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Additive models are one means of assuaging the curse of dimensional-
ity when nonparametric smoothing methods are used to estimate multi-
variable regression functions. It is important to have methods for testing
the fit of such models, especially in high dimensions where visual assess-
ment of fit becomes difficult. New tests of additivity are proposed in this
paper that derive from Fourier series estimators with data-driven smooth-
ing parameters. Other tests related to the classical Tukey test for additiv-
ity are also considered. While the new tests are consistent against essen-
tially any “smooth” alternative to additivity, the Tukey-type tests are
found to be inconsistent in certain situations. Asymptotic power of both
varieties of tests is studied under local alternatives that tend toward
additivity at a parametric rate, and small-sample power comparisons are
carried out by means of a simulation study.

1. Introduction. Nonparametric smoothers have become an increas-
ingly popular means of estimating regression functions, especially in prob-
lems where the predictor is one-dimensional. In settings with higher-
dimensional predictors, smoothing methods that impose no structure on the
regression function become less attractive, owing to the sparseness of data in
the predictor space. This is the so-called curse of dimensionality. In recent
years a number of methods have been proposed that seek to circumvent this
problem while retaining a nonparametric flavor. These methods include those
based on additive models of the form

k
(1.1 Y=Y fi(t) + e,
i-1

where Y is the response variable, ¢,,..., t, are the predictor variables and ¢
is an unobserved error term. The functions f;,..., [, are unknown and
assumed merely to be “smooth.”
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When model (1.1) holds, much can be gained in terms of estimation
efficiency over the structureless model

(1.2) Y = f(ty,..., 1) + .

It is well known that the efficiency of linear smoothers under model (1.2)
tends to deteriorate rapidly with increasing dimension k. By contrast, under
appropriate conditions, the regression function in (1.1) can be estimated so
that the estimation error tends to 0 at the same rate as in the case of a single
predictor, that is, 2 = 1 [Stone (1985)]. Hence, nonparametric methods can
effectively defeat the curse of dimensionality when the structure in (1.1) is
justified.

The problem of testing for additivity has been addressed by Hastie and
Tibshirani (1990), Barry (1993) and Spiegelman and Wang (1994). Since one
will often use an additive model only as an approximation, diagnostic tests
give the data analyst information concerning the extent of departures from
additivity. The utility of formal tests increases with higher dimensions since
departures from additivity become more difficult to assess by graphical
means when the number of independent variables is large.

The purpose of this paper is to analyze a Tukey-type test of additivity
proposed by Hastie and Tibshirani (1990) and to introduce new tests of a
more omnibus nature. The basic ideas behind our testing methodology are
easiest to demonstrate for models with two predictors. Thus, we will focus on
k = 2 in the sequel and then sketch extensions to higher dimensions.

With two predictors a Tukey-type test for additivity arises from consider-
ing an alternative to (1.1) in which the departure from additivity has the form
vfifs for some unknown constant y. Since additivity in this case is equiva-
lent to y = 0, the Tukey (1949) testing paradigm proceeds by estimating y
and then using the estimate to test if y differs from 0.

In the next section we investigate the large-sample power properties of two
tests of Tukey type. One of the two is exactly the test proposed by Tukey
(1949) for the classical analysis of variance setting, while the other uses
nonparametric smoothers to estimate f; and f,. The former test differs from
the latter in that it neglects to take advantage of smoothness of f; and f,. We
show that both of these tests can detect certain alternatives that approach
additivity at parametric rates. However, Tukey tests are inconsistent against
some reasonable departures from additivity. In fact, they cannot detect any
alternative that is orthogonal to the product f;f,. We thus propose a second
set of tests that are consistent against essentially any departure from additiv-
ity. These tests utilize Fourier series ideas and are analogous to the “order
selection” test proposed by Eubank and Hart (1992). Besides being consistent,
they can also detect alternatives converging to additivity at parametric rates.

The rest of the paper proceeds as follows. Distribution theory for the
Tukey-type and order-selection tests is considered in Sections 2 and 3,
respectively. A simulation study addressing power of the tests is summarized
in Section 4, and proofs of theoretical results are given in Section 5.
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2. Tukey-type tests. Consider the case where a response variable Y is
observed over a grid of design points corresponding to two independent
variables ¢; and ¢,. We assume that n = nyn, data vectors (¢,,, oz, ¥,2),
r=1,...,n, k=1,..., n,, are observed with

Yor =+ f1(21,) + fo(tar) + f1a(t1, 5 t2r) + &5

(2.1) r=1,...,n,k=1,...,n,,
where u is an unknown constant, ¢,,, r =1,...,ny, and ¢,,, £ =1,..., n,,
are design points and the ¢,,’s are iid random variables with Ee;; = 0 and
Var(e,;) = 02 < . The functions f,, f, and f,, are unknown but satisfy
some identifiability and smoothness conditions to be discussed subsequently.
Borrowing terminology from analysis of variance, f; and f, will be referred
to as main effect functions and f,, will be called the interaction function.

The goal here is to test the hypothesis that f}, is identical to 0 in (2.1).
Hastie and Tibshirani [(1990), page 264] have suggested adapting the Tukey
(1949) paradigm from classical analysis of variance for this purpose. The
basic idea is to fit the following regression function to the data:

(2.2) p o+ fi(t) + fo(ts) + vi(t) fa(ts)-

In this context, testing additivity is tantamount to testing y = 0. Thus, the
problem becomes one of estimating the parameter y in (2.2) and then using
the estimator to construct a test statistic.

Given estimators f; and f, of the main effect functions that satisfy
i, fi(t;) = 0,1 =1,2, aleast squares estimator of y is

Zfi1222:1fA1(’f1r)l£z(’f2k)(yrk - fi(ts,) = f2(t2k))
Zfilff(tlr)zzilfzz(t%)

(2.3) y=

In particular, if we set

1 2
Y= Zyrj’ r=1,'-'7n1’
Ny j-1

1 M
y.kz_zyjk, k=1,...,n2,
ny 4

1 ™1 2

5’-~= - Z Z yrk
nor1k=1
and take
(2.4a) fi(ty,) =5~ 5., r=1,...,n4,

(24b) f;(t2k)=y~k_5}~7 k=1,...,n2,
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then (2.3) becomes
o T B (5 ) — ) (Ve — Ve Y )
(2.5) 'yT = n — — D) n — — P .
Z,Ll(y,.— y) Zkil(y.k - y)

This is exactly the Tukey (1949) estimator of y in (2.2). Its use can be
justified in this setting by viewing model (2.1) as a two-way layout with
possible interaction and one observation per cell.

The Tukey choice (2.4) for main effect estimators is inefficient in model
(2.1) since it does not exploit the smoothness of the main effect functions.

Thus, we shall also consider how ¥ in (2.3) behaves when nonparametric
smoothers are used to estimate f; and f,.

