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Abstract

The Co-varying Physical Couplings (CPC) framework is a modified gravity set up assuming
Einstein Field Equations wherein the quantities {G, c,Λ} are promoted to space-time functions.
Bianchi identity and the requirement of stress-energy tensor conservation entangle the possible
variations of the couplings {G, c,Λ}, which are forced to co-vary as dictated by the General Con-
straint (GC). In this paper we explore a cosmological model wherein G, c and Λ are functions of
the redshift respecting the GC of the CPC framework. We assume a linear parametrization of Λ
in terms of the scale factor a. We use the ansatz Ġ/G = σ (ċ/c) with σ = constant to deduce the
functional forms of c = c(z) and G = G(z). We show that this varying-{G, c,Λ} model fits SNe Ia
data and H(z) data with σ = 3. The model parameters can be constrained to describe dark energy
at the background level.
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1 Introduction

There has been a resurgence of the interest in the subject of varying fundamental constants in gravi-
tation, astrophysics and cosmology as evidenced by recent publications (e.g. [5, 11, 13, 20, 30, 37, 38,
39, 44, 51, 60, 61, 62, 63, 64, 65, 69, 74, 75, 76, 79, 83, 86, 87, 88, 95, 99, 106]) in the recent literature.
This is a rather controversial topic [45, 108, 109]. However, the idea of varying couplings have roots in
scalar-tensor theories such as Brans-Dicke theory wherein the gravitational coupling is understood as
a scalar field [22, 48]. The fact that Brans-Dicke theory is equivalent to other modified gravity theories
[35, 107], that it is recovered from particular limits of string-theory [25, 50] and Kaluza-Klein models
[12, 91], and that it might be related to modifications of the underlying geometry of the space-time
manifold [36, 48] justifies why this possibility would be interesting. On top of that, the standard model
of cosmology faces some challenges [1, 23], themselves pointing to possible limitations of general rela-
tivity (GR) as the final theory of gravitational interaction. Examples of the referred difficulties include
the lack of a consistent fully quantized version of GR (e.g. [28]), the presence of singularities (e.g. [19]),
the need for an early inflationary phase (e.g. [17]) and for a late-time dynamics dominated by dark
energy (e.g. [14]). Further open problems of relativistic cosmology are the Hubble tension [42, 66, 78],
the S8 tension [1], and discrepancies related to the distribution of cold dark matter [71]. This context
opens up the possibility of analyzing the consequences of admitting varying physical constants both
from theoretical side (e.g. [20, 33, 37, 52]) and in the data-fitting or observational approach (e.g.
[44, 57, 58, 59, 63, 76, 88]).

In fact, recent studies of extensions of the general relativity theory propose that fundamental
couplings of physics are expected to vary. As a few examples we mention models involving variations
of the fine-structure constant α [21, 31, 53, 55, 70, 72, 77, 82, 110], models admitting variation of
the Newton’s gravitational constant G [41, 54, 68, 73, 90, 111, 112, 116], and models addressing the
variation of the speed of light c [2, 4, 6, 15, 26, 27, 34, 80, 81, 88, 89, 96, 100, 101, 108, 114, 115, 117]. The
main feature of these works is the fact that they consider only one of the aforementioned couplings as
a function of the time, while disregarding possible variations of the others. Models proposing variation
of more than one coupling have been studied recently in Refs. [20, 33, 44, 52, 57, 58, 59, 60, 61, 63, 76],
which also include the cosmological constant Λ as a new dynamic variable. Simultaneous variations
of {c,G,Λ} were explored by Refs. [33, 52, 57] in a framework called Co-varying Physical Couplings
(CPC). The CPC framework is a modified gravity proposal inspired by Brans-Dicke theory [22, 48] that
can be understood as a generalization to GR wherein the physical couplings are allowed to co-vary. In
a previous paper [38], we have scrutinized the minimal CPC model, a model admitting co-varying c
and G while Λ is kept as a genuine constant. The minimal CPC model was constrained via gas mass
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fraction data—a powerful model agnostic observational probe [7, 8, 16, 47, 67, 85, 102]. The analysis
therein favored no variation for both c and G.

In the present paper we consider a full CPC model wherein the constancy of all the three fundamen-
tal couplings {c,G,Λ} is relaxed. This model shall be constrained via the H(z) cosmic chronometers
observational window [84] and SNe Ia data [103]. In order to do so, we are led to review the important
concepts of distances, luminosity and flux in the CPC framework, to deduce how they are modified
in the presence of varying {c,G,Λ}, and to derive the generalized Hubble function in this context.
The data fitting will indicated if the late-time cosmological data makes room for an entangled time
variation of the trio {c,G,Λ}.

The contents in the paper are organized as follows. In Section 2 we briefly review the CPC
framework preparing the stage to introduce the varying-{c,G,Λ} model to be explored in the paper.
We also specify CPC framework for cosmology in this section. Section 3 introduces the equations
of CPC cosmology for contact with observation; this task includes the derivation of the equation
ruling the entangled evolution of c, G and Λ, the calculation of the modified luminosity distance, the
determination of the generalized distance modulus, and the specification of the normalized Hubble
function within the CPC framework. Section 4 finally presents the functional form of our full CPC
model with Λ = Λ(a), c = c(a) and G = G(a). It is shown that the CPC framework enables one to
deduce the functional form of the functions c = c(a) and G = G(a) once the function Λ = Λ(a) is
provided. This deductive character is a key advantage of CPC framework: in this way, it keeps ad
hoc hypotheses to a bare minimum. Section 5 is dedicated to constrain our co-varying {c,G,Λ} model
against observations. A discussion of the results is performed in Section 6 where our conclusions are
also presented.

2 CPC framework in cosmology

The CPC framework is based on the following assumptions: (i) gravity is manifested as the dynamics
of the metric tensor gµν equipping a metric-compatible Riemannian four-dimensional manifold, i.e.
∇ρgµν = 0; (ii) matter and energy work as source of the gravitational field through the energy mo-
mentum tensor Tµν which is covariantly conserved, i.e. ∇µTµν = 0; and (iii) the field equations for
gµν are formally the same as Einstein Field Equations of GR but the couplings {G, c,Λ} therein are
promoted to functions of the spacetime coordinates, i.e.

