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1 Introduction

String theory is the most viable of the current theories of quantum gravity. The funda-

mental objects of string theory are vibrating strings and the only free parameter in the

non-interacting theory is set by the tension of the fundamental string which is given by

T =
1

4πα′
. (1.1)

In the limit where the tension becomes infinite or α′ → 0, the fundamental string shrinks to

a point-particle and superstring theory is approximated by its poorer cousin, supergravity.

In this limit, we recover everything we could have constructed out of usual quantum field

theory. This is the point-particle limit of string theory.

There exists a diametrically opposite limit of string theory, viz. the ultra-stringy limit,

which always been a source of great intrigue. This is where the tension, instead of going

to infinity as in the point-particle limit, becomes zero, or α′ → ∞ and the fundamental

string becomes long and floppy. This is the limit that is supposed to capture the very high

energy behaviour of string theory and as a result offers a gateway to the very quantum

nature of gravity.

The tensionless limit of string theory has been investigated since the late 1970’s start-

ing with the work of Schild [1]. Along a different angle, Gross and Mende [2, 3] investigated

the extreme high energy limit of string theory and discovered that the string scattering

amplitudes behave in a very simple way in the α′ → ∞ limit and that there were in-

finitely many linear relations between these scattering amplitudes hinting at the existence

of a higher symmetry structure in this limit [4]. More recently, the tensionless limit of

string theory has been linked to the higher spin structures [5, 6] and hence to holographic

dualities [7–9] where higher spin Vasiliev theories [10] play a central role.
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Our point of view: worldsheet symmetries. Our perspective in this field has been

somewhat different from the recent focus on higher spin theories, although the initial goal

was to concretize this connection between tensionless limits and higher spins (for work in

this direction see e.g. [11, 12]). We have been interested in investigating the tensionless

symmetries from the point of view of the worldsheet following earlier work [13]. For a non-

exhaustive list of other relevant work on tensionless (super)strings the reader is referred

to [18]–[27].

One of the central reasons why a lot of progress has been possible in string theory is

the emergence of 2 dimensional conformal symmetry on the worldsheet. In the conformal

gauge, there is a residual gauge symmetry on the worldsheet of the closed bosonic string

which is 2d conformal invariance and this enables us to use techniques of 2d conformal field

theory to great effect in the quantisation of string theory.

Following [13], one can see that there is a similar story that emerges in the case of the

tensionless closed bosonic string in the analogue of the conformal gauge. The residual sym-

metry algebra that emerges in this case is the 2d Galilean Conformal Algebra (GCA) [14].

The GCA has shown up in different contexts in recent years, viz. in non-relativistic

AdS/CFT [15], in the non-relativistic versions of Electrodynamics [37] and Yang-Mills

theories [38], and surprising as the asymptotic symmetries of 3d flat space [33] and hence

has been used to construct the notion of holography in Minkowski spacetimes [16, 34, 35].

Taking inspiration from the methods of 2d GCA constructed e.g. in [36], we would like to

address the tensionless limit of string theory. Some initial steps in this direction were taken

in [17]. There were some expected results and some interesting surprises as we briefly now

remind the reader.

Quick recap: the bosonic story. In [17], we found that there was an intrinsic method

to the theory of tensionless strings and there was a limiting story. The intrinsic method

was the one where one started with the action of the tensionless string found in [13] and

assumed that was the defining feature of the tensionless string which was now a fundamental

object and not a derived concept. One could then write down the equations of motion,

constraints, mode expansions and proceed to quantize the system. In the classical regime,

everything, including mode expansions, constraint algebra etc. could be derived by looking

at the appropriate limit on the worldsheet.

The above described limit is, interestingly, an ultra-relativistic limit on the worldsheet

co-ordinates (σ, τ), viz. {σ → σ, τ → ǫτ with ǫ → 0}. This sends the worldsheet speed of

light to zero. For details of this procedure, we encourage the interested reader to have a

look at [14, 17]. The apparent dichotomy between an ultra-relativistic limit and naming

the residual symmetry the Galilean conformal symmetry is resolved when one understands

that in the special case of two dimensions, the non-relativistic contraction ({σ → ǫσ, τ → τ

with ǫ → 0}) and the above mentioned ultra-relativistic limit yields the same algebra from

the two copies of the Virasoro algebra of the tensile string.

The fact that the limit on the worldsheet is an ultra-relativistic one instead of a non-

relativistic one, has intriguing consequences on the physics in the quantum regime. The

ultra-relativistic limit mixes the creation and annihilation operators of the tensile string

and hence the vacua for the tensile theory and the fundamentally tensionless theory are
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very different. Bogoliubov transformations on the worldsheet link the two sets of oscillators

and the tensionless vacuum becomes expressible as a squeezed state in terms of the tensile

oscillators and the tensile vacuum. The tensionless vacuum is thus a very highly energised

state in terms of the variables of the tensile theory.

In [17], we remarked that our analysis was particularly suited to the study of Hagedorn

physics. Strings near the Hagedorn temperature become effectively tensionless and we

equated the emergence of the long string in the Hagedorn phase to the emergence of the

fundamentally tensionless vacuum on the worldsheet. Contrary to the usual folklore about

the destruction of the string worldsheet picture in the vicinity of the Hagedorn temperature,

what our analysis predicted is that the Riemannian structure of the tensile world-sheet is

replaced by the Carrollian structure of the tensionless worldsheet [28], where a worldsheet

metric is no longer the correct variable to describe the worldsheet manifold. This Carrollian

structure is very similar (and actually dual) to the Newton-Cartan structures arising in

non-relativistic systems. We made preliminary remarks about the thermal nature of the

emergent tensionless vacuum by invoking left-right entanglement on the string worldsheet.

Present considerations. The obvious generalisation of this formulation is to the ten-

sionless superstring and this is the aim of the current paper. In this short report, we will

show that the residual symmetry that emerges on the worldsheet of the tensionless super-

string is a particular supersymmetric extension of the GCA. There can be several ways

to supersymmetrize the bosonic GCA. The contraction of the two copies of the Virasoro

algebra generates a unique answer when we look at non-trivial contractions.1 But there are

non-unique ways to contract the supersymmetry generators. It is a priori not clear which

one of these should be important to the tensionless superstring. Hence to begin with, in

section 2, we visit the algebraic aspects of the Super GCA and mention two different and

acceptable contractions of the Super Virasoro which lead to different algebras. We spend

some time on the representation theory aspects of the two algebras.