2.1. Large-sample properties. To assess asymptotic power properties of
tests deriving from (2.3), we study the case where data follow the model

1
= w+ fi(ty,) + folten) + ——8(t1,,tar) + €1s
(2.62) Yoo = 1+ f1(21,) + Fa(t2) \/;g( 15 tar) k
r=1,...,n, k=1,...,n,.

The design points in (2.6a) are generated by positive, continuous densities £,
and A, via the relationships

ti; (2J - 1) .
(2.6b) fo hi(u)du—2—ni, Jj=1,...,n
We also assume that f}, f, € C'[0,1], g € C*(0,1] x [0,1]D = {p: ¢%p(u,v)/
du dv is continuous in u and v},

1=1,2.

10

(2.6¢) [ by du=1, =12
0
and
(2.6d) [Olg(u, Yhy(u) du = [Olg(-, w)hy(u) du = 0.

Conditions (2.6¢)—-(2.6d) represent one set of identifiability restrictions which
insure that the functions in (2.6a) are uniquely defined.

Model (2.6) provides an alternative to additivity in which the mean func-
tion converges to an additive model at the rate n~!/2. This formulation allows
us to obtain more precise information about our tests than would be possible
under a fixed alternative. In the latter instance one can typically establish
only consistency. In contrast, by studying the behavior of our tests under the
local alternative (2.6), we can derive explicit, large-sample power formulae
which also imply consistency against certain fixed alternatives. The special
case of g = 0 in (2.6) gives us the limiting null distribution for a test.

Our first result describes the large-sample behavior of the standard Tukey
statistic (2.5). Throughout this section we use the notation

IF112 = folff(u)hi(u) du, i=1,2,
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and
1,1
<g,ﬁfé>=.ﬁyég(u,v)ﬁ(u)ﬁ(v)hKU)hxv)dudw
THEOREM 2.1. In model (2.6) assume that (i) Ee <=, Eg{, =0, j=
1,3,5, () I fill > 0, i = 1,2, and (Gii) n,/n, = 6 €(0,1) as n — ». Then
(g, f fz) o?
A e (FAlA),

(2.7) Vndr =, N
asn — »

From Theorem 2.1 and the fact that in this case (see Section 5)
n; X R —p I£lI%, i = 1,2, we see that

Z?lezil(yr-_ y)(&k _5)~-)(yrk _5’7“_ y-k +5’)

T, = 1/2
|02 L 4(5,- 7.) S5 4(5n — 5.

n

(2.8)
Yr| & 2 & ]
DGR CIRY

has a limiting N((g, f,fs)/(allfillllf5lD, 1) distribution. In particular, T},
will be asymptotically standard normal under an additive model. This means
we can reject additivity at level a if |T,|> Z, ,, for Z, the 100(1 — p)th
percentile of the standard normal distribution.

The asymptotic power of T, is

| (g, f1f
lim P(ITy,| > Z, 5) = | ~Z, 5 — m)
2.9
(29) volog 4 (& A
20 gl foll)

where @ is the standard normal distribution function. The power is monotone
increasing in g, fi f2)l/IlfilllIf2ll and monotone decreasing in o. Thus,
power is maximized for fixed ¢ when g o f; f,. The worst case occurs when
g L f1f, in the sense that (g, f;f,?> = 0. In that event the asymptotic power
of Ty, is equal to the level «.

Theorem 2.1 also has the implication that a test based on 7, will be
consistent against a fixed alternative as in (2.1) with £, € C*([0, 1] X [0, 1]
and {fi, f1/2) # 0. If, however, {fi,, f1f5) = 0, then T, will have a stan-
dard normal limiting distribution and the test is inconsistent.

It is also of interest to study what transpires when estimators other than
the treatment means (2.4) are used in (2.3). As previously noted, (2.4) is a
poor choice for main effect estimators under model (2.6) since the convergence
rates are only of probability order n; /2, i = 1,2. We will give examples of

estimators shortly which use the smoothness of the functions being estimated
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to attain rates 0,(n"2/%) = 0,(n;*/?), i = 1,2. In addition, one will generally
want to construct additivity tests using the nonparametric smoothers em-
ployed in fitting the data instead of the raw treatment means. Thus, our next
result describes the properties of % for the case where f; and f, are
estimated using a generic set of smoothers.

THEOREM 2.2. Assume that () Ee,; = 0, (ii) Var &, = ¢* < o, (iid) ||£;|| >
0,i=1,2 and (iv) ny/ny, > 6 €(0,1) as n = ». Let f; and f, in (2.3) be
estimators of f, and f, that satisfy the following:

(a) Z?;lf;(tl]) = Op(]-); = 1,2,
(b) f;, i = 1,2, is continuously differentiable with

sup| D (u) = fP(u)| =0, (1), j=0,1,i=1,2.
Then

<g,f1f§> o?
2.10 Vvny—->, N , .
(2.10) rY e AT SR TATTA)S

Theorem 2.2 implies that tests for additivity can also be based on

1) T, i Zit i) Foltan) (9on = Fita,) — ().

N N 1/2
(o2Zrey F2 (80, ) TR 3 (1))

This statistic will have the same large-sample properties as T,, in (2.8).
Thus, rejection of additivity at level « will be indicated if |T,,| > Z, ,, and
the asymptotic power for this test is the same as in (2.9).

To explore some of the practical implications of Theorem 2.2, assume now
that the estimators of f; and f, are linear smoothers. It suffices to deal with
estimation of either one of the main effects since the other can be analyzed
similarly. Thus, consider estimation of f; using

ny

(2.12) A() = L w()(3.-7.),

i=1

where {w;(-)}/1; is a set of weights that depend on the design and satisfy the
following:

w;(u) is a continuously differentiable function of u for each

(2.13a) i and each n;

(2.13b) sup % wi(u)2 = O(L);

v i=1 n.b

ny 1
(2.13c) sup Y wi(u)® = 0(_3);
u i=1 nib
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ny

(2.13d) Y w;(u) =1 forallu €[0,1];
i=1
(2.13e) sup E wi(u)| =o(1),
u |i=1
sup Z wi(u) f1(ty;) — f1(w)
(2.13f) ©ot .
= o(1) = sup| X wi(u)fi(ty;) —f{(u)‘,
u |i=1

ny Cl
(2.13g) Yolw(uy) — wi(uy)l < TIu1 — u,| forall u,,u,

i=1

and

nq C
(2.13h) Y |wi(u;) — wi(uy)l < b1_ia|u1 — u,|° forall u,,u,.
i-1

In relations (2.13), b represents a nonnegative bandwidth-type parameter
with b - 0 as n = nyny, —» ©, C; and C, are finite, nonnegative constants
and 8 € (0, 1] is a Lipschitz constant.

It is possible to establish the following proposition.

