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In [2] and [5], A. Hausner and G. P. Johnson announced the following

theorem : Let G be a locally compact abelian group and X a complex com-

mutative Banach algebra. Then the space of all regular maximal ideals topolo-

gized in the Gelfand sense of L\G, X), the space of all X-valued Bohner

integrable functions on G, is homeomorphic with the Cartesian product of

SSίl(X) and G in the product topology, where 9Jί(X) means the space of all

regular maximal ideals and G the dual group of G Moreover improving the
result by B.Yood [10], A.Hausner has proved that the analogous result also
holds valid for the space of all vector-valued continuous functions on a com-
pact Hausdorff space [4] : that is for a commutative Banach algebra X and
a compact Hausdorff space Ω, the space of all regular maximal ideals in
C(Ω, X), the space of all X-valued continuous functions on Ω, is homeomor-
phic with the Cartesian product of 3ίl(X) and Ω in the product topology.

Now it is known by Grothendieck [1] that L\G, X) is isometric-isomor-

phic to L\G) ® X, the tensor product of Lι(G) and X with γ-norm and
7

C(Ω, X) to C(Ω) (g) X, the tensor product of C(Ω) and X with λ-norm. This
λ

fact suggests us that the tensor productorial treatment of the problem may
be fruitful and make the background of their discussions clear.

Our first result is the following simultaneous generalization of the theorems
by Hausner-Johnson and Yood-Hausner : Let A and B be commutative Banach

algebras and suppose that A ® B, the tensor product of A and B for the
Oύ

cross norm a not less than λ-norm, is a Banach algebra, then the space of

all regular maximal ideals in A ® B topologized with the usual weak topology
Oύ

is homeomorphic with the product space of 9Jί(A) and SDΐOB).
Next are shown some theorems about the regularity and semi-simplicity of

the tensor product of A and B, which are also the generalizations of the results
announced also in [2] and [5] in the case of A = L\G) where G is a locally
compact abelian group and the treated cross norm is γ-norm. In our arguments,
the following family of linear mappings from A (g) B to A(or B) plays an
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essential role. In fact there exists a family of linear mappings (θψ \ ψ €Ξ B*}
A

from A ® B to A associated with each linear functional ψ € B*, having the
Cύ

property ύθφ(φ) — φ ® Ψ for every φ 6 A*. The property of this family is
Cί'

closely related to the so-called metrical approximation property of A or ΰ in
the sense of Grothendieck [1], which causes some natural restrictions to our
Theorem 4.

Throughout this paper, we concern mainly with commutative Banach
algebras and for a Banach algebra A, 9ΪΪ(A) denotes the space of all regular
maximal ideals in A with the usual weak topology. For each element a € A,
we mean by a the abstract Fourier transform of a and its value on an ele-
ment M in W(A) is denoted by a(M) = φ.v(a) where φM shows the canonical
homomorphism associated with M. Sometimes we write a(M) = <<z, ΦM>
regarding φx as a linear functional on A.

Let A and B be Banach algebras and φ and ψ linear functionals on A and
B respectively. We use the product linear functional φ ® ψ as usual, that is,
φ ® Ψ is the linear functional on AQ B} algebraic tensor product of A and
B9 such that

n n

However, for the cross norm <x m AQ B which is not less than λ-norm,

φ ® Ψ is continuous, so that we can extend this to the whole space A (§) 1?.
a

We denote this extended funcional by φ ® ψ.

Other details of tensor products of Banach spaces are referred to Schatten
[7] and Grothendieck [1].

1. We set forth with the following theorem which is essentially due to
Turumaru [8].

THEOREM 1. Let A and B be Banach algebras then A ® B is again

a Banach algebra.

We omit this proof.

REMARK. We know some examples of A and B that A ® B becomes a

Banach algebra for some cross norm a {a > λ) such as C(ίl) ® B ^ C(ίl, B).

But, generally, we do not know whether A ® B is a Banach algebra or not
CO

except for γ-norm.
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LEMMA I. For any regular maximal ideal M€3Ji(A®5), there exists
y

uniquely a pair of regular maximal ideals Mτ € ffll(A), M2 € 9Jί(J5) such as

ΦM = ΦJU ® ΦMV

PROOF. Take an element x<S)y such as φj/Gr ® 3>) + 0 and put φτ(a)
= Φ.v(ax (£) y)/φM(x <S) y) for a € A. φΎ is continuous on A because we have
ll*2^ ® jΊlv ίS \\a\\ \\χ §ζ> y\\y by the property of γ-norm. Moreover, φx is defined
independently from the choice of x ® y. In fact, take an another element
x'(g)y' with φM(x®y)4=0. We get

= φM{axx

which implies

Since, for <z, έ €

φx is a multiplicative linear functional on A. Similarly we get a continuous
multiplicative linear functional φ2 on B and we have

Σ = ψ j f ( β ® ft) for every ^ € A, 6 € 5,
O2®./)

so that we get φM = φτ ® φ2-
y

Next, suppose that φ^ has another expression φί ® φ2 for two continuous
y

homomorphisms from A and B to the field of complex numbers. If φx =f= Φ'u
then there exists an element a € Λ such as Φi(<z) =f= 0 and φ[(a) = 0. On the
other hand we can take an element b € B such as Φ2(b) 4= 0. Then φx ® φ2

(α ® *) = Φτ(a)φ2(b) + 0 and φl ® φXα ® i ) = ΦXa)φ'ib) - 0 which is a con-
tradiction.

