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S1 Iëyh/ S1\1 Kìqlq/ S1 Mrolydogw

Whvwlqj iru k|vwhuhvlv = xqhpsor|phqw shuvlvwhqfh dqg zdjh
dgmxvwphqw

Devwudfw

Wklv sdshu sursrvhv d qhz whvwlqj vwudwhj| iru xqhpsor|phqw k|vwhuhvlv
dv wkh mrlqw uhvwulfwlrq ri d xqlw0urrw lq wkh xqhpsor|phqw udwh dqg qr0h�hfw
ri wkh ohyho ri xqhpsor|phqw lq wkh Skloolsv zdjh htxdwlrq1 Wkh uhohydqw whvw
vwdwlvwlfv duh ghulyhg zkhq wklv mrlqw uhvwulfwlrq lv lpsrvhg gxulqj hvwlpdwlrq
dqg zkhq d vhtxhqwldo wzr vwhsv whvwlqj vwudwhj| lv dgrswhg1 Wkh hpslulfdo
dssolfdwlrq ohdgv wr uhmhfwlrq ri wkh qxoo k|srwkhvlv ri zdjh k|vwhuhvlv iru prvw
ri rxu vdpsoh ri RHFG frxqwulhv1 Zh jhw dq lqwhuhvwlqj frqwudvw ehwzhhq
wkh �fruh Hxurshdq frxqwulhv� � uhmhfwlqj k|vwhuhvlv/ exw qrw xqhpsor|phqw
qrq0vwdwlrqdulw| � dqg wkh vfdqglqdyldq rqhv zkhuh xqhpsor|phqw dsshduv
wr eh vwdelol}hg ghvslwh d odfn ri wkh zdjh fruuhfwlrq1

Nh|zrugv = k|vwhuhvlv/ Skloolsv h�hfw/ xqlw urrw/ fryduldwhv/ Zdog whvw1

Whvw g*k|vwìuëvh = shuvlvwdqfh gx fk÷pdjh hw dmxvwhphqw ghv
vdodluhv

Uìvxpì

Oh grfxphqw lqwurgxlw xqh qrxyhooh vwudwìjlh gh whvwv gh o*k|srwkëvh
g*k|vwìuëvh gx fk÷pdjh frpph od uhvwulfwlrq mrlqwh g*xqh udflqh xqlwdluh gdqv
oh surfhvvxv gx wdx{ gh fk÷pdjh hw gh o*devhqfh g*xq h�hw �Skloolsv� gdqv
o*ìtxdwlrq g*dmxvwhphqw ghv vdodluhv1 Ohv vwdwlvwltxhv gh whvw vrqw gìulyìhv ã
od irlv srxu o*k|srwkëvh mrlqwh hw srxu xqh vwudwìjlh vìtxhqwlhooh gh whvw hq
ghx{ ìwdshv1 Rq glvfxwh dxvvl od glvwulexwlrq qrq vwdqgdug ghv w0vwdwlvwltxhv
fdofxoìhv ìtxdwlrq sdu ìtxdwlrq1 Xqh dssolfdwlrq hpslultxh shuphw gh uhmhwhu
oh prgëoh vdoduldo g*k|vwìuëvh srxu xqh pdmrulwì ghv 4: sd|v gh o*RFGH txh
o*rq ìwxglh1 Lo dssdudñw xq frqwudvwh lqwìuhvvdqw hqwuh ohv sd|v hxursìhqv gx
�frhxu� gh od FHH hw ohv sd|v vfdqglqdyhv1

Prwv0foìv = K|vwìuëvh/ h�hw Skloolsv/ udflqh xqlwdluh/ fryduldeoh/ whvw gh
Zdog1

MHO fodvvl�fdwlrq = F45/ F55
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4 Lqwurgxfwlrq

Gxulqj wkh hljkwlhv/ xqhpsor|phqw k|vwhuhvlv kdv uhvxowhg iurp wkh doprvw

jhqhudo idloxuh ri wkh xqhpsor|phqw udwhv wr uhwxuq edfn wr wkh orz ohyhov

h{shulhqfhg lq wkh suh0rlo0vkrfn hud1 Rqh ohvvrq iurp wkh qlqhwlhv lv wkh

shuvlvwhqfh ri kljk xqhpsor|phqw udwhv lq vrph RHFG frxqwulhv/ hvshfldoo|

wkh frqwlqhqwdo Hxurshdq rqhv1 Dvvhvvlqj wkh k|vwhuhvlv k|srwkhvlv vwloo uh0

pdlqv rqh lpsruwdqw lvvxh1 Iru lqvwdqfh lq rughu wr hydoxdwh zkdw zloo eh

wkh xowlpdwh uhdo frvw ri glvlq dwlrq dqg Hxurshdq qrplqdo frqyhujhqfh1

Lq wkh vwdqgdug olqhdu uhsuhvhqwdwlrq/4 k|vwhuhvlv � ru vrphwlph/ ixoo k|v0

whuhvlv � lpsolhv d xqlw urrw lq xqhpsor|phqw udwh g|qdplfv1 Wklv lv dvvr0

fldwhg zlwk d odfn ri dgmxvwphqw wkurxjk wkh zdjh udwh zklfk wdnhv sodfh

zkhq wkh ohyho ri xqhpsor|phqw udwh glvdsshduv iurp wkh Skloolsv fxuyh1

Vlqfh Eodqfkdug dqg Vxpphuv +4<;9/ 4<;:,/ d odujh vwudqg ri olwhudwxuh kdv

ehhq ghyrwhg wr lghqwli|lqj dqg dvvhvvlqj wkh dowhuqdwlyh fkdqqhov ri k|vwhuh0

vlv1 Krzhyhu/ zkloh whvwlqj iru k|vwhuhvlv/ wkh uhvshfwlyh lpsolfdwlrqv ri wkh

dvvxpswlrqv iru xqhpsor|phqw udwh g|qdplfv dqg iru wkh Skloolsv fxuyh duh

dozd|v frqvlghuhg vhsdudwho|1

Dvvhvvlqj k|vwhuhvlv wkurxjk wkh xqlyduldwh xqhpsor|phqw udwh g|qdplfv

olhv rq whvwlqj iru dq xqlw urrw lq lwv dxwruhjuhvvlyh uhsuhvhqwdwlrq1 Jhqhu0

doo|/ xqlw urrw whvwv/ zkhq dssolhg wr srvw ZZLL vhulhv/ idlo wr uhmhfw wkh

qxoo k|srwkhvlv/ zlwk srvvleo| vrph grxewv iru wkh XV +vhh Plwfkhoo 4<<6/

4Vhh krzhyhu Dpdeoh dqg doll +4<<8, iru qrqolqhdu dowhuqdwlyhv1
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Urhg 4<<9,1 Krzhyhu/ wkh odfn ri srzhu ri wkhvh whvwv txhvwlrqv wkhvh uh0

vxowv1 Krzhyhu/ dowhuqdwlyh hpslulfdo vwudwhjlhv/ dv wdnlqj wkh vwdwlrqdulw|

dv wkh qxoo k|srwkhvlv +Ohvolh/ Sx/ Zkduwrq 4<<8/ Urhg 4<<9, kdyh qrw vr

idu uhvxowhg lq d pruh fohdu fxw hylghqfh15 Mdhjhu dqg Sdunlqvrq +4<<7, ohw

k|vwhuhvlv zrun wkurxjk dq lq xhqfh ri sdvw f|folfdo xqhpsor|phqw rq wkh

fxuuhqw qdwxudo udwh1 Wkhlu hpslulfdo �qglqjv rqo| vxssruw wkh k|srwkhvlv iru

wkuhh ri wkh RHFG pdmru frxqwulhv/ exw qrw iru wkh XV1 Ilqdoo|/ vwuxfwxudo

fkdqjhv 0hvshfldoo| d vkliw lq wkh phdq0 pd| surylgh d ehwwhu dowhuqdwlyh wr

xqlw urrw +Eldqfkl dqg ]rhjd/ 4<<;,1 Krzhyhu/ wkh sdshu ri Eldqfkl dqg

]rhjd hvvhqwldoo| xqghuolqh wkh odfn ri srzhu ri xqlyduldwh xqlw urrw whvwv1

Dq dowhuqdwlyh vwudwhj| hydoxdwhv wkh urexvwqhvv ri d qhjdwlyh dqg fru0

uhfwlqj h�hfw ri wkh ohyho ri xqhpsor|phqw udwh lq d zdjh�Skloolsv fxuyh1

W|slfdoo|/ Frh +4<;;, �qgv wkdw xvlqj wkh orqj whup xqhpsor|phqw udwh ru

ydulrxv prylqj dyhudjh ri wkh dfwxdo udwh dv d sur{| iru wkh qdwxudo udwh

r�vhwv wkh ohyho h�hfw ri wklv udwh lq djjuhjdwh zdjh htxdwlrqv1

Uhfhqw vwxglhv frqvlghu wkh mrlqw g|qdplfv ri xqhpsor|phqw dqg zdjh lq

d pxowlyduldwh iudphzrun1 Wkh| jhqhudoo| dffhsw wkh d sulrul fkdudfwhul}d0

wlrq ri wkh xqhpsor|phqw udwh dv d qrq vwdwlrqdu| yduldeoh wr eh hpehgghg

lq d pxowlyduldwh vhwwlqj1 Wkh| dgrsw d frlqwhjudwlrq�YHFP dssurdfk lq

rughu wr irfxv rq wkh uhodwlyh frqwulexwlrqv ri dowhuqdwlyh glvwxuedqfhv rq

wkh xqhpsor|phqw shuvlvwhqfh +Grodgr dqg Mlphqr 4<<:/ Mdfrevrq/ Yuhglq/

Zduqh 4<<:/ Dqghuvhq dqg K|oohehuj/ 4<<;,1 Wklv irfxv ohdyhv xqh{soruhg

5Lq rughu wr lqfuhdvh srzhu/ Vrqj dqg Zx +4<<:,/ +4<<;, xvhg sdqho gdwd whvwv1 Qhy0
huwkhohvv/ wkhvh whvwv lpsrvh vwurqj uhvwulfwlrqv rq wkh mrlqw g|qdplfv ri xqhpsor|phqw
udwhv dqg wkh| odujho| ljqruh qdwlrqdo ihdwxuhv1
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dq lqwhuphgldwh vwudwhj|/ hpehgglqj wkh xqhpsor|phqw udwh g|qdplfv lq d