Gµν + Λgµν =
8πG

c4
Tµν (1)

are CPC Field Equations with G = G (xµ), c = c (xµ), and Λ = Λ (xµ). Eq. (1) contains the regular
Einstein tensor

Gµν = Rµν −
1

2
Rgµν , (2)

which satisfies the Bianchi identity [40]: ∇µGµν = 0. The covariant derivative ∇ = ∂+ Γ is build with
the regular Christoffel symbols [29].

By taking the covariant derivative of the field equation (1) and using the features (i)–(iii) above,
viz. ∇µGµν = ∇µgµν = ∇µTµν = 0, we are led to[

∂µG

G
− 4

∂µc

c

]
8πG

c4
Tµν − (∂µΛ) gµν = 0, (3)

which is an identity that must be satisfied for any consistent model within the CPC scenario. Eq. (3)
is called the General Constraint (GC).

Refs. [33, 38, 57] emphasized the consequences of the GC for the modified gravity theory described
by the CPC framework. In fact, Eq. (3) shows that eventual variations of the couplings in the set
{G, c,Λ} are coupled to matter fields through the stress-energy tensor Tµν . Accordingly, matter tells
both spacetime how to curve and the couplings how to run; conversely, spacetime and the co-varying
couplings determine the dynamics of the matter fields.
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Another consequence that the GC entails is: the eventual variations of the couplings {G, c,Λ} are
not independent (hence the term “co-varying” in the name of CPC framework). As an example, one
may consider the minimal model where Λ is a genuine constant. Then, ∂µΛ = 0 and Eq. (3) yields

G

G0
=

(
c

c0

)4

(Λ = const) , (4)

for non-vacuum solutions. Eq. (4) demonstrates that a dynamical c enforces a dynamical G in a
unequivocally determined way. This possibility was precisely the instance explored by [38], where this
minimal model was constrained by means of the fgas observational window [7, 8, 16, 47, 67, 85, 102]. As
it happens, the data fitting disfavours any actual variations of the speed of light c and, consequently,
of the gravitational coupling G. In this paper we want to check if this result is confirmed by other
observational probes, such as cosmic chronometers—a.k.a H(z) data [84]—and SNe Ia data [103].
Perhaps more important than that, in this paper we would like to verify if a less restrictive model
could favor co-varying physical couplings within the CPC framework.

Accordingly, herein we propose a model where ∂µΛ 6= 0 and test it against the observations. Notice
that a varying Λ will complicate the solution of the General Constraint in Eq. (3). In actuality, we
will have to specify the matter-energy content in order to resolve the GC and find the interdependence
between the couplings. For that, we need to choose the physical system under scrutiny. If we are going
to use cosmological data sets, we should establish the key equations of CPC framework—e.g. Eqs. (1)
and (3)—in the context of background cosmology. This is what we do next.

The standard assumption is that the universe is homogeneous and isotropic in cosmological scales.
According to this principle, the functions G, c and Λ must depend on the time coordinate only.
Moreover, the metric tensor is read off the FLRW line element [113]

ds2 = −c2dt2 + a2 (t)

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdϕ2

)]
, (5)

where k = −1, 0,+1 for a open, flat or closed spacial sector, respectively. It should be kept in mind
that c = c (t) in (5)—and everywhere else. In addition, the matter-energy content is modelled by the
stress-energy tensor of a perfect fluid [29]:

Tµν = diag {−ε, p, p, p} , (6)

where ε is the energy density and p is the pressure. The time-dependent speed of light enters the
energy density expression ε = ρc2, with ρ denoting the (rest) matter density (for cases other than
ultra-relativistic particles). Substitution of (5) and (6) into (1) leads to the Friedmann equations of
CPC’s background cosmology [33]:

H2 =
8πG

3c2
ε+

Λc2

3
− kc2

a2
, (7)

and
ä

a
= −4πG

3c2
(ε+ 3p) +

Λc2

3
+
ċ

c
H, (8)

where dot denotes a time derivative, H = ȧ/a is the Hubble function, which is defined from the scale
factor a and its derivative. Eq. (7) is formally the same as the first Friedmann equation [46, 98] but,
obviously, c = c (t), G = G(t) and Λ = Λ (t) here. The second Friedmann equation, or the acceleration
equation, is explicitly modified by the presence of the last term in Eq. (8) which depends on ċ.

Since the energy momentum tensor is covariantly conserved within the CPC scheme, it is not
surprising that:

ε̇+ 3
ȧ

a
(ε+ p) = 0, (9)

i.e. the continuity equation holds. This not-so-strange (and even natural) feature is not shared by all
the models accommodating a varying speed of light (VSL)—for a counter-example see e.g. Ref. [6].
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Because G, c and Λ do not depend on the space coordinates (r, θ, ϕ) in the context of background
cosmology, Eq. (3) reduces to: (

Ġ

G
− 4

ċ

c

)
8πG

c4
ε+ Λ̇ = 0. (10)

As a side note, the violation of the continuity equation (9) observed in the VSL proposal by [6] equals
precisely the left hand side of our Eq. (10)—see Ref. [33]. Consequently, the VSL scenario in [6] does
not respect the GC.

For solving the system composed by Eqs. (7)–(10) one should provide two constitutive equations.
The first one is an equation of state (EoS) relating the pressure to the energy density; this is tradi-
tionally done through

p = wε (w = constant) . (11)

A dust-matter like component corresponds to w = 0, while a radiation content demands w = 1/3. A
constant cosmological constant can be accounted for via the choice w = −1; here, however, Λ is kept
explicit due to its fundamental role as a cosmological time-varying coupling.

The second constitutive equation required in CPC cosmology is an ansatz for the time-varying
function of one or more of the couplings in the set {G, c,Λ}. The ansatz(e) would have to be consistent
with the GC, Eq. (10). For example, the minimal CPC model with Λ̇ = 0 and G ∝ c4 is consistent
with

Ġ

G
= 4

ċ

c

(
Λ̇ = 0

)
. (12)

When Λ is allowed to vary, Eq. (10) will not automatically provide a relation between G and c. This
difficulty can be resolved by the following idea. Inspired by the equation above, Gupta proposed the
following ansatz [57]:

Ġ

G
= σ

ċ

c

(
Λ̇ 6= 0

)
(13)

with σ = constant. Obviously, if Λ = constant then σ = 4 for compliance with the GC and Eq. (12);
otherwise, the constant σ is unconstrained in principle. In the next sections we will see how Eq. (13)
plays out in the context of a co-varying-Λ model within the CPC framework.

