{: SCISPACE

formerly Typeset

@ Open access « Journal Article - DOI:10.1093/BIOMET/ASR017
Testing parametric assumptions of trends of a nonstationary time series
— Source link [

Ting Zhang, Wei Biao Wu

Institutions: University of Chicago

Published on: 01 Sep 2011 - Biometrika (Oxford University Press)

Topics: Parametric statistics, Mean squared error, Series (mathematics) and Central limit theorem

Related papers:

- Fitting time series models to nonstationary processes

» Regularized estimation of large covariance matrices

» On Estimating Regression

« The Jackknife and the Bootstrap for General Stationary Observations

« Banding sample autocovariance matrices of stationary processes

Share this paper: @ ¥ M &

View more about this paper here: https:/typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-
2su2ckegp?


https://typeset.io/
https://www.doi.org/10.1093/BIOMET/ASR017
https://typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-2su2ckegp7
https://typeset.io/authors/ting-zhang-cgsuizm84h
https://typeset.io/authors/wei-biao-wu-rtjlusnx4o
https://typeset.io/institutions/university-of-chicago-3d5e7aat
https://typeset.io/journals/biometrika-2fwg4nlb
https://typeset.io/topics/parametric-statistics-ai38vxse
https://typeset.io/topics/mean-squared-error-2rehifci
https://typeset.io/topics/series-mathematics-3ch761go
https://typeset.io/topics/central-limit-theorem-22ier3pa
https://typeset.io/papers/fitting-time-series-models-to-nonstationary-processes-10lkso9j7v
https://typeset.io/papers/regularized-estimation-of-large-covariance-matrices-131bylrevz
https://typeset.io/papers/on-estimating-regression-li5gx2z9wo
https://typeset.io/papers/the-jackknife-and-the-bootstrap-for-general-stationary-3q9gzdd81i
https://typeset.io/papers/banding-sample-autocovariance-matrices-of-stationary-4yei3vluzq
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-2su2ckegp7
https://twitter.com/intent/tweet?text=Testing%20parametric%20assumptions%20of%20trends%20of%20a%20nonstationary%20time%20series&url=https://typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-2su2ckegp7
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-2su2ckegp7
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-2su2ckegp7
https://typeset.io/papers/testing-parametric-assumptions-of-trends-of-a-nonstationary-2su2ckegp7

Journal: BIOMETRIKA

Article Id: ASRO17

Article Title: Testing parametric assumptions of trends of nonstationary time series
First Author: T. Zhang

Corr. Author: T. Zhang

AUTHOR QUERIES - TO BE ANSWERED BY THE CORRESPONDING AUTHOR

The following queries have arisen during the typesetting of your manuscript. Please answer these queries by
marking the required corrections at the appropriate point in the text. Failure to do so could result in delayed
publication.

Ql Please check that all names have been spelled correctly and appear in the correct order. Please
also check that all initials are present. Please check that the author surnames (family name)
have been correctly identified by a pink background. If this is incorrect, please identify the
full surname of the relevant authors. Occasionally, the distinction between surnames and
forenames can be ambiguous, and this is to ensure that the authors’ full surnames and
forenames are tagged correctly, for accurate indexing online. Please also check all author
affiliations.

Q2 Please review the suggested running head.

Q3 Figures have been placed as close as possible to their first citation. Please check that they
have no missing sections and that the correct figure legend is present.

Q4 Please supply supplementary material.

Q5 Please update reference Wu and Zhou (2010).

Q6 Cheng, B & Tong, H (1998) not cited in text.

Q7 Horowitz, J-L & Spokoing, V.G (2001) not cited in text




Biometrika (2011), pp. 1-17 doi: 10.1093/biomet/asr017
© 2011 Biometrika Trust Advance Access publication 00 Month 2011
Printed in Great Britain

Testing parametric assumptions of trends of nonstationary
time series

By TING [EElSNE ~~p> WEI BIAO Nl

Department of Statistics, The University of Chicago, Chicago, Illinois 60637, U.S.A.
tzhang @galton.uchicago.edu wbwu @ galton.uchicago.edu

SUMMARY

The paper considers testing whether the mean trend of a nonstationary time series is of certain
parametric forms. A central limit theorem for the integrated squared error is derived, and with that
a hypothesis-testing procedure is proposed. The method is illustrated in a simulation study, and is
applied to assess the mean pattern of lifetime-maximum wind speeds of global tropical cyclones
from 1981 to 2006. We also revisit the trend pattern in the central England temperature series.

Some key words: Bias correction; Central limit theorem; Integrated squared error; Local linear estimation; Locally
stationary process; Nonparametric hypothesis testing.

1. INTRODUCTION

The problem of testing whether the mean trend of a time series follows certain para-
metric forms has attracted considerable attention; see Dette (1999), Bissantz et al. (2005),
Percival & Rothrock (2005), Wu & Zhao (2007) and Pawlak & Stadmiiller (1996, 2007), among
others. Parametric models have the advantage of ease of interpretation and prediction, but
may suffer from misspecification, leading to erroneous conclusions. Hypothesis testing in non-
parametric regression under independence has been discussed by Hirdle & Mammen (1993),
Hart (1997), Fanetal. (2001) and Van Keilegom et al. (2008). Other contributions can be
found in Azzalini et al. (1989), Eubank & LaRiccia (1992), Aerts et al. (1999), Eubank (1999),
Horowitz & Spokoiny (2001) and Fan & Jiang (2007). In this paper we adopt the following for-
mulation: suppose we observe