PROPOSITION 2.1.  Assume that the ¢;; in (2.6) are iid with zero mean and
finite fourth moment, and let conditions (2.13a)-(2.13h) hold. Then, for any
0> 0,

A 1
(2.14a) suplfi(w) — fi(uw)l = Op( ot +0,(1)

n’b nl(’/zb)
and

; 1 1
(214b)  sup|fi(w) ~ fi(w)] = Op(na%w - nl_mbs) +0,(1).

The proof of this result follows from conditions (2.13a)-(2.13h) and a
partitioning argument where the interval [0, 1] is divided into n2? subinter-
vals, as in the proof of Theorem 11.2 in Milller (1988). Instead of Miiller’s
exponential inequality we have used Theorem 2 of Whittle (1960) with
fourth-order moments.

Proposition 2.1 allows us to verify condition (b) of Theorem 2.2 by checking
conditions on the weight function used for the smoother. For a second-order
smoother with smoothing parameter /bandwidth b, a global optimal level of
smoothing is obtained when b is of order n~!/5. In that case we can take 6 to
be any value in (1/5,4/5) and therefore need 6 > 1/3 in (2.14) for global
consistency of both fl and fAi. This restriction on 8 can be weakened by
requiring further moments for the random errors.
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A specific case where (2.14) can be verified is provided by local linear
smoothers [see, e.g., Fan (1992)]. One may check that Proposition 2.1 holds
for such estimators when they are defined in terms of a kernel that has finite
support and two continuous derivatives.

Another apparent implication of Theorem 2.2 is that there is little to be
gained in large samples from using smoothers over the raw treatment means
when constructing Tukey-type tests. However, our simulation results in
Section 4 show that smoothing can be beneficial and that test statistics like
(2.11) can perform significantly better than (2.8) in finite samples.

To use T,, or T,, in practice, one will require a consistent estimator of o
under model (2.6). There are a variety of estimators from which to choose.
These include parallels of mean squared error estimators from analysis of
variance and nonparametric difference estimators such as those in Hall, Kay
and Titterington (1990). Most of these estimators are consistent under mild
conditions. However, their finite-sample properties are frequently unsatisfac-
tory. We will discuss two consistent estimators we have found to be effective
in Section 4.

The fundamental conclusions about Tukey-type tests that follow from
Theorems 2.1 and 2.2 are quite intuitive given the form of the test statistics.
We would expect tests based on either (2.8) or (2.11) to do the following:
(i) perform well if the interaction function is well approximated by a constant
multiple of f; f,; (i) perform poorly when the interaction is not aligned with a
product of the main effects; and (iii) perform worse with noisy data.

To extend the Tukey-type tests to 2 > 2 dimensions, one proceeds along
the lines of the discussion surrounding (2.2) and models the interaction part

of the mean function as a linear combination of (’;) pairwise main effect

products, (’;) three-way main effect products and so on. For example, with
k = 3 predictors ¢, t, and ¢;, the interaction is treated as having the form

Y Vi) Fi(t) + vias () fa(t9) fo(ts),

1<i<j<3

for £, f, and f; the main effect functions. Assuming a model like (2.3) with
responses y,,, on an n; X ny X ny design grid, the y;; can be estimated
analogously to (2.3) and y,,5 can be estimated by

Zfilzzilzyilfl(tlr)fQ(tZk)fS(tSZ)(yrkl_fl(tlr) —fo(tan) _l%(tsz))
S FR (b ) Sheny f3(tar) Sy 3 ()

Theorem 2.2 extends in a straightforward fashion to this case and one finds,
for example, that
(8, f11:13) o’

Y - N ’

if conditions (i) and (ii) of Theorem 2.2 hold for all three main effect estima-
tors. One can then combine the tests obtained from the four coefficient

Y123 =
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estimators to obtain an overall test using some type of level protection
methodology.

3. Order-selection tests of additivity. In the previous section we saw
that Tukey-type tests had the disadvantage of being inconsistent against
departures from additivity that are orthogonal to the product of the main
effect functions. We shall therefore derive new tests that do not have this
problem and can detect essentially any type of nonadditivity.

Again consider model (2.1) and suppose that we use Fourier series methods

to estimate interaction. To this end, define x,; = (i — 0.5)/n,, i = 1,...,n,,
=(j—-05/n,, j=1,...,n,, and sample Fourier coefficients by
ny ng
73— Z Z (yrs 5}-~)COS(7zj1r)COS(7TkaS)’
r=1s=1

j=1...,ny -1, k=1,...,ny — 1.

The goal here is to develop tests using methods for selecting the order of a
Fourier series estimator constructed from the &,.

To motivate the form of the tests, first note that the &; are defined in
terms of evenly spaced points regardless of whether or not the ¢,, form a
uniform grid. (This is done to take advantage of the orthogonality properties

% cos( wj(r — 0.5) )cos( wk(r — 0.5)

r=1

=0 s
i n;

for j,k=0,1,...,n, — 1 and i = 1,2.) We can nonetheless use the & i for
detecting interactlon specifically, define the orthogonal series estlmator

ffé(xl, xy) =2 ))&y cos(mjix;)cos(mka,),
(3.1) G, k)EA
(x4, %) €[0,1] X [0,1],

for A some subset of A(ny,ny) ={(j,k):1<j<n, —1,1<k<n,—1.1tis
not difficult to argue that, by appropriate choice of A, f7; consistently
estimates the function

fia(xy, x5) = flz(Hfl(xl): Hgl(xz))’ (x4, x5) €[0,1] X [0,1],
where H,; and H, are the cumulative distribution functions corresponding to
the densities &, and k, in (2.6b). Since &, and h, are positive, f;; = 0 if and
only if f;, = 0. Hence, there is evidence of an interaction between ¢; and ¢,
when f7;, differs significantly from 0.

We propose that tests of additivity be based upon a data-driven choice for
the set A to be used with f12 Since changing A in f12 amounts to the usual
practice of varying the smoothing parameter(s) of a function estimator, one
means of choosing A is to optimize an estimated risk criterion. One such
criterion is

(3.2) R(A;C)=n )}, a3 — C6°N(A), A cA(ny,ny),
(J,k)EA
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where C is a prespecified positive constant, N(A) denotes the number of
elements in the set A and 6?2 is a consistent estimator of o2 Since A = &
corresponds to the null model of additivity, a test can be obtained by rejecting
additivity whenever the maximizer A(C) of R(A;C) over an appropriate
collection of subsets of A(n,, n,) is such that A(C) is nonempty. These tests
are referred to as order-selection tests, since A determines the order of the
series estimator f1z Maximizing the criterion R(A;2) is equivalent to mini-
mizing a nearly unbiased estimator of E[(f — f%)?; see Eubank and Hart
(1992) for more details. .

