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Summary

A formula is derived for the intrinsic stress contribution from closely-
spaced, rod-like rigid particles suspended in a non-Newtonian liquid subject to
a simple extensional flow.

The present results indicate that, compared to the Newtonian-fluid result
given previously by Batchelor [1], a much smaller particle-stress effect may oc-
cur in non-Newtonian fluid, owing to shear thinning and possible tensile stiffen-
ing in the fluid itself. While unsubstantiated by any critical experimental test,
this prediction appears to agree qualitatively with some recent experimental ob-
servations of Charrier and Rieger [29] on glass fibers in polymer melts.

Further work is suggested for the relevant slender-body theory, particularly
the far-field body influence in non-linear fluids.

1. Introduction

Suspensions of solid particles in liquids represent an important class of
non-Newtonian fluids to which there has been a good deal of effort devoted,
in both theoretical and experimental rheology. An especially interesting sub-
class of such suspensions are those containing particles of a fibrous or rod-like
form. Such fluids are found in several natural and technological settings, with
particles or fibers ranging in size from macroscopic, down to microscopic di-
mensions.

Based on several theoretical studies and some recent experiments [1,2,3,4]
it appears that such suspensions can be expected to exhibit rather significant
non-Newtonian effects and, moreover, large stress contributions from the par-
ticles, especially when the particles are oriented by flow or other processes.

These, and related considerations have provided impetus to recent develop-
ments in the slender-body theory of small particles in viscous Newtonian fluids
[5,6,7,8].



There exist, however, some practically interesting fluid suspensions in
which the suspending fluid itself is distinctly non-Newtonian in character, even
without particles. Apart from the recent work of Leal [9], on the behavior of
isolated particles in shear flow, and that of Lockett [10] on concentrated sus-
pensions in simple shear, both of which adopt a second-order fluid model for
describing the micro-mechanics, there has been little done in the way of theory
for slender particles in non-Newtonian fluids.

This provides much of the motivation for the present work, in which we
consider one of the most elementary flows of a suspension, consisting of a uni-
axial extension, or ‘“‘axisymmetric pure straining”, of the type that may be ex-
pected to occur in some fechnological processes, such as fiber spinning, capillary-
entrance flow and, possibly, injection moulding of polymers.

Following Batchelor’s Newtonian analysis [11], which shows dramatic
stress effects in such flows and which has been the subject of some partial ex-
perimental applications and confirmation [2,3,4], we undertake here to exploit
some of the simplifications inherent to the description of highly oriented sus-
pensions of slender particles, in order to analyze non-Newtonian suspending
media as well. To the extent that these simplifications are geometric in origin,

a characteristic of slender-body theory in general, one expects of them a degree
of universal validity irrespective of the materials involved.

For this reason, we have attempted to provide a reasonably general discus-
sion of certain salient aspects of the relevant theory for non-Newtonian fluids
without, at the outset, making very definite or restrictive constitutive assump-
tions for the fluid. In this way, we are able to point out some of the major dis-
tinctions from the previous Newtonian analyses, and to isolate particular aspects
of the theory which need further development.

Also, we are able to provide an extension of the Newtonian result of
Batchelor [11] for the stress in closely-spaced particle suspensions, which re-
quires reasonably simple rheological information on the shear and extensional
behavior of the non-Newtonian fluid to make it definite. Based on certain assumed
representations of such behavior, it appears that one may expect to obtain fairly
significant differences between the Newtonian and non-Newtonian cases.

Thus our aim is to determine the contribution to the bulk or macroscopic
stress due to the presence of highly-elongated rigid particles in an (incompressible)
non-Newtonian liquid subjected to a uniaxial or “simple” extension. In the ab-
sence of particles, the undisturbed fluid-velocity field is assumed to have the
form:

V= E X (1)
where, relative to an appropriate set of cartesian axes x, y, z fixed in the ma-
terial, the velocity-gradient tensor is identical with the rate of deformation

tensor E, which in turn may be taken to have the purely diagonal matrix of
components

—é/2 0 0
[E1=]0 —/2 0| (2)
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That is, in terms of the components of ¥V
Ve=€x/2 V,=—¢€y/2 V,=¢€z (3)

where z denotes the axis of extension and é(>0), independent of position, de-
notes the rate of extension or elongation. Although we shall focus attention
here on the case of time-independent €, the analysis would also be applicable
to quasi-steady extensions, where € is a sufficiently slowly varying function of
time (relative to an appropriate relaxation time for the fluid).