3 Towards a varying-Λ model in CPC cosmology

Let us prepare the equations of CPC cosmology for application to our model with varying Λ.

3.1 Gupta’s ansatz and the GC

Gupta’s ansatz enables us to eliminate G from the general constraint. In fact, once c is encountered
then G is automatically determined by Eq. (13).

Continuity equation (9) and equation of state (11) yield:

ε = ε0

(
a

a0

)−3(1+w)

, (14)

just like in standard cosmology. As usual, a0 = a (t0) = 1 is the (normalized) value of the scale
factor calculated at today’s time t = t0. (Sometimes we will write a0 explicitly to keep track of the
dimensions.) Similarly, ε0 = ε(t0) is the present-day value of energy density.

Let us introduce the following convenient parametrizations for c = c (t) and Λ = Λ (t):

c = c0φc (a) , and Λ = Λ0φΛ (a) , (15)

where φc = φc (a) and φΛ = φΛ (a) are dimensionless functions of the time-dependent scale factor
a = a (t). Now the dimensions are carried exclusively by the present-day value of the speed of light,
c0 = c (a0), and today’s value of the cosmological term, Λ0 = Λ (a0). Moreover, we take φc,0 =
φc (a0) = 1 and φΛ,0 = φΛ (a0) = 1. In this way we guarantee that it is the dimensionless part of the

5



couplings that actually vary. The necessity for the dimensionless feature in possibly varying couplings
is strongly defended by some authors (e.g. [43, 45]).

Plugging Eqs. (13), (14) and (15) into Eq. (10) leads to the new form of the General Constraint:

(4− σ)φ(σ−5)
c φ′c Ω0a

−3(1+w) = ΩΛ,0φ
′
Λ, (16)

where prime denotes differentiation with respect to the scale factor a (e.g. φ′c = dφc
da ) and we have

made use of some of the energy density parameters’ definitions [46, 98]:

Ω (a) ≡ ε (a)

εc,0
, εc,0 =

3H2
0c

2
0

8πG0
, ΩΛ,0 =

Λ0c
2
0

3H2
0

, Ωk,0 = − kc20
H2

0a
2
0

. (17)

Accordingly, Ω0 = Ω (a0) = ε0/εc,0, with ε0 = ε (a0) representing the value of the energy density today.
Eq. (16) is consistent with our previous comments. If Λ̇ = 0, then φ′Λ = 0 and either σ = 4 (as

in the minimal CPC model where G ∝ c4) or φ′c = 0 (which means a constant c, yielding a constant
G due to the constraint in Gupta’s ansatz: this is the standard setting of non-varying fundamental
constants).

Moreover, Eq. (7) under Gupta’s ansatz (13) reads:

E2 (a) = φ(σ−2)
c Ω (a) + φ2

cφΛΩΛ,0 +

(
φc
a

)2

Ωk,0 (18)

where E (a) = H(a)
H0

is the normalized Hubble function. While deriving Eq. (18), we have utilized
Eqs. (15) and (17). Notice that at the present day a = a0, H (a0) = H0, and consequently E (a0) = 1.
In this case, Eq. (18) gives—recall that φc,0 = φΛ,0 = 1:

1 = Ω0 + ΩΛ,0 + Ωk,0, (19)

which is the same result as in standard cosmology.

3.2 Contact with observations: distances, luminosity, and flux in the CPC frame-
work

The normalized Hubble function E (a) is used for contact with observations through the proper distance
dp (a), the measure of distance between the astrophysical source and the observer in a dynamical
spacetime in the presence of co-varying physical couplings [57]:

dp (z) =
c0

a0H0

∫ z

0

1

E (z)
φc (z) dz. (20)

where (1 + z) = (a0/a) defines the redshift, and φc = φc (z) = φc (a (z)) depends on the particular
functional dependence of the speed of light c in terms of the scale factor a. The standard result is
recovered for φc = 1 which means c = c0 = constant, cf. Eq. (15).

In practice, we measure magnitudes of the sources of photons. The difference between the bolo-
metric apparent magnitude m and the bolometric absolute magnitudeM defines the distance modulus
µ. In fact [98]

µ = m−M = 5 log10

(
dL

1 Mpc

)
+ 25. (21)

This quantity depends on the luminosity distance dL which is defined from the flux F in an Euclidean
static universe as

F =
L

4πd2
L

. (22)

Here L is the luminosity: energy given off by the source per unit time.
In the CPC framework the luminosity will be impacted by two different effects, namely: (i) the

regular redshift due to the Universe’s expansion; and (ii) the change underwent by the speed of light
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during this period. To make this explicit, consider the photon energy E (Planck’s formula) as measured
by the observer at xµ = (t0, 0, 0, 0):

E0 = hν0 =
hc0

λ0
⇒ E0 =

λe
λ0

(
hce
λe

)
c0

ce
=
λe
λ0

c0

ce
Ee, (23)

where the quantities labelled with index 0 (e) are measured at the observers’ (source’s) position. h is
Planck’s constant; ν is the photon frequency and λ is its wavelength.1 From the definition of redshift
as the fractional change in the radiation wavelength, z ≡ (λ0 − λe) /λe, one concludes that (23) can
be written as:

E0 =
1

(1 + z)

c0

ce
Ee. (24)

The energy of the photon decreases as the universe expands: E0 is smaller than Ee for any z > 0. On
top of that, in CPC scenario, the observed energy E0 will change with respect to the emitted energy Ee
according to the way the speed of light changes. For a decreasing speed of light c0 < ce and the energy
of the photon decreases from emission to observation; for an increasing speed of light c0 > ce and the
photon energy increases from emission to observation. So in a scenario of decreasing (increasing) speed
of light, the universe is younger (older) than in the standard picture because the CMB photons cooled
faster (slower) than what is regularly expected.