pxowlyduldwh vhwwlqj wkurxjk whvwlqj mrlqwo| iru wkh lpsolfdwlrq ri k|vwhuhvlv

iru xqhpsor|phqw g|qdplfv dqg iru zdjh htxdwlrqv61 Wkh sxusrvh ri wklv

sdshu wr sursrvh dqg lpsohphqw vxfk d vwudwhj|/ h{sorlwlqj furvv�htxdwlrq

uhvwulfwlrqv dqg fryduldwhv lqirupdwlrq1 Lw sursrvh ydulrxv vwdwlvwlfv zklfk

qhvw wkh xvxdo xqlyduldwh dssurdfk/ l1h1 wkh vwdqgdug xqlw urrw whvwv dqg

wkh vlqjoh dx{loldu| uhjuhvvlrq edvhg whvwv 1 Eh|rqg wkh vwdwlvwlfdo lqihuhqfh/

rxu dssurdfk doorzv wr orfdwh srwhqwldo vrxufhv ri k|vwhuhvlv/ wkurxjk wkh

xqhpsor|phqw g|qdplfv dqg d qhjdwlyh fruuhfwlqj h�hfw lq d zdjh htxdwlrq1

Vhfwlrq 5 suhvhqwv wkh uhvwulfwlrqv ri lqwhuhvw iurp d vlpsoh ehqfkpdun

prgho dqg lqwurgxfhv wkh dvvrfldwhg vwdwlvwlfv1 Vhfwlrq 6 suhvhqwv frpsdud0

wlyh uhvxowv edvhg rq ydulrxv RHFG frxqwulhv1 Wkh odvw vhfwlrq frqfoxghv1

5 K|vwhuhulv dv d mrlqw k|srwkhvlv

Udwkhu wkdq whvwlqj vhsdudwho| iru wkh rughu ri lqwhjudwlrq lq wkh xqhpsor|0

phqw udwh dqg iru d qhjdwlyh �Skloolsv� h�hfw lq wkh zdjh htxdwlrq/ zh fkrrvh

wr whvw iru k|vwhuhvlv dv d mrlqw uhvwulfwlrq ri d }hur frh!flhqw iru wkh ohyho ri

+odjjhg, xqhpsor|phqw udwh lq erwk dq dxwruhjuhvvlyh dqg d zdjh htxdwlrq1

Wr prwlydwh wklv dssurdfk/ zh zloo uhihu wr wkh vlpsoh/ exw yhu| lq xhqwldo/

prgho ri Eodqfkdug dqg Vxpphuv +4<;9/ 4<;:,1

6Zh zloo ghsduw khuh iurp wkh wudglwlrq lqlwldwhg e| Vdujdq +4<97,/ zklfk uhodwhv wkh
ohyho ri zdjhv +udwkhu wkdq wkhlu fkdqjhv, wr wkh xqhpsor|phqw udwh1 Vhh Od|dug dqg doll
+4<<4, dv d pdmru uhihuhqfh iru wklv dssurdfk/ dqg Pdqqlqj +4<<6, iru surylglqj frqvlvwhqw
plfurirxqgdwlrqv iru wkh Skloolsv0olnh vshfl�fdwlrq/ zh uhwdlq khuh1
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514 D vlpsoh iudphzrun = k|vwhuhvlv dqg zdjh g|qdp0
lfv

Dvvxplqj prqrsrolvwlf frpshwlwlrq dqg frqvwdqw uhwxuq ri oderu/ Eodqfkdug

dqg Vxpphuv jhw wkh iroorzlqj orj�olqhdu oderu ghpdqg ri d uhsuhvhqwdwlyh

�up=

?� ' 6� � � @ E�� � �� +4,

zkhuh 6 vwdqgv iru djjuhjdwh prqh| vxsso|1 �� dqg � ghqrwh wkh lqglylgxdo

dqg wkh dyhudjh qrplqdo zdjh udwh/ uhvshfwlyho|1 Zdjh duh vhw e| prqrsro|

xqlrqv ehiruh wkh revhuydwlrq ri prqh| vxsso|1 Wkh xqlrq pd{lpl}hv wkh

zdjh udwh zlwk uhvshfw wr dq hpsor|phqw frqvwudlqw1 Zkhq frqwuroohg e|

lqvlghuv/ wkh xqlrq dlpv dw pdlqwdlqlqj wkhlu hpsor|phqw lq h{shfwdwlrq1

Zlwk vwudljkwiruzdug qrwdwlrqv/ rqh jhwv

.?� ' ?�3� +5,

Dowhuqdwlyho|/ li xqlrqv wdnh fduh derxw rxwvlghuv/ rqh jhwv=

.?� ' ?�3� n K E, � .?� K : f +6,

zkhuh , � .? lv wkh h{shfwhg xqhpsor|phqw udwh/ iru d jlyhq oderu vxs0

so| ,� Lw lv zruwk qrwlqj wkdw +6, qhvwv wkh suhylrxv rqh +5,/ zkhq K ' f1

Zdjh pd{lpl}dwlrq xqghu +6, |lhogv wkh zdjh vhwwlqj htxdwlrq dw v|pphwulf

htxloleulxp=

� ' .6n
K

� n K
, �

�

� n K
?
3�

dqg wkh hpsor|phqw htxdwlrq

? ' 6� .6n
�

� n K
?
3� n

K

� n K
,
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Ghqrwlqj e| � � , � ?/ wkh xqhpsor|phqw udwh/ zh jhw

{� ' .6�6�
K

� n K
�
3� +7,

dqg wkh Skloolsv � zdjh � htxdwlrq zulwhv dv

{� ' .6�6
3� �

K

� n K
�
3� +8,

Lq wklv vlpsoh prgho/ wkh prqh| lqqrydwlrq E0 ' 6� .6� lv wkh rqo| vrxufh

ri glvwxuedqfh1 Htxdwlrqv +7,�+8, pdnh fohdu wkdw ixoo k|vwhuhvlv rffxuv zkhq

xqlrqv gr qrw fduh derxw dyhudjh hpsor|phqw/ dv wkh ohyho xqhpsor|phqw

udwh �
3� gursv rxw iurp erwk wkh xqhpsor|phqw +7, dqg wkh zdjh +8, htxd0

wlrqv1 Lqghhg/ lw dsshduv d furvv�htxdwlrqv uhvwulfwlrq wkurxjk wkh dxwruh0

juhvvlyh sdudphwhu

{� ' E4� ���
3� � 0

{� ' E4� ���
3� n{6� 0

zkhuh 4 ' E� n K�3�1 Dvvxplqj d sxuh lqvlghu h�hfw/ zh kdyh K ' f dqg

wkxv 4 ' � 1 Frqyhuvho|/ li xqlrqv wdnh fduh derxw rxwvlghuv/ K : f dqg wkxv

4 	 �1 Lq wklv fdvh/ wkh xqhpsor|phqw udwh iroorzv d vwdwlrqdu| surfhvv dqg

d qhjdwlyh fruuhfwlqj h�hfw dsshduv lq wkh zdjh htxdwlrq1

Wkrxjk vwdwhg e| Eodqfkdug dqg Vxpphuv +4<;9/ 4<;:, +vhh dovr Grodgr

dqg Mlphqh} 4<<9,/ wklv furvv�htxdwlrqv uhvwulfwlrq kdv qrw ehhq xvhg |hw

dv d zd| ri whvwlqj iru k|vwhuhvlv1 Zlwklq wkh vlpsoh iudphzrun/ wkh frhi0

�flhqw d�hfwlqj �
3� lq erwk htxdwlrqv lv wkh vdph xqghu erwk wkh qxoo dqg

wkh dowhuqdwlyh k|srwkhvhv1 K|vwhuhvlv wkxv lpsolhv rqo| rqh furvv�htxdwlrqv
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uhvwulfwlrq1 Wklv uhvwulfwlrq fdq eh whvwhg e| d surshu jhqhudol}dwlrq ri wkh