In any case, since we are mainly concerned with local flow in the vicinity
of “small” suspended particles (small compared to typical macroscopic length
scales but large compared to the dimensions of molecules in the suspending
fluid), we shall adopt the assumption, common to most suspension theories, of
“creeping” or inertialess motion. This assumption must of course rest ultimately
on the criterion of a sufficiently small value of an appropriate dimensionless
number, the analogue of the particle Reynolds-number criterion for a Newtonian
fluid,

The present analysis is also based on the assumption of elongated particles
having an extreme form, with one characteristic (length) dimension 2/, say, much
greater than the typical breadth dimension 2a, say. That is, in terms of an axial
ratio «

az=lla>1 (4)

This leads to the type of slender-body problem already treated by Batchelor
[1,11] for the Newtonian fluid. As he points out in that context, one may expect
that an elongated rigid body having sufficient fore-aft symmetry will tend to
align itself with its major dimension 2/ paraliel to the axis of extension z, when
placed in a flow field having the (undisturbed) form of eqn. (3), as illustrated in
Fig. 1. (We assume here that orientation effects due to Brownian motion or to
external torques and forces are negligible.) Although we expect the same to be
true for a fairly wide class of non-Newtonian or viscoelastic fluids, and shall as-
sume it to be the case here, the necessary restrictions on particle shape or sym-
metry may be more severe than in the Newtonian case, particularly because of
non-linear rheclogical effects, of a kind to be discussed below. Precisely because
of such effects, and for the sake of being definite, we shall eventually restrict
our analysis to axially-symmetric particles with fore-aft symmetry, in which case
! shall denote the semi-major axis and ¢ some characteristic particle radius, say
in its midplane z = 0.

Within this framework, we wish fo consider the asymptotic form for o — o
of the velocity field and stress the neighborhood of a given particle. In view of
the previous experience with the corresponding problems for the Newtonian
fluid [5,6,11,12] or Hookean solid [13], one expects that it should be possible
to formulate the present problem as a singular perturbation scheme, involving
both “inner” and “‘outer” expansions for velocity and stress fields. The evident
distinction here is that, without the benefit of linearity in the basic field equa-
tions, i.e., the Stokes equations for a Newtonian fluid, one cannot hope to
achieve a complete theory for general non-linear viscoelastic fluids. Furthermore,
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Fig. 1. Half-space z >> 0, showing upper part of an oriented slender body and streamlines of
the undistributed flow V. .

in this type of problem, the possibility of particle interactions, even in nominally
dilute systems, poses an immediate difficulty in the description of the “far field”
and, hence, in the definition of a proper outer expansion. In the context of
slender particles oriented by an uniaxial extension, Batchelor [1] has given a fair-
ly comprehensive discussion of the Newtonian-fluid problem, in which he con-
siders in detail the respective cases of isolated, individual particles where inter-
actions between particles are negligible, and closely-spaced parallel particles,
where such interactions are dominant in the far field.

For these reasons, and with the modest aim of obtaining only the leading
or “zeroth-order” approximation for @ - <=, we adopt here a somewhat different
approach from that of the above authors. In particular, and from the outset, we
shall focus attention mainly on the leading terms in the inner flow field, antici-
pating that the appropriate outer boundary conditions are to be provided by the
appropriate matching with an outer flow of the form of eqn. (1). In Section 3,
then, we shall consider the approximate ‘““cell-model’ boundary conditions ap-
propriate to “closely-spaced” particle suspensions, of the type considered by
Batchelor [1].

As for fluid rheology, we shall merely assume, for the present purposes,



that the fluid falls into the category of “‘simple fluids with fading memory”
[14,15], which appears to be the case for most of the (integral or differential)
models that have been proposed to represent polymer fluids. In the present
context, this assumption would at least allow for various well-known rheological
representations, such as the Rivlin—Ericksen expansions.

2. The asymptotic form of the inner flow near a slender particle

We consider first the fluid velocity field in the vicinity (12| < land x% +
v2 < I2) of a particle in the assumed equilibrium orientation, as shown schema-
tically in Fig. 1. Provided the cross-sectional form of the particle varies suffi-
ciently slowly with axial (z) position (¢f. Clarke [8] and Batchelor [11]), it
seems reasonable at the outset to adopt dimensional scaling typical of the New-
tonian-fluid theory for the velocities and velocity gradients.