We will focus attention on two special cases of the test derived from A(C).
Specifically, we wish to consider maximizing R(A; C) over a collection of sets
of the form {J, A,,..., A} with m = min(n, — 1, n, — 1). For the A; we will
use either

(3.3) A ={(r,s):1<r<j,1<s<j}, j=12,...,
or
(3.4) Aj={(r,s):r=1,s>1,r+s<j}, j=12,....

These two schemes correspond to risk criteria for series estimators with only
one smoothing parameter. Choosing the A; as in (3.3) produces a series
estimator of f3; of the form

A
fia(xg,x9) =2 ) Z &, cos(mjx,)cos(mkx,),
j=1k=

while the choice (3.4) gives
f12(x1’ x) =23 ) @ &, cos(mjxy)cos(mkxy),

Jtk<a

for A some integer between 0 and m.

We shall also consider another statistic that makes use of a data-driven
smoothing parameter. This statistic may be regarded as an F-type ratio with
random degrees of freedom. Define R(0) =0 and R()) =R(A,;2), A=

1,...,min(n,, n,) — 2, where A, is defined as in (3.3). Let A be the max1m1zer
of R(/\) over A =0,1,. mm(nl, ny) — 2, and let S(m,, m,) = iz, ag,
for each mq, my, > 1. The proposed test statistic is 7, Where 0 when
A=0and

S(A, i)/
{S(ny = 1,7, = 1) = S(L, D)} /((ny = D(ny — 1) = #2)

otherwise. Note that % has the form of a classic F-ratio in which the degrees
of freedom are not fixed a priori.

(35) =

3.1. Distributional properties under additivity. We first consider the
order-selection tests based on A(C). For the purpose of large-sample develop-
ments it will be easier to study an equivalent form of the test. Let ¥ be a
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collection of subsets of A(n, n,), and note that the test which rejects additiv-
ity if and only if

arg max R(A;C) # O
A eZu{a}

is equivalent to the test that rejects additivity if and only if V, > C, where

1 na i )
V = max —— .
- e 55

This form shows more explicitly how the test is sensitive to nonzero Fourier
coefficients and also makes computation of P-values relatively straight-
forward.

For our purposes the role of the constant C is to control the level of the
test. Under our moment assumptions, for any fixed, positive integers m, and
m,, the collection of random variables {naj, /6% 1<j<m;, 1 <k <m,)
converges in distribution to the collection {Z}: 1 <j <m,, 1 <k <m,} as
n — », where the Z;,’s are iid standard normal random variables. Since each
na ]»2,‘ /62 is asymptotically distributed as a chi-squared random variable with
one degree of freedom, the only reasonable choices for C are those greater
than 1 = E(Z}).

We now state a theorem that indicates the large-sample distribution of V,
and hence the limiting level of the order-selection test.

THEOREM 3.1.  Let model (2.1) hold with f, = 0, and assume that the &,;’s
are iid with mean 0 and finite fourth moment. Define

rx (%)

J,RIEA; o

V =
", N(A)(

where m, - ©asn — © and {A;, A,,...} is an increasing sequence of subsets
of {(i, j): i = 1, j = 1} such that the following holds:
(3.6) N(A;) = Bi(log(i + 1))°

. for alli = 1 and some constants B > 0 and a > 1.

Then the statistic V, converges in distribution to the random variable V as
nq, Ny — %, where

XYY Z

J,RIEA;

V = max

i>1 N(A ) (
and the Z;’s are iid standard normal random variables.

Under the conditions of Theorem 3.1, X e, Z7/N(A,) tends to 1
almost surely as i — o, implying that V has support (1 ©) and thus further
confirming that reasonable choices of C are larger than 1.
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In the special cases where the {A;} are defined as in (3.3) and (3.4),
respectively, we obtain test statistics

1 A A [(na&2
V,, = max —Z Z( A;k)
— Iz

and

A=1A-J (n&2
V,, = max 2A YA —1)"" D ( Jk),
2<A<m j=1k=1 g

for m = min(n; — 1, n, — 1). Each of (3.3) and (3.4) satisfies (3.6), and hence,
under the other conditions of Theorem 3.1, V;, and V,, converge in distribu-
tion to

A A
V,=maxA 2 ) Y ka

Az1 j=lk=1
and
A=1A—j
Vy,=max2A"}{(A-1)"" Y ¥ Z2,
A=2 j=1k=1

where the Z;’s are iid N(0,1). We can therefore reject additivity if V,,
exceeds C;, the 100(1 — «)th percentage point of V, i = 1,2.

Ultimately we will resort to simulation to approximate the cumulative
distribution functions F; and F, of V, and V,. We are unaware of any
analytic expressions for these distributions. However, there is a relationship
between them and a known distribution which gives some insight into their
properties.

Let Z,,Z,, ... be a sequence of iid N(0, 1) random variables. Using results
of Spitzer (1956), one can argue that the random variable S,

1 r
S =max— ) Z7,

r>1r j=1

has the following distribution function:
0, s<1,
<} 2 o
Fy(8) = | oxp| - 32 20 >52)
Jj=1 J

, s>1,

where ij has the x? distribution with j degrees of freedom. The distribution
functions F;, and F, can be shown to satisfy

(3.7) Fyg(t) < F,(t), i=1,2,forallt.
Percentiles of S are thus larger than the corresponding ones of either V; or
V,. Consequently, one obtains a conservative large-sample test by comparing

Vi, or V,, with percentiles of S, a few of which are given in Eubank and
Hart [(1992), Table 2.1].
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It is also interesting to note that F,(C) and F,(C) are the limiting
probabilities that risk criteria of the form (3.2) choose the correct model when
the null hypothesis of additivity is true. In the case C = 2, which corresponds
to estimation of the risk E[(f% — f%)?, relation (3.7) and Eubank and Hart
[(1992), Table 2.1] imply that F;(2) > 0.71, i = 1, 2. Simulation studies indi-
cate that Fy(2) = 0.78.

Using arguments like those in Eubank and Hart (1992), we can also obtain
the large-sample distribution of .# in (3.5).

THEOREM 3.2. Let the conditions of Theorem 3 1 hold, and define Z
JSk=1,2,..., as in that theorem. Set R(/\) ali-Z5, = 2) for each
)\ > 1, and deﬁne the random variable 5 to be 0 LfR()t) < O for each A > 1
and to be (1/)\2)2A 1Zk \Z}, otherwise, where A is the maximizer of R(\)
with respect to A. Then F converges in distribution to F* as nq, ny = ©.

3.2. Power of order-selection tests. We consider both fixed and local alter-
natives to the additive model. For f}, as in (2.1) define the Fourier coefficients

Ajp, by
1,1 1 1 .
ajk=2£)Lf12(H1 (u), Hy '(v))cos(mju)cos(mhv) du dv,

=12 ..., k=1,2,....
Concerning fixed alternatives, we then have the following result, whose proof
follows along the lines of that for Theorem 4.1 in Eubank and Hart (1992).