What are the consequences of Eq. (24) upon the way we measure luminosity and flux? In order to
answer this question, let δt be the time interval between two wave crests (or two successive photons
emitted in the same direction). Then, in an expanding universe [57, 98]:

λe
ae

=
λ0

a0
⇒ ceδte

ae
=
c0δt0
a0

. (25)

Notice that lengths are measured in terms of the speed of light: λ = cδt. Due to the equation above,
the time interval as measured by the observer is:

δt0 =
a0

ae

ce
c0
δte = (1 + z)

ce
c0
δte. (26)

In our notation ae = a so that
(
a0
ae

)
= 1 + z.

We are now ready to decide how the luminosity changes in the CPC scenario. Inserting (24) and
(26) into the definition L = E/δt leads to:

L0 =
E0

δt0
=

1

(1 + z)2

(
c0

ce

)2

Le. (27)

The term (c0/ce)
2 is exclusive of CPC scenarios. Eq. (27) reduces to the ordinary expression for the

luminosity in the cosmological context if ce = c0 = constant. We should point out that the Eq. (27)
does not account for correction on the calibration of SNe Ia peak luminosity curves, corrections due to
metallicity of the host galaxies, and other refinement effects. Ref. [63] discusses how these additional
effects could be accounted for and what would be the consequences for constraining the cosmological
parameter in the context of another CPC model (with functional forms of {G, c,Λ} in terms of the
redshift different from those explored here and the additional assumption that Planck’s constant and
Boltzmann’s constant also vary).

The flux at the present day (at the observer’s position) is:

F0 =
L0

Ap (t0)
=
L0

Le

Le
Ap (t0)

, (28)

1It is important to emphasize that Eq. (23) would be different if one admits a varying Planck constant. That is
precisely the case in Refs. [57, 60, 61, 63]. Thus it is not surprising that the conclusions in the present paper are different
from the findings in the references just mentioned.
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where Ap (t0) = 4πd2
p is the proper surface area over which the emitted photons are spread out from

the observer’s perspective. Substituting (27) into (28) to eliminate the ratio (L0/Le) in terms of the
redshift and the speed of light gives:

F0 =
Le

4π

[
d2
p

(
ce
c0

)2
(1 + z)2

] . (29)

The comparison between (29) and (22)—with F = F0 and L = Le—enables us to recognize the
expression for the luminosity distance in CPC cosmology:

dL (z) =

(
ce
c0

)
(1 + z) dp (z) , (30)

where ce = c (z). The usual expression is recovered if (ce/c0) = 1. In the CPC framework, however,
we generally have (ce/c0) = φc(z), cf. Eq. (15).

Plugging (30) into (21) yields:

µ = 5 log10

(
dp (z)

1 Mpc

)
+ 5 log10 (1 + z) + 25 + 5 log10 [φc (z)] . (31)

The novelties due to CPC cosmology are the last term, which depends on the varying speed of light
explicitly, and in the argument of the first term, through the c-dependent proper distance dp—see Eq.
(20).

4 Late-time CPC cosmology: a linear form for the varying-Λ

In this section we introduce our particular co-varying-Λ model within the CPC scheme.
The version of the General Constraint in Eq. (16) encompasses two arbitrary functions φc (a) and

φΛ (a). Our strategy will be to propose a particular functional form of φΛ = φΛ (a) and calculate
φc = φc (a) from (16). The working hypothesis is that the cosmological term Λ is approximately
constant nowadays. This suggests a parametrization of Λ = Λ0φΛ (a) that is linear in the scale factor:

φΛ = φΛ,0 + φΛ,1

(
1− a

a0

)
= 1 + φΛ,1

z

(1 + z)
, (32)

with |φΛ,1| � 1. Eq. (32) duly recovers φΛ,0 = 1 for a = a0 = 1 (and z = 0). This form is similar to
an early parametrization of the EoS parameter w in quintessence models (e.g. [9, 10, 24]).

Apart from the Λ contribution, that was separately taken into account in Eqs. (7) and (8), the
universe is vastly dominated by dust-like matter in the energy budget of the universe today [46]. For
this reason, we feel justified to neglect the contribution of radiation and restrict our modelling of
the matter-energy content in late-time cosmology to the equation of state parameter value typical of
pressureless matter. Accordingly, we substitute w = 0 and the ansatz (32) in Eq. (16) for the GC. This
procedure leads to an equation for φc, whose solution is:

φc =
φc,0{

1− ΩΛ,0

Ω0

1
4
φΛ,1

φΛ,0

[
1−

(
a
a0

)4
]}1/(4−σ)

=

{
1− (1− Ωm,0)

Ωm,0

φΛ,1

4

[
1− (1 + z)−4

]}− 1
(4−σ)

, (33)

where
Ω0 = Ωm,0, Ωk,0 = 0, ΩΛ,0 = (1− Ωm,0) , (34)

i.e., radiation is negligible, we assume a flat universe, and we use Eq. (19) to write ΩΛ,0 in terms of
the dust-like matter energy density parameter (in today’s value). Recall that φc,0 = 1.
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Notice that Eq. (33) requires σ 6= 4, i.e. it is adequate to describing a varying-Λ scenario within
CPC (but it is not consistent with a constant Λ, such as the minimal CPC model [38]). Moreover,
Eq. (33) implies that the speed of light scales as c ∼ c0a

−4/(4−σ). A decreasing speed of light is
consistent with the general prejudice in the some works on VSL models involving phase-transition
scenarios [6, 15, 92, 93, 94, 104, 105], so it might be that 0 < σ < 4. This interval will be used to
reduce the space of parameters allowed for σ when we fit our varying-Λ model to observational data
in the next section.

Eqs. (32) and (33) constitute the CPC model we call “Co-varying-Λ Dark Energy”. It is “co-
varying” because all the couplings {G, c,Λ} vary together in this model. In fact, Eqs. (15), (32), and
(33) determine c (z) = c0φc (z) and Λ (z) = Λ0φΛ (z); then, substitution of (33) into (13) specifies to
G (z) = G0φ

σ
c . We also use the soubriquet “dark energy” since the benchmark model of cosmology—the

ΛCDM model—explains the current cosmic acceleration, and evidence of dark energy, through Λ [9].