DGI vwdwlvwlfv fdoohg wkh IDGI +vhh Iëyh dqg Kìqlq/ 4<<;,1 Krzhyhu/ wklv

vshfl�fdwlrq lv qrw urexvw zlwk uhvshfw wr vpdoo ghsduwxuhv iurp wkh edvlf

prgho/ vxfk wkdw qrq frqvwdqw uhwxuqv ri oderu11 Zh zloo wkxv dgrsw d pruh

jhqhudo iudphzrun/ uhod{lqj wkh dvvxpswlrq wkdw wkh frh!flhqw ri �
3� lq +7,

dqg +8, lv wkh vdph xqghu erwk wkh qxoo dqg wkh dowhuqdwlyh k|srwkhvhv1

515 Wkh hfrqrphwulf prgho dqg whvw vwdwlvwlfv

Doorzlqj iru d qrq xqlwdu| oderu ghpdqg hodvwlflw| bc wkh v|vwhp +7,�+8, fdq

eh uhvwdwhg dv

7�| ' �
bK

� n bK
�|3� n 0�| ' E4� � ���|3� n 0�| +9,

/| ' �
K

� n bK
�|3� n 02| ' E42 � ���|3� n 02| +:,

zkhuh /| ' {E�| � R|� lv wkh uhdo zdjh dgmxvwphqw1 Dvvxplqj ixoo h{ dqwh

lqgh{dwlrq rq h{shfwhg sulfh/ /| zrxog gl�hu iurp {E�| � R|� rqo| e| wkh

sulfh vxusulvh1 Wkh glvwxuedqfhv 0�| dqg 02| duh frpsrvlwh ri prqh| � ru

ghpdqg � dqg ri surgxfwlylw| � ru uhdo � vkrfnv1 Wkh frh!flhqwv 4� '

E� n bK�3� dqg 42 ' d� n K Eb� ��o E� n bK�3� gl�hu dv orqj dv b 9' �� Iurp

wkh furvv htxdwlrqv uhvwulfwlrq/ htxdwlrqv +9, dqg +:, fdq eh zulwwhq dv=

7�| ' b E4� �� �|3� n 0�|

/| ' E4� �� �|3� n 02|

zkhuh 4 ' 4� ' E� n bK�3� � Lw iroorzv wkdw zkhq K ' fc 4� ' 42 ' � zkdwhyhu

wkh ydoxh ri b1 Lq wklv �sxuh lqvlghu� fdvh/ wkh xqhpsor|phqw udwh ydqlvkhv lq

;



htxdwlrqv +9, dqg +:,1 Iru b ' fc oderu ghpdqg lv lqhodvwlf zlwk uhvshfw wr wkh

zdjh udwh1 Wkhq/ wkh xqhpsor|phqw surfhvv glvsod|v d xqlw urrw E4� ' ��

exw wkhuh vwloo h{lwv d �Skloolsv� h�hfw lq wkh zdjh htxdwlrq E42 � � 	 f� �

Khqfh/ h{fhsw iru wkh suhylrxv uhvwulfwlrq K ' f wr eh whvwhg/ wkh sdudphwhuv

4� dqg 42 duh qrw qhfhvvdulo| htxdo1

Zh qrz ghyhors rxu hpslulfdo uhvwulfwlrqv1 Wkh vwdwlvwlfdo lqihuhqfh edvhg

rq htxdwlrqv +9, dqg +:, fdq eh frqgxfwhg dv iroorzv1 K|vwhuhvlv uhvxowlqj

iurp dq �lqvlghu h�hfw� +K ' f, lqwurgxfhv wkh mrlqw uhvwulfwlrq 4� ' 42 ' �

lq htxdwlrqv +9, dqg +:,1 Wkxv/ wkh k|srwkhvlv ri lqwhuhvw lv K ' f dv lq wklv

fdvh erwk 4�dqg 42 duh htxdo wr rqh1 Xqghu wkh dowhuqdwlyh k|srwkhvlv K : f/

4� 	 � dqg 42 	 � exw wkh| fdq gl�hu1 Wkxv/ zh sursrvh wr exlog d mrlqw whvw

ri wkhvh wzlq uhvwulfwlrqv

�
MJ G 4� ' 42 ' �

M@ G 4� 9' �c 42 9' �

Jlyhq d frqvlvwhqw hvwlpdwh T Ee4�ce42� ri wkh fryduldqfh pdwul{ ri 4� dqg 42/

wkh dvvrfldwhg Zdog vwdwlvwlfv/ ghqrwhg `E��/lv jlyhq e|

`E�� ' E-�e4n o��
�

T Ee4�ce42�3� E-�e4n o�� +;,

zkhuh

-� '

�
� f
f �

�
/ o� ' E��c���

�

dqg e4 ' Ee4�ce42��

Dowhuqdwlyho|/ d vhtxhqwldo vwudwhj| fdq eh dgrswhg/ whvwlqj lq d �uvw vwhs

4� ' 42 �
MJ G 4� ' 42
M@ G 4� 9' 42
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xvlqj d Zdog vwdwlvwlfv/ ghqrwhg `E2�/ gh�qhg e| vxevwlwxwlqj lq +;, -� dqg

o� e|

-2 '

�
� ��
�� �

�
dqg o2 ' Efc f�

�

Lq d vhfrqg vwhs/ frqglwlrqdoo| rq 4� ' 42c zh whvw iru wkh uhvwulfwlrq 4� '

42 ' 4 �
MJ G 4 ' �
M@ G 4 9' �

Wklv fdq eh grqh xvlqj wkh |�vwdwlvwlfv Ee4� �� *j
e4c zkhuh je4 lv wkh vwdqgdug

huuru ri e4 +vhh Iëyh dqg Kìqlq 4<<;/ Iëyh/ Kìqlq dqg Mrolydogw 4<<;,1

Lq rughu wr surylgh wkh olplwlqj glvwulexwlrqv ri wkhvh ydulrxv vwdwlvwlfv/

zh dvvxph iru vlpsolflw| wkdw wkh iroorzlqj frqglwlrqv krog=

Dvvxpswlrqv

D4= wkh vhtxhqfh i0�|c 02|j lv llg dqg qrupdoo| glvwulexwhg

D5= .E0�|*�|3�� ' f dqg.E02|*�|3�� ' f zkhuh �|3� ' i�|3�c �|32c ���c �fj

D6= vxs|.E0e�|� 	 4 dqg vxs|.E0e2|� 	 4

D7= �f ' f

Dvvxpswlrq D4 lv lqwurgxfhg lq rughu wr vlpsoli| wkh dv|pswrwlf glvwul0

exwlrq ri wkh vwdwlvwlfv1 Lw fdq hdvlo| uhod{hg lq rughu wr surylgh d pruh

rshudwlrqdo iudphzrun1 Dvvxpswlrq D5 lpsrvhv wkdw wkh huuru whupv duh

ruwkrjrqdo wr wkh sdvw ydoxhv ri wkh uhjuhvvru1 Dvvxpswlrq D6 lqvxuhv lq0

whjudelolw| frqglwlrqv dqg D7 �{hv wkh lqlwldo frqglwlrq wr }hur1 Zh gr qrw

h{foxgh frqwhpsrudqhrxv fruuhodwlrq ehwzhhq wkh wzr huuru whupv1 Wkh fr0

yduldqfh pdwul{ lv jlyhq e|=

l '

�
j2
� j�2

j�2 j2
2

�
� j2

2

�
#2 �#
�# �

�
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zkhuh � ' j�2 Ej�j2�
3� 	 � lv wkh fruuhodwlrq sdudphwhu ehwzhhq wkh wzr

glvwxuedqfhv dqg #2 ' j2
�j
32
2 lv wkh yduldqfh udwlr1 Wkh dv|pswrwlf wkhru|

iru wkh Zdog vwdwlvwlfv duh ghulyhg xvlqj wkh �orfdo0wr0xqlw|� dv|pswrwlfv +vhh

Skloolsv/ 4<;:,1 Orfdo ghsduwxuh iurp wkh qxoo 4� ' 42 ' � fdq eh h{suhvvhg dv

4� ' ��S�A
3�c 42 ' ��S2A

3�� Wkhvh wzr orfdo ghsduwxuhv duh xvhg lq rughu wr

wdnh lqwr dffrxqw iru wkh idfw wkdw wkh wzr urrwv duh qhfhvvdulo| htxdov xqghu

wkh dowhuqdwlyh k|srwkhvlv1 Wkh qxoo k|srwkhvlv krogv zkhq S� ' S2 ' f dqg

�orfdoo|� dv A $ 4� Xvlqj wkh gl�xvlrq surfhvv uhsuhvhqwdwlrq/ zh gh�qh wkh

ixqfwlrqdo �S�
� Eo� jhqhudwhg e| wkh vwrfkdvwlf gl�huhqwldo htxdwlrq _�S�

� Eo� '

�S��
S�
� Eo� n _�� Eo� � Zh fdq wkhq ghulyh wkh dv|pswrwlf glvwulexwlrq ri wkh

Zdog vwdwlvwlfv xqghu wkh orfdo dowhuqdwlyh dqg xqghu wkh qxoo k|srwkhvlv1

Sursrvlwlrq 4 Xqghu wkh orfdo dowhuqdwlyh S� 9' fc S2 9' fc dv A $ 4

` S�S2
E�� , fS�

�

�
1� n ifS�

� j2 n ifS�
2 j2 n 12f

S�
� n 1�f

S�
2

�
` S�S2

E2� , y�f
S�
� Ey2f

S�
� n y�f

S�
2 n S2 � S��

2

dqg xqghu wkh qxoo S� ' S2 ' fc dv A $ 4

`E�� , f�

�
f2

� nf2
2

�
`E2� , y�f� Ey2f� n y�f2�

2

zkhuh fS�
� '

