THE 2/3-CONVERGENCE RATE FOR THE POISSON
BRACKET

LEvV BUHOVSKY

Abstract. In this paper we introduce a new method for approaching the CO-rigidity
results for the Poisson bracket. Using this method, we provide a different proof for the
lower semi-continuity under C° perturbations, for the uniform norm of the Poisson
bracket. We find the precise rate for the modulus of the semi-continuity. This extends
the previous results of Cardin—Viterbo, Zapolsky, Entov and Polterovich. Using our
method, we prove a CC-rigidity result in the spirit of the work of Humiliere. We also
discuss a general question of the C%-rigidity for multilinear differential operators.

1 Introduction and Main Results

1.1 Lower semi-continuity of the uniform norm of the Poisson bracket.
The present note deals with the C?-rigidity phenomenon of the Poisson bracket.
More precisely, for a symplectic manifold (M,w), we have a notion of a Poisson
bracket {-,-}: C®(M) x C*®(M) — C*°(M). For given f,g € C*°(M) and a local
coordinate chart, this bilinear form involves partial derivatives of the functions f, g.
Therefore, we have no control of the change of the values of {f, g} when we perturb
the functions f, ¢ in the uniform norm. However, it turns out that when we restrict
ourselves to compactly supported functions on M, there exists a restriction on the

uniform norm
1{f,9}|| = sup |{f, g} (z)|,
zeM

when we perturb f, g in the uniform norm. The first result in this direction was ob-
tained by F. Cardin and C. Viterbo [CV], who showed that if { f, g} is not identically
zero, then

lim inf F.G 0.
o fmint HE.GH >

This result was improved by M. Entov, L. Polterovich, F. Zapolsky ([EPZ], [Z],
[EP1]). It was shown in [EP1], that in fact, for any symplectic manifold (M, w) and
any compactly supported f, g, we have
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In both statements the functions F, G are compactly supported.
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We introduce a new approach to the C°-rigidity phenomenon. Our main result is
summarized in Theorem 1.1.4. Under the assumption that max{f, g} exists, we pro-
vide an explicit lower estimate for the sup{F, G}, when the functions F,G : M — R
are C%-close to f, g respectively.

The statement of Theorem 1.1.2 coincides with the abovementioned result from
[EP1], while stated under slightly more general conditions. In this case, our approach
enables us to provide a short proof of the statement.

In order to state the next theorem, we introduce the following definition.

DEFINITION 1.1.1. Let (M,w) be a symplectic manifold. We denote by H®(M,w)
the set of all smooth functions H : M — R, such that the Hamiltonian flow generated
by H is complete, that is, the solution exists for any finite time.

Theorem 1.1.2. Let (M,w) be a symplectic manifold. Then, for any f,g€ C*°(M),

lim inf sup{F,G} = sup{f,g}.
F,GeC>= (M), GEHY (M w), [|F—fI.IIG~gl—0 ot J pif.g}

The method of the proof of Theorem 1.1.2 is based on the positivity of the
displacement energy of an open subset in M (see [MS]).

DEFINITION 1.1.3. Let (M,w) be a symplectic manifold. Given a pair of smooth
functions f,g € C*°(M), we define

+ — - .
Trq(e) = ot/ o} F,Gecoo(M),GeHbmlff),uFffuse,ucfgn@ sup{F G}
Yrg(e) = [{£, 9} - [fvaxel(i

Then we have

Theorem 1.1.4. Let (M,w) be a symplectic manifold. Assume that f,g € C*°(M)
are such that {f, g} attains its maximum at some x € M. Assume, in addition, that
x is not a critical point for the functions f,g. Then

. T;g(@ 1/3
lim sup —> 7 <6(—{{{fg} [} fH@) = {{{f. 9}, 9}, 9}(x)) "

e—0

inf
F,GeC>(M),GeHY (M w),||F—fll<e,|G—ygll<e

Let us mention that, in the case of a closed manifold (M,w), the condition that x
is not a critical point for the functions f, g is satisfied automatically, if we assume
that {f, g} is not identically zero.

As will be seen from the proof of Theorem 1.1.4, the expression

_{{{fmg}?f}?f}(x) - {{{f,g},g},g}(ﬂf)

is non-negative, provided that the function { f, g} attains its maximum at the point x.
In the proof of Theorem 1.1.4 we use lower estimates for the symplectic displace-
ment energy. We use the notation e(W) for the symplectic displacement energy of
the set W.
For our purposes the following weak estimate will suffice.