We then focus our attention on the tensionless superstring in section 3. Here we first

look at the tensionless action following [18] and fix a convenient gauge. We then do the

analysis of residual gauge symmetries and to our surprise, we find that the algebra arising

from the analysis is a trivial extension of the one recently obtained in [41] which was

obtained by looking at the canonical analysis of asymptotic symmetries of 3d supergravity

on flat spacetimes. This is one of the two contractions that we considered in section 2.

We also perform a mode expansion of the tensionless superstring to find the form of the

same symmetry structure. We comment on central extensions and the other contraction

performed in section 2. In section 4, we show how one can obtain some of the aspects of

the tensionless superstring from the corresponding quantities of the tensile superstring. In

section 5, we take some preliminary steps in the construction of the quantum tensionless

superstring. We conclude with a summary of our results and a discussion of open directions

in section 6.

1This statement is somewhat ambiguous. What we mean is that we are not trivially scaling away parts

of the algebra. A concrete requirement is that there should be at least one Virasoro left over after the

scaling.
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Note added. As this paper was being readied for submission, the pre-print [52] appeared

on the arXiv containing some overlap with the current paper.

2 Supersymmetrizing 2d GCA

We begin by looking at the algebraic aspects of the symmetry that would play a central role

in the construction of the tensionless superstring. As we mentioned in the introduction,

in the usual bosonic closed string theory, conformal symmetry arises on the worldsheet

as a residual symmetry after fixing the conformal gauge in the tensile string action. The

2d Galilean Conformal Algebra similarly arises in the theory of tensionless closed bosonic

strings. The tensionless limit on the string worldsheet, as mentioned before, can be under-

stood as an ultra-relativistic contraction. So now that we are interested in the tensionless

superstring, we will focus our attention on ultra-relativistic contractions of the tensile

superstring algebra, the Super-Virasoro algebra. Before going ahead, we would like to

mention previous work on supersymmetrizing the GCA in various dimensions. For general

dimensions, this was done in [45–47]. For d = 2, details were worked out in [48] following

closely the bosonic analysis of [36]. For a recent study of an extended version of SGCA,

the reader is referred to [49].

Two different algebras from contraction. The residual symmetry algebra of the

superstring after fixing the conformal gauge is simply the 2d N = (1, 1) superconformal

algebra

[Ln,Lm] = (n−m)Ln+m +
c

12
(n3 − n)δn+m,0

[Ln,Qr] =
(n

2
− r

)

Qn+r, {Qr,Qs} = 2Lr+s +
c

3

(

r2 − 1

4

)

δr+s,0. (2.1)

and similarly for generators L̄n, Q̄r with c replaced with c̄. We already know that the

bosonic part of the algebra needs to contract in the ultra-relativistic fashion for consistency

with the analysis of the bosonic tensionless closed string theory. This is

Ln = Ln − L̄−n, Mn = ǫ
(

Ln + L̄−n

)

(2.2)

From the point of view of the algebra, there are several ways that one could contract the

fermionic generators. Below we list two options.

Homogenous scaling. Here we will scale both the supercharges in a similar fashion.

Q+
r =

√
ǫ Qr, Q−

r =
√
ǫ Q̄−r (2.3)

This contraction, together with (2.2) leads to the following algebra:

[Ln, Lm] = (n−m)Ln+m +
cL
12

(n3 − n)δn+m,0

[Ln,Mm] = (n−m)Mn+m +
cM
12

(n3 − n)δn+m,0 (2.4)

[Ln, Q
α
r ] =

(

n

2
− r

)

Qα
n+r, {Qα

r , Q
β
s } = δαβ

[

Mr+s +
cM
6

(

r2 − 1

4

)

δr+s,0

]
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In the above, α, β = ±. The suppressed commutators are all zero. We have also defined

cL = c− c̄, cM = ǫ (c+ c̄) . (2.5)

Since the bosonic part of this algebra is the Galilean Conformal Algebra, we shall call this

Super Galilean Conformal Algebra [Homogenous] or SGCAH . Here it is important to note

that there are two different labeling of the fermionic generators depending on boundary

conditions. The Neveu-Schwarz sector is characterized by r ∈ Z + 1
2 while the Ramond

sector is characterized by integer labeling r ∈ Z. We shall exclusively be dealing with the

NS sector through out this paper.

Interestingly, contraction of the N = (1, 0) conformal algebra would lead to same

algebra (stripped of the (α, β) indices). This is the very same algebra that arises from the

canonical analysis of asymptotic symmetries of 3d N = 1 Supergravity recently performed

in [41]. The asymptotic symmetry algebra (ASA) of a certain spacetime is the algebra of

allowed diffeomorphisms modded out by the trivial diffeos. This often is just the isometries

of the vacuum. But there are famous exceptions, the most noteworthy being the Brown-

Henneaux analysis of AdS3 [29] which leads to two copies of the Virasoro algebra. This can

be looked at as the first step towards the AdS/CFT correspondence [30]. The two copies

of the Virasoro algebra dictates the symmetries of the dual 2d field theory, which in this

case is a conformal field theory. The ASA thus characterise dual field theories and if the

symmetry structure is infinite dimensional, a lot can be said about the field theory just by

symmetry arguments.

In asymptotically flat spacetimes, there are infinite dimensional ASAs when one con-

siders symmetries at the null boundary. These are called Bondi-Metzner-Sachs algebras

after the authors who first discovered them in the context of four dimensional Minkowski

spacetime [31, 32]. In three dimensional spacetimes, the BMS3 algebra is actually isomor-

phic to the 2d GCA given in [16]. The central terms are cL = 0, cM = 3/G for Einstein

gravity [33]. This can be obtained by looking at the ultra-relativistic limit on AdS3 [39, 40].

The supersymmetric version of the above asymptotic analysis for 3d Minkowski spacetimes

was recently addressed in [41]. The authors worked in the Chern-Simons formulation of the

simplest version of Supergravity in 3d, viz the minimal N = 1 Supergravity and proposed

a consistent set of boundary conditions. They derived the ASA through a canonical formu-

lation and named the algebra the super-BMS3. With indices on the supercharges removed,

this is precisely the algebra (2.4). The central terms remain the same as mentioned above

for the bosonic Einstein gravity case. In [42], 2d field theories with this symmetry algebra

were constructed and were shown to be equivalent to a supersymmetric extension of a flat

limit of Liouville theory, earlier constructed in [43].