U �

f
�S�

� Eo�_��*
U �

f
i��Eo�j

2 / fS�
2 '

U �

f
�S�

� Eo�_�2*
U �

f
i�S�

� Eo�j2/

fS�
� '

�U �

f
i�S�

� Eo�j2
�

1 Wkh sdudphwhuv ri qxlvdqfh duh jlyhq e|= 1� '

ES2
�
n #2S22� 2#�S�S2�E�� � 2�3�*2/ 12 ' �2S�/ 1� ' �2ES2#� S���E�� �2�3�*2/

y� ' E� n #2 � 2#��#32E�� �2�3�/ y2 ' E# � �� dqg y� ' E�� � 2�
�*2

1
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Iru jlyhq orfdo dowhuqdwlyhv S� 9' fc S2 9' f/ wkh wzr Zdog vwdwlvwlfv ghshqg

rq wkh fruuhodwlrq sdudphwhu � dqg yduldqfh udwlr # wkurxjk wkh qxlvdqfh

sdudphwhuv 1�c 12c 1�c y�c y2 dqg y�� Krzhyhu/ xqghu wkh qxoo/ wkh Zdog

vwdwlvwlfv `E�� iru wkh mrlqw whvw 4� ' 42 ' � lv iuhh ri qxlvdqfh sdudphwhuv1

Lq wklv fdvh/ wkh dv|pswrwlf glvwulexwlrq ri `E�� uhgxfhv wr=

`E�� ,

U �

f
��Eo�_��U �

f
�2

�Eo�
n

U �

f
��Eo�_�2U �

f
�2

�Eo�

l1h1 wkh vxp ri wkh vtxduh iru wkh w0udwlr vwdwlvwlf lq wkh xqhpsor|phqw

htxdwlrq dqg lq wkh zdjh htxdwlrq1 Frqyhuvho|/ wkh Zdog vwdwlvwlfv `E2� iru

42 ' 4� ' 4 lv vwloo d�hfwhg e| qxlvdqfh sdudphwhuv xqghu wkh qxoo dqg zh

fdqqrw surylgh d jhqhudo lqwhusuhwdwlrq ri wkh vwdwlvwlfv1 Rqh h{fhswlrq frq0

fhuqv wkh sduwlfxodu uhvwulfwlrq # ' � 	 � zkhuh wkh dv|pswrwlf glvwulexwlrq

ri `E2� lv d fkl0vtxduhg w|sh

`E2� ,
�� #2

#2

�U �

f
��Eo�_�2

�2

U �

f
�2

�Eo�

, E�� #2�#32�2E��

Rwkhu vlpsol�fdwlrqv ri wkh dv|pswrwlf glvwulexwlrqv h{lvw/ exw wkh| dozd|v

fruuhvsrqg wr vshfl�f uhvwulfwlrqv rq wkh sdudphwhuv ri wkh fryduldqfh pdwul{

ri wkh uhvlgxdov1

516 Hpslulfdo lpsohphqwdwlrq dqg vlqjoh htxdwlrq uh0
odwhg whvwv

Wkh whvwlqj vwudwhj| dqg wkh dvvrfldwhg dv|pswrwlf glvwulexwlrqv ri wkh vwd0

wlvwlfv kdyh ehhq rewdlqhg dvvxplqj wkdw 0�| dqg 02| duh llg1 D sudfwlfdo
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lpsohphqwdwlrq ri wklv vwudwhj| lpsrvhv wr uhod{ wklv dvvxpswlrq1 Zh wkxv

frqvlghu wkh iroorzlqj �dxjphqwhg� yhuvlrq ri wkh prgho1

7�| ' @� n E4� � ���|3� n @�� Eu�{�| n @�� Eu�/| n e�| +<,

/| ' @2 n E42 � ���|3� n @�� Eu�{�| n @�� Eu�/| n e2| +43,

zkhuh wkh @�� Eu� duh odj sro|qrpldov lq {�| dqg �| zlwk wkh uhvwulfwlrq

@�� Ef� ' f1 Wkh rughu ri wkhvh sro|qrpldov fdq eh vhohfwhg dffruglqj wr

lqirupdwlrq dqg dxwrfruuhodwlrq fulwhuld1 Hpslulfdo hvwlpdwhv e4�c e42 dqg el
doorzv wr frpsxwh wkh wzr Zdog vwdwlvwlfv`E�� dqg`E2�1 Ixuwkhupruh/ vlqjoh

htxdwlrq whvwv pd| eh shuiruphg rq +43, dqg +44,1 K|vwhuhvlv k|srwkhvlv lp0

srvhv wkh uhvwulfwlrq 4� ' � lq +<, dqg lw fdq eh whvwhg xvlqj wkh w0vwdwlvwlfv

e|4
�
' Ee4� � �� *ej4

�
/ zkhuh ej4

�
lv wkh vwdqgdug huuru iru e4�� Wklv vwdwlvwlfv

lv glvwulexwhg dffruglqj wr Kdqvhq*v +4<<8, FDGI +Fryduldwh Dxjphqwhg

Glfnh| Ixoohu, glvwulexwlrq/ l1h1 d pl{wxuh ri d qrupdo dqg dq DGI glvwul0

exwlrq/ ghshqglqj xsrq d qxlvdqfh sdudphwhu17 Dv wkh uhvwulfwlrq rq zdjh

dgmxvwphqw/ k|vwhuhvlv k|srwkhvlv uhtxluhv 42 ' � lq +:, dqg wkxv lq +43,1

Lw fdq eh whvwhg djdlq xvlqj wkh w0vwdwlvwlfv e|4
2
' Ee42 � �� *ej4

2
/ zkhuh ej4

2
lv

wkh vwdqgdug huuru iru e42� Wklv lv d vwdqgdug dssurdfk wr whvw iru d �Skloolsv

h�hfw� lq d zdjh htxdwlrq1 Krzhyhu/ wklv iudphzrun pdnhv fohdu wkdw dv0

vxplqj d vwdqgdug glvwulexwlrq zrxog ohdg wr dq lqydolg lqihuhqfh xqghu wkh

qxoo k|srwkhvlv ri k|vwhuhvlv1 Wkh sureohp frphv iurp htxdwlrq +:, ru +43,

ehlqj dq xqedodqfhg uhjuhvvlrq xqghu wkh qxoo1 Wklv sureohp kdv ehhq do0

uhdg| qrwhg e| Pdqnlz dqg Vkdslur +4<;8, zkloh whvwlqj iru wkh shupdqhqw

7Wklv qxlvdqfh sdudphwhu phdvxuhv wkh fruuhodwlrq ehwzhhq wkh DGI uhvlgxdo dqg wkh
frqwulexwlrq ri dgglwlrqdo uhjuhvvruv1
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lqfrph k|srwkhvlv81 Wkh dv|pswrwlf glvwulexwlrq ri wkh w0vwdwlvwlfv e|E4
2
3�� lv

ghulyhg e| Iëyh dqg Kìqlq +4<<;, dv wkh DU0ROV +DU iru dx{loldu| uhjuhv0

vlrq,1 Lw fruuhvsrqgv djdlq wr d � srvvleo| qrq frqyh{ � frpelqdwlrq ri d

qrupdo dqg dq DGI glvwulexwlrq dqg ghshqgv rq wzr qxlvdqfh sdudphwhuv9/

wkh fruuhodwlrq � dqg yduldqfh udwlrv #1 Dv fulwlfdo ydoxhv ri wkh DU0ROV

jhqhudoo| h{fhhg wkh rqh ri wkh vwxghqw glvwulexwlrq/ wkh frpprq sudfwlfh ri

lqihuulqj derxw Skloolsv h�hfw rq zdjh htxdwlrq xvlqj vwxghqw whvw lv eldvhg

lq idyru ri wkh k|srwkhvlv ri d Skloolsv fxuyh1

6 Hpslulfdo uhvxowv

Zh qrz dsso| wklv vwudwhj| wr RHFG frxqwulhv1 Uhvxowv zloo eh suhvhqwhg lq

wkuhh vwhsv = wkh �uvw rqh/ iru xvxdo DGI dqg vwdwlrqdulw| whvwv/ wkh vhfrqg

rqh iru whvwv edvhg rq xqfrqvwudlqhg elyduldwh prgho dqg wkh wklug rqh iru

whvwv ri k|vwhuhvlv edvhg rq frqvwudlqhg elyduldwh prgho1

614 Edvlf gdwd dqg vwdwlrqdulw| whvwv

Txduwhuo| gdwd duh wdnhq iurp wkh RHFG �Exvlqhvv vhfwru gdwd edvh� dqg

fryhu wkh shulrg 4<:304 wr 4<<9071 Wkh xqhpsor|phqw vhulhv duh gh�qhg frq0

vlvwhqwo| zlwk wkh LOR gh�qlwlrq1 Wkh oderu frpshqvdwlrq shu zrunhu +qrw

fruuhfwhg iru krxuv, zdv wdnhq iru qrplqdo zdjhv1 Sulfhv duh phdvxuhg dv

FSL1 Wkh wkhruhwlfdo surshuwlhv ri rxu whvw vwdwlvwlfv duh ghulyhg rqo| iru d el0

yduldwh v|vwhp/ suhfoxglqj dq| fryduldwh rwkhu wkdq fkdqjhv lq zdjh1 Zh wkxv

8Vhh Hoolrww dqg Vwrfn +4<<7, iru d vwxg| iroorzlqj dq dssurdfk forvh wr wkh suhvhqw
frqwulexwlrq1