PRrROPOSITION 1.1.5. Assume that we have a symplectic embedding
i:UC(R™ wyg) — (M,w).



GAFA THE 2/3-CONVERGENCE RATE FOR THE POISSON BRACKET 3

Consider a subset V. C U of the form V = @1 X Qg X --- X @Q,, where
Q1,Q2,...,Q, C R? are simply connected planar domains. Then we have
e(i(V)) > 5 min(Area(Q1), Area(Q2), . .., Area(Qn)) -
The Proposition 1.1.5 follows from the inequality (see [MS])
e(4) > jwg(A)
between the displacement energy e(A) of A, and the Gromov width
wg(A) = sup {7Tr2 | B"(r) embeds symplectically in A},

where B?*(r) C R?" is the standard Euclidean ball of radius r.

It is easy to see that replacing the functions f, F' by —f, —F in Theorems 1.1.2
and 1.1.4, we will get the analogous statements concerning the C°-rigidity of the
infimum of the Poisson bracket. Both the rigidity of the supremum and of the

infimum imply the corresponding rigidity result for the uniform norm ||{f, g}| of
the Poisson bracket, since we have

1{f. g} = maX(— iﬁf{f,g},%p{f,g})-

The coefficient 4 in the statement of the Theorem 1.1.4 is not the exact value,
and can be slightly improved using our method. On the other hand, weaker lower
estimates of the form

e(i(V)) = cmin(Area(Q1), Area(Q2), . .., Area(Qy))
for the displacement energy, will affect only this coefficient, which will become larger.
The precise optimal value is still to be found.
It turns out that the estimate on T]T g(a) in the Theorem 1.1.4 is sharp, up

to some constant factor. To obtain a lower bound for ij g(s), we first prove the
following local result.

Theorem 1.1.6. Let (M,w) be a symplectic manifold. Assume that we have
f,g € C°(M). Denote by ® : M — R the function

® = _{{{fag}’f}7f} - {{{fmg}vg}vg}'

Assume that {f,g} attains its maximum at the point x € M, which is moreover a
non-degenerate critical point of { f, g}. Consider a neighborhood U of x, and assume

that

{f:93(y) <{f,9}(2),
for every y € U \ {z}. Then we can find a neighborhood V of x, V. C U, such that
for small € > 0 there exist smooth functions F,G : M — R, satisfying

IF—fll<e, [IG—gl<e,
{F,G}y) < {f,9}(x) — 5&(2)' P, wyeU,
and such that F = f, G=g on M\ V.

As a result of Theorems 1.1.4, 1.1.6, we obtain the following global result on a
closed manifold M.
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Theorem 1.1.7. Let (M,w) be a closed symplectic manifold. Assume that we
have f,g € C°°(M). Denote by ® : M — R the function

¢ = _{{{fag}’f}vf} - {{{fvg}vg}ag}'

Assume that x = x1,x3,...,zN are all the points © € M for which |{f,g}(z)| =
II{f, g}, and assume that all of them are non-degenerate critical points of the func-
tion {f,g}. Denote

C =C(f,9) = min(|@(x1)],|@(x2)], .., [@(an)])/*.

Then

1 o Trgle) o Tig(e)
0O < ) < i <
30 < hggf o S lllglj[l)lp SYER 6C' .

It was shown in [Z], that in the case of dimension 2, if max/{f, g} is attained,
then the statement of Theorem 1.1.2 in the dimension 2 case becomes local in the
sense of section 3 below, and does not require the condition of G € H*(M,w).
However, for dimensions bigger than 2, the situation changes. It turns out that
the assumption G € H?(M,w) in Theorems 1.1.2, 1.1.4 is essential. We show this
in Example 3.0.10 provided in section 3. Moreover, Example 3.0.11 in section 3
shows the non-locality of Theorem 1.1.4 for any symplectic manifold (M,w), with
dim(M) > 2. Examples 3.0.10, 3.0.11 are closely related, and we refer the reader to
section 3 for a detailed explanation of these phenomena.

After establishing the these results, the statement of Theorem 1.1.4 was re-proved
by Entov and Polterovich [EP2], with the use of their own approach.