THEOREM 3.3. Suppose model (2.1) holds with f,, continuous over [0, 1] X
[0,1], H;! and H," continuous on [0,1], and aj, # 0 for some j > 1 and
k > 1. Then the power (at any positive nominal level) of the test correspond-
ing to either V,, or V,, tends to 1 as n, and n, tend to .

Now consider local alternatives to additivity and define Fourier coefficients
for g in (2.6) by

= 2[01folg(H;1(u),Hgl(v))cos(wju)cos(wkv) dudv,

Jj=12,..., k=12,....
Arguing as for Theorem 4.2 of Eubank and Hart (1992), we can establish the
following result.

THEOREM 3.4. Suppose model (2.6) holds with g uniformly continuous
over [0,1] X [0,1], h; and hy bounded on [0,1] and the &,/s iid with finite
fourth moments. Then the statistic V,, converges in distribution (as n,, n, =
©) to the random variable

Vl*: X_QZ Z(ij+njk)’

=1 j=1k=1
where the Z;’s are iid standard normal random variables.
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It is clear that if at least one 7, is nonzero, then the random variable V*
is stochastically larger than V;. This implies that V;, can indeed detect
alternatives converging to the null hypothesis at rate 1/ Vn . A similar result
can also be established for V,,,.

3.3. Extension to higher dimensions. Order-selection-type tests can also
be developed for cases of more than two predictors. For example, if there are
k = 3 independent variables ¢,, £, and t;, the interaction part of the mean
function can be expressed as a sum of three bivariate Fourier series expan-
sions and a trivariate Fourier series

2%2 3 Y. Y ajy, cos(mjty)cos(mkty)cos(mwlity).
j=1k=11=1

One can estimate each of the four terms in this expansion using Fourier
series estimators as in (3.1) with orders selected using statistics analogous to
(3.3). This will lead to parallels of the test statistic V, in Theorem 3.1. The
three bivariate cases follow as before. For the trivariate case, one uses the
test statistic

V- ma s (zzz(

J b, DEA
with & a collection of subsets of
A(ny,ny,ng) ={(J,k,0):1<j<n —1,1<k<n,—-1,1<1<ny;—1}
and

23/2 ny ng

oy Z (¥psu — ¥...)cos(mjxy, )cos(mhxy, )cos(mkxs,).

r=1s=1lu=1

The same arguments used to produce Theorem 3.1 show that under the same
conditions V, converges in distribution to the random variable

LYY Zjy,

J.k,DEA;

V=
Fie N(A ) -

where the Z,’s are iid standard normal random variables and {A,, A,, ...} is
an increasing sequence of subsets of {(, j,k):i>1,j>1, k > 1}.

4. Simulation study. In this section we present the results of a Monte
Carlo power study. The experiment was designed to be comparable to the one
in Barry (1993). Accordingly, a uniform design grid was used with #;, =
(r—05)/n, r=1,...,nq, ty, =(k —05)/n,, k =1,...,n,, and the errors
were chosen to be Gaussian. We also used the same regression functions,
sample sizes and values of ¢ as in Barry’s paper.

Our experience in preliminary simulations revealed that the type of vari-
ance estimator used to rescale the tests can have a nontrivial effect on the
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power of both Tukey and order-selection tests. Out of several estimators that
were initially considered, we found the best performances were obtained from
a bivariate difference-type estimator

1 ni—1lny,=1 1 1

62 )IED DD VDY 82(r,s),

¢ 16(ny — 2)(ny, — 2) /5 j=2 r=—1s=-1
where 8, (r,s) =y;; — ¥i., ;1 and from

52— S(ny—1,n, — 1) — S()A\, )A\)
T u D - =R

with A and S(-, - ) defined as in (3.5). These are the two estimators that were
used in our simulation experiment. They can both be shown to be consistent
for 02 under model (2.1) and minimal smoothness conditions on the regres-
sion function, whether it is of additive form or not.

Define R = 02T, [see (2.8)] and R, = X"L X% (y,, —¥,.—y., +¥.)%
The following six test statistics were considered in our simulation:
1. Tukey: (n — ny — ny)R/(R, — R);

2. Tukeyy: Ty, with o = 6 and cross-validated cubic smoothing splines for
f1 and fy;

3. Tukey,: Ty, with o? = 67 and cross-validated cubic smoothing splines for

f1 and f5;

4.V, V,, with 62 = 62,
5.V, V,, with 6% = 62,

6. F [see (3.5)].

We also included V,, in our study. However, its empirical power properties
were essentially the same as those for V,, in the cases we considered. Thus,
we will report only on the results for V,,,.

Critical values for the Tukey statistic were obtained from an F' distribu-
tion, since with Gaussian errors and an additive model (n — n; — ny)R/(R,
— R) has the F-distribution with degrees of freedom 1 and n — n; — n,. The
critical values used for Tukey, and Tukey, were those suggested by the
asymptotic theory in Section 2.1. This turned out to produce tests whose
empirical levels (in 10,000 replications) did not exceed the nominal level of
0.05 by more than 0.024. For the other five tests, simulation (based on 10,000
replications) was used to obtain approximate critical values for the different
sample size configurations.

Empirical power results are given in Tables 1 and 2. For each combination
of function, sample size configuration and value of o, the power results are
based on 1000 independent replications. Simulations were done for (n,, n,) =
(5,5), (5,20) and (20, 20), but, to save space, we only show the results for (5, 5)
and (5, 20) since all three configurations followed similar patterns. All tests
were done at level of significance 0.05.

From Tables 1 and 2 we see that no one test performed uniformly better
than any other test. However, with the exception of function (g) the “smooth”
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TABLE 1
Percentage of rejections in 1000, 0.05-level tests when (nq, ny) = (5,5)

o Tukey Tukeyp Tukey, Vi Va F
(@) f(xy, x5) = %12,

0.1 93.5 96.9 89.3 93.9 86.3 94.1

0.5 7.2 141 12.7 12.2 12.5 111

1.0 4.4 7.2 6.7 4.9 5.9 6.6

(b) f(xq, x5) = exp(5(x; + x5)) /(1 + exp(5(x; + x5)) — 1

0.1 58.1 81.3 76.0 65.9 68.1 59.3

0.5 4.9 10.2 9.9 7.2 7.9 8.2

1.0 5.5 6.8 6.2 5.4 4.8 6.1
(© f(xq, x9) = 0.5(1 + sin2m(x; + x3))