9Vhh Iëyh dqg Kìqlq +4<<;,1
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lpsrvh d yhu| sduvlprqlrxv vshfl�fdwlrq ri wkh zdjh htxdwlrq1 Zh uhwdlq

dv wkh uhdo zdjh fkdqjh /| wkh gl�huhqfh ehwzhhq wkh jurzwk udwh lq qrp0

lqdo frpshqvdwlrq shu zrunhu dqg wkh orqj uxq frpsrqhqw ri lq dwlrq udwh

+FSL,/ wklv orqj uxq frpsrqhqw ehlqj h{wudfwhg xvlqj wkh Krgulfn�Suhvfrww

�owhu:1 Dowkrxjk ylvxdo h{dplqdwlrq grhv qrw suhfoxgh wkh srvvlelolw| ri d

ghwhuplqlvwlf guliw lq wkh xqhpsor|phqw udwh iru vrph frxqwulhv/ zh d sul0

rul glvfdug vxfk vshfl�fdwlrqv iru wkh xqhpsor|phqw surfhvv/ dv odfnlqj ri

hfrqrplf vljql�fdqfh1

Zdjh htxdwlrqv riwhq lqfoxgh gxpp| yduldeohv/ zklfk duh pruh uduho|

lqwurgxfhg lq xqhpsor|phqw htxdwlrqv1 Frqvlvwhqwo| zlwk rxu v|vwhp ds0

surdfk zh lpsrvh wkh vdph gxpplhv lq wkh wzr htxdwlrqv1 Wkrvh gxpplhv

duh lqwurgxfhg lq d sduvlprqlrxv zd|1 Wkh| duh = l, wkuhh vhdvrqdo frpsr0

qhqwv wr dffrxqw iru uhvlgxdo vhdvrqdolw| lq RHFG gdwd dqg ll, lqvwlwxwlrqdo

ru srolwlfdo hyhqwv grfxphqwhg lq vrxufhv h{whuqdo wr rxu vwxg|/ hlwkhu wkh

RHFG vhfuhwduldw +Frh/ 4<;;,/ hlwkhu wkh LPI frpphqwdulhv wr wkh LIV gdwd0

edvh1; Zh fkhfn wkdw qrqh ri rxu frqfoxvlrqv zdv d�hfwhg e| wkh lqfoxvlrq

ri wkhvh gxpplhv1

Uhvxowv iru xqlw urrw +ghqrwhg DGI, dqg vwdwlrqdulw| +ghqrwhg NSVV,

whvwv duh uhsruwhg lq wdeoh 41 Wkh qxpehu ri odjv & uhsruwhg lq wklv wdeoh lv

vhohfwhg iurp wkh vxevhtxhqw elyduldwh prghov lq rughu wr doorz iru frpsdu0

lvrq/ exw lw zdv fkhfnhg wkdw rxu frqfoxvlrq duh qrw d�hfwhg zkhq wkh odj

:Zh uhwdlq wkh xvxdo ydoxh ri 4933 iru wkh zhljkw zlwk txduwhuo| gdwd1
;H{fhswlrqdo zdjh sxvk hslvrghv grfxphqwhg e| RHFG d�hfw Dxvwudold +:716,/

Vzlw}huodqg +9<15,/ Iudqfh +9;15,/ XN +:716/ :814,/ Lwdo| +:316,/ Mdsdq +:617/ :716/ XVD
+:314,1 Vwdwlvwlfdo fkdqjhv grfxphqwhg e| LPI d�hfw Vzlw}huodqg +<617,/ Ghqpdun +;;14/
;;15,/ Vsdlq +;415,1 Zh dovr lqwurgxfh d gxpp| iru Jhupdq uhxql�fdwlrq +<414,1
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rughu lv vhohfwhg iurp htxdwlrq +<,1

Wdeoh 4 0 Xqhpsor|phqw xqlw urrw dqg vwdwlrqdulw| whvw
Frxqwu| ! DGI NSVV Gxpplhv

Dxvwudold 4 031338 +0417:, 814< :716
Dxvwuld 9 31337 +3175, 4194
Fdqdgd 5 03135< +041;;, 514:
Ghqpdun 5 0315<- +06143, 618< ;;140;;15
Ilqodqg 8 031337 +415;, 4145
Iudqfh 4 031336 +031;5, 8189
Jhupdq| 9 031334 +03146, 4197 <414
Juhhfh 9 031336 +03148, 414:
Luhodqg 9 03133: +04195, 4186
Lwdo| 7 031337 +03155, 516 :3160<615
Mdsdq 8 031<3 +031357, 4199 :6170:716
Qruzd| 6 031597n+�51;5, 6137
Vsdlq 4 031336 +0317;, 8184 ;415
Vzhghq 5 03149< +041<4, 4193
Vzlw}huodqg 9 31339 +31;:, 4 9<150<617
Xqlwhg Nlqjgrp 8 031345 +04175, 4164 :7160:814
XVD 4 031378- +051<7, 419< :314
Fulwlfdo ydoxhv dw 8( = DGI = 051<4/ NSVV = 3178

Wkh DGI froxpq uhsruwv wkh srlqw hvwlpdwhv ri 4� � �
dqg wkh dvvrfldwhg w0vwdwlvwlfv lq sduhqwkhvhv

d vxshuvfulsw . uhihuv wr d vwdwlvwlfv vljql�fdqw dw 43( + d -/ dw 8(,

Wkhvh uhvxowv vwurqjo| vxssruw wkh suhvhqfh ri d xqlw urrw lq wkh xqhp0

sor|phqw g|qdplfv/ zklfk lv frqvlvwhqw zlwk wkh k|vwhuhvlv k|srwkhvlv1 Iru

hdfk ri wkh 4: frxqwulhv xqghu vwxg|/ wkh NSVV vwdwlvwlfv h{fhhgv wkh 8(

fulwlfdo ydoxh ri 31781 Wkh DGI whvwv uhmhfwv wkh qxoo ri d xqlw urrw rqo| iru

Ghqpdun dqg wkh XVD dw 8( +iru wkh fulwlfdo ydoxh ri 051<4, dqg pdujlqdoo|/

iru Qruzd|1 Zh rewdlq srlqw hvwlpdwhv ri wkh dxwruhjuhvvlyh sdudphwhu 4

wkdw h{fhhg rqh iru Dxvwuld dqg Vzlw}huodqg1 Wkhvh uhvxowv duh lq wkh olqh ri

suhylrxv vwxglhv1

49



615 Uhvxowv iurp wkh elyduldwh xqfrqvwudlqhg v|vwhp

Wkh fruh ri rxu lqihuhqfh vwudwhj| olhv rq wkh hvwlpdwlrq ri wkh wzr htxdwlrqv+<,�

+43,/ wrjhwkhu zlwk wkh fryduldqfh pdwul{ ri wkh uhvlgxdov1 Iru hdfk frxqwu|/

zh vhohfw wkh qxpehu ri odjv iru {�|3� dqg /|3� lq hdfk htxdwlrqv/ xvlqj erwk

lqirupdwlrq dqg &�pd{ fulwhuld1 Wkh k|vwhuhvlv k|srwkhvlv lpsolhv uhvwulf0

wlrqv rq wkh frh!flhqwv 4� dqg 42 ri �|3� zklfk fdq eh whvwhg vhsdudwho| ru

mrlqwo|/ exw dozd|v lqyroyhv qrq vwdqgdug glvwulexwlrq ri wkh vwdwlvwlfv1

Wkh uhvwulfwlrq e4� ' � lq wkh xqhpsor|phqw htxdwlrq +<, fdq eh whvwhg

xvlqj wkh w0vwdwlvwlfv1 Wklv vwdwlvwlfv iroorzv Kdqvhq*v FDGI glvwulexwlrq dqg

ghshqgv rq d qxlvdqfh sdudphwhu1 Lq wkh �uvw froxpq ri wdeoh 5/ zh uhsruw=

�uvw wkh srlqw hvwlpdwh ri e4��/ vhfrqgo| wkh dvvrfldwhg w0vwdwlvwlfv dqg wklug

wkh R0ydoxh iru wklv whvw vwdwlvwlfv dffruglqj wr FDGI glvwulexwlrq1< Rxu

uhvxowv gr qrw vxssruw wkh vwdwlrqqdulw| ri xqhpsor|phqw udwh1 Xvlqj /|3�c

� ' �c ���c & dv fryduldwhv/ wkh FDGI vwdwlvwlfv grhv ohdg wr d pruh iuhtxhqw

uhmhfwlrq ri wkh qxoo wkdq wkh DGI whvw1 Zh wkxv frqfoxgh wkdw dffrxqwlqj

iru sdvw zdjh fkdqjhv dv fryduldwhv lq wkh vlqjoh htxdwlrq Kdqvhq*v vwudwhj|

gr qrw surylgh jdlqv lq srzhu143

Wkh vhfrqg froxpq lq wdeoh 5 uhsruwv wkh whvwv ri wkh �Skloolsv� h�hfw ri

�|3� lq wkh zdjh htxdwlrq1 Zh uhsruw vxffhvvlyho| wkh srlqw hvwlpdwh e42 � �/

wkh w0vwdwlvwlfv dqg wkh R0ydoxhv144 Wkh DU0ROV whvw |lhogv wr uhmhfwlrq ri

<Wkh s0ydoxhv duh frpsxwhg iurp 531333 uhsolfdwlrqv xvlqj wkh hvwlpdwhg qxlvdqfh
sdudphwhu1