Yi=uli/n)+e G=1,...,n), (1)

where (1), t € [0, 1], is an unknown signal or trend function and (e;);_; is a zero-mean noise
sequence which can be nonstationary. We are interested in testing the hypothesis

Ho:p(t)=f(0,0), 2)

where the function f (-, -) has a known form and 6 € R? is a parameter vector of f being iden-
tically zero, constant, and special cases f =0, f = a constant and f (6, ) =6y + 61t for some
6 = (6, 61) € R? correspond to testing whether a signal exists, is time-varying and nonlinear,
respectively. A natural approach would be to compare a nonparametric estimator of w@(-) and
the fitted parametric trend f (én, t), where é,, might, for example, be the least squares estimator,

which minimizes
n

6,(0) = {Yi — f(0,i/m)}). 3)

i=1
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2 TiING ZHANG AND WEI B1ao Wu

Nonparametric estimation of w can be performed in a number of ways including the
Priestley—Chao (1972), the Nadaraya—Watson, local polynomial, spline and wavelet meth-
ods. Here we shall use the local linear estimator, which has a good boundary performance
(Fan & Gijbels, 1996),

()= Yiw; (1), )

i=l

where w; (1) = K{(i/n —t)/b,}{S2(t) — (¢t —i/n)S1(2)}/{S2(2)So(t) — Slz(t)} are the local lin-
ear weights, b, is the bandwidth, K(-) is a kernel function and S;(7) = Z?:l (t —i/n)/
K{(i/n —1t)/b,}. Totest Hy, we shall develop central limit theory for the integrated squared error
(ISE)

1
155 = / n () — ()Y,
0

Under Hy, ISE can be estimated by A%, where A is the £ distance

1/2

1
Ar = [ /0 (Pn(0) — £ @, 1))t

We reject Hy if A» is too large. The asymptotic normality of ISE has been studied under dif-
ferent settings. See for example Bickel & Rosenblatt (1973), Hall (1984), loannides (1992)
and Alcala et al. (1999), among others. However, in those papers the errors are independent.
Gonzalez-Manteiga & Vilar Fernandez (1995) and Biedermann & Dette (2000) considered the
same problem for linear processes with independent and identically distributed innovations. The
ISE is a quadratic form in the errors e;. As commented in Pawlak & Stadtmiiller (2007), existing
results on quadratic forms for dependent processes are mostly confined to linear processes. It
is unclear whether similar results hold for general nonlinear processes. Here we shall substan-
tially generalize earlier results by allowing nonlinear and nonstationary error processes. Hence
our central limit theory should be widely applicable.

2. PRELIMINARIES

In (1) we allow nonstationary noise processes, on which there is a huge literature. Priestley
(1965, 1988) considered processes with time-varying spectral representations. Dahlhaus (1997)
defined a class of locally stationary processes for which a rigorous asymptotic theory can be
obtained. Mallat et al. (1998) modelled locally stationary processes with pseudo-differential
operators that are time-varying convolutions. Cheng & Tong (1998) applied wavelet represen-
tations. Nason et al. (2000) proposed to use a set of discrete non-decimated wavelets rather than
the Fourier complex exponentials as in Dahlhaus (1997). Giurcanu & Spokoiny (2004) treated
nonstationarity by assuming that correlation functions could be well approximated by those of
stationary processes. Ombao et al. (2005) generalized the framework of Dahlhaus (1997) by
utilizing the smooth localized complex exponentials. Here we shall follow the framework in
Draghicescu et al. (2009) and Zhou & Wu (2009) and assume that the error sequence {e;}!_; is
generated from the model

ei=G(i/n; F), &)

where ¥; = (..., €;_1, €) is a shift process of independent and identically distributed shocks
€, k€ Z,and G : [0, 1] x R* — R is a measurable function such that e; is well defined. The
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framework (5) covers a wide range of nonstationary processes and naturally extends many exist-
ing stationary time series models to their nonstationary counterparts. Following Wu (2005), we
interpret #; and e; as the input and output, and G as the transform that represents the underly-
ing physical mechanism. Let ¢;(t) = G(¢; ;). Then G (¢; -) is the data-generating mechanism
at ¢, possibly time-varying. If G(¢; -) does not depend on ¢, then (5) provides a very general
framework for stationary processes; see Priestley (1988) and Tong (1990). Under a stochastic
continuity condition, cf. Condition 2, equation (5) defines a locally stationary process.

We now introduce dependence measures that will be needed for our asymptotic theory.
Let €/,€; (i, j € Z) be independent and identically distributed and define the coupled pro-
cess Friop=0(..,€_q, e(/), €1, ..., €) and &g [0y (1) = G(¢, Fi j0y). For p > 0, assume that ¢, =
sup;cio.11 120() [l < 0o, where || X||, = E(IX|?)!/7, and define

Sk,p = sup [1Sk(®) — Sk, 103Dl p-
te[0,1]

If G(¢, ) does not depend functionally on €, then i () — ¢k, (0} () = 0. So 8, , measures the
dependence of G (t; F) on the single input €y over ¢ € [0, 1]. Let p’ = min(p, 2) and define

= o o \ /7
Omp=2_ 8jp Ynmp= (25“7) :
j=m j=m

We can interpret ©,, , as the cumulative dependence of €y on {¢; (t)}?‘;m. Throughout the paper
we assume that the short-range dependence condition holds for some p > 2:

o0
®op= 8jp <00 (6)
j=0

If (6) holds with p =2, then the long-run variance function of the stationary process {¢i(#)}«
is bounded:

g(t)=">_cov{Zo(t). & (1)} < oo. (7
keZ
Write § =6k 2 and || - || = | - |[|2. We shall impose the following regularity conditions:

Condition 1. Let u € C3[0, 1];

Condition 2. There exists C > 0 such that ||;(#]) — ¢i(2)]| < C|t; — 12| holds for all ¢{, 5, €
[0, 1];

Condition 3. Let g € C?[0, 1].