1.2 Conditions for the continuity of the Poisson bracket in the uniform
norm. Here we provide another application of the method, used to prove Theo-
rems 1.1.2, 1.1.4. It is natural to ask the following:

QUESTION 1.2.1. Suppose we have a symplectic manifold (M,w), functions
fyg,h € C>°(M), and sequences

fi, fo,...,91,92,... € COO(M),
such that f,, — f, gn — ¢, {fn,gn} — h uniformly on M. Is it true that h = {f, g}?
The answer in the general case is negative, as we see from the following example
due to Polterovich.
EXAMPLE 1.2.2. On the plane R? consider the following sequence of functions:

Folg,p) = ng cos(ng),  Gulg,p) = ng sin(ng),

where x € C*°(R) given. Then {F,,G,} = x(p)x'(p), while F,,, G,, — 0 uniformly.

We provide a sufficient condition under which we have an affirmative answer to
this question.

Let us first introduce the notation needed for the formulation of the theorems in
this section.

DEFINITION 1.2.3. Suppose we have a smooth manifold X endowed with a Rie-
mannian metric p and a smooth function h : X — R. Take an integer k > 1.
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For any x € X, v € T, X, with the unit norm ||v||, = 1, take a small p-geodesic
v :[0,e) — X, such that v(0) = z,7¥(0) = v. Then we denote

d
hllzv1 = |=li=0h(y(t))].
[l = | 5loh2(6)
Next, for © € X, denote

[Alle = max [~z
’UGTZX,”’U”p:l

For a given subset Y C X with compact closure Y C X, we denote

[Ally,1 == sup [|A][z1 -
zeY

For a given subset Y C X with compact closure Y C X, we denote
[7lly := sup [h(z)].
zeY

We use the notation dist,(x,y) for the p-distance between a pair of points
x,y € X.

We first prove
Theorem 1.2.4. Let (M,w) be a symplectic manifold, and an open subset U C M
with compact closure U C M. Assume that we are given a Riemmanian metric p

on U, and smooth functions f,g € C*°(M). Then there exists a constant C =
C(U,p, f,g9) > 0, such that for any Fy,G1, Fa, Gy € C*°(M), satisfying

1By = fllos 12 = fllos Gy = gllos G2 — gllo <&,

we have
yiglerHFl,Gl}(y) —{F2,G2}(2)| < Cemax(1,[|G1llu1, |Gallu1) -

As a corollary from Theorem 1.2.4 we obtain

Theorem 1.2.5. Let (M,w) be a symplectic manifold. Assume that we have
functions f,g,h € C*°(M), and sequences

f17f27"'7917927"' € COO(M)7

such that f, — f, g» — ¢, {fn,9n} — h uniformly on M. Then if
max(|| fn — fllvs llgn — gllv)||gnllua — O for any open U C M with compact closure,
then {f,g} = h. The norms can be taken with respect to any Riemmanian metric p
on M, and obviously the condition above does not depend on the metric.

The proof of Theorem 1.2.5 uses Proposition 1.1.5.
As it is easy to see, in Example 1.2.2 we have

max (|| Full, |Gl IGnlls — [IxI.

The result of Theorem 1.2.5 is in the spirit of the work of Humiliére [H]. Actually,
he provides an affirmative answer to Question 1.2.1, if we assume that the sequences
of pairs (fy, gn) of functions belong to some additional structure, namely a pseudo-
representation of a normed Lie algebra.

Using Theorem 1.2.4, one can extend the notion of Poisson bracket for some class
of non-smooth functions.
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DEFINITION 1.2.6. Given a manifold X, we say that the function f : X — R is of
the Hélder class o™, if for some Riemmanian metric p on X and any x € X, we have

@)~ S
dist,, (z,y)—0 (dist,(z,y))® ’

Clearly the definition does not depend on the choice of the metric.

One can show that for given functions f,g: M — R of the Holder class %Jr, one
can define in a canonical way the analog of the Poisson bracket {f, g}, such that for
any x € M, {f,g}(z) is not a real number but a closed, finite or infinite interval
in R.

