T)
1 TB(zr) s
e 2 R YR AT

E:cTB(x,r) 0
In particular, the integrals in the right-hand side are absolutely convergent.
Consider the limit A — 07. In the former integral in the right-hand side,
1 — eMB@n) decreases to 0, and so the integral converges to 0. The latter
integral is a convolution of \f — g with a positive kernel function, which
increases as A — 07 to the integrable kernel function ~,(0,z). It follows
that for almost all = one can pass to the limit under the integral sign, and
hence, as in the proof of Proposition [Z.1]

E,.f(X,., —J\z e
f( B(l’r)) f(z) _ 1 Ez/ 9(Xs)ds
0

EwTB(w,r) EwTB(w,r)

— (/B%(O,y)dy>_l/Bg(ﬂc—i-ry)%(oay)dy-

By Lebesgue’s differentiation theorem, for almost all 2 the right-hand side
converges to g(z) as r — 0T, as desired.

Finally, note that every time in the above argument a condition is
satisfied for almost all x, it is also satisfied for all x at which f and g are
continuous. Furthermore, by Proposition [6.1] continuity of ¢ at some x
implies continuity of f at x. O
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