The key, Condition (2) indicates that the underlying data-generating mechanism ¢; (t) = G (t; ¥;)
changes smoothly in time, thus suggesting local stationarity. More specifically, a length k sub-
sequence (e j)sz;I;—l can be approximated by the stationary process e;’- =G(i/n, Fj), j=1i,i+
l,...,i+k— 1 inthat|le; — G(i/n, F)|| < Ck/n=0(1) if k =0(n).

3. MAIN RESULTS
3-1. Asymptotic normality

Throughout the paper we assume that in (4) the kernel function K (-) € K, the collection of
symmetric, bounded functions in C '[—1, 1] with f_l | K(v)dv = 1. For example, K can be the
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4 TiING ZHANG AND WEI B1ao Wu

Epanechnikov kernel K (v) =3 max(0, 1 — vz)/4, the Bartlett kernel K (v) =max(0, 1 — |v]),
or the rectangle kernel K (v) =1(|v| < 1)/2, where I(-) is the indicator function. Define

1-2|x|
K*(x):/1 K W)K (v + 2|x|)dv.

Since K € C! [—1, 1], we have K* € IC, which is continuous on R. We present below central limit
theorems for

1
I, =1SE — E(ISE) = /0 {fin (1) — (O — E[{fn () — n(0))*Ddt

when © =0 and u 0, respectively. It turns out that the asymptotic distributions are different
for these two cases.

THEOREM 1. Let u=0. Assume Condition 2, Condition 3, ®9 4 <00, K € K, b, — 0 and
nb, — o0 as n — oo.

(i) Let g = fol gdt, Ty = Z?io 8i8iy k) and I, = |2nb,|. Then

1 00
nby / E{fi,()*}dt — g1K*(0) =Y O{min(T%, b,) + min(1, k/L,)Ti}. (8
0 k=0

(ii) Let K5 = f_ll{K*(v)}zdv and gr = fol g2(1)dt. Ifnbf,/2 — 00, then as n — o0,
nb}21, — N(0, 4g2K3) 9)

in distribution.

Theorem 1(i) deals with the mean integrated squared error E(ISE) = fol E{[1,()}*dt. Since
ST <022 81)% <00, by — 0 and I, — oo, by the Lebesgue dominated convergence
theorem, the right-hand side of (8) goes to zero as n — co. The quantity g; is the integrated
long-run variance. For stationary processes we have g(¢) = g(0) forall #, and g; = g(0), go = g%.
Based on Theorem 1, we present in § 3-2 a simulation-based testing procedure.

THEOREM 2. Assume Conditions 1-3 and ®g4 < 00. Also assume K € K, b, — 0 and
nb2/2—> 00 as n — o0o.

() Ifnb> — 0, then (9) holds.
(i) Let k2 = [ K (v)v2dv. If nb) — oo, then

nl/2 1
—5I, > koN {o, / g(t),u”(t)zdt}
b; 0

in distribution.

For both big and small bandwidths, 7, is asymptotically normal. However, for those two cases,
both the normalization sequences and the asymptotic variances are different.
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3.2. Implementation

We now present a testing procedure based on results in §3-1. Assume at the outset that the
long-run variance function g(-) is known and we want to test the hypothesis of nonexistence of
a signal

Hé:/,LEO. (10)

Section 3-4 concerns testing of the hypothesis (2) with general nonzero parametric forms, and
§3-6 presents an estimator for the long-run variance function g(-). To test (10), by Theorem 1, it

is natural to use ISE = fol n (1)2dt and we reject Hé atlevel o, 0 < < 1, if
1SE > g1 K*(0)(nby) ™" + 21_on b, 2 (4g2K5)12,

where z1_q is the (1 — «)th quantile of a standard normal distribution. However, our simulation
study in § 4-1 shows that convergence in Theorem 1 can be quite slow. To overcome this, we
propose a simulation-based procedure. Let Z; (i € Z) be independent standard normal random
variables, Yf = ef =g(i/ n)Y/27;, and let 5 (+) be the corresponding local linear estimator (4)
with Y; therein replaced by Y. By Theorem 1, we have

1
by | G0t =~ 1K (0) = 0(by)
0

and, for 1ISE® = fol J154 (1)2dt, the central limit theorem holds: as n — oo,
nbl/2(1sE® — E(1sE®)} — N(0, 4g2K3) (11)

in distribution. Hence ISE = fol fun (1)2dt and 1sE® have the same asymptotic normal distribution,
with mean g K *(O)n_lbn_ !"and variance 4g2K§"n_2b; 1 if the bound in the right-hand side of

(8) is of order o(b,i/ 2). The latter observation suggests that, instead of using the central limit
theorem, the cutoff value of 1SE can be obtained by simulating 1SE°.

3-3. Asymptotic power
We consider the power of our test for the local alternative model of the form
Yi =anh(i/n) + e,

where £ is a known nonzero C2 function on [0, 1] and (an)n>11s a positive sequence with a, — 0.
Here a, indicates the magnitude of departure from the null hypothesis. By Proposition 1, the

power goes to 1 if nb,l/za,% — Q.