Thus, we now distinguish dimensional quantities by asterisks and let

x*=ax y*=ay z*=1lz (5)
v =aév, vy=aév, v}~ lév, (6)

We are concerned then with the limiting forms of the dimensionless velocities
Uy, Uy, Uy, and their x, y, z derivatives for 1/« > 0 in an inner region near the
body, where x, v, z are all O(1). Since the gradient operator is given by:

3 . 9 )
+i— +k 7
ax* }ay* oz (7

V=9

= }: {V(O) + _j;vil)}
a o

V0=l (8)

one has formally for the veloecity gradient

V*o* = aé[VO%kv,) + O(v/a)] 9)
., 0V, . OU,
= ¢ [dz ™ +jk "55-&— O(v/a)]

Here, we denote by O(v/a) terms which are O{1/a) relative to the leading terms
in egqn. (9). The leading terms themselves are seen to represent a rectilinear

flow composed of simple shears, and, hence the inner flow field is “quasi-viscom-
etric’ in character.



As in other such slender-body approximations, the higher-order terms in
eqn. (9) involve derivatives 8 /32 and related terms, which can become large in
regions where the body cross-section changes rapidly in the axial direction and,
also, near the ends z = +1 of the body. If, as indicated above, we restrict our
attention to sufficiently smooth bodies, then the end-effects are expected to
make negligible contributions, beside those of the leading terms, to the quanti-
ties of primary interest here, such as the fluid drag and its integral moments
on the upper (z > 0) or lower (z < 0) portions of the body. *

While the above reasoning leads basically to the same type of zeroth-order
inner approximation for the velocity gradient as that obtained previously for
the special case of a Newtonian fluid, there are some distinctions to be made,
relative to the magnitudes of terms involved and to the compatibility with the
equations of motion.

We recall that, for the Newtonian case, one finds the terms indicated by
O(v/a) preceded by larger terms involving a parameter of the form 1/log «a,
which results essentially from the nature of the solution to the Stokes equa-
tions [5,11]. That is to say, retention of the leading terms from eqn. (9) in the
relevant equations of motion leads to a zeroth approximation to v,(x, y, 2),
say v¢® (x, y, z), which involves a relative error O(1/log «), a quantity much
larger than O(1/a), for 1/a — 0.

In the case of a non-Newtonian fluid we may expect to encounter the
same type of phenomenon, although the order of magnitude of the leading
terms and the form of the appropriate error term or perturbation parameter
will depend on the fluid rheology, and, in particular, on its simple-shear behav-
ior, as will be reconsidered briefly below. However, for the present purposes
we shall not bother to make any explicit notational distinction between the
exact velocity component v, (x, ¥, z) and its zeroth approximation for 1/a - 0.

The second consideration which arises in the case of non-Newtonian
fluids relates to the rheological compatibility of the postulated flow field with
the equations of motion. Since this depends crucially on the type of fluid being
considered, some further delineation of rheological effects is called for. To this
end, we note that, with the above-mentioned restriction on body smoothness,
we may regard the leading term in eqn. (9) as a quasi-steady viscometric flow
provided the fluid has a sufficiently rapid fading memory, that is, a sufficiently
small relaxation time, at the shear-rate levels of interest. This follows from the
fact that the (substantial or material) times rates of change, represented by
quantities like:

e 2 (av;‘) e a2v,
“0z" \gx* ‘ dzox

* The influence of “end-effects’’, for certain bluff bodies, on the higher-order approxima-
tions in slenderness have been recently put into perspective by the works of Tillet [12]
and others; ¢f. also Russel and Acrivos [13]. In addition, Weinberger [16] has considered
the effects of certain extreme non-uniformities of body shape in the ‘“zeroth order.” In
the present context, an accounting for such higher-order terms and extremities of shape
must, unfortunately, await further developments in the associated non-linear field theory.



are O(1/a) compared to quantities like
(av;*) 22 (av,)
ax* ax

As a consequence, any of the higher (invariant) time derivatives of strain rate,
for example, the higher-order Rivlin—Ericksen tensors [15,17] are expressible,
with a relative accuracy O(1/«), in terms of quantities of the latter kind above,
exactly as in a steady rectilinear flow. Hence, it is easy to show that a Rivlin—
Ericksen fluid of any order would exhibit the stress pattern associated with a
steady viscometric flow, and we expect the same to be true of sufficiently
smooth, “simple” fluids in general. (Also, we observe that there is some experi-
mental evidence to suggest that polymer fluids exhibit more rapidly fading
memory, or shorter relaxation times, against small perturbations, the larger the
basic shear rate involved [3,18,19]).