A symmetric argument for φ2 and φί also shows that φ± 4= φ^ implies a
contradiction. Hence the expression of φM is unique.

Since φτ and φ2 are both non-zero continuous multiplicative linear func-
tionals on A and B respectively, there exists two regular maximal ideals Mτ

€ W{A) and M2 € 2R(β) such as φt = φMι and φ2 = φMi.
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THEOREM 2. Let A and B be commutative Banach algebras. If A<g)B

is a Banach algebra for the cross norm a not less than \-norm, then

W(A ® B) is homeomorphic with the product space of 9Jί(A) and 9JΪ(J3).
Oύ

When a = γ and A = L\G) for a lacally compact abelian group G,

we get the result by Hausner-Johnson the case where a = λ and A = C(Ω)

for a compact Hausdorff space ίl is due to Yood-Hausner. Similar statements

also hold for forthcoming theorems.

PROOF. Consider the canonical homomorphism Φ from A ® B to
Ύ a

and take an element M in 33Ϊ(A ® J5). It is easy to see that φ^Φ is a non-zero

continuous homomorphism from A® B to the field of complex numbers.
Ύ

Hence, by Lemma 1, there exists uniquely a pair of regular maximal ideals

Mτ and M2 in 3Jl(A) and 9K(β) such that ψMΦ = Φ^ ® Φ^. Therefore we
γ/

have φM = ΦMI ® ΦM2 on A 0 B , which implies ΦM = φMι ® Φjf2.
OCi'

Now, consider the mapping Ψ from 5ffί(A ® β) to 2W(A) X 5W(JB) defined

by Ψ(M) = (M1? M2). By Lemma 1 and the assumption a :> λ we see that Ψ

is one-to-one and onto. Since the topology of 9J?(A ® E) is equivalent to the
Oύ

topology induced by A Q B9 it is now easy to see that Ψ is a homeomor-

phism between 2R(A ® 5) and 9J?(A) X 2R(β) (cf. Loomis [β: p. 12]).
Cύ

REMARK. If we denote by A ® -B the space of all functions of the ab-
ttl

stract Fourier transform of the elements of A ® B, an easy calculation shows
A ^ \ A

that this space is isometric into A ® B.
Λ

LEMMA 2. Let E and F be Banach spaces and a the cross norm- not

less than λ, then for each ψ € F*9 the conjugate space of F, there exists

an associated continuous linear mapping θp from JB ® F to E such that
Oύ

tθ$(φ) — φ&) ψ for every φ € E* and the same result also holds for each

φ € £*.

PROOF. Define the mapping ΘΦ from EQF to E by θψ [Σ a^, ® bt)

n
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Since θψ is a continuous linear mapping for α:-norm, we can extend this

to the mapping from E ® F to E, which we also denote by θψ.
Λ

Now, for φ € E* we have
n n n

Hence ^φiφ) £ ®
a'

A symmetric argument shows that the same result holds for each φ € 2£*.

THEOREM 3. L^ί Λ and B be commutative Banach algebras and a the

cross norm not less than \ then if A ® B becomes a Banach algebra, A<S)B
a a

is regular if and only if A and B are regular.

PROOF. Suppose that A & B is regular, and consider an open set Gτ d
cc

9JΪ(A) and Mx € Gv Taking an arbitrary open set G2 Cl Ίfl(B) and a point

M2 € G2 we get, by the hypothesis and Theorem 2, an element x € A ® B
a

such as
ά(Mx, M2) = 1 and ^ ( d x GJ) = 0

where (Gx X G2)
c means the complement of Gτ X G2. Denoting by φx and φ2

the canonical homomorphisms associated with Mτ and M2 respectively, we
have

<θΦlx\ φτ> = <x, Φx® Φ2> = x(Mly M2) = 1
a'

and

<θφz(x), φ[> = <x, ΦΊ ® Φ2> = 0 for every φ[ associated with a regular
<Xl'

maximal ideal Mi ^ Gx. Thus A is regular and similarly B is regular, too.
Next assume that A and B are regular and consider an open set G C

3Jί(A ® B) and a point M € G We must show that there exists an element x
cc

in A ® Z3 such that ά(M) = 1 and x(M') = 0 for every M' ^ G. By Theorem
cc

2, there exist regular maximal ideals Mx € 9Jί(A) and M2 € 9Ϊ?(B) whose couple
(M19 M2) is associated with M, besides we can find two open sets Gα CI 50?(A)
and G2 a <m(B) such that (M19 M2) € Gx X G2 C G. Since A and £ are
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regular Banach algebras there exist two elements a €E A and b C B such that

a(Mτ) = b(M2) = 1 and a(M{) = b{M*) = 0 for every M[ <£ G2 and M', <£ G2.
Then x = a§§ b satisfies our requirements. This completes the proof.