ProposITION 1. Assume Conditions 2 and 3 and ®¢ 4 < 00. Also assume that K € K, b, — 0,
nbz/ LN oo and nb,l/ 2a,zl — ¢ > 0asn — o0. Let ® be the standard normal distribution function.
Then the power of our testing procedure converges to ®{z, + (4g2K5‘)_1/2c fol h(t)zdt}.

Proof. Let i0(t) =>""_, w;(t)e; and h,(t) = S_7_, w; (t)h(i/n). Then

1 1 1
| a2 — @ 0Pd =24, [ @whudi+a; [l (12)
0 0 0
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6 TiING ZHANG AND WEI B1ao Wu

Since h € C2[0, 1], | fol w;i(t)h,(t)dt| < C/n for some C > 0. By Lemma 1,

1
nbl/a, / A2 (0 h, (t)dt || =nb)/?a,0(n~ %) — 0.
0

So, Proposition 1 follows from Theorem 1 and (12) since fol h, (6)%dt — fol h(t)3dt. O

3-4. Hypothesis testing with general parametric forms

Under the null hypothesis (2), let 6y be the true value and é,, be the minimizer of (3). Then
a natural test statistic would be fol {,(t) — f (én, 1)}2dt. However, it is not convenient to use

this directly since by Theorem 2, fol {n (1) — f (6o, 1)}2dt can have different asymptotic normal
distributions for different bandwidths. It is nontrivial to determine which central limit theorem
to use. To solve this problem, we use the modified version

1
IS = /0 (Fon (D) — pa () et

where (1) = Z?:l f (6o, i/n)w;(t) is the local linear smoothed version of f(6g, t). Since
(5 — p () = Z;’:l wi(t)e;, 1SEy reduces to ISE with w=0. The bias then disap-
pears on replacing w(t) by wp(¢). Such a bias correction scheme was previously used in
Hirdle & Mammen (1993). Note that 1SE, is not directly usable since it depends on the unknown
function u, which under Hp depends on the parameter 6. It can be estimated by

1 1
ISk, = /0 {in(0) — gy (1)t = /0 (A ()t (13)
where ¢y, (1) = S0 £ 6, i /m)wi () and [ (1) = fia(£) — g5 (¢) is the local linear smoother
of the estimated residuals ¢; =Y; — f (én, i/n).

PROPOSITION 2. Assume that f(0,1) = df (0, 1)/06 exists at a neighbourhood of 0y, that

sup  sup |f(0, 1] < o0 (14)
t€[0,1] [0—6p|<c

holds for some ¢ > 0, and that f (0, t) admits the uniform Taylor expansion: as 6 — 6,

SE(J)PI] £ (6, 1) = £(B0, 1) — (6 — 60)" f (6o, )] = O(10 — 60]*). 15)
tel0,

Then under conditions of Theorem 1, lfén —6p=0, (n~1/2), we have
n(1SEy — 1sEy) = O, (1). (16)

Proposition 2 implies that the statistic ISE ;; can approximate I1SEy well, and it is also asymp-
totically normally distributed with same asymptotic mean and variance, given in Theorem 1.

3.5. Bandwidth selection

Choosing a bandwidth such that the test procedure based on 1SE ; has a good performance,
is nontrivial, and in our case it is further complicated by the presence of dependence and
nonstationarity. In the regression setting with independent errors, the problem was considered
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by Hérdle & Marron (1985), Hérdle et al. (1988), Park & Marron (1990), Ruppert et al. (1995),
Wand & Jones (1995) and Xia (1998), among others. Herrmann et al. (1992) and Wu & Zhao
(2007) dealt with models with stationary errors. Hall & Hart (1990), Kulasekera & Wang (1997)
and Gao & Gijbels (2008) considered bandwidth selection in the context of nonparametric
hypothesis testing.

We propose using the asymptotic mean squared error optimal bandwidth b, = cn™!/>, where
¢ > O1is aconstant. Due to dependence and nonstationarity, it is difficult to estimate c¢. On the pos-
itive side, our simulation studies carried out in §4 suggests that the performance of our simulation-
based test is relatively robust to the choice of c¢. Hence in our simulation and data analysis, we
simply choose b, =n~1/3 in computing 1SE - and interestingly, this simple choice performs
quite well.

3-6. Estimation of variance functions

In the implementation of our testing procedure, a key issue is to estimate the pointwise long-
run variance function, g(¢), ¢t € [0, 1]. If the errors e; were independent and identically distributed,
then g(¢) = 062 = |le;||?, the variance of ;. In this case we can apply difference-based variance
estimators and there is a huge literature on the estimation of crez; see Rice (1984), Hall et al.
(1990) and Dette et al. (1998), among others. In our setting, however, due to the dependence,
the difference-based approach is generally invalid. For example, assuming that u € C2[0, 1] and
e; are stationary, as n — 00, Rice’s (1984) estimator (2n — 2)~ ! Z;’:Z(Yi —Yi_)?—> Y0 — Y1,
by the ergodic theorem. Here y; = cov(eg, ex) is the auto-covariance function of (e¢;). Note that
e > kez Vi» Which is generally different from yp — y1.

To account for dependence and nonstationarity, we estimate g(¢) by

S Qildli/n — 1] < by)
S i/n =11 <by)

where Q; =¢; Z| j—il<m, €j- BY Theorem 3, the above estimator is consistent.