We will see in the later sections that this is the algebra of residual gauge symmetries on

the tensionless superstring worldsheet. This intriguing connection between flat supergravity

and the tensionless superstring would possibly prove to be very useful in learning about

both sides of this link. We expect some of the physical insights of [41] to be instrumental

in our future explorations of tensionless strings.
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Inhomogenous scaling. Here we scale the supercharges in a way similar to the bosonic

generators.

Gr = Qr − iQ̄−r, Hr = ǫ
(

Qr + iQ̄−r

)

(2.6)

This leads to the algebra

[Ln, Lm] = (n−m)Ln+m +
cL
12

(n3 − n)δn+m,0,

[Ln,Mm] = (n−m)Mn+m +
cM
12

(n3 − n)δn+m,0, (2.7)

[Ln, Gr] =

(

n

2
− r

)

Gn+r, [Ln, Hr] =

(

n

2
− r

)

Hn+r, [Mn, Gr] =

(

n

2
− r

)

Hn+r,

{Gr, Gs} = 2Lr+s +
cL
3

(

r2 − 1

4

)

δr+s,0, {Gr, Hs} = 2Mr+s +
cM
3

(

r2 − 1

4

)

δr+s,0.

Again as before, the suppressed commutators are all zero. This algebra is richer than

the one we obtained above by the homogeneous contraction of the fermionic generators,

the SGCAH (2.4). We shall call this Super Galilean Conformal Algebra [Inhomogenous]

or SGCAI .

An interesting feature of the SGCAI is that when the central term cM vanishes, one

can show that the algebra truncates to a single copy of the Super Virasoro algebra. The

analysis essentially follows the bosonic version outlined in [36].

We would like to mention that we are rather intrigued by the appearance of the factor

of i in the scaling (2.6). This seems to indicate a fundamental difference between the left-

movers and right-movers in the SUSY extension of the Virasoro algebra when we consider

the ultra-relativistic limit. This mysterious factor of i is also reminiscent of another such

appearance of an imaginary factor in the non-relativistic limit on the bosonic tensionless

string oscillators, discussed in appendix B of our earlier work [17]. We hope to comment

on this in future work.

Non relativistic isomorphisms. One of the very surprising aspects of the contractions

of the two copies of the Virasoro algebra is that the ultra-relativistic contraction described

above (2.2) and the non-relativistic contraction

Ln = Ln + L̄n, Mn = ǫ
(

Ln − L̄n

)

(2.8)

both yield the 2d GCA

[Ln, Lm] = (n−m)Ln+m +
cL
12

(n3 − n)δn+m,0

[Ln,Mm] = (n−m)Mn+m +
cM
12

(n3 − n)δn+m,0, (2.9)

[Mn,Mm] = 0.

This curious fact was first noticed in [16]. This isomorphism between the ultra-relativistic

and non-relativistic limits is a curious feature of 2 dimensions. In terms of spacetime,

there is one contracted and one non-contracted direction in 2d. The ultra-relativistic limit

is a contraction of the time direction while the non-relativistic limit is a contraction of the

– 6 –
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spatial direction and the fact that the algebra is isomorphic under both contractions is an

indication that the procedure does not distinguish between what is space and what is time.

In higher d+1 dimensions, the ultra-relativistic limit leads to only one contracted direction

(time) while the non-relativistic limit contracts d spatial directions. The algebras obtained

in the process by contracting relativistic conformal algebras are thus different. When one

is looking to generalize this procedure to more involved algebras like W algebras, there

are interesting departures from this isomorphism even in two dimensions. The interested

reader is referred to [50].

In this work, our focus is on super-algebras and we discover that there exists iso-

morphism similar to that of the case of the Virasoro algebra. (2.4) is isomorphic to the

non-relativistic contraction

Ln = Ln + L̄n, Mn = ǫ
(

Ln − L̄n

)

Q+
r =

√
ǫ Qr Q−

r =
√
ǫ Q̄r (2.10)

The identification of the central charges change in the usual way with the non-relativistic

ones being identified as

Non-Relativistic limit: cL = c+ c̄, cM = ǫ (c− c̄) (2.11)

Similarly, (2.9) is isomorphic to the non-relativistic contraction [48]

Ln = Ln + L̄n, Mn = ǫ
(

Ln − L̄n

)

, Gr = Qr + Q̄r, Hr = ǫ
(

Qr − Q̄r

)

. (2.12)

The identification of the central terms is again given by (2.11).

Representation theory. We will briefly explore the representation theory of these two

different algebras, concentrating on highest weight representations.2 We remind the reader

that we are going to be restricting ourselves to the NS sector only. We will first label the

states with the Cartan of the algebras (L0,M0):

L0|hL, hM 〉 = hL|hL, hM 〉, M0|hL, hM 〉 = hM |hL, hM 〉. (2.13)

Now we construct the notion of SGCA primary states in close analogy with superconformal

primaries. These are states (|hL, hM 〉p) which are annihilated by the positive modes of the

algebras in question.

SGCAH : Ln|hL, hM 〉p = Mn|hL, hM 〉p = Q±
r |hL, hM 〉p = 0, ∀ n, r > 0 (2.14)

SGCAI : Ln|hL, hM 〉p = Mn|hL, hM 〉p = Gr|hL, hM 〉p = Hr|hL, hM 〉p = 0. (2.15)

As usual, the Hilbert space is constructed on these primary states by acting on them with

negative modded operators. The vacuum of the theory is similarly given by

Ln|0〉 = Mn|0〉 = 0, ∀n ≥ 1. (2.16)

2We would here like to point out that recently the representation theory of what we call SGCAH has

been looked at from the point of induced representations in [51].
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along with

SGCAH : Q±
r |0〉 = 0, SGCAI : Gr|0〉 = Hr|0〉 = 0, ∀ r >

1

2
. (2.17)

The important thing here is that since we are looking at the ultra-relativistic contraction,

the vacua of the SGCAs would not be the one we find from the limit of the relativistic

theory. This is going to play an important role in the construction of the tensionless

quantum superstring.