Then, to be consistent with the quasi-steady viscometric flow represented

by the leading terms of eqn. (9), a simple fluid will exhibit the corresponding
stress pattern [20] given by a stress tensor 7Y%, say, as:

TO = n(P)[(k + ki) . + Gk + k) 7,1 +

+?;‘1 (V24 + Yoy G + ji) + ¥2fj] + kk(Ny + Np) —pl (10)
where:

v, . .ov ) . .
Ve —aeg 7y=ae—a—§~ V=42 +y? (11)

p and I denote respectively an isotropic pressure and the unit tensor, and where
n{7), N1{y) and N,(7) are respectively the viscometric material functions: the
apparent viscosity, and the primary and secondary normal stress, all even func-
tions of the shear rate y. Furthermore, and consistent with the form of the gra-
dient operator in eqn. (7), the relevant equation of inertialess motion is taken
to be

VO . T® =0 (12)

In writing down eqn. (12), which involves a rheologically indeterminate pressure
term, we have anticipated an eventual matching of zeroth-order terms with an
essentially constant pressure in the far field.

Then, with the form of eqn. (10) for T¢?, this reduces to a set of well-known
equations for rectilinear flow governing the shear-stress and normal-stress terms,
respectively. The first of these has the form

0 . 9 avz) 3 ( avz)=
52 M=) +3 (mfy 3% (n *ay\7 0 (13)
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whereas the normal-stress equations reduce, upon elimination of the pressure
gradient V (*’p, to the form

22 [Nmﬁ—ﬁ)}:[ 3% ___a_f_] [77_*’\’2} (14)
3xdy 32 ax?  ay? e

Equations (13) and (14) are special cases of those investigated by Ericksen [21]
and Stone [22] * corresponding to a zero axial pressure gradient. It follows from
their work that these equations are not compatible unless:

N /v*n(¥) = constant | ‘ (15)

or, otherwise, unless the flow field is either planar or, more relevant here, axisym-
metric in form:

v, (x, ¥, 2) = u(r, 2) (16)

with

r2=x2 +y2

Rigorously speaking, then, unless we limit ourselves to axisymmetric par-
ticles the inner flow field of eqn. (9) cannot be compatible with the equations
of motion, without the further restriction of eqn. {15) on fluid rheology, a re-
striction which limits one in principle to the “‘second-order” fluid regime.

From the point of view of obtaining a proper slender-body approximation
in the present context, the above considerations imply that we should have to
reformulate the order of magnitude analysis of egn. (6) to allow for the possibi-
lity of lateral velocities v,, v, which are not necessarily negligible in the zeroth-
order approximation, for 1/a - 0. Thus, in this approximation, the inner flow
could no longer be considered viscometric, as suggested by eqn. (9), but, rather,
would involve circulation or general transverse flow in planes z = constant, of
the type that has been predicted theoretically for the flow in non-circular tubes
and similar geometries, e.g., by Green and Rivlin [24] and Wineman and Pipkin
{25].

Based on the form of eqn. {15), and on a number of such theoretical studies
which proceed via retarded-motion (Rivlin—Erickson) expansions about the
rest state of the fluid, one expects such normal-stress effects to become operative
in non-axisymmetric flows only at the fourth-order in shear rate <, that is, in the
“fourth-order-fluid” approximation. As for the real importance of such effects
in the non-linear viscometric regime for polymer fluids, we can state only that
the secondary normal stress N, appears (by comparison to the shear stress and
the primary normal stress) to be a relatively small quantity, approximately in
accordance with the “Weissenberg hypothesis”, N, = 0.

* ¢f. Fredrickson [23], p. 84, after correction of a misprint in his eqn. (4.77), and Trues-
dell {15].
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It is perhaps not unrealistic to expect, then, that for a rather broad class of
non-Newtonian fluids the departures from our original approximation of egn. (9),
arising from the secondary normal stress, would represent small perturbation on
& viscometric flow, essentially because of rheological behavior alone. *

At any rate, for the sake of simplicity, we shall henceforth limit the present
discussion to axisymmetric particles where one can more justifiably ignore such
effects of secondary normal stress on the zeroth-order inner flow.