&)

(17)

THEOREM 3. Assume Conditions 2 and 3, ©¢ 4 < 00, b, — 0 and m;l + m,(nb,)"! = 0.
Then as n — oo,

(nba/mp)'P[2(1) — E{§(1)}] > N{0,2g°(1)) (18)
in distribution for any t € (0, 1). Also, uniformly over t € [b,,, 1 — by, the bias

my

E{g(n} —gt)=0;) + Y O{min(Ty, m,/n)} + > OTy). (19)

k=0 k>my,

If there exists p € (0, 1) such that Ty = O (p*), letting m,, = |logn/log p~' |, we have by (19)
that E{g(t)} — g(t) = O(bﬁ) + O(m%/n). Hence, by (18), the mean squared error of g(¢) is of
order O (b} + m?*/n?) + O{m,(nb,) "'} = O{(n""logn)*3} if b, < (n~"logn)'/5.

To use (17), we suggest using the automatic bandwidth selector in Ruppert et al. (1995) to
obtain a local linear fit [1,(-) of the mean function and then the estimated residuals ¢; = Y; —
(i /n). Then we replace ¢; in (17) by ¢;.

3.7. A simulation-based testing procedure

We summarize the testing procedure as follows. Its validity is justified by noting that 1S and
ISE° have the same asymptotic distribution, as argued in (11). Section 4 presents a simulation
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8 TiING ZHANG AND WEI B1ao Wu

study of its finite-sample performance.

(i) Selectabandwidth b} by the procedure in Ruppert et al. (1995); perform a local linear fit
for w(-) and obtain the estimated residuals ¢; = Y; — [i,(i /n); compute g(¢), t € [0, 1],

via (17).
(ii) Obtain an estimator 6, for the parameter 6; compute ¢; = Y; — f(6,,i/n) and 1SE AL
(13) with the local linear estimator (4) where b, =n~1/ is used.

(iii)) Generate independent Zy, ..., Z, ~ N(0, 1) and let Yf = §(i/n)1/zZ,~. Then compute
the corresponding ISE;;I in the same manner as (ii).

(iv) Leta € (0, 1) be the significance level. Repeat step (iii) and obtain the estimated quantile
§1_q of ISEX;I, the bootstrap cutoff value.

(v) Reject the null hypothesis at level a if ISE; > G1—q-

4. A SIMULATION STUDY
4-1. Approximations of distributions of test statistics

Consider model (1) with e; = ¢; (i /n), where for any ¢ € [0, 1], {¢; ()} <z follows the recursion

i) =p)i-1(t) + o€ (20)

Here €;,i € Z, are independent random variables with pr(¢; = —1) =pr(¢; = 1) = 1/2. Thus,
(ei)iez is a first-order autoregressive process with time-varying coefficient. Calculations
show that E{¢; (1)} =0, go(t) = var{¢; (1)} = 02 /{1 — p(1)?} and the long-run variance function
g() :oz/{l — ,o(t)}z. We use the Epanechnikov kernel K (v) =3 max(0,1 — vz)/4. Then
K*(0) =3/5and K5 = 167/770. We consider the problem of testing H : 4 = 0. Choose p (1) =
0-1 +0-4¢, 0 = 1 and n = 500, so the bandwidth b, =n~'/5 =0.289. We simulate 50 000 real-

izations of 1SE ;. Three different approximations of 1SE, are considered: the normal approx-

imation in Theorem 1; 1SE% = [} fi5(1)2d1, where [ (1) = Y1_, Yiw; (), Y} = go(i/n)"/*Z;

and Z; are independent standard normal variables; and 1SE® = fol [Lg(t)zdt, introduced in §3.2,
which differs from the second in that the long-run variance function g is used instead of the
marginal variance function gg. In the second scheme, the dependence is ignored. We use Q-Q
plot to compare the distributions. The results are presented in Fig. 1, which shows that the normal
approximation does not have a satisfactory finite-sample performance. A similar phenomenon
was observed by Hirdle & Mammen (1993). If we ignore the inherited dependence structure,
then one may obtain an erroneous conclusion; see Fig. 1(b) of Fig. 1. As shown in Fig. 1(c), the
dependence-adjusted procedure provides a very good approximation of 1SE ;. The same conclu-
sion applies to other parametric forms.

For a theoretical justification of the superiority of the simulation-based method, we use
the Gaussian approximation principle in Wu & Zhou (2010). Consider the linear process X; =
Z?o:o aj(i/n)n;—;, where n; are independent and identically distributed with mean 0 and »; €
LP (p>2), and a;(-) are differentiable functions satisfying Z?io SUP;[0.1] |a;~ ()] < 00 and

Zj";m supefo.17 laj (1) = O(m'/P=1/2) Then on a richer probability space one can construct

e}, ..., e, and independent standard normal random variables Z7, ..., Z such that (e])"_, and
(e;)!_, have the same distribution and, for S} = lezl efand T = le‘:l g(i/n)l/ZZi*,
max |S} — T*| = 0,(n'/? logn). (21)

i<n

Q3
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Fig. 1. Title Q-Q plots of the test statistic ISE; against normal approximation (a), approximation without

dependence, ISE?, (b) and approximation with dependence, 1Se®, (c). The dashed lines in (b) and (c) have
unit slope and zero intercept.