EM Tensor and its superpartner. The Energy momentum tensor of the Super-

Virasoro is given by:

Tcyl =
∑

n

Lne
−inw, T̄cyl =

∑

n

L̄ne
−inw (2.18)

The superpartner of the EM tensor on the cylinder:

Jcyl =
∑

r

Qre
−irw, J̄cyl =

∑

r

Q̄re
−irw (2.19)

The SGCA EM tensor is the same as the bosonic one:

T1 = Tcyl − T̄cyl =
∑

n

(Ln + inτMn) e
−inσ, (2.20)

T2 = lim
ǫ→0

ǫ
(

Tcyl + T̄cyl

)

=
∑

n

Mne
−inσ. (2.21)

The supercurrents for the SGCA are different for the two different algebras. The SGCAH

version is given by:

J1 =
√
ǫ Jcyl =

∑

r

Q+
r e

−irσ, J2 =
√
ǫ J̄cyl =

∑

r

Q−
r e

−irσ (2.22)

On the other hand, the SGCAI version:

J1 = Jcyl − iJ̄cyl =
∑

r

(Gr + irτHr)e
−irσ, J2 = ǫ(Jcyl + iJ̄cyl) =

∑

r

Hre
−irσ (2.23)

The EM tensor and its superpartner will play a crucial role in the analysis of the constraints

of the tensionless superstring that we will now go on to describe.

3 Classical tensionless superstrings

We start this section by reminding the reader of the tensionless closed bosonic string action.

This is given by

SB =

∫

d2ξ V aV bγab (3.1)

where γab = ∂aX
µ∂bX

νηµν is the induced metric and V a are weight 1/2 vector densities

which are linked to the metric of the string worldsheet in the tensile theory by the following

relation

V aV b = T
√−ggab. (3.2)

– 8 –
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In the case of the tensionless string, the metric degenerates and one needs to replace it by

the vector density. The action (3.1) is derived by taking the phase space action, integrating

out momenta and taking the tension to zero limit [13]. A similar process (without sending

the tension to zero) results in the Polyakov action for the usual tensile string theory.

Action, equations of motion and residual symmetries. Our interest in this present

work is to look at the tensionless closed superstring. Following the procedure outlined

in [18], one can supersymmetrise the tensionless closed bosonic string. The action for the

tensionless limit of the superstring is given by:

S =

∫

d2ξ
[

(V a∂aX
µ + iχψµ) · (V b∂bXµ + iχψµ) + iV aψµ∂aψµ

]

. (3.3)

In the above action, the fermions are densities of weight −1/4. The fermionic partner of

Xµ is ψµ and that of V a is χ, which is connected to the ordinary gravitino χa by the

relation χ = V aχa. It is straight-forward to obtain the equations of motion from the above

action:

∂a(V
aV b∂bXµ) + i∂a(V

aV bχbψµ) = 0, (3.4a)

i∂a(V
aψµ)− 2V aV b(iχb∂aXµ + χaχbψµ) = 0, (3.4b)

V b(∂aX
µ∂bXµ + 2iχbψ

µ∂aXµ − χaψ
µχbψµ) +

i

2
ψµ∂aψµ = 0, (3.4c)

V aV bψµ(i∂bXµ − χbψµ) = 0. (3.4d)

As in the usual tensile case, there are gauge symmetries associated with the action (3.3),

which is invariant under worldsheet diffeomorphisms and supersymmetry transformations.

Transformations of the fields under diffeomorphism, parameterized by ξa are

δξX
µ = −ξb∂bX

µ, (3.5a)

δξψ
µ = −ξb∂bψ

µ, (3.5b)

δξV
a = −V b∂bξ

a + ξb∂bV
a +

1

2
(∂bξ

b)V a, (3.5c)

δξχ = −ξa∂aχ+
1

4
(∂aξ

a)χ, (3.5d)

and transformations under supersymmetry, parameterized by ǫ are

δǫX
µ = iǫψµ, (3.6a)

δǫψ
µ = −ǫV a∂aX

µ − 1

2
iǫ(ψµχ), (3.6b)

δǫV
a = iV a(ǫχ), (3.6c)

δǫχ = V a∂aǫ. (3.6d)

In light of these transformations, we need to fix a gauge. A convenient choice where physical

interpretations become clear is the following gauge:

V a = (1, 0), χ = 0. (3.7)

– 9 –
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The last two equations of motion (3.4) become constraints the string is subject to. In this

gauge, the action becomes:

S =

∫

d2ξ
[

Ẋ2 + iψ · ψ̇
]

(3.8)

The equations of motion and the constraints simplify considerably. The equations of motion

become

Ẍµ = 0, ψ̇µ = 0. (3.9)

The constraints take the form:

Ẋ2 = 0, Ẋ ·X ′ +
i

2
ψ̄ · ψ′ = 0, ψ · Ẋ = 0. (3.10)

Then we are left with the following differential equations for ξ and ǫ:

ξ̇0 = (ξ1)′, ξ̇1 = 0, ǫ̇α = 0. (3.11)

Solving for the parameters give us the form for the allowed diffeomorphism and supersym-

metry transformations:

ξ0 = f ′(σ)τ + g(σ), ξ1 = f(σ), ǫ± = ǫ±(σ). (3.12)

This form of the parameters agree with the results of [21]. To explicitly see the form

of the generators for such a transformation (ξ, ǫ), we need to consider tranformations in

N = (1, 1) superspace. Thus let us consider Grassmanian coordiantes θ and θ̄ along with

the 2 dimensional worldsheet coordinates σa. A general superspace transformation on the

worldsheet is given by

σa → σ′a = σa + ξa +
i

2

(

ǫ+ρaθ + ǫ−ρaθ̄
)

, (3.13a)

θ → θ′ = θ + ǫ+ +
1

2
θ∂+ξ

+, (3.13b)

θ̄ → θ̄′ = θ̄ + ǫ− +
1

2
θ∂−ξ

−. (3.13c)

However, when we consider the tensionless limit, the worldsheet metric ηab becomes de-

generate. Thus the interpretation of the Clifford Algebra: {ρa, ρb} = 2ηab needs to be

changed. The metric ηab is replaced by a product of the vector densities V aV b (subject to

a gauge choice of V a = {1, 0}). Hence the Clifford Algebra is modified to

{ρa, ρb} = 2V aV b. (3.14)

A convenient choice of the gamma matrices ρa to satisfy this algebra, is to replace them by

the vector density V a, as {V a, V b} = 2V aV b. This is also manifested by the choice of the

action (3.3), where V a assumes the role of ρa matrices in the fermionic part of the action.