For the axisymmetric problem, the axial velocity is given by eqn. (16),
which satisfies eqn. (14) identically, and eqn. (13) takes on the simpler form:

13 ( du} 13 =
?Br(ﬁrar)“{} or rar(m) 0 an

where, now, the quantities:

§= aé %f‘; and 7=n(3)y (18)

with 7 representing the relevant (rz) shear stress, are both dimensional.

To define the zeroth-vrder terms in the inner flow completely, some bound-
ary conditions are now in order. To this end, we reqguire the velocity u{z,r} to
satisfy the usual adherence condition, u = 0, on the particle surface, r = R{z},
say. In addition, and as mentioned above, we must have recourse {o some type
of outer boundary condition, in principle to be determined by the appropriate
matching with a far-field or outer expansions for the velocity and stress. We re-
call that, for the isolated particle in an infinite body of Newtonian fluid, the
far-field velocity distribution appears as a perturbation on the basic flow given
by eqn. (1) and is determined by a “Stokeslet” distribution on the particle axis,
which is in turn related directly to the particle surface stress associated with the
inner flow field [5,6,11]. However, in the non-Newtonian case one does not
have recourse to the underlying linear-superposition technigues nor to the re-
sultant integral equations, so that it is not immediately evident how direct progress
can be made on the isolated-particle problem in any general way. By contrast,
in the other situation of closely-spaced particles, one can with certain reservations
apply the approximate “cell” model proposed by Batchelor [1], which we con-
sider presently.

First, however, we note that eqn. (17) can be integrated directly fo give a
familiar elementary form for the shear stress 7:

1(r.2) = 7a(z) 22 (19)

* However, the possible influence of Ny on particle orientation in similar contexts should
should not be dismissed lightly. Thus, Leal {9] has recently offered a theoretical explana-
tion based on N, of the experimentally observed “orbit drift” of slender particles sus-
pended in shear flows; although, it should be noted that such flows involve a basic far-
field cross flow to the particle axis which, in contrast {o the present situation, is intrinsic
to the zeroth-order inner flow near the body.
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where 75 (z) is the (unknown) stress at the particle surface, r = R(z). Assuming,
then, that the rheological relation represented by the second equation of eqn.
(18) can be inverted to give the shear rate as a function y{7} of the shear stress,
one sees that the first equation of egn. (18) can then be explicitly integrated,
with a change of variables r - 7 given by eqn. (19) and the adherence condition
at r = R(z), to yield

r TR .
urz)= [ qlrnadr=rpr [ 14T (20)
R(z) Rrpir T

This, of course, provides a definite relation between the axial velocity distribu-
tion and the particle-surface stress 75 (z), once the surface shape R(z) and the
shear rheology of the fluid are known.

At the same time, it becomes evident that a further (‘“‘outer’’) boundary
condition, e.g. on u(r,z), is necessary to determine 75(z) and, hence, the effective
axial tensile stress, say 0(z), acting in the interior of the particle. Before proceeding
to a definite outer boundary condition, we note that the stress ¢ is determined
by an elementary force balance on the particle as:

dF(z) = d[ma®R2%(2)0(2)] = 2nalR(2)TR(2)dz (21)

which represents an axial force distribution dF(z) and which, in the Newtonian
case, represents the relevant “Stokeslet” distribution (¢f. Batchelor [11]). * Con-
sistent with our neglect of end-effects, we assume the particle tensile stress to
vanish at its (hypothetical) ends, z = +1, to yield, by eqgn. (21):

2¢
R%(2)

1
[ R 1r(2)de’ (22)

2z

o(z) =

where R(z) is an even function of z and 75(2) is presumably odd, owing to the
assumed symmetry of the system.

3. The cell model for the intrinsic particle stress in a closely-spaced particle
suspension

For the Newtonian fluid, Batchelor [1] has given a rather detailed discus-
sion of a suspension, subjected to a bulk or macroscopic strain rate of the form
(1), wherein the particles are (statistically) arranged such that the mean spacing
between particles, b say, is related to the particle dimensions by:

a<b<l (23)

* We assume that we may neglect those radial normal-stress contributions to axial stress
arising from any inclination of the particle surface, since these involve terms of the form
O(1l/a)dR/d=.
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with ¢ denoting the volume fraction of particles in the suspension.