0.1 54 46.4 35.0 99.7 96.5 99.7

0.5 5.6 20.3 15.6 14.5 9.9 19.8

1.0 6.4 10.2 9.7 44 3.2 9.9

(d) flxy, x9) = 64(x1205)%(1 — 27 %,)3

0.1 79.6 99.6 82.7 99.3 26.7 100

0.5 6.9 14.4 11.3 9.1 5.8 8.9

1.0 5.5 9.3 7.3 5.4 4.8 6.0
(e) f(xq, x5) is the product of sawtooths

0.1 12.2 12.5 3.3 4.4 1.3 4.8

0.5 5.3 7.8 7.2 4.2 4.5 4.9

1.0 5.2 7.1 6.4 3.4 4.0 44

® f(xq, x9) equals 1ifx; > 0.5, x5 > 0.5 and 0 otherwise

0.1 100 100 100 100 100 100

0.5 18.0 34.8 29.6 31.0 33.0 34.0

1.0 5.3 12.4 12.2 11.0 13.4 10.8
(g flxy, x5) = (x1 + x5)/2 + (1 outlier)

0.1 99.5 175 33.8 174 21.7 144

0.5 38.8 18.6 214 8.0 12.7 6.1

1.0 8.8 10.0 10.3 4.8 6.8 5.5

Tukey tests (Tukey, and Tukey,) were superior to the ordinary Tukey test,
that is, Tukey. The case of function (¢) is particularly noteworthy. Here
711l = Il f5ll = 0, and we cannot appeal to Theorems 2.1 and 2.2 to obtain the
large-sample distribution of the Tukey test. However, it is clear from Tables 1
and 2 that Tukey has power approximately equal to its level (0.05), while
Tukeyy and Tukey, have substantially larger power. As Barry (1993) notes,
main effects are absent from function (c), and hence we expect the power of a
Tukey test to be low. This is all the more reason to be encouraged by the
performance of Tukey, and Tukey,.

With the exception of function (g) (which includes an outlier), use of the
variance estimator 67 tended to yield tests with at least slightly larger
power than using 7. This is consistent with the fact that 67 has smaller
asymptotic variance than &/
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TABLE 2
Percentage of rejections in 1000, 0.05-level tests when (nq, ny) = (5,20)

o Tukey Tukeyp Tukey, Vi Va F
(@) f(xy, x5) = %12,

0.1 100 100 100 100 100 100

0.5 11.5 30.8 30.1 354 34.3 35.2

1.0 4.8 8.9 8.3 11.6 11.9 12.6

(b) f(xq, x5) = exp(5(x; + x5))/(1 + exp(5(x; + x5)) — 1

0.1 99.9 100 100 100 100 99.8

0.5 6.0 15.0 14.4 21.7 20.6 21.7

1.0 5.3 9.0 79 8.7 8.1 8.5
(@) f(xq, x9) = 0.5(1 + sin(27(x; + x5))

0.1 6.9 70.2 55.9 100 100 100

0.5 55 38.9 35.8 98.4 975 97.2

1.0 4.8 16.8 15.7 30.1 24.6 33.4

(D flxq, x9) = 64(x,25)3(1 — x,x,5)°

0.1 100 100 100 100 100 100

0.5 27.2 48.3 45.4 61.9 50.7 59.7

1.0 7.3 13.8 13.5 15.1 12.8 11.3
(e) f(xq, x3) is the product of sawtooths

0.1 84.2 87.2 77.6 18.7 8.0 19.0

0.5 5.7 74 6.6 7.0 6.6 6.2

1.0 4.5 6.0 6.1 6.1 5.3 4.5

® f(xq, x5) equals 1 ifx; > 0.5, x4 > 0.5 and 0 otherwise

0.1 100 100 100 100 100 100

0.5 80.3 94.5 92.4 96.6 94.7 93.9

1.0 13.9 34.4 32.7 46.7 45.7 44.5
(g) flxq, x9) = (x; +x4)/2 + (1 outlier)

0.1 62.6 8.8 17.0 4.6 23.4 0.4

0.5 16.4 5.9 6.9 5.3 5.7 4.2

1.0 7.7 6.7 6.2 3.9 4.2 4.7

Among the new tests proposed in this paper, the one most analogous to
Barry’s (1993) W-test is that based on .%. Comparing the results for & with
those for W in Barry (1993), it can be seen that the two tests are roughly
comparable except in the case of functions (d) and (e). For function (d) the
F-test is clearly superior to the W-test, while for function (e) the W-test has at
least a small advantage over #. The performance of V, was very similar to
that of 7.

In summary, we have seen evidence that the Tukey tests employing
smooth estimates of main effects are preferable to the ordinary Tukey test.
We have also seen that the order-selection tests based on V, and & are
comparable to the W-test of Barry (1993). We agree with Barry that the W-
and hence V- and F-tests tend to be more reliable than Tukey tests since W,
Vr and & have reasonable power in cases where the Tukey test has ex-
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tremely low power, that is, cases where the product of the main effect
functions is orthogonal to the interaction function. Inasmuch as V, and 7 are
simpler to compute, practitioners may sometimes prefer these tests to Barry’s
W-test.

5. Proofs. In this section we present proofs for results in Sections 2 and
3. We begin by establishing two lemmas. For this purpose we initially assume
that our n = n,n, responses follow the model

1
(5.1a) y=a+fi, +fo + ﬁg’k + &4, r=1,...,n,k=2,...,n,.

Here the &, are iid random variables with Ee;; = 0 and Ee? = 0% < =,
The parameters a, {f;,}, {f5,) and {g,,} are allowed to depend on n, although
we will not explicitly indicate this in our notation. They are assumed to
satisfy

(51b) Zflr = Zf2k = Zgrk = Zgrk = Oy
r k r k
1 & 2 ;
(5.1c) — 2 f;2Ci>0 asn;, >xfori=1,2,
n; i,
and
1 71 72
(5.1d) w Y X fifaugy > Cy asn > o,
r=1k=1

for some finite constants C,, C,; and C,,. We also require that there exists a
nonnegative, finite constant C such that

(5.1e) max|f,;|<C Vn;,i=1,2,
J

and

(5.1f) malxlgﬂl <C VY (nqny).
Js

We will now establish some results about Tukey-type tests under model
(5.1). Subsequent developments will then focus on showing that model (2.6)
falls into this framework. Our first lemma describes the asymptotic distribu-
tion theory for the classical Tukey test.

LEMMA 5.1. Let

Tn = n = - 2y ~ = )2
(¥ ) The (3 — 5
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Assume that model (5.1) holds, Ee{, =0, j=1,3,5, Ec5 <= and that
ny/ny = 60 (0,1) as n —» ». Then

Cio o?

(C,Cy)* 7 (C4Cy)?