5 Constraining the model from observational data

In order to constrain the free parameters of the linearly varying-Λ model within CPC framework by
using H (z) and SNe Ia data sets, the essential equation is the normalized Hubble function (18), which
in a flat background can be written as:

E2 (z) =
H2(z)

H2
0

= [φc (z)](σ−2) Ωm,0 (1 + z)3 + (1− Ωm,0)φΛ (z) [φc (z)]2 , (35)

where it was used Ω (a) = Ωm = Ωm,0 (1 + z)3 for w = 0 from Eq. (14). Additionally, the expressions
(20) for dp (z) and (31) for µ, both adapted for the CPC scenario, complete the set of equations needed
to constrain the model.

For the Hubble parameter data we use 31 differential age H(z) data taken from [84], known as
Cosmic Chronometers. This sample is model independent, covering the redshift range 0.07 < z < 1.965.
For the Supernovae type Ia data set we consider 1048 data from the Pantheon sample [103]. It is one
of the largest combined sample of Supernovae, with redshift in the range 0.01 < z < 2.3.

The best-fit values and uncertainty of the parameters are obtained by maximizing the likelihood
distribution function of the combined set of data, which must be proportional to e−

1
2

(χ2
H+χ2

SN) where:

χ2
H =

31∑
i=1

[Hobs,i −H(zi,p)]2

σ2
Hobs,i

, (36)

is the χ2 function for H(z) data, with p the vector of free parameters of the model, and

χ2
SN = Smm −

S2
m

SA
, (37)

where Sm =
∑

i,j ∆mi(C
−1)ij = ∆mT · C−1 · 1, Smm =

∑
i,j ∆mi∆mj(C

−1)ij = ∆mT · C−1 ·∆m

and SA =
∑

i,j(C
−1)ij = 1T · C−1 · 1. C is a covariance matrix including statistical and systematic

uncertainties [18], and ∆m = mobs − µ, where mobs is the observed magnitude and µ is given by
Eq. (31).

By using the Affine Invariant method of Monte Carlo Markov Chain (MCMC) analysis implemented
in Python language with emcee software [49, 56], the constraints over the free parameters of the model
are obtained though sampling the combined likelihood function.

The scenario described by Eq. (35) will be analyzed in the light of H(z) data and SN data for
two specific models. The first model is the minimal CPC model; it is dubbed “Case I” and appears in
Section 5.1. The minimal CPC model admits the co-varying pair {G, c} while Λ is kept as a genuine
constant. This model was explored in Ref. [38] where it was constrained via f -gas data; the analysis
therein favored no variation for both G and c. Herein, the minimal CPC model is considered as a
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control model: we want to check if H(z) data and SN Ia data also indicate that the pair {G, c} should
be constant.

The second model to be scrutinized here is the varying-{G, c,Λ} model, dubbed Co-varying-Λ Dark
Energy, introduced in Section 4, and constrained in the upcoming Section 5.2. We call “Case II” the
instance where the data fitting assumes no prior over the value of H0; this analysis is performed in
Sub-section 5.2.1. Conversely, “Case III” is the name of the analysis where the model was fit to SNe Ia
data and H(z) data by assuming a prior over H0; the details of this process are given in Sub-section
5.2.2.

5.1 Case I – Minimal CPC model (Λ̇ = 0, σ = 4)

In the first approach, we consider the case of a minimal CPC model, where σ = 4 and φΛ = 1 in
Eq. (35). In this case, {c, G} are the only varying parameters, Λ is constant, and Eqs. (4) and (12)
are satisfied. We study two different parametrizations (P) for c(z):

c (z) = c0φc (z) , φc (z) ≡

{
1 + c1z (P I)
1 + c1

z
(1+z) (P II)

, (38)

where c1 represents the deviation from the constant value c0 = 299 792 458m/s.2
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Figure 1: Constraints on the parameters set {H0,Ωm, c1} of the minimal CPC model (co-varying-
{c,G} and Λ = constant), Case I with parametrization P I. The panels display statistical contours
at 68% and 95% c.l. from fitting to H(z) data (red) and to SNe Ia-Pantheon data (blue).

The parameters to be constrained here are [H0, Ωm, c1]. Figures 1 and 2 show the contours at
68- and 95-per cent confidence level (c.l.) for the separate sets of data, namely H(z) data (red) and
SNe Ia–Pantheon data (blue), and for the joint analysis, respectively, for P I. Figures 3 and 4 show
the contours at 68- and 95-per cent confidence level (c.l.) for the separate sets of data and for the
joint analysis, respectively, for P II. We see that, for both P I and P II, H(z) data do not constrain
the parameter c1 very well while Supernovae data do not constrain the H0 value efficiently. However
the joint analysis is able to bring interesting constraints on those parameters. The mean value of
the parameters and 68-, 95-, and 99-per cent c.l. limits are presented in Table 1. It is clear from it
that the values of H0 and Ωm for both parametrizations are in good agreement with latest Planck

2Parametrizations (P I) and (P II) in Eq. (38) are similar to the functional form adopted for w(z) in some dynamical
dark energy (DDE) models—see e.g. Table I in Ref. [32].
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Figure 2: Contours at 68% and 95% c.l. from the joint analysis of H(z) + SNe Ia-Pantheon data sets
for the parameters H0, Ωm and c1 of the minimal CPC model (co-varying-{c,G} and Λ = constant),
Case I with parametrization P I.

2018 [3] results, and the values for the correction c1 are compatible with zero within 1σ c.l. in both
cases. This points to a non-variation of the speed of light, at least in this scenario of the minimal CPC
model. This result agrees with the recent conclusion presented in Ref. [38], which considered the same
parametrizations as in our Eq. (38) and used Gas Mass Fraction data to constraint the parameter c1.
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Figure 3: Constraints on the parameters set {H0,Ωm, c1} of the minimal CPC model (co-varying-
{c,G} and Λ = constant), Case I with parametrization P II. The panels display statistical contours
at 68% and 95% c.l. from fitting to H(z) data (red) and to SNe Ia-Pantheon data (blue).

11



60 65 70 75

H0

0.1

0.0

0.1

c 1
0.2

0.3

0.4

m

0.3 0.4

m

0.1 0.0 0.1

c1

H(z) + Pantheon

Figure 4: Contours at 68% and 95% c.l. from the joint analysis of H(z) + SNe Ia-Pantheon data sets
for the parameters H0, Ωm and c1 of the minimal CPC model (co-varying-{c,G} and Λ = constant),
Case I with parametrization P II.