1.3 Rigidity for general multi-linear differential operators. In this sub-
section we restrict ourselves to compactly supported functions. We ask the following
general

QUESTION 1.3.1. For a given smooth manifold X", for which multi-linear differential
operators on C°°(X), either of order 1 or bigger than 1, do we have some sort of
CO-rigidity?
We concentrate on the following two forms of CV rigidity.
DEFINITION 1.3.2. Assume that we have a multi-linear operator
B:C®(X)"™ — C*(X).
On the space C*°(X)*™ consider the following metric: given

]::(fbf%-",fm)? g:(gbg?v"':gm)GCOO(X)Xma
denote

dc(F,G) = max |fr — gkll -

We say that B satisfies weak C-rigidity if, for given F € C°°(X)*™, such that

|B(F)|| > 0 we have ~
liminf | B(F)|| > 0.
do(F,F)—0

We say that B satisfies strong C*-rigidity if, for given F € C*°(X)*™, we have
lim inf HB(}“)‘ = |B(F)| .
do(F,F)—0
On one hand, in the case of linear differential operators of the first order, the
CY-rigidity holds for any such operator, and moreover, it is local. We find an upper
bound for the error, and it can be easily shown that it is precise, up to a constant
factor. On the other hand, if we consider bilinear differential operators of the first
order, then the necessary condition for CV rigidity is the anti-symmetricity of this
form. These statements are summarized in the following;:
Theorem 1.3.3. Consider a smooth manifold X".
(a) Suppose we are given a differential operator of the first order
A C¥(X) — C*(X),
and a smooth function f : X — R. Assume that A(f) attains its maximum
at a point xz, such that x is a non-degenerate critical point of A\(f). Take an
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arbitrary open neighborhood U C X of x. Then, for any smooth function
F : X — R satisfying |F — f|luv < e, we have

9

1/3 13
up P2 A~ (5] (= 20)@) < - o).
U

(b) Consider a bilinear differential operator of the first order
B(-,-): C%(X) x CF(X) — C%(X),
which is not antisymmetric. Then there exists a function h € C*°(X), and se-

quences fr, g, € C®°(X) with || fn—h||, |lgn —h|| — 0, such that B(h,h) # 0,
B(fn,gn) =0, for every n.

Let us focus on linear differential operators of the first order. First of all, the
error is of the order €2/3, as we had in the case of the Poisson bracket. This appears
to be surprising because of the following observation. Given a symplectic manifold
(M,w), and a function g € C*°(M), one can define the linear operator A(f) := {f, g}.
On the other hand, consider any differential operator of the first order on an even-
dimensional manifold X. Then for any point x € X, where the operator does not
vanish, there exists a neighborhood U of x and a symplectic structure w on U, such
that our differential operator has the form A(f) := {f,g} on U.

As we see, in Theorem 1.1.4(a) we have freedom in perturbing both of the func-
tions f, g, while the application of Theorem 1.3.3 allows us to perturb only one of
the functions; nevertheless, this greater freedom does not decrease the order of the
error. Moreover, as an intermediate result in the proof of Theorem 1.1.4, we obtain

T}" g(&“)

1/3
: AN 1/3
llrgljélp 23 < 144 (m@ax P(G)) ,

where P(0) = —{{{f,g},cos(0)f + sin(A)g},cos(0)f + sin(f)g}(x). Replace the
functions f, g by
cos(0)f + sin(f)g, —sin(0) f + cos(9)g,

for the value of #, which gives us the maximum of P(f). Then the coefficient
(=X3(f))'/3 from Theorem 1.3.3 gives us the exact coefficient for the estimation
of the error in Theorem 1.1.4, up to an absolute constant. Also we see from the
proof of Theorem 1.1.6, that in the example which we provide there, we perturb
only one of the functions.

QUESTION 1.3.4. Is it true, that in the case of general multi-linear differential
operators of the first order which satisfy the strong version of C'-rigidity, we also
have this phenomenon? That is, can the example which gives us the best error up
to an absolute constant be obtained by perturbing only one of the functions?

As we see, the constant 2/3 is not a special symplectic constant. We conjecture,
that in fact the order €2/3 for the error is correct for any multi-linear differential
operator of the first order, which satisfy the strong version of C?-rigidity. It is evident
from the Theorem 1.3.3, that it will be true, provided the answer to Question 1.3.4
is affirmative.