We recommend the reader to see [18] for further details. The transformation on superspace

thus becomes

σa → σ′a = σa + ξa +
i

2
ǫ+V aθ +

i

2
ǫ−V aθ̄, (3.15a)

θ → θ′ = θ + ǫ+ +
1

4
θ∂aξ

a, (3.15b)

θ̄ → θ̄′ = θ̄ + ǫ− +
1

4
θ̄∂aξ

a. (3.15c)
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A superfield Φ(σa, θ, θ̄) would transform as

δΦ = (δτ∂τ + δσ∂σ + δθ∂θ + δθ̄∂θ̄)Φ. (3.16)

Once we have chosen V a = (1, 0), we could expand (3.16) with the appropriate forms of ξ

and ǫ from (3.12)

δΦ=

[(

f ′τ + g +
i

2
ǫ+θ +

i

2
ǫ−θ̄

)

∂τ + f∂σ+

(

ǫ++
1

2
f ′θ

)

∂θ +

(

ǫ−+
1

2
f ′θ̄

)

∂θ̄

]

Φ (3.17a)

= [L(f) +M(g) +Q+(ǫ+) +Q−(ǫ−)]Φ, (3.17b)

where the generators have the form

L(f) = f∂σ + f ′

[

τ∂τ +
1

2

(

θ∂θ + θ̄∂θ̄

)

]

; M(g) = g∂τ (3.18a)

Q+(ǫ+) = ǫ+
(

∂θ +
i

2
θ∂τ

)

; Q−(ǫ−) = ǫ−
(

∂θ̄ +
i

2
θ̄∂τ

)

. (3.18b)

Here L and M are the bosonic generators, while Q± are fermionic generators. Since all the

parameters f, g and ǫ± are functions of σ we can do a fourier expansion in einσ to each of

them as follows:

f =
∑

n

ane
inσ; g =

∑

n

bne
inσ; ǫ± =

∑

n

ζ±n einσ. (3.19)

Defining the bosonic and fermionic generators such that

L(f) = −i
∑

n

anLn; M(g) = −i
∑

n

bnMn; Q±(ǫ±) =
∑

n

ζ±n Q±
n , (3.20)

we will obtain the fourier modes of the generators

Ln = ieinσ
[

∂σ + inτ∂τ +
in

2

(

θ∂θ + θ̄∂θ̄

)

]

; Mn = ieinσ∂τ ; (3.21)

Q+
n = einσ

(

∂θ +
i

2
θ∂τ

)

; Q−
n = einσ

(

∂θ̄ +
i

2
θ̄∂τ

)

(3.22)

satisfying the following algebra

[Lm, Ln] = (m− n)Lm+n; [Lm,Mn] = (m− n)Mm+n; (3.23)

[Lm, Qα
r ] =

(m

2
− r

)

Qα
m+r; {Qα

r , Q
α′

s } = δαα
′

Mr+s; (3.24)

[Mm,Mn] = [Mm, Qα
r ] = 0. (3.25)

This is the 2d SGCAH that we discussed in the previous section, without the central

extensions. When we move to the quantum tensionless superstring, the algebra would get

central extensions as indicated in the previous section.
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Mode expansions. We will now look to derive the above symmetries in a different way,

viz. by solving the equations of motion (3.4) and using mode expansions. The solutions in

the NS-NS sector are of the following form

Xµ(τ, σ) = xµ +
√
2c′Bµ

0 τ + i
√
2c′

∑

n 6=0

1

n
(Aµ

n − inτBµ
n)e

−inσ (3.26)

ψµ
±(σ, τ) =

√
2c′

∑

r

βµ±
r e−irσ (3.27)

The commutation relations follows by considering:

[Xµ(σ), Ẋν(σ′)] = ηµνδ(σ − σ′), {ψµ
α(σ), ψ

ν
α′(σ′)} = ηµνδαα′δ(σ − σ′) (3.28)

and that of the modes:

[Aµ
m, Bν

n] = 2mδm+nη
µν , {βµα

r , βνα′

s } = δαα
′

δr+sη
µν . (3.29)

We note here that the commutation relations of the oscillators are not in a simple harmonic

oscillator basis. This would be of importance later. The constraints can be worked out by

taking the appropriate derivatives with respect to τ and σ. Writing them down explicitly

gives us

Ẋ ·X ′ +
i

2
ψ̄ · ψ′ = 2c′

∑

n

[

∑

m

A−m ·Bm+n − inτ
∑

m

B−m ·Bm+n

+
1

2

∑

r

(2r + n)(β+
−r · β+

r+n + β−
−r · β−

r+n)

]

e−inσ

= 4c′
∑

n

[

Ln − inτMn

]

e−inσ = 0, (3.30a)

Ẋ2 = 2c′
∑

n

[

∑

m

B−m ·Bm+n

]

e−inσ = 4c′
∑

n

Mne
−inσ = 0, (3.30b)

ψ± · Ẋ = 2c′
∑

r

[

∑

m

B−m · β±
m+r

]

e−irσ = 4c′
∑

r

Q±
r e

−irσ = 0. (3.30c)

In the above, we have made the following definitions:

Ln =
1

2

∑

m

A−m ·Bm+n +
1

4

∑

r

(2r + n)
(

β+
−r · β+

r+n + β−
−r · β−

r+n

)

(3.31)

Mn =
1

2

∑

m

B−m ·Bm+n (3.32)

Q±
r =

1

2

∑

m

B−m · β±
m+r (3.33)

The classical algebra of the modes of the constraints can be obtained by using the commu-

tation and anti-commutation relations of the oscillators (3.29):

[Lm, Ln] = (m− n)Lm+n, [Lm,Mn] = (m− n)Mm+n, [Mm,Mn] = 0, (3.34)

[Lm, Qα
r ] =

(

m

2
− r

)

Qα
m+r, [Mm, Qα

r ] = 0, {Qα
r , Q

β
s } = δαβMr+s. (3.35)
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We have rederived the SGCAH from the modes of the solutions of the equations of motion.

As stressed previously, this is the symmetry algebra without any central extensions and

when we look to quantize the theory, this algebra would get extended. These central

extensions would then determine the consistency of the tensionless superstring.