Parameter P I P II
H0 68.4+2.8 +5.5 +8

−2.8−5.6−8 67.8+3.1 +6.2 +9
−3.1−6.2−9

Ωm 0.309+0.031 +0.073 +0.11
−0.036−0.064−0.090 0.318+0.036 +0.084 +0.13

−0.043−0.074−0.11

c1 0.005+0.021 +0.043 +0.067
−0.021−0.042−0.061 0.022+0.047 +0.098 +0.15

−0.047−0.091−0.14

Table 1: Mean values of the parameters H0(km s−1Mpc−1), Ωm and c1 and 68%, 95% and 99% c.l.
limits for Case I, parametrizations P I e P II.

5.2 Co-varying-Λ Dark Energy (Λ̇ 6= 0)

In the second approach we consider the full CPC model where c, G and Λ vary simultaneously. In doing
so, the set {c, G, Λ} satisfies Eq. (13) with Λ(z) and c(z) given by Eqs. (32) and (33), respectively.

5.2.1 Case II – Λ̇ 6= 0 no prior over H0

Let us first constrain the model without forcing any prior over the value of H0. We will perform two
different analysis. The first one maintains σ as an open free parameter within the interval [−4,+4]
and the second analysis sets σ = 3.

(A) Keeping σ within the interval [−4,+4] Following the discussion in the paragraph below
Eq. (34) in Section 4, we let σ vary in the interval −4.0 < σ < +4.0, as an initial prior. This is done
in order to assess if there is any particular value of σ that is favored by this kind of data set. In fact,
Refs. [37, 44, 57, 58, 59, 60, 61, 62, 63] among others indicate that it should be σ = 3. It would be
very compelling indeed if this fact is verified within our Co-varying-Λ Dark Energy model through
data fitting.

Here, we also use the prior −2.0 < φΛ,1 < +2.0. This interval certainly includes the regime
|φΛ,1| � 1 assumed by our linearly varying Λ(a) below Eq. (32).

The set of parameters to be constrained is [H0,Ωm, φΛ,1, σ]. H(z) data and SNe Ia-Pantheon data
can be used to build the statistical contours at 68% and 95% c.l. for this set of parameters. The analysis
reveals that the observational windows utilized here is unable to determine any preferred value for σ.
Moreover, H(z) data do not constrain φΛ,1 while Supernovae data is only able to put a lower limit to
the possible values of φΛ,1. For these reasons, the present analysis (letting σ free withing the interval
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[−4,+4]) is not very informative. Unfortunately, the data fitting with H(z) and SNe Ia data does not
favor σ = 3 in the context of our particular CPC model as it would be so compelling.

(B) Setting σ = 3 Here we fix σ = 3 in order to extract the maximum amount of information
about the new parameter φΛ,1 of our model via data fitting. The parameters to be constrained are
[H0, Ωm, φΛ,1].

Figure 5 shows the contour plots at 68% and 95% c.l. for the separate data sets, namely H(z) data
(red) and SNe Ia - Pantheon (blue), for the parameters H0 Ωm and φΛ,1. From the figure it is clear
that H(z) data do not constrain the parameter φΛ,1 effectively. On the other hand, Supernovae data
is not able to constrain the H0 value efficaciously.

A joint analysis of H(z) data and SNe Ia data is displayed on Figure 6. The mean value of the
parameters and 68%, 95% and 99% c.l. limits are presented in Table 2. We conclude that the values
of H0 and Ωm are in full agreement to the latest Planck 2018 [3] results. The value for the correction
φΛ,1 is compatible with zero within 1σ c.l., which points toward a non-variation of the cosmological
constant. This finding is true at least within our linearly co-varying-Λ model with fixed σ = 3.

Parameter Mean values
H0 67.2+3.3 +6.5 +10

−3.3−6.5−10

Ωm 0.330+0.039 +0.095 +0.17
−0.052−0.088−0.12

φΛ,1 0.039+0.031 +0.12 +0.31
−0.068−0.095−0.11

Table 2: Mean values of the parameters H0(km s−1Mpc−1), Ωm and φΛ,1 and 68%, 95% and 99% c.l.
limits for Case II, σ = 3.
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Figure 5: Constraints on the parameters set {H0,Ωm, φΛ,1} of the full CPC model (simultaneously
varying-{c,G,Λ}), Case II with σ = 3. The panels display statistical contours at 68% and 95% c.l.
from fitting to H(z) data (red) and to SNe Ia-Pantheon data (blue).
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Figure 6: Contours at 68% and 95% c.l. for the joint analysis of H(z) + SNe Ia-Pantheon for the
parameters H0, Ωm and φΛ,1 of the full CPC model (co-varying-{c,G,Λ}), Case II with σ = 3.

5.2.2 Case III – Λ̇ 6= 0 with prior over H0

In this section’s analysis, we test the same model as in Case II (B), i.e. with σ = 3, but now impose
current priors over the Hubble constant, which is quite constrained nowadays. Due to the so-called
H0 tension [42], we choose to perform two separate analysis: the first one uses the prior over H0 from
CMB data, cf. Planck18 [3], and the second analysis utilizes the prior over H0 from Cepheids + SNe
Ia data, cf. [97].

(A) Planck prior over H0 Here we have used a Gaussian prior over H0 from Planck 2018 CMB
analysis, namely H0 = 67.36± 0.54 km s−1 Mpc−1. We have combined this prior with the H(z) data
from 31 cosmic chronometers [84] and Pantheon SNe Ia data [103]. The results can be seen on Table
3.

Parameter Mean values
H0 67.37+0.53+1.1+1.6

−0.53−1.0−1.6

Ωm 0.326+0.023+0.048+0.073
−0.023−0.046−0.068

φΛ,1 0.027+0.025+0.059+0.10
−0.031−0.055−0.073

Table 3: Mean values of the parameters H0 (km s−1Mpc−1), Ωm and φΛ,1 and 68.3%, 95.4% and 99.7%
c.l. limits for Case III, σ = 3, with Planck prior over H0.