2. In the following we restrict ourseif to the case of a = y and a = λ.
A Banach space £ is called to satisfy ί/ιe condition of approximation if for
every compact set K d E and £ > 0 there exists a continuous linear mapping
u of finite rank from E into itself such as \\u(x) — x\\ < £ for all x^K. (cf.
Grothendieck [1])

Most of our familiar Banach algebras such that C(ίl) (Ω is a compact
Hausdorff space), L°°(X, /*) (X is a lccally compact space and μ a positive
measure) and L\G) (G is a locally compact abelian group) etc. satisfy this
condition.

THEOREM 4. Let A and B be commutative Banach algebras.

1° If either A or B satisfies the condition of approximation then A ® B
y

is semi-simple if and only if A and B are semi-simple.

2D Suppose that A ® B becomes a Banach algebra, then A®B is semi-
λ λ

simple if and only if A and B are semi-simple.

PROOF. Suppose that A ® B is semi-simple and an element a € A
y

satisfies a — 0. We have

a§b(Mι, M2) = ά(Mτ)b(M2) = 0 for all (MΛ, M2) € 9H(A) x Wl(B) and
b € B. Hence, by Theorem 2, a ® b = 0 for all b tΞ B, which implies <z = 0
i. e. A is semi-simple. Similarly, we see that B is semi-simple. This proves
the necessity of 1°. (Therefore the necessity of l υ holds without the assump-
tion of approximation condition).

The same argument for A ® B shows that A and B are semi-simple if
λ

A ® B is semi-simple,
λ

We shall prove the sufficiency of 2°. Take a non-zero element .r € A ® 5 .
λ

By the property of λ-norm, there exist linear functional φ € A* and ψ € B*
such as O , φ(& ψ> = <θφ(x), <p> =f= 0 which implies fy^c) =f= 0. As A is

semi-simple we can find a regular maximal ideal Mτ € 9Jl(A) such that θψ(x)

( M 1 ) φ 0 . Hence we have <0,Cc), Φi> = O , %(Φi)> = <x, Φi<8)ψ> =

tCθφ^x), ψ> + 0 where φx is a continuous homomorphism associated with
Mτ. Therefore, by the semi-simplicity of B, there exists a regular maximal
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ideal M2 € Wl(B) such that θφl(x)(M2) 4= 0. We have, by Theorem 2, x(M19 M2)

= <x, φjf,® ΦMO> = <θφl(x), ΦΛIO> = ^ M M 2 ) = f = 0 . That is x =4= 0 this

completes the proof.
If either A or B satisfies the condition of approximation, the canonical

homomorphism Φ from A ξξ) B to A ® £> is one-to-one (cf. [1]). Take a non-
y λ

zero element x € A ® B. Owing to the sufficiency of 1° we can find a couple

of continuous homomorphisms φx and φ2 from A and £> to the field of complex
numbers such as <LΦ(x), Φi®φ 2 > 4=0. Since < ΦO*;), Φi ® φ2 > = <^ ? Φi®Φi>?

λ' A' y

we get ir(Mχ, M2) = < # , Φ i ® φ 2 > =4=0 where Mx and M2 are regular max-

imal ideals in 90ϊ(A) and 9J?(β) associated with φx and φ2 respectively. Hence
A ® B is semi-simple.

y

At the last, we shall discuss the genera] Wiener's tauberian theorem in
terms of the tensor product of commutative Banach algebras.

THEOREM 5. Let A and B be Banach algebras, both semi-simple and

reqular and the elements a € A and b € B with α(Mχ) and b(M2) having
compact support in 3Jί(A) and SΰttJB) respectively are dense in each Banach
algebra. Then

1° if either A or B satisfies the condition of approximation every

proper closed ideal in A (§) B is contained in a regular maximal ideal
y

2° if A ® 5 is a Banach algebra, the same conclusion as that of case

1° holds for A ® β , too.
A

In other words if both A and satisfy the usual sufficient condition for
the general Wieners tauberian theorem, then the same condition holds for
A ® B and A ® B with some restrictions.

y λ

PROOF. By the hypothesis and Theorem 3 and 4 it follows that A ® B
y

and A ® B are semi-simple and regular. Therefore, using the general tauberian
A

theorem, we obtain the conclusion of our theorem by showing that the elements
x in A ® B (resp. A ® B) with χ(M) having compact support in fflϊ(A ® B)

y A v

(resp. 2R(A ® B)) are dense in A ® £ (resp. A ® J5).
A γ A
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Now, by the hypothesis and Theorem 2, it is clear that the elements

a(g) b with a ® b having compact support in Ώl(A) X Ti(B) are dense in the set
n

!<z® b\a € A, b € B\, which implies that the family j ^Z^ i® bt

has compact support in 9ϊϊ(A) X W(B) \ is dense in AQ B. Besides, since

AQBis dense in A ® B (resp. A ® .B) in γ-norm (resp. λ-norm), the above
7 λ

family is dense in A ® B (resp. A ® S) in γ-norm (resp. λ-norm). This
7 λ

completes the proof.
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