Based on certain statistical assumptions and the linearity of the Newtonian
equation of motion (the Laplace equation which results from taking n to be
constant in eqn. (13)), Batchelor [1] has put forth arguments for the approxi-
mate validity of the following ‘‘cell-model’’ boundary condition for eqn. (13)
or eqn. (17):

vi=V,=¢éz*r at r*=b»

or:

u(r,zy=V,/él=z at r= (25)

for a representative particle situated, with midpoint at z = 0 (as in Fig. 1), rela-
tive to a bulk flow given by eqn. (3). That is, the velocity disturbances due to
individual particles are assumed to cancel one another, on the average, at a radial
distance (from a given particle) characteristic of the mean particle spacing.

While the same assumption will be adopted here, the supporting arguments
cannot be made so plausible as for the Newtonian case owing basically, once
again, to the non-linearities in fluid behavior.

For example, we cannot generally apply Batchelor’s elementary argument
[1] for an isolated parallel pair of nearly grazing particles, in which he shows
that occasional close encounters make no significant alterations in the result for
bulk stress, at least, whenever particle end-effects are negligible.

In the second- or third-order-fluid approximation it appears plausible that
such arguments might carry over to the non-Newtonian case, but, in general, the
presence of normal-stress effects combined with the non-axisymmetric character
of the flow near adjacent parallel particles could lead to significant departures
from rectilinear flow, exactly as discussed above for the case of the single non-
axisymmetric particle, If so, then in addition to possible particle end-effects, a
transverse flow throughout the region of proximity between nearly grazing par-
ticles could possibly result in significant effects on particle orientation, both on
their separation distance and their tendency to remain parallel.

In addition to these difficulties, one must further acknowledge that, com-
pared to the Newtonian case, eqn. (25) does not enjoy the same status as an ap-
proximate outer boundary condition, since it does not represent to the same
degree an explicit matching of the inner and outer stress fields.

Bearing in mind these reservations as a motivation for further work on the
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theoretical problems involved, we shall tentatively adopt here the boundary con-
ditions of eqn. (25). In this way, we can at least point up some of the significant
differences to be expected between non-Newtonian and Newtonian suspending
fluids, whenever conditions are such that the cell model can be considered ap-
proximately valid.

The intrinsic particle stress

As has been shown in previous works {7,26] the proper expression for
macroscopic stress in the present context has the form:

0= (1 —¢)+,¢ (26)

where ¢ denotes, as before, the volume fraction of particles, and (), (), (), de-
note volume averages, respectively, over the whole volume of suspension, the
region occupied by fluid alone, and that occupied by the particles. Also, ¢ refers
to the principal stress difference (T,, — T,,) for the axisymmetric extension under
consideration.

In the treatments referred to above, the suspending fluid is assumed New-
tonian and, consequently, it is possible effectively to eliminate the term (o),
through the relation:

0(1--¢) =0 (27)

where ¢4 denotes the stress in the pure suspending fluid arising from the given
macroscopic strain, when ¢ = 0. This follows simply from the fact that the ef-
fective strain rate E is given in general by:

E=(Ey(1—¢)+<E)0 (28)

from which the second term vanishes for rigid particles (c¢f. Goddard and Miller,
[26]).

Hence, if one defines an intrinsic (particle) stress [o] as the fractional in-
crease in (o) due to the presence of particles, per unit volume-fraction particles,
we have

() — 0o

$0g

[o]= (29)

Apart from a constant factor this corresponds to the usual definition of “intrin-
sic viscosity’’ (which represents here the tensile or extensional viscosity) and,
for a Newtonian suspending fluid, is quite simply given by eqns. (26) and (27)
as

(o] ={0), /04 (30)

This simple result, based on eqn. (27), is a direct consequence of linearly viscous
behavior and, unfortunately, does not carry over to the non-Newtonian fluid.
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However, based on the Newtonian analysis of Batchelor [1] for closely-
spaced particles, one is led to propose tentatively that in many situations of
practical interest the particle stress term (o), ¢ in eqn. (26} will be predominant.