As can it be seen from this Table 3, H0 is mainly constrained from Planck data to assume the value
H0 = 67.37± 0.53 km s−1 Mpc−1 at 1σ c.l. The result φΛ,1 = 0.027+0.025

−0.031 at 1σ c.l., shows that the Λ
constancy condition, φΛ,1 = 0, can not be discarded by this analysis.

Fig. 7 shows the analysis of H(z) data plus H0 prior from Planck data and the separate analysis
with SNe Ia data. Fig. 8 shows the contours for the joint analysis, which confirms the results shown
in Table 3.
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Figure 7: Constraints on parameters {H0,Ωm,0, φΛ,1} in Case III (A) of the co-varying-{c,G,Λ}
model from two sets of data: (i) H(z) data + H0 prior from Planck data (red); and (ii) Pantheon data
(blue). The statistical contours show 68.3% and 95.4% c.l. regions.
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Figure 8: Constraints on the parameters {H0,Ωm,0, φΛ,1} in Case III (A) of the co-varying-{c,G,Λ}
model from H(z) data + Planck H0 + Pantheon, showing 68.3% and 95.4% c.l. statistical contours.

(B) SH0ES prior over H0 In this analysis we utilize the local constraint from SH0ES over H0.
Accordingly, we admit a Gaussian prior H0 = 73.2± 1.3 km s−1 Mpc−1. We have combined this prior
with H(z) data and SNe Ia data. The results can be seen on Table 4.

Comparison of the values in Tables 3 and 4 shows that the H0 value from the analysis with SH0ES
prior is larger than the H0 value coming from the analysis with Planck prior. Conversely, the value
of the parameter φΛ,1 from SH0ES is smaller than the corresponding value from Planck. In fact, the
result φΛ,1 = −0.022+0.018+0.043

−0.023−0.040 from the analysis with SH0ES prior indicates that the constancy of Λ
is only attained at more than 1σ c.l., although it is achieved below 2σ c.l..We may say, then, that this
result is only marginally compatible with the constancy of Λ.
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Parameter Mean values
H0 72.4+1.2+2.4+3.6

−1.2−2.4−3.5

Ωm 0.271+0.022+0.048+0.072
−0.024−0.044−0.065

φΛ,1 −0.022+0.018+0.043+0.076
−0.023−0.040−0.055

Table 4: Mean values of the parameters H0 (km s−1Mpc−1), Ωm and φΛ,1 and 68.3%, 95.4% and 99.7%
c.l. limits for Case III, σ = 3, with SH0ES prior over H0.

Fig. 9 exhibits the statistical contours for the constraining analysis of our Co-varying-Λ Dark Energy
in the face of H(z) data and SNe Ia data, both executed with the adoption of SH0ES H0 prior. In this
figures, the two data sets are shown separately. Figure 10 displays the combination of these two data
sets. Now we are prepared to look at Case III (A) and Case III (B) in perspective. The corresponding
figures are Fig. 8 and Fig. 10. From the plots in these figures we infer that there is an anti-correlation
between H0 and φΛ,1. This explains the fact that the larger value of H0 estimated from SH0ES leads
to a smaller value for φΛ,1.
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Figure 9: Constraints on the parameters {H0,Ωm,0, φΛ,1} in Case III (B) of the co-varying-{c,G,Λ}
model from two sets of data: (i) H(z) data + H0 prior from SH0ES data (red); and (ii) Pantheon data
(blue). The statistical contours show 68.3% and 95.4% c.l. regions.

6 Discussion

In this paper we have considered a cosmological model admitting the simultaneous variation of the
fundamental couplings G, c, and Λ. The model was constrained using H(z) data and SNe Ia data.
The predicted values for the H0 and Ωm,0 within this model are consistent with those derived from the
ΛCDM model. Our model bears two additional parameters, φΛ,1 and σ, both related to the varying
character of the couplings {G, c,Λ}. Parameter σ controls the way that G scales in terms of c; in fact,
(G/G0) = (c/c0)σ—see Eq. (13). Parameter φΛ,1 controls the amount by which cosmological term
Λ deviates from the constant value Λ0. The data constraining process showed that our co-varying-
{G, c,Λ} model is able to fit the data successfully; this fact, justifies to call it Co-varying-Λ Dark
Energy since the present day accelerated dynamics is accommodated within the model. However, the
data fitting also pointed to a φΛ,1 value consistent with zero. This would favor non-varying Λ. Since the
z-dependent part of the varying speed of light is multiplied by φΛ,1—cf. Eqs. (15) and (33), this means
that the data favor c = c0 = constant, ultimately leading to G = G0 = constant. In the latter sense,
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regions.

our Co-varying-Λ Dark Energy recovers the ordinary dark energy description of ΛCDM model (with
constant couplings). Moreover, parameter σ remains unconstrained after our data fitting; it could not
be confirmed to assume the value σ = 3, as expected from other papers (e.g. [37, 44, 57, 60, 61, 63, 64]).

After distilling the essentials of the results, let us put them in perspective, discuss them further,
and indicate the importance of our model both from the theoretical standpoint and from the data-
constraining point of view.

When one contemplates the possibility of varying fundamental constants, such as G, c and Λ,
one is faced with the task of specifying the functional form for the spacetime variations of these
couplings. This task seems to allow for an arbitrarily large number of possible independent function
for G(xµ), c(xµ), and Λ(xµ). This arbitrariness is undesirable due to its lacking of a guiding underlying
fundamental principle. Our Co-varying Physical Couplings (CPC) framework offers a scheme for
entangling the variations of the couplings {G, c,Λ} from very reasonable assumptions on the way
one describes the gravitational interaction. In fact, these assumptions are the same as those in general
relativity (GR): the spacetime four-dimensional manifold is metric compatible, the stress-energy tensor
is covariantly conserved, Bianchi identity holds. These assumptions lead to the General Constraint
(GC) which (i) forces the couplings {G, c,Λ} to vary together, and (ii) reduces the arbitrariness of
possible choices for the functions G(xµ), c(xµ), and Λ(xµ). The CPC framework is also a minimal
generalization of GR in the sense that the Einstein field equations (EFE) for gµν are kept intact. Our
paper showed that the EFE and the GC lead to equations for background cosmology from which one
can deduce the functional form of c(z), once an ansatz for Λ(z) is provided. This is a key advantage of
our set up, because a reasonable proposal for the function Λ(z) can be justified from late-time universe
observational probes, such as the ones used here. Gupta’s relation, Ġ/G = σ (ċ/c), then completes the
scheme by enabling to obtain G(z) from the equation for c(z). To summarize, by proposing