Let (1) =" wi(t)er and vi(t) =", w;(t)g(i/n)!/?>Z}. For the local linear weights
w; (t) in (4), if K is Lipschitz continuous, by (21), we obtain

sup |k (t) — vi()| = 0,{n"/P logn/(nby)) (22)
0<r<1

by a summation by parts technique. By Theorem 1, fol JT (1)3dt = OP{(nbn)_l}. So, by (22),
! 2 2 1 3/2
| 102 = w07 1ar = 0, togntub, ) 23)
0

When p =0, since (ef)?_; and (e;)?_, have the same distribution, fol W (1)%dt is identically
distributed as fol Q. (1)2dt. Note that fol v*(t)%dt corresponds to ISE;} in step (iii) in §3-7 if &
therein is replaced by the true g. For the mean squared error optimal bandwidth b,, < n~!/3 the
error bound in (22) is O, (n™~%/5). Since T can be arbitrarily small if p is large, fol Wy (1)2dt
and fol vy (t)?dt can be very close; recalling Proposition 2 that the difference between 1SEj; and

the realized version ISE; has a larger order O) (n~1). So, we expect that the simulation-based
method can have an excellent performance.

4.2. Effect of bandwidths

We consider model (1) with error structure (20). With true mean function u(¢) = 412 — 41 + 3,
t €10, 1], we consider testing whether the mean function has a quadratic form. To study how
bandwidths affect the performance of our test, we choose p(t) =0-3 — 0-5¢, 0 = 1 and 10 lev-
elsof b: b=0-05j (j =1, ..., 10). For each b, we calculate §o.95 by repeating step (iii) in §3-7
50000 times. Then we generate 50 000 realizations of the time-varying AR(1) process and com-
pute the corresponding ISE ; values for each realization. Simulated empirical rejection propor-
tions with n = 100, 200 and 500, presented in Table 1, are reasonably close to the nominal level. If
we choose b, =n~1/3, then byop = 0-398, bago = 0-347 and bsgo = 0-289, and the corresponding
empirical rejection probabilities are about 5-01, 4-97 and 5-03%, respectively. In addition, they
become more robust to the change in bandwidths as n gets larger. So, in practice, we recommend
using b, =n"1/3.
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Table 1. Empirical rejection percentages with different bandwidths b and sample sizes n.
The significance level is 5%.

b

n 0-05 0-1 0-15 0-2 0-25 0-3 0-35 0-4 0-45 0-5
100 2-8 4.0 4.5 4.7 4.7 5.0 52 5-0 5-1 5-1
200 3.8 4.6 4.6 51 4.6 5-1 5-0 52 51 52
500 4.6 4.7 5.0 4.9 5-1 5-0 5-0 5-1 5-2 5-1

E 200+

1% 1501

= 100+

501

= ‘ ‘ ‘ ‘ ‘

0 500 1000 1500 2000

Tropical cyclone number

Fig. 2. Satellite-derived lifetime-maximum wind speeds of tropical cyclones during 1981-2006.

5. APPLICATIONS

5-1. Tropical cyclone data

According to Emanuel (1991), Holland (1997) and Bengtsson (2007), global warming is lead-
ing to increasing ocean temperatures and consequently to more tropical cyclones. Elsner et al.
(2008) analysed patterns of tropical cyclone winds by fitting linear trends for quantiles of
satellite-derived lifetime-maximum wind speeds of 2098 tropical cyclones over the globe during
1981-2006. The data set is available in the Supplementary material see Elsner et al. (2008) for a
detailed description. Figure 2 shows these data.

We shall model the wind speed data by (1) and test the null hypothesis Hy : u(-) is linear. Zhou
(2010) argued that the error process (e;) is nonstationary. Hence g(¢) is not a constant function.
Using the procedure in Ruppert et al. (1995), we select b =0-081 and estimate the long-run
variance function g(¢) by using (17) with m,, = (nb})) 173 For hypothesis testing, we choose b, =
n~1/3=0.217. The test statistic ISE sy = 1-011 with p-value 0-12 after 50 000 repetitions of step
(iii) in §3.7. So, at the 5% significance level, we accept the linear trend hypothesis. The fitted
trend, with standard error, is @ (f) =75-3(1-1) + 3-8(1-8)¢, t € [0, 1]. For testing the hypothesis
H{ : ju is constant, using the same method we obtain 1SE ;, = 2-091 with p-value 0-04. Thus the
mean constancy hypothesis is rejected at the 5% level. Zhou (2010) applied an £°°-based method,
and failed to reject H;j. Our £?-based testing procedure appears to be more powerful.

5-2. Central england temperature data

We consider the annual central England temperature series from year 1659 to 2009 by using
model (1). The time series is plotted in Fig. 3 and the data are available in the Supplementary
material. It was first constructed by Manley (1974) and is now routinely updated by the Hadley
Center, UK. See Jones & Hulme (1997) for a more detailed description. Jones & Hulme (1997)
and Jones & Bradley (1992a) fitted linear trends, while Benner (1999) and Harvey & Mills
(2003) fitted quadratic curves. Realizing that the quadratic trend assumption might not be appro-
priate, Harvey & Mills (2003) also tried local polynomial regression. Here we shall test the
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11 F T T T T T T =

Temperature (celsius)
o
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Time (years)

Fig. 3. Annual central England temperature series from 1659 to 2009. The dashed curve is the global
cubic fit.

hypothesis Hy : 1 (-) is quadratic. As in the analysis of the tropical cyclone data, we follow the pro-
cedure in §3.7 and obtain the test statistic ISE ;; = 0-0059 with p = 0-00002. Hence, the quadratic
trend assumption is rejected at the 5% level. Interestingly, the cubic trend hypothesis is accepted:
the test statistic 1SE; = 0-000096 and the corresponding p-value is 0-47. The fitted equation
with standard error in parenthesis, is t(f) = 8-63(0-13) 4+ 3-7(1-1)t — 8-9(2-5)t> + 6-8(1-7)1°,
where ¢ € [0, 1]. The cubic trend fit accords well with Benner’s observation that the whole series
has roughly three periods: the earliest part corresponds to the coldest weather which may rep-
resent the little ice age (Jones & Bradley, 1992b), the middle part fluctuates around the mean,
while the last part exhibits a warming trend. This cannot be described by a quadratic fit.