T, —45 N

asn — <,

Proor. First define
1 1

1
Z‘r':_z‘grk’ E-k:_z‘grk’ EHZ_ZZ‘grk’
gy g o ok

ﬁsﬂﬁfy0=ﬁf+afa.am.ﬂk=@%—y)=@k+ak—a,
With this notation
_ ‘/;Zrzk ]Zl\lrf/;kyrk
" (Zr f,‘\lzr Zk IZ‘\ZZk )

since i, f;; = 0,i = 1,2.
Note, for example, that

nl_1 Zf‘\lzr = nl_l Zflzr + 2"‘1_1 Zflr(z‘r_ 5) + n’l_1 ZEQr - 52

Now z.= O,(n"'/?) and, from Markov’s inequality, n; 'L, 22 = O,(n; ) =
0,(n~'/?). Thus, we conclude that

n;
n;t Y fa=C+0,(1), i=1,2,
j=1
and it suffices to study the limiting properties of n /2%, Y, fi,for ¥/

(c,C,)>.
Let

1 A A
E, = ﬁ; %(fhfzk _flerk)yrk

1 A A 1 A A
= ; %(flerk _flrfzk)grk + ;; %(fnfzk _flrfzk)grk
= Eln +E2n'
Writing
1 o N 1 N
E,, = ;Z %(fb _f1r)f2kgrk + ;Z %(}‘ék _ka)flrgrk7

we see, for example, that
1/2

1 o A
; Z Z(flr - flr)kagrk
r k

1 A
< Hrlix|grk|{n_ Z(flr _flr)z(CZ + Op(l))

1 r
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Since
1 N 1
— Y (f=fi) = — (- 2) = 0y(ni),
1 r 1 r

we then conclude that E,, = O,(n;'/* + ny'/?).
Now let us deal with

1 N N 1 "
E, = ﬁzr:%(fu _f1r)f2k8rk + ﬁir:%(fzk _f2k)flr‘9rk'

The proof becomes quite tedious at this point, requiring computation of the
means and variances of the two terms in this sum. We therefore point out
only the essential steps for the analysis of

1 N o 1
ﬁ Xr: %(fh —f1r)f2k6‘rk = ﬁ Zr: %(Er'_ 5~~)f2k8rk

1
v 2 %(5,.— £.)(z, —2.)e,
=A, +4,,.

We can write
1 _ 1
Ay, = ﬁ Xr: %fzk‘gr-grk - ﬁé‘-. Xr: %f%(‘/‘rk-
The last term is O,(n"'/?) since z.= 0,(n"'?), EX.X,f5,5, =0 and
Vary, X, for&n = 0202, f2, = O(n). For the first term we find that

EZ ZkaZ‘r-‘grk =0
r k

and
4(Eef, — o*) +n,

o2
Var Z%kaEr'grk) =n (Cy +0(1)).

ny
Therefore, A, = 0,(n;'/?).
Finally,
1 ngy n,
A,, = — £,4,8,8., — ——5.. Y82 — —2.. Y85 + Vn &5,
G T

The last three terms in this sum are O,(n; "), 0,(n;") and O,(n""), respec-
tively. For the first term one finds that

EZ Zng‘-ksrk =0
r k
and, using the assumption that Ee¥ < o,

Var| ), Y 8.%.,5.,| = O(1).

r k
Consequently, A,, = 0,(n"'/?).
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To complete the proof, we apply the Lindeberg—Feller theorem to show
that n™ 2L, 5, f1, far e 2o N, 0CPCY). Since n™ 'L, L, f1,fo1 80 =
C,,, the lemma follows from an application of Slutsky’s thoerem. O

The next lemma gives the limiting properties of a variant of the Tukey test
where the estimators and main effects {f},} and {f,,} exhibit certain smooth-
ness properties.

LEMMA 5.2. Assume that model (5.1) holds and that {f,,} and {f,,} are
estimators of the main effects that satisfy the following:

(i) Lfiy=0,(1), i=1,2;
J

(ii) mfx‘ﬁ(j+1)_ﬁ(j+1)_(ﬁj_ﬁ')‘zop(nfl), i=1,2;

(iii) max figen = i | =0,(n; "), 1=1,2;

(iv) max fin, = Fin, | = 0,(1);

(v) Y (fr =) = 0,(ny).

r

Also assume that ny/ny, = 6 € (0, 1),
m?x|ﬁ(j+1)—ﬁj|=0(n;1), i=1,2,
and that a = O(Wn) in (5.1). Then,
_ mz?i1zzi1f1rfzk(yrk - fir - fAzk)

n 2 )
PNy E LY FyY

Cy, o?
-4 N 5 5 |-
(CiCs)" (C1Cy)
Proor. Using condition (v), we can show that n;'%L; :3 = C} + 0,(1),
1 = 1,2, and consequently we need only study
1 A A . R 1 N
I > Zflerk(yrk = I _ka) =~ 2 X firfarden + 0,(1)
r k r k

as a result of (i), (v) and the fact that Vn = O(n,).
Now
1 A A
WZZflerkyrk
r k
1 A A 1 A A 1 A A
= I Zr‘, %flrfzkgrk + ;; %flerkgrk + ﬁa;fn%fzk +0,(1).
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The third term in this expression is 0,(1) from (i) and a = O(/n). For the
second term we have

1 PN
;Z Z(fnfzk _flrf2k)grk
r k

1/2
Z(flr _flr)2§f\22k)

1
Smaxlg,klﬁ
o 2 172
#| (- 1) T2 ]
k r
=0p(1)>

and hence n_lzrzkf\lrf;kgrk —p Cyy. A
Finally, we must deal with E, = n"'2% ¥, (f,, for, — firfor)&n = E1, +

E,,, where
E,,=n"'?Y Z(fl;« _flr)f;k‘grk
r k
and
EZn = n_1/2 Z Z(f;k _ka)flr‘grk'
r k
Define
r k
(5.2) Sk = Z )y €ij

with Sg0 =S, =80, =0, r=1,...,n, k =1,...,n,, and set

—u, = fip+1 ~ fioen) — (f1r - flr) and vy, = fa, — fagr+1)-
Then, using summation by parts, we obtain
ny—1

1, N
Eln = ﬁ(flnl - flnl) f2n28n1n2 + kgl UkSnlk

(5.3) . w1
1 ., ™ 1 ™ g
+—="r5, u,S,, +— U, U, S, ;-
vn f2 ? rgl g vn rgl kgl Rk

By Donsker’s theorem, max, ,IS,,| = 0,(Vn). Using this along with condi-
tions (ii)—(iv), we see that each term in (5.3) is 0,(1). The same approach can
be used to see that E,, = o0,(1).