43Rxu uhvxowv gr qrw h{foxgh srvvleoh jdlqv lq srzhu xvlqj FDGI whvw iru wkh xqhp0
sor|phqw udwh xvlqj hlwkhu dqrwkhu fryduldwh/ hlwkhu frqwhpsrudqhrxv ru ohdglqj zdjh
fkdqjhv1

44Wkh s0ydoxhv duh djdlq frpsxwhg iurp 531333 uhsolfdwlrqv ri wkh DU0ROV vwdwlvwlfv
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wkh qxoo k|srwkhvlv ri wkh devhqfh ri d ihhgedfn iurp xqhpsor|phqw rq wkh

uhdo zdjh fkdqjhv iru 46 ri wkh 4: frxqwulhv/ h{fhsw iru wkh X1N1 dqg wkh

wkuhh Vfdqglqdyldq frxqwulhv/ Ilqodqg/ Qruzd| dqg Vzhghq1

Wdeoh 5 0 Vlqjoh htxdwlrq dqg mrlqw whvwv
Frxqwu| FDGI DU ROV ZDOG+4,

Dxvwudold 031343 +031<:23155, 03146;-- +0519423134, :155 +3147,
Dxvwuld 031334 +03138231<7, 04193- +041;;23138, 6188 +3179,
Fdqdgd 03134< +0417623187, 0313<3-- +0517;23134, ;17:n +313<,
Ghqpdun 031335 +04137231:4, 031366- +0516623135, 8195 +3157,
Ilqodqg 031338 +03184231;;, 031344 +0319923166, 319; +31<4,
Iudqfh 031336 +031;9231:;, 0313:<-- +071:;23134, 56163-- +3134,
Jhupdq| 031334 +03148231<6, 0314:4-- +0713923134, 4;148-- +3134,
Juhhfh 031336 +0417523187, 031367-- +0516523134, ;175n +313<,
Luhodqg 031337 +041:82316;, 031347-- +051:<23134, ;1<8n +313:,
Lwdo| 03134< +04139231:3, 031497-- +0614523134, 45139- +3135,
Mdsdq 031338 +0314;231<6, 031<34-- +0618:23134, 4616:-- +3134,
Qruzd| 03134; +04139231:3, 0313;6 +041472314;, 5168 +3198,
Vsdlq 03133: +0417:23185, 03138;-- +0717:23134, 53-- +3134,
Vzhghq 031346 +0319<231;6, 03133< +0319423167, 415; +31;5,
Vzlw}huodqg 31335 +3184231<;, 031374-- +051:823134, ;176n +313<,
Xqlwhg Nlqjgrp 031339 +04134231:5, 031367 +041432314<, 5165 +3198,
XVD 03136: +0517323146, 031386 +0516623135, 47137-- +3134,
& odj qxpehuv dqg gxpplhv dv lq wdeoh 4

d vxshuvfulsw . uhihuv wr d vwdwlvwlfv vljql�dqw dw 43( +- dw 8(, +-- dw 4(,

Dv idu dv k|vwhuhvlv lv frqfhuqhg/ zh jhw wzr rssrvlwh uhvxowv lq wkh

pdmrulw| ri wkh fdvhv= wkh xqhpsor|phqw udwh dsshduv wr eh qrq vwdwlrq0

du|/ dowkrxjk wkh htxloleudwlqj Skloolsv h�hfw lv rshudwlyh1 D pruh vshfl�f

whvw ri wkh prgho suhvhqwhg lq vhfwlrq 5 pd| eh shuiruphg xvlqj wkh Zdog

vwdwlvwlfv `E�� ri wkh mrlqw uhvwulfwlrq E4� ' �c 42 ' ��djdlqvw wkh dowhuqdwlyh

E4� 9' �c 42 9' ��1 Lq wkh wklug froxpq ri wdeoh 5/ zh uhsruw wkh ydoxh ri `E��

dqg lwv R0ydoxh/ frpsxwhg iurp 531333 uhsolfdwlrqv/ dv wkh shufhqwdjh ri wkh

vlpxodwhg xvlqj wkh hvwlpdwhg qxlvdqfh sdudphwhuv1
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vlpxodwhg ydoxhv h{fhhglqj wkh vdpsoh ydoxh1 K|vwhuhvlv dv d mrlqw k|srwkhvlv

lv qrz uhmhfwhg iru 43 frxqwulhv +ryhu 4:, dw 43(/ iru 9 frxqwulhv dw 8( iru 8

frxqwulhv dw 4(1

Wkh fdvhv ri vwurqj uhmhfwlrq lqfoxgh qrw rqo| wkh XV/ zkhuh zh jhw xql0

yduldwh hylghqfh iru uhmhfwlrq/ exw dovr Mdsdq dqg irxu uhsuhvhqwdwlyhv ri wkh

�Hxurshdq prgho� ri xqhpsor|phqw shuvlvwhqfh= Jhupdq|/ Iudqfh/ Vsdlq

dqg Lwdo|1 Rxu uhvxowv fohduo| rssrvh wklv prgho wr wkh fdvh ri Vfdqglqdyldq

frxqwulhv/ Ghqpdun/ Ilqodqg/ Vzhghq dqg Qruzd|/ zkhuh wkh k|srwkhvlv lv

qrw uhmhfwhg dowkrxjk wkh xqhpsor|phqw udwh zdv irxqg vwdwlrqdu| dffruglqj

wr xqlyduldwh DGI whvwv451 Wkh odfn ri d Skloolsv zdjh fruuhfwlqj h�hfw lq

Qruzd| dqg Vzhghq +ru lq Ghqpdun, lv fohduo| uhvsrqvleoh iru wklv uhvxowv1

Wkh mrlqw whvw `E�� wkxv grhv qrw dsshdu dv d zd| ri lpsurylqj wkh srzhu ri

wkh DGI vwdwlvwlfv/ exw udwkhu dv dqrwkhu ylhz ri wkh k|vwhuhvlv k|srwkhvlv/

dv dvvrfldwhg wr wkh idloxuh ri dgmxvwphqw wkurxjk zdjhv1 Frpsdudwlyh hyl0

ghqfhv rq k|vwhuhvlv pxvw eh ixuwkhu rewdlqhg iurp wkh wzr0vwhs vhtxhqwldo

vwudwhj|1

616 Hylghqfhv iurp wkh frqvwudlqhg prgho

Wkh wzlq uhvwulfwlrqv 4� ' 42 ' � fdq eh whvwhg vhtxhqwldoo|1 Iluvw/ wkh

uhvwulfwlrq 4� ' 42 fdq eh whvwhg xvlqj wkh Zdog vwdwlvwlfv `E2� 1 Vhfrqg/ zh

whvw iru wkh k|srwkhvlv 4 ' �c frqglwlrqdoo| rq 4 ' 4� ' 42c xvlqj wkh IDGI

|�vwdwlvwlfv1

45Lq Ilqodqg zkloh wkh qxoo ri d xqlw urrw lq xqhpsor|phqw udwh zdv qrw uhmhfwhg e| wkh
DGI/ xqhpsor|phqw shuvlvwhqfh lv orzhu wkdq lq wkh fruh Hxurshdq frxqwulhv/ dowkrxjk
zh �qg qr wudfh ri d Skloolsv h�hfw1
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Lq froxpq rqh ri wdeoh 6/ zh uhsruw wkh Zdog vwdwlvwlfv `E2� dqg lwv R0

ydoxh rewdlqhg wkurxjk vlpxodwlrq1 Wkh k|srwkhvlv 4� ' 42/ dvvrfldwhg zlwk

dq xqlwdu| oderu ghpdqg hodvwlflw| Eb ' ��/ lv vwurqjo| uhmhfwhg iru wkh fruh

Hxurshdq frxqwulhv +Jhupdq|/ Iudqfh/ Vsdlq/ Lwdo|, dv zhoo dv iru Mdsdq

ru Vzlw}huodqg1 Dw wkh rssrvlwh/ qhlwkhu wkh XV/ qru wkh �Vfdqglqdyldq�

frxqwulhv +Ilqodqg/ Qruzd|/ Vzhghq, uhmhfw wklv uhvwulfwlrq1

Wdeoh 6 0 Vhtxhqwldo dssurdfk
Frxqwu| ZDOG+5, IDGI

Dxvwudold 81<7- +3135, 031347 +041572319:,
Dxvwuld 6185 +317:, 031337 +03168231<4,
Fdqdgd 6163n +313;, 03136<- +0615923135,
Ghqpdun 71;7- +3137, 031336 +04139231:5,
Ilqodqg 3145 +31:6, 031339 +031:8231::,
Iudqfh 5318:-- +3134, 03133< +041<923164,
Jhupdq| 4;183-- +3134, 031348 +0513923159,
Juhhfh 7166- +3137, �31337 +041;:23168,
Luhodqg 61<3-+3138, 031339n +051:72313:,
Lwdo| :188-- +3134, 031357 +0513823159,
Mdsdq 45134-- +3134, 03193 +0415823197,
Qruzd| 31:8 +3173, 031365 +0415923197,
Vsdlq 4917:-- +3134, 031343 +041:72315:,
Vzhghq 3137 +31;8, 031334 +03134231<8,
Vzlw}huodqg :1<5-- +3134, 031335 +0318:231;9,
Xqlwhg Nlqjgrp 31:: +3173, 03133: +041572319:,
XVD 315< +3193, 031374-- +0616823134,
& odj qxpehuv dqg gxpplhv dv lq wdeoh 4