Central terms and the other symmetry algebra. Like in the bosonic case, the limit

from the tensile string suggests that these central extensions would be zero hinting at the

fact that tensionless superstrings would be consistent in any number of dimensions. Let us

just remind the reader of the argument of the vanishing of the central terms in the limit [14].

The algebra has two distinct central extensions: cL = c− c̄ and cM = ǫ(c+ c̄). If we start

from a parent theory free from diffeomorphism anomaly, then c = c̄ in the parent theory

and hence cL = 0. Again, c counts the number of bosonic worldsheet fields in the tensile

theory and hence in any healthy theory, this is a finite number which does not scale like 1
ǫ
.

So, cM = 0. As before, we may wish to make a distinction between tensionless theories as

derived from a tensile theory or a fundamentally tensionless theory. The arguments above

hold for a derived theory and for a fundamentally tensionless theory, one needs to rework

the usual tensile methods to check what restrictions on dimensions there may emerge in

this case.

As mentioned before, when stripped off the (α, β) indices, this above symmetry algebra

is the very same algebra that arises from the canonical analysis of asymptotic symmetries

of 3d N = 1 Supergravity recently performed in [41] and is called the Super BMS3.

It is also of interest to see that the classical constraints above (3.30) take the form

required from the algebra, viz. EM tensor = 0. We can compare the equations of (3.30)

with (2.20) and (2.22) to see how the algebraic considerations considered before fit into

this particular example.

What we have seen here is that if we use the choice of gauge (5.20), then there is a

residual gauge symmetry which is the SGCAH . We would be able to organize the physics of

the tensionless superstring in terms of this symmetry algebra. It is conceivable that there

exists another “good” choice of gauge which lands us on SGCAI as the residual symmetry

algebra. This will again be a preferred choice of gauge.

We saw in the bosonic case in [17], that when we considered closed tensionless strings

with cM = 0, the residual gauge symmetry truncated to a single copy of the Virasoro

algebra indicating a deep relation between the tensionless closed string and the open string,

previously anticipated e.g. in [23]. If we are able to come up with a choice of gauge such that

in the tensionless superstring the residual symmetry becomes SGCAI , there is the obvious

advantage of making the supersymmetric version of the relation between the closed and

open strings even here. As we have mentioned earlier in section 2, with cM = 0, the SGCAI

reduces to a single copy of the Super-Virasoro algebra. We have, however, been unable

to find this gauge yet. It is also possible that one may be able to make the connection

between closed and open tensionless strings even in the current gauge, but as if often with

gauge choices, the physics of this particular property seems to a bit obscured and harder

to interpret in the current form.
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4 Limit from the tensile superstring

In our analysis so far, we have been essentially confined to thinking of the tensionless su-

perstring as an intrinsic object and we have derived the various properties of the tensionless

superstring theory without taking recourse to the contraction on the worldsheet. We now

wish to venture into the other direction where we make full use of the mapping between the

tensile and tensionless theory i.e. by taking the ultra-relativistic contraction of the tensile

string worldsheet.

Tensile case. Before that, let us briefly review the tensile case [44]. Starting from the

tensile action:

S = −T

2

∫

d2σ
[

∂aX
µ∂aXµ − iψ̄µρa∂aψµ

]

(4.1)

The equations of motions are:

∂a∂aX
µ = 0; ∂∓ψ

µ
± = 0. (4.2)

The bosonic and fermionc mode expansions (in the NS-NS sector) are listed below:

Xµ(τ, σ) = xµ + 2
√
2α′αµ

0τ + i
√
2α′

∑

n 6=0

1

n

[

αµ
ne

−in(τ+σ) + α̃µ
ne

−in(τ−σ)
]

(4.3a)

ψµ
+(σ, τ) =

√
2α′

∑

r∈Z+ 1

2

bµr e
−ir(τ+σ), ψµ

−(σ, τ) =
√
2α′

∑

r∈Z+ 1

2

b̃µr e
−ir(τ−σ) (4.3b)

The relations (3.28) are applicable, and gives us the following brackets:

[αµ
m, αν

n] = [α̃µ
m, α̃ν

n] = mδm+n,0 ηµν

{bµr , bνs} = {b̃µr , b̃νs} = δr+s,0 ηµν
(4.4)

The components of the energy momentum tensor and the super current are directly related

to the constraints:

T±± = (Ẋ ±X ′)2 +
i

2
ψ± · ∂±ψ+ = 0 (4.5)

J± = ψ± · ∂±X = 0 (4.6)

In terms of modes, the Super-Virasoro constraints are given by

Ln =
1

2

∑

m

α−m · αm+n +
1

4

∑

r

(2r + n)b−r · br+n (4.7)

Qr =
∑

m

α−m · bm+r. (4.8)

Using (4.4) the Super-Virasoro Algebra (without central terms) is generated:

[Lm,Ln] = (m− n)Lm+n, [Lm,Qr] =

(

m

2
− r

)

Qm+r, {Qr,Qs} = 2Lr+s (4.9)
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Tensionless contraction. The tensionless limit on the worldsheet is obtained by taking

the following contraction τ → ǫτ ; σ → σ. The physical insight at play here is that in

the tensionless limit, the string will grow long and floppy (as opposed to shrinking into a

point particle in the α → 0 limit) [14] and hence the limit to consider would be one where

σ → ∞. But we are on the closed string worldsheet and would like to identify σ ∼ σ+2π.

So, in the case of the closed string, the contraction to consider is the ultra-relativistic limit

just mentioned above. Along with this, one needs to specify how the fermions would scale

in the case of the tensionless superstring. Since we have the SGCAH , the fermionic scaling

would be homogenous: ψ → √
ǫψ.