Now we turn to the case of bi-linear differential operators of the first order. It
follows from Theorem 1.3.3 that in order to have some CC-rigidity for a bilinear
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differential operator of the first order on C*°(X), it is necessary for this operator to
be anti-symmetric. Actually, the statements of Theorems 1.1.2, 1.1.4 show that for
a given manifold X, their C-rigidity results hold for all Poisson brackets derived
from some given symplectic structure w on X, i.e. it holds for all non-degenerate
Poisson brackets on X. However, taking an arbitrary Poisson bracket on X, not
necessarily non-degenerate, i.e. a bilinear operator
{-}:0%(X) x CF(X) = C=(X),

which is skew-symmetric, satisfies a Leibnitz rule and the Jacobi identity, the man-
ifold X is stratified into a disjoint union of symplectic submanifolds, so we can
reduce the situation to the non-degenerate case. Therefore, the statements of The-
orems 1.1.2, 1.1.4 hold for any Poisson structure on a smooth manifold X. Ob-
serve that taking a Poisson structure {-,-} on a closed manifold X, and a non-
vanishing smooth function H(z) € C°°(X), we can define a new bilinear operator
B(f,g) = H-{f,g}. Then B will satisfy a weak form of C° rigidity. A priori,
we cannot claim that B should satisfy the strong C°-rigidity, because of the non-
locality, presented in Example 3.0.11. However, if we assume that X admits a
fibration pr : X — B such that for any fiber Y C X, the values of {f,g}|y de-
pend only on the restrictions fl|y,gly, then, taking any positive H : B — R, the
form B(f,g)(z) = H(pr(z)){f, g}(z) will satisfy a strong form of rigidity, as can be
easily seen. For example, one can take a 3-dimensional torus T3 = (R/27Z)® with
coordinates (z,y,2) € T3, together with a fibration T> — T, (z,y,2) — 2, and

consider
B(f,9) = (sin(2)* + 1) (fagy — fy9x) -

It is easy to see that this particular B is not the Poisson bracket. As we see, in this
construction the form B is always degenerate.

QUESTION 1.3.5. (a) Is it true that, for closed manifolds the weak C° rigidity holds
only for multiples of a Poisson bracket by a non-vanishing function?

(b) Is it true that for closed manifolds, in the case of non-degenerate bilinear
forms, the strong C°-rigidity holds only for Poisson brackets?

Finally, the following example shows the existence of multi-linear operators of
order 1, of any number of functions, that satisfy the strong form of the C°-rigidity.
EXAMPLE 1.3.6. Given a natural m > 1, take X = R™, and define m-linear
¢ O®(X)™ — C*°(X) as follows: taking fi, f2,..., fm € C®(X), define F :
R™ — R™ by F(z) = (fi(z), fo(x),..., fm(z)) and take B(f1, fa,..., fm) to be
the Jacobian Jr : R™ — R. The strong CY rigidity for this B follows from simple
volume considerations.

1.4 Higher multiplicities of the critical points of {f,g}. Theorem 1.1.4,
applied to the case when the function {f, g} has a degenerate maximum with mul-
tiplicity bigger than 2 at the point z, gives us only

Ti,(e) =o(e*?),

without saying what is the order of T}F ,(€)- It turns out that, after some modification
of the proof of Theorem 1.1.4, we obtain
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Theorem 1.4.1. Let (M,w) be a symplectic manifold.

Assume that we have f,g € C*°(M), such that {f, g} attains its maximum at
some x € M, and assume that the function {f, g} has multiplicity 2l at the point x.
Assume in addition, that x is not a critical point for the functions f,g. Define a

differential operator
D(k) = {{k, f}, f} + {{k. 9}, 9} -

T}, 1
1 ~ f?g < _ _ [
hr;lj[l)lp iy S 79 <2“D ({f,9})(x)
The analogous statement holds also for the case of the infimum.
REMARK 1.4.2. Assume that M is closed. For every € > 0, define a “function”

He: M — R,

M= 11,9} + 9% =5 (D ({f.a))
=1 ’

Since this series of functions does not have to converge, we consider H, as a “jet” in
the functional space C*°(M), i.e. an asymptotic series, depending on the parameter €.
Then it is easy to see, that Theorem 1.4.1 is equivalent to

{F, G} = Ml

Then > 1/(21+1)

)1/(2z+1)

inf
F,GeC™>(M),GERM (M w), [|F—f||<e, [|G—gll<e
as “jets”. By this we mean that for given L > 1, denoting the function

Lo, /1 l 1/(20+1)
Hie = () +93 e (010D
=1 ’

which is a truncation of the asymptotic series H., we have
I{F, G} = | Hpcll — o(e*/ZHHD) .