Thus, we are led to adopt eqn. {30) as an estimate for the intrinsic particle
stress in the non-Newtonian case as well, provided that it is a large quantity;
that is, provided

(0)p ¥ 0¢ and, hence, [0] > 1. (31)

For closely-spaced slender particles the validity of this approximation will
be strongly influenced by the shear and exiensional rheology of the non-New-
tonian fluid, as will now be considered in more detail.

A specific rheological model and some implications

By means of egn. (22), the volume average particle siress:
1 1
@, = [o(2)R*(z)dz / [ R*2)dz (32)
(4] 4]

can be expressed as a double integral which, in turn, can readily be reduced to
the single integral:

i 1
(0 = 2a f R(2)1g (2)zdz / f R%(2)dz (33)
0 0

a result which might also have been deduced from a formula of Batchelor [11}.
By applying, then, the cell-model boundary condition of egn. (25) in egn.
{2}, one obtains the further relation

™R
€ Ramyrg

which, as anticipated in the paragraph following eqn. {20), provides an implicii
equation for the shear stress distribution 75(z) in eqn. (33}, depending on the
shear rheology, through ¥{7}; the particle shape through R(z); and the volume
fraction ¢, through a/b = /e and eqn. (24).

Because of their implicit nature, the above relations are not especially il-
luminating, and to obtain a more definite result with potential applicability to
polymer fluids we consider as a specific rheological form, the familiar “power-
law model’” for shear behavior:

1
i}y or gir}«rmt? (85)
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Here, we take ¥ and 7 to be essentially positive quantities and —1 < n < 0, cor-
responding to the situation of most practical interest, the so called shear-thinning
or “pseudo-plastic” behavior.

Substitution of eqn. (35) into eqn. (34) leads then to an expression for
shear rate at the particle-surface:

7R(Z)=9§E[ —

(36)

(n+1)ﬂ:—(waf:%

displaying an approximate linear increase with 2z, which becomes exact for par-
ticles of constant circular cross-section, R = 1. At any rate, one obtains from
eqn. (36), for the ratio in eqn. (31):

(0,0]009 = g,(a/b)h(€) (37)

where:

n(e) = 3TLed (38)
oo {€}

and

Q

%j[ —na “n]n”(%)HZdez/ofledz (39)

(n+1)(1 — (Ra/b)"* Yy

Here, g, is a factor dependent on the particle geometry and concentration as
well as on the fluid rheology (through n).

On the other hand, the second factor 2(é), which depends only on fluid
rheology, merits further consideration. Thus, we note that the quantity oo {é} in
eqn. (37) is to be interpreted as the tensile stress, as a function of the extension
rate €, for the pure suspending fluid, whereas 7{é} denotes the shear-stress func-
tion, which has the form of eqn. (35) and is to be evaluated here at shear rate
7 = é. Therefore, the quantity k(¢) in eqn. (37) can merely be regarded as thrice
the ratio of the apparent shear viscosity to the tensile viscosity, both evaluated
at €, as such, is identically equal to unity for the Newtonian case. (c¢f. Weinberger
and Goddard [ 3], Batchelor [1].)

For non-Newtonian fluids, however, the presence of this peculiar stress
ratio h(€) has interesting implications, irisofar as it governs the particle-stress
contribution in a very direct manner. In this regard, there are some experimental
indications that certain polymer fluids, such as the solutions studied by Metzner
and Metzner [27] and by Weinberger and Goddard [3], may exhibit vastly
greater stress levels in extension than in shear, implying that the factor h(€) in
question can be an exceedingly small quantity. If so, this would imply, by eqn.
(387), a drastically reduced intrinsic stress for fibrous particles suspended in such
fluids, as compared to similar suspensions in Newtonian fluids.

Of some practical interest is the case of molten polymers, to which small
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solid fibers are sometimes added to provide reinforcement of an eventual, solid
product. For these fluids there are various experimental studies * which indicate
that the stress ratio 4 may either be large or of order unity [28] for polymer
“melts””. The case of small & would appear to have further practical significance,
since, to the extent that solid polymers can be considered approximately incom-
pressible and Hookean at small strains, the Newtonian form of eqn. (37) for

n ~ 0 (cf. Batchelor, [1]):