The above arguments show that 7, has the same limiting distribution as
(n 2L %, firfon&mn + C19)/(C,Cy)?%. The lemma then follows from the
Lindeberg—Feller theorem. O

PrOOF OF THEOREMS 2.1 AND 2.2. We will now use Lemmas 5.1 and 5.2 to
prove, respectively, Theorems 2.1 and 2.2. The results follow once we show
that model (2.6) can be formulated as in (5.1).
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Define
a=p+n3"? Z Zg(tliy t2j),

iJ

fir = fi(t1,) — nl_l Zfl(tlj)
J

+ n’1/2(n§1 Lg(tityy) —nt X Zg(tli,tzj)),
J rJ
= Fa(t2,) —ng' Zf2(t2j)
J

+ n_1/2(n1_1 Zg(tlj’tZk) —nt Z Zg(t”’th))
Jj v

and
g =8(ty,,ty) —ny' Zg(tlr’ ty;)
Jj
—nyt Zg(tu’ tor) +nt Z Zg(tu’ ty;)-
J i
Using (2.6a)—(2.6d) and the facts that f, € C'[0,1],i = 1,2, and g € C'([0, 1]
X [0,1]), we can show that

(5.4a) fiy =fi(t;) +O(n;7"), i=1,2,
(5.4Db) g =8(t1,,ty;) +O(ny' +ng' +n7t)
and

(5.4¢) a=p+0(n1?).

Thus, conditions (5.1b)—(5.1f) hold with C? = || £, |I> and Ci,={g,fif-

Theorem 2.1 can now be obtained dlrectly as an application of Lemma 5.1.
Upon setting f f (¢, ]) in Lemma 5.2 and using arguments like those for
(5.4) along With the continuous differentiability of f;, f, and g,,, it is
straightforward to see that conditions (i) and (i) of Theorem 5.2 imply
conditions (i)-(iv) of Lemma 5.2. The condition max | f; ;,;, — f;;| = O(n; ') is
satisfied as a result of (5.4a) and the d1fferent1ab111ty of f;,i=1,2. 0

ProoF oF THEOREM 3.1. The proof of Theorem 3.1 is analogous to that of
Theorem 3.1 in Eubank and Hart (1992) for univariate regression. Ironically,
the proof in this two-dimensional setting is simpler, not requiring use of the
Hajek—Rényi—type inequality needed in the one-dimensional case. This is
consistent with the findings of Sain, Baggerly and Scott (1994), which imply
that cross-validation algorithms for smoothing parameter selection tend to
perform better with increasing dimension.

By Slutsky’s theorem, it is enough to prove the theorem with & in V,
replaced by o, which, w.Lo.g., we take to be 1. Let {%&,} be an increasing and
unbounded sequence of positive integers such that 2, < m, for all n, and
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write V, = max(U,,, U,,), where

1 1
U, = max na? and U, = max
1n 1gigkn N(Al) (r,'§eAi rs 2n kn<i£mn N(Al) (r,

Y naf.
s)EA;
We now consider

P(V,<x)=P(U,,<x,U,, —1<x—1)
for x > 1 and must show that this probability converges to P(V < x) for V
defined in Theorem 3.1.

We will first establish that P(U,, — 1 <x — 1) - 1 as n — . To do this,
it is sufficient to establish that

mn, 1
(5.5) Pl U { Yy (n&fs—l)‘>(x—1)} - 0.
i=k,+1 N(A;) (r,s)eA;
By Markov’s inequality, the probability in (5.5) is bounded by
my, 2 1
(5.6) —— Y El YY) (n&i -1)| ———.
(x— 1)2 i=k,+1 (r,s)EAi( ) N2(Ai)

It is straightforward to show that the expectation in (5.6) is bounded by
AN(A)), uniformly in i, for some positive constant A. Hence (5.6) is bounded
by

A

(x=1)°
which tends to 0 as n — % because %, is unbounded and
N(A;) = Bi(log(i + 1))“ for B> 0and a > 1.

To complete the proof, we need to show that U,, converges in distribution
to V. Let {Z;,: j = 1, k > 1} be iid N(0, 1) random variables, and define U,
exactly as is U;, but with na?% replaced by Z2. We must show that
P(U,, <x) — P(U, < x) = 0. The proof will then be finished since P(U, < x)
is monotone decreasing in n and hence has a limit, which by definition we
take to be P(V < x).

Arguing as in Eubank and Hart (1992), a Berry—Esseen—type result of
Bhattacharya and Ranga Rao (1976) implies that

1

mn
Y N
i=k,+1 N(Ai)

E(et)
‘/; )
where C(m) is a constant that depends only on m. We are free to let %, tend

to infinity as slowly as we want, and hence we can choose {%,} such that the
right-hand side of (5.7) tends to 0 as n — . O

(5.7 |P(U,, <x) = P(U, <x)I < C(N(A,))N?(A;)

Acknowledgments. This paper arose from discussions that occurred at
a meeting in Keystone, Colorado, in June 1992. The meeting was partially



1920 EUBANK, HART, SIMPSON AND STEFANSKI

funded by National Cancer Institute Grant CA-57030. The authors appreciate
the comments of two referees and an Associate Editor.

REFERENCES

BARRY, D. (1993). Testing for additivity of a regression function. Ann. Statist. 21 235-254.

BHATTACHARYA, R. N. and RanGA Rao, R. (1976). Normal Approximation and Asymptotic Expan-
sions. Wiley, New York.

EuBaNK, R. L. and HART, J. D. (1992). Testing goodness-of-fit in regression via order selection
criteria. Ann. Statist. 20 1412-1425.

FaAN, J. (1992). Design-adaptive nonparametric regression. J. Amer. Statist. Assoc. 87 998-1004.

HaLrL, P., Kay, J. W. and TITTERINGTON, D. M. (1990). Asymptotically optimal difference based
estimation of variance in nonparametric regression. Biometrika 77 521-528.

Hasrtig, T. J. and TiBsHIRANI, R. J. (1990). Generalized Additive Models. Chapman and Hall,
London.

MOULLER, H.-G. (1988). Nonparametric Regression Analysis of Longitudinal Data. Springer, New
York.

SaIN, S. R., BAGGERLY, K. A. and ScoTT, D. W. (1994). Cross-validation of multivariate densities.
J. Amer. Statist. Assoc. 89 807-817.

SPIEGELMAN, C. and WANG, C. Y. (1994). Detecting interactions using low dimensional searches
in high dimensional data. Chemometrics and Intelligent Laboratory Systems 23
293-299.

SPITZER, F. (1956). A combinatorial lemma and its applications to probability theory. Trans.
Amer. Math. Soc. 82 323-339.

StoNE, C. J. (1985). Additive regression and other nonparametric models. Ann. Statist. 13
689-705.

TUKEY, J. (1949). One degree of freedom test for non-additivity. Biometrics 5 232—242.

WHITTLE, P. (1960). Bounds for the moments of linear and quadratic forms in independent
variables. Theory Probab. Appl. 5 302-305.

R. L. EUBANK D. G. SIMPSON

J. D. HART DEPARTMENT OF STATISTICS
DEPARTMENT OF STATISTICS UNIVERSITY OF ILLINOIS
TExAs A & M UNIVERSITY CHAMPAIGN, ILLINOIS 61820

COLLEGE STATION, TEXAS 77843

L. A. STEFANSKI

DEPARTMENT OF STATISTICS

NORTH CAROLINA STATE UNIVERSITY
RALEIGH, NORTH CAROLINA 27695