)

F,GEC‘X’(M),GGW(J&II}E),HF—fHés,HG—gllée

In this observation, or reformulation of Theorem 1.4.1, we were able to collect
all the cases of high multiplicities, and moreover to get rid of considering all the
critical points one by one, and instead, to obtain a global inequality, which does
not apply to the critical points. However, the asymptotic series H, does not seem
natural, because of the possible non-smoothness of the functions, which enter in its
definition. It would be interesting to find similar, but correct, description of the
result of Theorem 1.4.1. Alternatively, it is possible that such a description requires
different framework and needs to be written in other terms.

2 Proofs of Theorems

Proof of Theorem 1.1.2. Let us first describe the main idea of the proof.

We will use the notation X, X, X, X for the Hamiltonian vector fields gener-
ated by the Hamiltonians f, g, F, G and by CF}, CIDZ, ot <I>tG the corresponding Hamil-
tonian flows.

We have {f,g} = df(X,). Hence, roughly speaking, the value of the Poisson
bracket is the rate of change of values of the function f, computed through the
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Hamiltonian flow <I>§ generated by ¢g. Assuming that, for some region U C M, we
have sup,{F,G} < infy{f,g}, we will derive that for some small region W C U
and for some T > 0, the values of f (CDQT(W)) are essentially bigger than those of
F(®L(W)). If ||F — f|| is small enough, the values of f(®Z(W)) will be still much
greater than those of f(®%L(W)). Hence, as a conclusion, we will get that the images
@g(W), ®L (W) do not intersect, hence the map (I’;Toég displaces the set W. Using
the positivity of the symplectic energy of W, and the upper estimate

1257 0 @&l ror < 2T1|g — G|

on the Hofer norm, in the case when the norm ||g — G| is small enough, we will come
to a contradiction with our assumption that sup,{F,G} < infy{f, g}

Let us turn now to the precise proof. Denote h = {f,g}. Take any z € M and
denote K = h(z). Assume that, for some § > 0, we have {F,G} < K — 6 on M,
while || f — F||,]lg — G|| < e. Here we will fix a specific 0, while ¢ will be taken
arbitrarily small. For some neighborhood U of x, we will have that h(y) > K — g,
for any y € U. Pick some V C U and a positive T' > 0, such that for any y € V, the
flow @, (y) exists for 0 < ¢t < T and, moreover, ®!(y) € U for every 0 <t < T. Take
an arbitrary point y € V' and define a function K(t) = f(@g(y)), t € [0,T7). Then
we have

4]
K,(t) = df(Xg(q)z(y))) = {fag}( y)) > K — 3
for t € [0,T]. Therefore, f(®%(y)) — f(y) = K(T') — K(0) > T(K g)
On the other hand, given any y € M, denote L(t) = F(®(y)), t > 0. Then we
have

L'(t) = dF (Xa(2¢ () = {F.G}H2G(y)) < K -4,
for t > 0. Hence F(®L(y)) — F(y) = L(T) — L(0) < T(K — §). Since |[F — f|| < e
we conclude that f(®L(y)) — f(y) < T(K — 6) + 2.
Choose a small enough open subset W C V such that we have |f(y) — f(2)| <
0T /3, when y,z € W. Then for any y,z € W we have

F@W) > T (K= 5) + ) >T (K - 5) =5 + )

T(K—g)—(ssT—i—f( &(2) —T(K —6) —2¢

oT
= f(@g(z)) + 5 2¢.
Assume that e < §7/12. Then we will get that f(®L(y)) > f(®L(z)) for any
y,z € W. Therefore, ®L(W) N @g(W) = (), hence the map @;T o ®, displaces the
set W. Then, on one hand, the displacement energy e(W) > 0, on the other hand
we have an estimate for the Hofer norm:
1@, " 0 @&l Hor < 2Tg — G|l < 2T=.

Therefore, we conclude that 27 > e(W). Observe that the choice of W, T depends
only on f,g,x,6.

As a conclusion, we get that, given f, g, d, and some point x € M, there exists an
open W C M, and T > 0, such that for any £ < min(67'/12,e(W)/2T') we have that



GAFA THE 2/3-CONVERGENCE RATE FOR THE POISSON BRACKET 11

for any F, G satisfying ||f — F||, |lg — G|| < €, we have sup,{F,G} = {f,g}(z) — 4.
Clearly this implies the statement of Theorem 1.1.2. O

Proof of Theorem 1.1.4. The next definition describes the notation that will be
used in the proof.