(0, /00 = 8o = f - (WaR)/fdez (40)

provides, equally well, an estimate of the increase in tensile modulus due to
oriented rigid-fiber reinforcement (cf. Russel and Acrivos [13]). Thus, if the
stress ratio h in eqn. (37) is an inherently small quantity for a polymer melt, one
obtains a fluid that might exhibit (desirably) smaller particle-stress effects in cer-
tain processing operations than would be anticipated simply from the enhanced
elastic modulus of the solid product. According to the present treatment, this
effect is seen to derive quite simply from the shear-thinning behavior of the fluid
in the regions of strong shearing adjacent to long slender particles and especially
towards their ends, compounded by a possible tensile “stiffening” in the pure
fluid. Thus, the tensile stress acting in the particles, which is effectively trans-
mitted by shear from the fluid, can be relatively small compared to the tensile
stress contribution of the fluid itself. It may be of some general interest to ob-
serve that this kind of mechanical effect bears some strong similarities to that
which may occur in fiber-reinforced solids because of interfacial slipping or
yielding in the solid matrix adjacent to a reinforcing fiber. It is also of interest
to note in this connection that, for the power-law type of shear-thinning behav-
ior, eqn. (38) predicts a weaker dependence of particle stress on axial ratio a,
for given ¢, than the Newtonian formula (40). (In fact, the axial-ratio depen-
dence in eqn. (39) could quite naturally be absorbed into the stress-ratio factor
of eqn. (37), as 7{aé}.)

At present, there appears to be no complete experimental evidence for such
an effect in fluids, although it is worth noting that Charrier and Rieger [29] have
reported some experimental observations of the inlet pressure drop associated
with the converging flow into circular dies, for a molten polymer containing
chopped glass fibers (in the concentration range of zero to twenty percent by
volume). To the extent that such a converging flow may represent a uniaxial
extension (cf. Metzner and Metzner [27], Kizior and Seyer, [4]) one might be
led, on the basis of Newtonian fluid behavior, to expect enormous tensile-stress
levels and, hence, inlet pressure drops caused by the presence of oriented fibers.

While the experiments of Charrier and Rieger do indeed indicate a percep-
tible effect of the suspended fibers on inlet pressure drop, it does not appear to
be very pronounced or systematic, except at the highest flow rates studied; and,

* That several of the tensile measurements cited may not correspond exactly to steady ex-
tension does not drastically alter the above reasoning, as long as the extension-rate is
slowly varying in time or, otherwise, expressible as a unique function of instantaneous
extension rate, as in extensions with fixed histories [3].
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then, it only represents an increase in the stress levels by a factor of approximately
two, as compared to the factors of ten or more that have been obtained for New-
tonian fluids at much smaller fiber concentrations [2,3]. Owing, however, to the
well known difficulties of assigning definite kinematics to such converging flows
[4,27], this type of experiment may at best provide only a qualitative test of
theory, albeit a practically interesting application. *

Furthermore, we see by eqgns. (20), (35) and (36), that, for the power-law
fluid, the axial component of the inner velocity field is given by:

u(rz)=z[1— (R/r)ﬁ]/{l - (aR/b)%} (41)

which is formally O(1) for « - . The form of eqn. (41) suggests a greatly dimin-
ished influence of the particle on the velocity field of surrounding fluid, which
leads one to expect that the higher-order corrections for egn. (37) would be of

a smaller order in « than for the Newtonian case.

Apart from the obvious experimental amenability of the above predictions,
they have further theoretical implications. For, if the ratio in eqn. (31) is indeed
small in magnitude, i.e. of the order of unity, then the assumptions on which the
approximation in eqn. (30) is based are no longer valid in a quantitative way.

To make a quantitative prediction would require more knowledge about
the stress distribution in the fluid, in effect, to evaluate the term (0); in eqn.
(26). This, in turn, would necessitate some further developments of the basic
theory, including a consideration of far-field effects in non-linear viscoelastic
media, a subject which will be taken up in a later publication.

For the present, we merely note in closing here that eqn. (41) remains
formally valid in the dilute limit, b/a - *, corresponding to the isolated particle
and representing a far-field velocity perturbation of the form (R/r)”"/** 1)
which is much weaker than the corresponding log(r/R) term for the Newtonian
case. This leads one again to anticipate a greatly diminished particle influence
and, hence, smaller perturbations on the basic far-field flow of eqn. (1). How-
ever, in the absence of a proper far-field theory and a more realistic rheological
model than that of eqn. (35) for the far-field fluid behavior, this must be con-
sidered speculative.
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