d vxshuvfulsw . uhihuv wr d vwdwlvwlfv vljql�dqw dw 43( + - dw 8(,/ +-- dw 4(,

Dffruglqj wr wkh vhtxhqwldo vwudwhj|/ zkhq wkh uhvwulfwlrq ri d frpprq

frh!flhqw 4 lv qrw uhmhfwhg/ wkh frqvwudlqhg prgho fdq eh frqvlghuhg dv d

uhohydqw uhsuhvhqwdwlrq ri wkh gdwd/ wkxv doorzlqj wr whvw 4 ' � xvlqj wkh

IDGI |�vwdwlvwlfv1 Uhvxowv uhsruwhg rq odvw froxpq ri wdeoh 6 duh pruh

vxssruwlyh ri wkh qxoo k|srwkhvlv1 Wkh IDGI froxpq uhsruwv vxffhvvlyho|
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wkh srlqw hvwlpdwhv ri 4� �/ wkh dvvrfldwhg w0vwdwlvwlfv dqg wkh s0ydoxh1 Wkh

IDGI frqvlvwhqwo| uhmhfw wkh qxoo k|srwkhvlv djdlqvw wkh dowhuqdwlyh ri d

frpprq dxwruhjuhvvlyh sdudphwhu 4 	 � rqo| iru XV1 Hylghqfhv iru Fdqdgd

lv ohvv fohdu fxw/ dv wkh vxssruw iru d frpprq dowhuqdwlyh lv zhdnhu1 Hylghqfh

iru Luhodqg lv/ wr vrph h{whqw/ vlplodu1 Zh jhw dq lqwhuhvwlqj frqwudvw ehwzhhq

wkh fruh Hxurshdq frxqwulhv zkhuh wkh vhoi fruuhfwlqj frh!flhqw E4� � �� lq

wkh xqhpsor|phqw htxdwlrq lv ghflvlyho| zhdnhu wkdq wkh zdjh fruuhfwlqj

frh!flhqw E42 � �� dqg wkh Vfdqglqdyldq fdvh zkhuh wkh idloxuh ri wkh zdjh

fruuhfwlrq phfkdqlvp uhvxowv lq d qrq vljql�fdqw hvwlpdwh ri wkh frpprq

Ee4� �� frh!flhqw lq wkh frqvwudlqhg prgho1 Frxqwulhv olnh Dxvwudold dqg

Juhhfh dsshduv dv lqwhuphgldwh fdvhv iru wkh frqvwudlqhg prgho1

7 Frqfoxglqj uhpdunv

Wkh xvh ri qhz whvw vwdwlvwlfv46 shuplw wr shuirup ydulrxv whvw ri xqhpsor|0

phqw k|vwhuhvlv/ dv d phfkdqlvp uhvxowlqj iurp wkh odfn ri zdjh dgmxvwphqw1

Zkhq frpelqlqj uhvxowv xqlyduldwh dqg pxowlyduldwh uhsuhvhqwdwlrqv/ zh jhw

d pxfk fohduhu ylhz rq wkh phfkdqlvp ri k|vwhuhvlv1

Xqlyduldwh xqlw urrw whvwv uhmhfw k|vwhuhvlv rqo| iru wkh XV dqg Ghqpdun1

Ixuwkhu whvwv frq�up iru wkh XV wkh dowhuqdwlyh ri xqhpsor|phqw vwdelol}d0

wlrq wkurxjk zdjh dgmxvwphqw/ zkloh wkh| xqghuplqh wkh hylghqfh djdlqvw

k|vwhuhvlv lq Ghqpdun/ gxh wr wkh zhdnqhvv ri wkh �Skloolsv� h�hfw1

Iru wkh fruh Hxurshdq frxqwulhv/ Mdsdq dqg pdujlqdoo| Fdqdgd/ k|vwhuh0

vlv/ dv uhodwhg wr d zdjh uljlglw| phfkdqlvp/ lv uhmhfwhg1 Wkh odfn ri hylghqfh

46H{fhsw DGI/ NSVV dqg Kdqvhq*v +4<<8, FDGI1
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iurp DGI djdlqvw d xqlw urrw pd| eh uhodwhg hlwkhu wr d odfn ri srzhu ri wklv

whvw iru wklv vdpsoh vsdq/ hlwkhu wr wkh rffxuuhqfh ri wrr odujh dqg shuvlvwhqw

vkrfnv ryhu wkh shulrg1

Vfdqglqdyldq frxqwulhv h{klelw dq lqwhuhvwlqj frqwudvw zlwk wklv fruh Hx0

urshdq fdvh = zkloh oderu pdunhw lqvwlwxwlrqv dssduhqwo| lqvxodwh zdjhv iurp

xqhpsor|phqw suhvvxuh/ wkh| duh olnho| wr surylgh dowhuqdwlyh dgmxvwphqw

phfkdqlvpv wkdw suhyhqw wkh xqhpsor|phqw udwh wr iroorz d qrq vwdwlrqdu|

surfhvv147

Ri frxuvh/ rxu uhvxowv vwhp iurp d vpdoo dqg sduvlprqlrxv prgho dqg

kdyh wr eh frqiurqwhg wr wkh rqhv iurp vwuxfwxudo dqg pruh hoderudwhg prg0

hov1 Pruhryhu/ dqrwkhu olqh ri ixuwkhu uhvhdufk vkrxog wdnh lqwr dffrxqw wkh

frqvhtxhqfhv ri srvvleoh lqvwlwxwlrqdo ru vwuxfwxudo euhdnv1 Krzhyhu/ rxu uh0

vxowv looxvwudwh wkh srvvlelolw| dqg wkh lqwhuhvw ri hqulfklqj xqlw urrw whvwv

zlwk dx{loldu| k|srwkhvhv lq rughu wr jdlq erwk pruh vwdwlvwlfdo srzhu dqg

ixuwkhu hfrqrplf xqghuvwdqglqj1

47Vhh Fdopiruv dqg Q|prhq +4<<3, iru d glvfxvvlrq ri zdjh irupdwlrq dqg hpsor|phqw
srolflhv lq wkh Qruglf frxqwulhv1
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Dsshqgl{

Wkh fryduldqfh pdwul{ fdq eh zulwwhq dv l ' �� �/ xvlqj d Fkrohvnl

ghfrpsrvlwlrq/ zkrvh hohphqwv duh jlyhq e|= ��� ' j2# / ��2 ' f / �2� ' j2�

dqg �22 ' j2E� � � 2��*2 1 Wkhq wkh uhvlgxdov iurp wkh uhjuhvvlrq htxdwlrqv

fdq eh zulwwhq dv 0
�| ' j2#e�| dqg 02| ' j2�e�| n j2E�� � 2��*2e2| / zkhuh e�|

dqg e2| duh wzr lqghshqghqw ��_Q +3/4,1 Xvlqj wklv ghfrpsrvlwlrq/ zh kdyh

�

A

[
�|3�0�| ', j2

2#
2

] �

f

�S�
� _��Eo�

�

A 2

[
�2
|3� ', j2

2#
2

] �

f

i�S�
� j2 _o

�

A

[
�|3�02| ', j2

2#�

] �

f

�S�
� _��Eo� n j2

2#E�� � 2��*2
] �

f

�S�
� _�2Eo�

zkhuh �2 lv lqghshqghqw ri �� dqg �S
�� Wkh ROV hvwlpdwhv ri 4�dqg 42 duh

jlyhq e| e4� ' � n
S

�|3�7�|*
S

�2
|3� dqg e42 ' � n

S
�|3�/|*

S
�2
|3� 1

Zh xvh wkh iroorzlqj qrwdwlrqv= fS�
� '

U �

f
�S�

� Eo�_��*
U �

f
i��Eo�j

2 / fS�
2 'U �

f
�S�

� Eo�_�2*
U �

f
i�S�

� Eo�j2 dqg fS�
� '

�U �

f
i�S�

� Eo�j2
�
1 Wkh wzr ROV hvwl0

pdwhv dgplw wkh iroorzlqj dv|pswrwlf glvwulexwlrqv xqghu wkh orfdo dowhuqd0

wlyhv S� 9' f dqg S2 9' f/ dv A $ 4 =

A Ee4� � �� , �S� nfS�
�

A Ee42 � �� , �S2 n �#3�fS�
� n E�� � 2��*2#3�fS2

�

Wkh fryduldqfh pdwul{ ri wkh wzr ROV hvwlpdwhv lv jlyhq e|= T Ee4�ce42� '

el �S
�2
|3�

�
3�
/ zkhuh el ghqrwhv wkh hvwlpdwh ri wkh fryduldqfh pdwul{ ri wkh
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uhvlgxdov1 Wkh frqvlvwhqf| ri e4� dqg e42 lpsolhv el $ l 1 Wkh wzr Zdog

vwdwlvwlfv fdq eh wkxv frqvwuxfwhg xvlqj wkh lqyhuvh ri T Ee4�ce42� / zklfk dgplwv
wkh iroorzlqj dv|pswrwlf glvwulexwlrqv=