DEFINITION 2.0.3. Suppose we have a smooth manifold X endowed with a Rie-
mannian metric p and a smooth function h : X — R. Take an integer k > 1. For any
x € X, v € T, X with the unit norm ||v||, = 1, take a small p-geodesic vy : [0,¢) — X,
such that v(0) = z,4(0) = v. Then we denote

1 d*
hllgok = 77‘ h(v(6))].
bl = |y 5]y PO 0)
Next, for x € X denote
[Pllag == max  |[[h[zk-

UGTqu ”U”p:l
For a given subset Y C X with compact closure Y C X, we denote
12lly,k := sup [|Alz,x -
zeY

For a given subset Y C X with compact closure Y C X, we denote
[7lly == sup [h(z)].
zeY

Given a vector field v on X, we denote by ||v||; = ||v(z)| the norm of the vector
v(z) € T, X, with respect to p. Then for a subset Y C X with compact closure, we
denote [[v]ly = sup,cy [[v]l-

We use the notation dist,(x,y) for the p-distance between a pair of points
z,y € X.

Note that for any Y C X, || - ||y;x is not a norm, but rather a pseudo-norm on
the space of smooth functions.

We will use the notation X, X, X, Xg for the Hamiltonian vector fields gen-
erated by the Hamiltonians f,g, F,G, and Cbt,sz,q)t ,<I>tG for the corresponding
Hamiltonian flows.

The proof of Theorem 1.1.4 is a generalization of the idea from the proof of
Theorem 1.1.2. The proof can be divided into the following parts. First, we consider
functions f, g, F,G : M — R, such that

If = Fll.llg -Gl <e,
max{F, G} < max{f,g} — 9.
We take some neighborhood U of z in M, and a Riemannian metric p on U. We
define some region W C U, depending on parameters a,r, and estimate the value
range of the function f on the images ®} (W), ®(W). We conclude that, under
certain assumptions on ¢,4,¢ and the parameters a,r, the images ® (W), &g (W)

do not intersect. Therefore, under these assumptions, W is displaced by the map
P, " o f;, hence we obtain

2et > 2|lg — G[t = |5 0 DGl Hop > e(W).
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On the other hand, we find lower estimates for the displacement energy e(W) in
terms of «, r. Hence, under the assumptions on ¢, 6, ¢, a, r above, and that

1f=Fl.llg -Gl <e,
max{F,G} < max{f,g} — 0,

we obtain an inequality concerning €,9,t, o, 7.
In the next step we consider f, g, F, G, that satisfy

If = Flllg -Gl <e,

and we assume that we have such 6, ¢, a, r, so that the abovementioned assumption
is satisfied, but the inequality derived from the energy-capacity argument is not.
Then we will have to conclude that

max{F,G} > max{f,g} — 0.

The next step in the proof is to choose optimal ¢, , r to minimize §. The resulting
formula involves estimations of C2, C! norms of {f, g}, f, g on U, with respect to the
metric p. Then we shrink the neighborhood U to the point x, arriving to the upper
estimate for §, involving the norm of the Hessian of {f, g}, and norms of X7, X, at
the point = with respect to the metric p.

Finally, we choose the optimal metric p to obtain the statement of the Theo-
rem 1.1.4.

Let us turn to the proof. First of all, note that x is not a critical point for the
functions f, g, and therefore

df |z, dglz, Xg(x), Xg(x) # 0.
We start by choosing a Darboux neighborhood i : U — (M,w) of z, where
0 €U C (R?™,wyq), and i(0) = x. Fix an arbitrary Riemannian metric p on i(U).
Replacing U by some smaller open subset, we can guarantee that every point in i(U)
can be joint to x by a p-geodesic, which lies in i(U).

Then there exists an open neighborhood V' C U of 0, and a positive T' > 0,
such that for any y € i(V), the flow ®!(y) exists when 0 < ¢t < T, and moreover,
®L(y) € i(U) for every 0 < t < T. Take some 0 < r < dist,(z, M\i(V)) and some
real a > 0, and consider the set

W =Wy = Bu(r) 0 {y € M| £(2) < f(y) < f(a) +a} M,
where B,(r) is a ball of radius r centered at z, with respect to the metric p.
For y € W, denote K(t) = f(®(y)), t € [0,T]. Then

K'(t) = df (Xg(24(y))) = {f, 9} (P4(y)) -

Denoting h = {f, g}, we obtain that
¢ t
F@) = 1) = K0 = KO = [ K(as = [ n(@30)ds.
Let us estimate the value h(®;(y)) from below. First of all, we have
dist,, (ac, @;(y)) < dist,(z, y) + dist, (y, CI)f](y)) .