Let us now apply this on the mode expansions of the tensile case to see how to obtain

the tensionless ones. We need to keep in mind that we also should scale α′ as α′ → c′

ǫ
. The

bosonic modes transform under this scaling as

Xµ(τ, σ) = xµ + 2

√

2c′

ǫ
αµ
0 ǫτ + i

√

2c′

ǫ

∑

n 6=0

1

n

[

αµ
ne

−inσ(1− iǫnτ) + α̃µ
ne

inσ(1− iǫnτ)
]

(4.10)

= xµ+
√
2c′

√
ǫ(αµ

0 + α̃µ
0 )τ+i

√
2c′

∑

n 6=0

1

n

[

1√
ǫ
(αµ

n − α̃µ
−n)− inτ

√
ǫ(αµ

n+α̃µ
−n)

]

e−inσ

The fermionic ones scale as

ψµ
+(σ, τ) =

√
ǫ
√
2α′

∑

r

bµr e
−irσ(1− iǫrτ) ≈

√
2c′

∑

r

bµr e
−irσ (4.11)

ψµ
−(σ, τ) =

√
ǫ
√
2α′

∑

r

b̃µr e
+irσ(1− iǫrτ) ≈

√
2c′

∑

r

b̃µ−re
−irσ (4.12)

If we compare these modes with the one that we obtained intrinsically, it can be easily

seen that

Aµ
n =

1√
ǫ

(

αµ
n − α̃µ

−n

)

, Bµ
n =

√
ǫ(αµ

n + α̃µ
−n), (4.13a)

βµ+
r = bµr , βµ−

r = b̃µ−r. (4.13b)

Plugging the above relations back into the constraints give us the connection between the

tensile and the tensionless constraints.

Ln = Ln − L̄−n, Mn = ǫ(Ln + L̄−n) (4.14)

Q+
r =

√
ǫQr Q−

r =
√
ǫQ̄−r (4.15)

This scaling, together with (4.9), corresponds to the algebra obtained in (3.34). Therefore

this analysis agrees with the “homogeneous scaling” of the Super-Virasoro algebra to arrive

at SGCAH . It is interesting to note here that at the level of the oscillators, the fermionic

ones (4.13b) don’t get scaled at all in this particular contraction of the parent Super

Virasoro algebra to the homogeneous SGCA.
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5 Quantum tensionless superstrings

We have so far dealt exclusively with classical aspects of the tensionless superstring. We

now want to make some preliminary remarks about its quantum nature.

As in the bosonic case, the theory of quantum superstrings is best formulated in

the covariant approach by quantising the theory as a free theory and then imposing the

constraints as physical conditions on the states of the Hilbert space. For the tensionless

superstring, in close analogy with the treatment of the bosonic tensionless string, there

are two distinct methods in which this process can be approached. In both cases, the

tensionless constraints are imposed on the states of the corresponding Hilbert space. These

constraints are

〈phy′|T1|phy〉 = 0, 〈phy′|T2|phy〉 = 0, 〈phy′|J1|phy〉 = 0, 〈phy′|J2|phy〉 = 0, (5.1)

where the classical conditions (3.30) have been transformed to their quantum counterparts

by elevating them to quantum operators and sandwiching them in between physical states

|phy〉, |phy′〉. In terms of the modes of the EM tensor, this boils down to

〈phy′|Ln|phy〉 = 0, 〈phy′|Mn|phy〉 = 0, 〈phy′|Q±
r |phy〉 = 0. (5.2)

The crucial point of difference is the fact that the Hilbert spaces of the limiting and

the fundamental theories are different. When we wish to discuss the tensionless superstring

theory as a sub-sector of a well-behaved tensile superstring theory, the Hilbert space that

we would start with is that of the tensile theory and we will impose the above constraints

on the states of that theory to obtain the allowed states of the tensionless subsector. This

Hilbert space is built out of the tensile vacuum and all the creation operators acting on

this vacuum. The vacuum is defined by

|0〉 : αn|0〉 = α̃n|0〉 = 0; br|0〉 = b̃r|0〉 = 0. (5.3)

So a general state |φ〉 in this Hilbert space is built up of oscillators acting on the vacuum:

|φ〉 =
∏

α−n1
. . . α−nN

. α̃−m1
. . . α̃−mM

. b−r1 . . . b−rR . b̃−s1 . . . b̃−sS |0〉 (5.4)

The tensionless constraints acting on these states give us the physical states. The mass is

derived from the M0 constraint:

M0|φ〉 = 0 ⇒
∑

n

B−n ·Bn|φ〉 = 0 (5.5)

Now we have,

Pµ =
1

2πc′
Ẋµ (5.6)

which leads to the total momentum pµ of the string

pµ =

∫ 2π

0
dσPµ =

√

2

c′
B0 µ (5.7)
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The mass of the state is given by

m2|φ〉 = −pµp
µ|φ〉 = − 2

c′
B0 ·B0|φ〉 =

2

c′

∑

n 6=0

B−n ·Bn|φ〉

= lim
ǫ→0

2

c′





∑

n 6=0

ǫ(α−n+α̃n)(αn+α̃−n)
∏

α−n1
..α−nN

.α̃−m1
..α̃−mM

.b−r1 ..b−rR .b̃−s1 ..b̃−sS |0〉





⇒ m2|φ〉 = 0.

So we get that in the case of the tensionless superstrings, just as in the bosonic case, the

tensionless limit from the tensile theory lands up in a subsector which is characterised

by states which have zero mass. These states, as is obvious from the spacetime index

structure (which we have suppressed above), also can carry arbitrary spins and hence this

is a link between the tensionless superstrings and the theory of massless higher spins. It is

interesting to note that since Mn does not get any contribution from the fermionic modes,

the mass formula does not change from the case of the bosonic tensionless sector.

Bogoliubov transformations on the worldsheet. The fundamental tensionless the-

ory is built out of oscillators which are intrinsically tensionless. The oscillators A,B do

not obey a harmonic oscillator algebra (3.29) and hence we need to change to a different

basis [17]. We will call these operators C, C̃. These are defined as

Cn =
1

2
(An +Bn), C̃n = −1

2
(A−n +B−n) (5.8)

These new oscillators now do obey the harmonic oscillator algebra.