�
A 2T Ee4�ce42��3�

, j2
2#

2fS�
� l3�

,
�

�� �2

�
� �#�

�#� #2

�
fS�

�

Wkh wzr Zdog vwdwlvwlfv fdq eh irupxodwhg xvlqj wkh iroorzlqj uhvwulfwlrqv

-4n o ' f / zkhuh - lv 2� 2 pdwul{/ o d 2� � yhfwru dqg 4 ' E4�c 42�
� 1 Wkh

Zdog vwdwlvwlfv duh wkxv jlyhq e|=

` S�S2
E�� ' A E-�e4n o��

�
�
A 2T Ee4�ce42��3�

A E-�e4n o�� � ' �c 2

dqg wkhlu dv|pswrwlf glvwulexwlrqv fdq eh ghgxfhg iurp wkh rqhv ri A Ee4� � ��/

A Ee42 � �� dqg EA 2T Ee4�ce42��3�
1
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Uhihuhqfhv

^4` Dpdeoh/ E1/ Khqu| M1/ Orugrq/ I1 dqg Wrsro/ U1 +4<<8, K|vwhuhvlv uh0

ylvlwhg= d phwkrgrorjlfdo dssurdfk1 Lq Furvv +hg, 4<<81

^5` Dqghuvhq/ W1 dqg V1 K|oohehuj +4<<;,Zdjh dgmxvwphqw dqg hpsor|phqw

shuvlvwhqf|/ Pdfurhfrqrplf G|qdplfv/ 5/ ss1 7:5�7<41

^6` Eldqfkl/ P1 dqg ]rhjd/ J1 +4<<;, Xqhpsor|phqw shuvlvwhqfh = Grhv

wkh vl}h ri wkh vkrfn pdwwhu B Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 46/ ss1

5;60637

^7` Eodqfkdug R1M1 dqg O1 Vxpphuv +4<;9, K|vwhuhvlv dqg wkh Hxurshdq

xqhpsor|phqw sureohp/ lq QEHU Pdfurhfrqrplfv Dqqxdo/ Vw0Ilvfkhu

hglw1/ PLW Suhvv/ ss1 480;8

^8` Eodqfkdug R1M1 dqg O1 Vxpphuv +4<;:, K|vwhuhvlv lq xqhpsor|phqw/

Hxurshdq Hfrqrplf Uhylhz/ 64/ ss1 5;;05<8

^9` Fdopiruv O1 dqg U1 Q|prhq +4<<3, Uhdo zdjh dgmxvwphqw dqg hpsor|0

phqw srolflhv lq wkh Qruglf Frxqwulhv/ Hfrqrplf Srolf|/ 9/ ss1 46094

^:` Frh G1W1/ +4<;;, K|vwhuhvlv h�hfwv lq djjuhjdwh zdjh dvsludwlrqv lq

Furvv +hglwru,

^;` Furvv U1 +4<;;, +hglwru,/ Xqhpsor|phqw k|vwhuhvlv dqg wkh qdwxudo udwh

k|srwkhvlv/ R{irug Edvlo Eodfnzhoo
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^<` Furvv U1+4<<8, +hglwru,/ Wkh qdwxudo udwh ri xqhpsor|phqw = Uh hfwlrqv

rq 58 |hduv ri wkh k|srwkhvlv/ Fdpeulgjh Xqlyhuvlw| Suhvv

^43` Grodgr M1/ Orsh}0Vdolgr dqg M1 Gdylg +4<<9, K|vwhuhvlv dqg hfrqrplf

 xfwxdwlrqv/ FHSU Glvfxvvlrq Sdshu 4667

^44` Grodgr M1 dqg M1 Mlphqr +4<<:, Wkh fdxvhv ri vsdqlvk xqhpsor|phqw =

D vwuxfwxudo YDU dssurdfk/ Hxurshdq Hfrqrplf Uhylhz/ 74/ ss1 45;40

463:

^45` Hoolrww J1 dqg M1 Vwrfn +4<<7, Lqihuhqfh lq wlph vhulhv uhjuhvvlrq zkhq

wkh rughu ri lqwhjudwlrq lv xqnqrzq/ Hfrqrphwulf Wkhru|/ 43/ ss1 9:50

:4;

^46` Iëyh S1/ S1\1 Kìqlq dqg Sk1 Mrolydogw +4<<;, Ihhgedfn fryduldwh xqlw

urrw whvw/ Fhsuhpds ZS q�<;43

^47` Iëyh S1/ S1\1 Kìqlq +4<<;, Dvvhvvlqj h�hfwlyh vxvwdlqdelolw| ri �vfdo

srolf| zlwklq wkh J:/ uhylvhg yhuvlrq/ Fhsuhpds ZS q�<;48

^48` Kdqvhq E1 +4<<8, Uhwklqnlqj wkh xqlyduldwh dssurdfk wr xqlw urrw whvw0

lqj = xvlqj fryduldwhv wr lqfuhdvh Srzhu/ Hfrqrphwulf Wkhru|/ 44/ ss1

447;044:4

^49` Kdujudyhv Khds V1S1 +4<;3, Fkrrvlqj wkh zurqj qdwxudo udwh/ dffhohudw0

lqj lq dwlrq ru ghfhohudwlqj xqhpsor|phqw dqg jurzwk/ wkh Hfrqrplf

Mrxuqdo/ ss1 9440953
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^4:` Mdfrevrq W1/ D1 Yuhglq dqg D1 Zduqh +4<<:, Frpprq wuhqgv dqg

k|vwhuhulv lq Vfdqglqduldq xqhpsor|phqw/ Hxurshdq Hfrqrplf Uhylhz/

74+<,/ ss1 4:;404;49

^4;` Mdhjhu D1 dqg P1 Sdunlqvrq +4<<7, Vrph hylghqfh rq k|vwhuhvlv lq xq0

hpsor|phqw udwhv/ Hxurshdq Hfrqrplf Uhylhz/ 6;+5,/ ss1 65<0675

^4<` Od|dug U1/ V1 Qlfnhoo dqg U1 Mdfnpdq +4<<4, Xqhpsor|phqw/ pdfurhfr0

qrplf shuirupdqfh dqg wkh oderxu pdunhw/ R{irug Xqlyhuvlw| Suhvv

^53` Ohvolh G1/ \1 Sx dqg D1 Zkduwrq +4<<8, K|vwhuhvlv yhuvxv shuvlvwhqfh ri

xqhpsor|phqw = D vfhswlfdo qrwh rq xqlw urrw whvwv/ Oderxu/ <+6,/ ss1

83:0856

^54` Pdqnlz/ GJ1 dqg Vkdslur/ G +4<;8, �Wuhqgv/ udqgrp zdonv dqg whvwv

ri wkh shupdqhqw lqfrph k|srwkhvlv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/

49/ ss1 498�4:71

^55` Pdqqlqj D1 +4<<6, Zdjh edujdlqlqj dqg wkh Skloolsv fxuyh = wkh lghq0

wl�fdwlrq dqg vshfl�fdwlrq ri zdjh htxdwlrqv/ Wkh Hfrqrplf Mrxuqdo/

436/ ss1 <;044;

^56` Plwfkhoo Z1I1+4<<6, Whvwlqj iru xqlw urrw dqg shuvlvwhqfh lq RHFG

xqhpsor|phqw udwhv/ Dssolhg Hfrqrplfv/ 58/ ss1 47;<04834

^57` Skloolsv D1Z1 +4<8;, Wkh uhodwlrq ehwzhhq xqhpsor|phqw dqg wkh udwh

ri fkdqjh ri prqh| zdjh udwhv lq wkh Xqlwhg Nlqjgrp 4<9404<8:/ Hfr0

qrplfd/ 58/ ss1 5;605<6
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^58` Skloolsv/ S1F1E1 +4<;:, �Wrzdug dq xql�hg dv|pswrwlf wkhru| iru dx0

wruhjuhvvlrq�/ Elrphwulnd/ :7/ ss1 868�87:1

^59` Urhg N1 +4<<9, Xqhpsor|phqw k|vwhuhvlv = Pdfur hylghqfh iurp 49

RHFG frxqwulhv/ Hpslulfdo Hfrqrplfv/ 54+7,/ ss1 8;<0933

^5:` Urhg N1 +4<<:, K|vwhuhvlv lq xqhpsor|phqw/ Mrxuqdo ri Hfrqrplf Vxu0

yh|v/ 44+7,/ ss1 6;<074;

^5;` Vdujdq M1G1 +4<97, �Zdjhv dqg sulfhv lq wkh XN�/ lq Hfrqrphwulf

Dqdo|vlv iru Qdwlrqdo Hfrqrplf Sodqqlqj +S1H1 Kduw hw doll/ hglwruv,

PfPloodq

^5<` Vrqj I1P1 dqg \1 Zx +4<<:, K|vwhuhvlv lq xqhpsor|phqw = Hylghqfh

iurp 7; XV vwdwhv/ Hfrqrplf Lqtxlu|/ 68+5,/ ss1 5680576

^63` Vrqj I1P1 dqg \1 Zx/ +4<<;, K|vwhuhvlv lq xqhpsor|phqw = Hylghqfh

iurp RHFG frxqwulhv/ Txduwhuo| Uhylhz ri Hfrqrplfv dqg Ilqdqfh/

6;+5,/ ss1 4;404<5
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