Λ

Λ0
= 1 + φΛ,1

z

(1 + z)
(39)

we evaluate 
c
c0

=
{

1− (1−Ωm,0)
Ωm,0

φΛ,1

4

[
1− (1 + z)−4

]}− 1
(4−σ)

G
G0

=
(
c
c0

)σ . (40)
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The equations above constitute the Co-varying-Λ model. It involves all the couplings appearing nat-
urally in the field equations of the gravitational interaction. In a broader picture, one could consider
other couplings to be varying, such as the fine structure constant α (e.g. [31, 55, 77]), the Planck
constant ~ and the Boltzmann constant kB (e.g. [57, 58, 59, 60, 61, 62, 63, 64, 76]). Herein, we
do not claim that our results should give the same results as in these references. Different initial
hypothesis lead to different results, in general. Therefore it might as well be that models involving
varying {G, c,Λ, ~, kB} favor varying fundamental couplings after data fitting. In our case, after fitting
the Co-varying-Λ model to data, our conclusion is that the standard picture of {G, c,Λ} as genuine
constants is favored. We turn to the discussion of the data fitting process now.

The observational data used to constrain the possible simultaneous variations of G, c, and Λ within
our model were the 31 differential age H(z) data [84] and the 1048 Supernovae type Ia data from the
Pantheon sample [103]. The use of both of these methods depend on the expression for the luminosity
distance dL. The equation for dL was modified to account for extra terms coming from the co-varying
couplings {G, c,Λ}. This task was carefully undertaken in Section 3.2, where the concepts of flux,
magnitudes, and distance modulus were discussed in the light of the CPC framework.

In Case I (Section 5.1), we have particularized our analysis to the minimal CPC framework, wherein
only {c,G} are supposed to vary, leaving the cosmological constant Λ fixed. As previously mentioned,
the gravitational coupling G and the speed of light c are related by G ∝ c4 in this context. Moreover
we considered the parameterizarions P I and P II in Eq. (38) for c as a function of the redshift z.
Both P I and P II include c1, the dimensionless parameter controlling the deviation of c(z) from the
constant value c0 = 299 792 458 m/s. The data fitting values found for the deviation parameter c1

are in full agreement with no variation of the speed of light w.r.t the redshift. The results with 95%
c.l. were c1 = 0.005+0.043

−0.042 for P I and c1 = 0.022+0.098
−0.091 for P II. These values are in agreement to the

ones found in our previous work [38]. Therein, we used galaxy cluster gas mass fraction data set to
constrain c1 = −0.025± 0.027 and c1 = −0.037± 0.038 for P I and P II, respectively. Herein, we were
also able to estimate values for the cosmological parameters H0 and Ωm, which are found to be in good
agreement with the last Planck 2018 [3] results (see Table 1).

The full CPC model admitting simultaneous entangled variation of {c,G,Λ} according to Eqs. (39)
and (40) was considered in Section 5.2. Two separate sets of analyses were performed in this context.
Case II (Section 5.2.1) does not entail any prior over the value of H0. Case III (Section 5.2.2) assumes
priors over H0.

Let us begin by commenting on Case II. In our first attempt within this case, our data fitting
analysis was performed by keeping parameter σ of the relation G ∝ cσ free (with an unconstrained
interval of possible values). The result found was that σ can not be constrained by the H(z) and SNe
Ia observational data sets. In our second analysis within Case II we set σ = 3 based on the works
by Gupta and others (e.g. [37, 44, 57, 60, 61, 63, 64]) suggesting that this value is the preferred one,
both from the theoretical aspect and from the phenomenological side. For this particular choice of σ,
the parameter φΛ,1 quantifying the deviation from a fixed cosmological constant was constrained to
φΛ,1 = 0.039+0.12

−0.095 at 95% c.l.. This points out to no variation of Λ in terms of z. The values estimated
for H0 and Ωm in the context of Case II are also in good agreement to Planck 2018 results (see Table
2).

In Case III of the full CPC model, we have tested two priors over H0, namely, the local H0 from
SH0ES and the early-universe H0 from Planck. As there was a negative correlation between H0 and
φΛ,1, and the PlanckH0 is lower than the SH0ESH0, φΛ,1 was slightly higher for Planck prior. However,
the φΛ,1 uncertainty was smaller with the SH0ES prior; it is precisely in this case that the Λ constancy
is more challenged, being reached only at more than 1 σ c.l.

Both analysis in Case II and Case III indicate no variation of the fundamental constants {c,G,Λ}
within the Co-varying-Λ Dark Energy of CPC framework. On top of that, the H(z) and SNe Ia data
fitting to the minimal CPC model in Case I also indicate that {c,G} are genuine constants. However,
it is important to emphasize that we have utilized observational windows of the relatively late-time
universe. Therefore, our constraining to the CPC models are trustworthy in the corresponding period
of the cosmological evolution. By this comment we mean that our data constraining favor constant
{c,G,Λ} in the late time universe. We can not affirm that this would be the case during the early
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universe evolution. Early-universe observational data sets (such as CMB data) could be employed to
try and assess the viability of the CPC framework in the past history of the universe.

Another important remark is the following. The data used in our constraining analysis was not re-
calibrated to take into account any possible effects of the varying couplings {c,G,Λ} built in the process
of getting observational data tables in [84] and [103] from the raw data outputs by the instruments.
For example, the SNe Ia luminosity depends of the Chandrasekhar mass of the exploding star, which
is a function of c and G [63]; this was not considered in this study. Even though a more complete and
rigorous analysis would demand adding further corrections and possibly re-calibrating raw data, our
results are reasonable. In fact, the full agreement of the values we found for the parameters H0 and
Ωm with the corresponding standard model ones hints that the CPC framework does not drastically
influence the process of turning the raw observational data into the data values for µ, etc. readily
available in the literature.

Other parametrizations and models of co-varying {c,G,Λ} are current under investigation. We are
also taking into account different sets of observational data in order to further test the CPC framework
as a possible viable generalization of GR.
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