[Cn, Cm] = nδn+m,0, [C̃n, C̃m] = nδn+m,0, [Cn, C̃m] = 0. (5.9)

In terms of the tensile oscillators, the fundamentally tensionless creation-annihilation op-

erators are given by

Cn = f+αn + f−α̃−n, C̃n = f−α−n + f+α̃n, where f± =
1

2

(√
ǫ± 1√

ǫ

)

. (5.10)

We see that these new operators are a mixture of creation and annihilation operators and

hence these define Bogoliubov transformations on the worldsheet. Redefining coefficients

in a more familiar form:

f+ = cosh θ, f− = sinh θ, (5.11)

we find that with this new definition of coefficients the Bogoliubov transformation can be

recast as,

Cµ
n = e−iGαµ

ne
iG = cosh θ αµ

n − sinh θ α̃µ
−n (5.12)

C̃µ
n = e−iGα̃µ

ne
iG = − sinh θ αµ

−n + cosh θ α̃µ
n

The generator of the above transformation can be written as,

G = i
∞
∑

n=1

θ
[

a†n.ã
†
n − an.ãn

]

, where αk =
√
k ak, α−k =

√
k a†k. (5.13)
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The main point, as stressed above, is that in the bosonic closed string theory the fun-

damental tensionless Hilbert space is very different from the tensile theory. This obviously

also holds true for the superstring theory. The tensionless superstring Hilbert space is built

from the tensionless vacuum |00〉 which is defined by

|00〉 : Cn|00〉 = C̃n|00〉 = β±
r |00〉 = 0, n, r > 0. (5.14)

A general state in the fundamentally tensionless Hilbert space is given by

|ψ〉 =
∏

C−n1
. . . C−nN

. C̃−m1
. . . C̃−mM

. β+
−r1

. . . β+
−rR

. β−
−s1

. . . β−
−sS

|00〉. (5.15)

The allowed states are the ones in this Hilbert space subject to the physical state condi-

tions (5.2).

In the superstring, the two sets of fermionic oscillators are now linked by the fermionic

version of the Bogoliubov transformations on the worldsheet. Let us remind the reader

briefly of the general theory of fermionic Bogoliubov transformations before specifying our

particular case. Let cj be a set of fermionic annihilation operators. Thus, they satisfy

{ck, c†j} = δkj , {ck, cj} = {c†k, c
†
j} = 0. (5.16)

Now we consider canonical transformations which preserve the above brackets.

ci → c̃i = uijcj + vikc
†
k, c†k → c̃†k = v̄kjcj + ūklc

†
l . (5.17)

Here complex conjugate are denoted by bars. For the above transformations to be canoni-

cal, we need

UU † + V V † = 1, UV T + V UT = 0, (5.18)

where U = uij , V = vij are the matrix representations of the above transformations.

For our tensionless case, we find that in the ǫ → 0 limit, the map between the fermionic

oscillators are given by

β+
r = br, β−

r = b̃−r. (5.19)

Hence we see that the transformation matrices become

U =

(

1 0

0 0

)

, V =

(

0 0

0 1

)

. (5.20)

Since the C’s are a mixture of tensile creation and annihilation operators and the fermionic

generators are given by the above, the tensionless limit of the tensile vacuum does not

land us onto the tensionless vacuum. It is interesting to note that even though there is no

scaling of the fermionic creation and annihilation operators with tension, as is clear from

the above, there is still a non-trivial mixing of the modes which leads from the usual tensile

theory to a theory with a different vacuum state. We would be dealing with the fermionic

generators and the fermionic version of the Bogoliubov transformations in much greater

detail in upcoming work [53].

It is important to note here again that we have restricted our attention purely to the

NS-NS sector of the tensionless superstring theory. The R sector is more intricate and will

be addressed in detail elsewhere [53].
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6 Conclusions

In this paper, we have looked at the theory of tensionless superstrings following earlier

work [18]. We have seen that when we fix the equivalent of the conformal gauge in the

tensionless superstring action, there is a residual gauge symmetry, the algebra of which is

given by the homogenous Super Galilean Conformal Algebra or SGCAH . This (stripped of

the indices on the supercharges) is actually the same as the algebra obtained recently in the

analysis of asymptotic analysis of 3d Supergravity in asymptotically flat spacetimes [41].

We performed an intrinsic analysis of the tensionless superstrings residual symmetries

and rederived the same by looking at the solutions of the equations of motion using mode

expansions. We obtained the same from a contraction on the string worldsheet. When we

were looking at classical aspects of the theory, the intrinsic and the limit procedure gave us

the same answers. We briefly commented on the quantum aspects of the two approaches

and showed that the vacua of the two were markedly different and that the usual tensionless

limit on the tensile vacuum does not land one on the fundamentally tensionless vacuum.

In the process, we also visited some algebraic aspects of GCAs and showed two different

ultra-relativistic contractions leading to two different supersymmetrizations of the parent

bosonic GCA. We commented on some aspects of the representation theory of the two

algebras.

It is important to emphasise that this is just a stepping stone for what is a much longer

project of trying to understand tensionless strings from symmetries of the worldsheet.

Like in the bosonic case, we have now found an organising principle which will help us

systematically solve the theory of tensionless superstrings by appealing to the symmetries

on the string worldsheet. There are numerous things to be addressed and some of it is

already work in progress. Let us comment on some open directions before we close.

Most immediately, we would like to expand on our comments on the different vacua

of the two different approaches to the tensionless theory, - viz. the fundamental and the

limiting one. We have pointed out that the NS-NS vacua are different. We would like to

extend our analysis to include the R sector and analyse the structure of the Bogoliubov

transformations between the two sets of oscillators. We had also remarked about the

thermal nature of the tensionless vacuum in [17]. It is very likely that a similar story

would hold true in the supersymmetric case. This will be explored in upcoming work [53].

One of the most intriguing connections outlined in [17] was the connection to Hage-

dorn physics. It was remarkable that the notion of a worldsheet description still existed

near the Hagedorn temperature defying earlier notions. In the supersymmetric case, we

wish to investigate this in more detail. The bosonic case suggested the use of Carrollian

manifolds for this application. We expect Super-Carrollian structures to emerge in the

supersymmetric version.

One of the principal goals of this project is to understand scattering amplitudes in

the tensionless limit from the symmetries on the worldsheet. We would obviously need

to first understand the bosonic calculation, but the final goal would be to look at the

supersymmetric tensionless string theory and the scattering amplitudes there.
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Another of our current avenues of exploration is the fate of spacetime in this tensionless

limit. String theory (in its second quantised avatar) is supposed to be background indepen-

dent and is expected to determine the geometry in which it propagates. Hence a singular

limit on the string worldsheet would mean that something singular is also happening to

the spacetime where it propagates. We are in the process of investigating the consequences

of this for the bosonic theory and the obvious generalisation would be to consider the case

of the superstring.

There are five consistent superstring theories and all of them should admit tensionless

limits. It would be of interest to examine all of these carefully and also understand the fate

of the web of dualities that link the parent tensile theories in the tensionless limit. The

departures of the classical and quantum superstrings needs to be examined in each case to

see if there is further substructure emerging in these different theories.

The recently discovered link between the ambitwistors and null strings [52] is also very

intriguing and opens completely new avenues of applications of our methods.
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