SUPPLEMENTARY MATERIAL

Supplementary Material is available at Biometrika online.
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APPENDIX
Recall that & (1) = G (¢, F1). We assume that E{G (¢, )} =0 for any ¢ € [0, 1]. Define

5u(0) = E{G(D) | Femma).  meN.
Then for all ¢ € [0, 1], {Z(t)} is m-dependent with mean zero. Define the projection operator
Pe=E(C|F) — EC|Fi-1), kel

ForasetT CZ,lete; r =¢€]if i € T, and €; 7 =¢; otherwise. Let #; j r = (ex, 7, k =1, ..., j).In the proof
C denotes constants whose value may vary from place to place.

To prove Theorem 1, we shall apply the technique in Liu & Wu (2010). Lemmas 1, 2 and 3 provide
bounds for m-dependent and martingale approximations for linear and quadratic forms. They can be proved
by using the arguments in Lemma 1, Propositions 1 and 2 in Liu & Wu (2010), respectively. That paper
deals with stationary processes, but there are no essential additional difficulties involved for generalization
to nonstationary processes. Detailed proofs can be found in the online Supplementary Material.
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LEMMA Al. Assume ®g,<oo, p=2. Let aj,az...,eR, A,= (Z?Zl oeiz)l/z, and Cp=
18173/2(17 - 1) 1/2 Then (l) ” Zz:l a;e; ”p < CpAnOO,p» and (”) ” E?:l o (ei - él)”p < CpA11®m+l,p-

LEMMA A2. Assume O 4 < 00. Let o € R,

Ln = E aj_jeiej, Ln= o;j_i€€;j. (Al)
1<i<j<n 1<i<j<n

Let dy s = goomin(dy s, Vpir4) and A, = (31, 052)1/2 Then
Ly — E(Lw)} — {Ly — E(L)}I < C4Op.4dyy 4n' > A

LEMMA A3. Letay, ..., a,—1 € Rand V(o) =max; o, o} + my 1 1|oz,—oz, 12

bk,n = Zpkék+]7 Mn = Z Ct’jfibi,n[)j,w

=0 I<i<j<n
Assume ©g 4 < 00. Then ||I:,, — E(I:n) — 1\;1,1||2 < CmnV, ().

THEOREM Al. Assume Condition 2 and Condition 3, (A3), ®p4 <00, K € K, b, — 0 ana’nbz/2 — 0Q.
Recall (Al) for L, and let «; =n_1b;1/2K*{j/(2nbn)}. Then as n — oo, L, — E(L,) — N(0, g2K3)
in distribution.

Proof. Recall Lemma A2 for A, and Lemma A3 for V,,(«). Since K* € IC, V,,, (@) = O(mn3b,%) and
A, =0m™?). By Lemmas A2 and A3,
lim limsup ||L, — E(L,) — M,|| =0. (A2)

- n-oo
In (7) we replace ¢;(¢) by ;:1- (r) and let g(¢) be the long-run variance function for the latter m-dependent
process. Set g, = fol g(1)dt, by (A2) it suffices to verify that M, — N (O, 82K7) in distribution. This
can be proved by using the argument of Theorem 6 in Liu & Wu (2010), where the case of stationary
processes is dealt with. Here we shall only detail the step, cf. (A3) below, that requires special attention

of nonstationarity since all other steps similarly follow. A complete proof is available as supplementary

material. We shall show that

> EU;DEDE,) — &K, (A3)
j=2m+1

where J j, =S/ a; i D; .. Let Df,, = 7% Piliti(k/n). By Condition (2),

N Dieull* = 1DF, 1171 < (I Diall + 11 D5, DI Dy — D, Il < Cm*n™' = 0(1).

Observe that ||13an I> = g(k/n). Then (A3) follows from

n j—2m
SN DL IPIDE P = Y el g /mEG /) + o)
j=2m+1 i=1 1<i<j<n

n—1 n
= &/m Y a5 g(j/m) +o(l)

i=1 j=1+i

n—1 n
=Y 2%i/n) > of 4+ o()=gK; +o(l),

i=1 j=1+i

since Zj i @ »_» =n"'K}{l +o(1)} and Z;f:lﬂ a?_i{g(j/n) —g@i/n)}=o0m™"). a



Q2

Testing parametric assumptions 13

Proof of Theorem 1. Let [1,(t) = Z;’:l v;(t)Y; be the Priestley-Chao estimator, where v;(¢) =
(nbn)’lK{(i/n —1)/b,}. Note that w;(t)=v;(t) + O{(nb,) ™%} uniformly over (b,,1—b,). Both
fob” E{i,(t)*}dt and fllibn E{{i,(t)*}dt are of order O(n~"). Then

1 1
’ / P ()dt — / o (0)di
0 0

Hence it suffices to prove the same results for the Priestley—Chao estimator i, (¢). For (i), write [ =1,,. If

li — j| </, by Condition (2) and the Cauchy—Schwarz inequality, | E[e;{e; — ¢;(i/n)}]| < lleilllI¢;(j/n) — s
Ci@/m)l=0(/n). Let y (t) = E{¢o(t) ¢k (t)}. Then E(eje;) — yj—i(i/n) = O(l/n). Since P, s € Z, are
orthogonal,

<Cin™' + (nby)72).
1

|Eeie))| = |E (ZPaZP e]> <D IE{(Psen) (Pye )l
SEL s'el SEL
<Y IPeilllPoe |l <8385 =Ti. (A4)
SEL SEL
Similarly, [y;_;(i/n)| <T';_;. Then 350
- Ekzl ( ) (E(eiein) — vili /n)}’ Z O{min(T's, by)}. (AS)

Let y, = fol v (t)dt. Since yi(+) is Lipschitz continuous and K* € C[—1, 1],

ZZK*<2 5 >Vk(z/n) K (O)Zyk

i=1 k=—I k=—1

! k ! l
=y K <2an> G+ 0™ —K*O) Y e=00/m) + > 0k/DTk.  (A6)

k=—I1 k=0

By Lemma A1(i), sup, ||, (1)[|> = O{(nb,)~"}. Note that [ " K (x — t/b)K (y — t/b)dt = bK*(y/2 —
x/2)if0<x <y <b~' Hence ass

1 1+b,
nb, / E{fun(0)?)d1 = nb, / E{fun () + O(by)
0 —

b

1 (i
= > K (2 5 )E(e,e,)+0(b) (AT)

1<i,j<n
Since g1 =),y 7k, by (A5), (A6) and (A7), (8) follows in view of

min(n—i,l)

>3 >y K*(zkb>E<e,e,+k)—0(!)—0<b)

i=1 k=—1 max(1—i,l)

For (ii), by Theorem Al, we have
1+b,
nb)? / (1) — E{fin(t2)1di — N (O, 4g:K3)
—by

in distribution. So, (ii) follows in view of nb,y2 fi)b E{f,(t)*)dt = nb}l/2 0{b,(nb,)"'} = 0and similarly, 360
for the right tail, nb}/? [ E{f1,(1)*}dt — 0. O
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Proof of Theorem 2. Observe that I, =11, + I11,, where

1
11, = / {[fin(t) — E{fta (O} — E([f2n (1) — E{f,(1)}1P))dt,
0

1
111, = /O 2fun(t) — Edfin OVE (fin (D)) — p(D)1de.

By Theorem 1(ii), nb;/ 211, — N(O, 4g,K7) in distribution. Then it suffices to show that

1/2 n
Sl = guiei— N0, 0?) (A8)

i=1

in distribution, where o2 = fol g (t)*dt and

2n'/?
b2

n

1
i = /O Wi (OLE{fn (1)) — i (1)1ds.

Under Condition 1, the bias E{jt, (1)} — u(t) = bﬁxzu”(t)/Z + o(b,%). Since K € IC, by elementary cal-

culations, r,,; :=qn; —n ko (i /n) satisfies >, |rn.i|> = 0(1). By Lemma A1G), || Y1, ruieill =
o(1), and (A8) follows if

> n72u"i/n)e; - N(0. %) (A9)
i=1
in distribution. To prove (A9) we apply the m-dependence approximation method. By Lemma A1(ii),

>/ — &)|| =0.

i=1

lim limsup
m—00 ,_ 5o

Note that & = E(e; | Fi_,.;) are m-dependent. Let 6% = fol g(tyu”(t)’dt. Hence (A9) follows from
Hoeffding & Robbins’ (1948) central limit theorem for Z?zl n= Y2 (i /n)e; for m-dependent random
variables ¢; in view of

n 2
E {;nl/ZMH(l/n)él} = % Z M//(l/n)ll«//(J/n)E(ézéj) — 6’2.

li—jlsm

To see the above relation, we note that E(ee;) —y—;j(i/n)=0(1) if [i — j|<m, and
n S Wi/ n) i/ n) — fol 1 (t)*¥:—; (t)dt, by the continuity of y;_;(-) and 1" (-). O

Proof of Proposition 2. Write

1
1B — ISEy =2 /0 (Bon (1) = 1 (O} (bt (1) — g (O

1
- / {n (0) = g (0)2dt =2A, + B,.
0
So, (16) follows if both A, and B, are of order n~!. To this end, by (15),

() = g () =S wiO{f 0. 1) = [ . 1))

i=1

= — 6" > wi () f(60.1) + 0p(n™") (A10)

i=l
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holds uniformly over 7 € [0, 1] since 6, is n'/>-consistent. Then by (14), we have B, = O, (n""). For A,,
note that i, (1) — pu (1) = Y.}, wj(1)e;. By (A10), since || 1, (1) — pu (1) [In~" = O (n=*?b;1/?) and, for
some constant C > 0, by (14),

S0

’

1
<c/ w; (1) ]di <
0

1 n
‘ /0 wi) S wi () f 6o, 1)
i=1

then we also have A, = O, (n~") in view of Lemma A1(i). O

Proof of Theorem 3. LetZ,(t) ={i : |i/n — t| < b,}. Observe that

S 0illi/n—tI<b)= > eie;jlli — jl <my)+ Ry,

i=1 i,j€ZL,(t)

where by (A4),

Ri= > eelli—jl<my)=0,0m,).
i€, (1), j¢T, (1)

With elementary manipulations, (18) follows by applying the argument of Theorem 1 to (e;);ez, ) With
ai—j =I(li — j| <m,).For (19), write

i+m,

E(Q) —g/m= > ElGG/mig;G/m —gG/mN+ Y Elal/mei/m).

j=i—m, jilj—il>m,

By (A6) and (Condition 2), the first and second terms above are of order Zkgmn O{min(T"y, m,/n)} and
meﬂ O(T'y), respectively. Then (19) follows from Condition 3. Il
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