We have dist,(y, ®;(y)) < s||Xyllu, dist,(z,y) <, fory € W. Hence dist,(z, ®;(y))
<7+ 5[ Xyllu-
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LEMMA 2.0.4. For any z € U we have
h(z) = h(x) — ||h|luz2 distp(m,z)2.
Proof of Lemma 2.0.4. Take a p- geodesic 7 : [0,a] — U, such that

10) =z, 7(a)=2z,
where a = dist,(x, ). Define
¢:10,a] = R

as ¢(s) := h(y(s)). Then, since the point x is a maximum point of h, we have
¢'(0) = 0. Therefore,

h(z) — h(z) = pla) — p(0) = /0 o (s)ds = /0 (a— )¢ (s)ds.
On the other hand, |¢"(s)| < 2||h||v.2, so
Ih(z) - h(x)| < 2lhlvs / (a— 5)ds = [hlly2a? = |[llv2 disty(z, =),
0

what implies the lemma. O
Hence for t € [0,T] we have

F(@ ) — ) = /0 h(®5 () ds

1 ||Allu,2 3
h(z) = [[hlluz(r + sl Xgllu) " ds = h(z)t — 7= (r + | Xgllo)"
> [ 4~ ’ 3%, "+ s l0)
" AL 3
Assume that we have smooth F,G: M — R and positive €,0 > 0, such that
1 f=Fl,llg-Gl<e
and

sup{F,G} < max{f,g} —d =h(z)—9.
M

Take some z € M, and consider the function L(t) = F(®L(z)), ¢ = 0. We have
L/(t) = dF (Xg(®h(2)) = {F, GH®Y(2)) < h(z) -9,
hence we get an estimate
L(t) — L(0) = F(®g(z)) — F(2) < (h(z) — )¢,
which holds for any z € M, ¢t > 0. Since we have | F' — f ||< ¢, we obtain
f(@G(2)) — f(2) < (M(z) — 6)t + 2¢. (2)
In addition, for any y, z € W we have
) - F(2)] <a. 3)
), (3) we derive, that for any y,z € W we have
|

\hHU2 3

HMM2
| Xgllo

From the inequalities (1),

F(®(y) > fly) + h(x)t -

(2
1
3

> f(2) — a+ h(z)t - (r+ 1t Xgllv)’

W =
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1 ||k
> f(04(2)) — (h(z) — )t — 26 — a + h(z)t — 5 Illv.2 (r+ 1| X,]lr)°
3| Xyllu
1 ||hllv2 3
= f(®L(2)) + 6t — = =(r+ | Xgllo)” — 26 — a.
( G ) 3||XgHU( g )
If we assume that 1 HhH f
5t > =12 (r 4 X [l0)° + 26 + o (4)
31X, 1l

holds, then for any y,z € W we have
F(24(y) > f(P6(2))
therefore, the sets @Z(W),@tc(W) do not intersect. Hence the map @;t o ®L,
displaces W. We have the following estimate for the Hofer norm:
105 0 &L 1r0r < 2tllg — G| < 26t
As a conclusion, we have the following;:

LEMMA 2.0.5. Assume now that we have smooth F,G : M — R and positive

€,0 > 0 such that
[ f=Fl.llg-Gl<e

and
sup{F, G} < max{f,g} —d =h(z) — 6.
M

In addition, assume that (4) holds for some
0<t<T, 0<r<dist,(0,0V), 0<a.
Then for the set
W = Wi = Bo(r) N {y € M| f(z) < f(4) < f(a) +a} C M,
we have 2et > e(W).
Consider the case when we have smooth F,G : M — R, positive €, > 0, and

0<t<T,0<r <dist,(0,0V), 0 < a, such that || f — F ||,|| g — G ||< ¢, the
inequalities (4) and 2¢t < e(WW) hold. Then Lemma 2.0.5 will imply that

sup{F,G} > max{f,g} — ¢.
M

Assume that we have shown the existence of a positive constant C' > 0, such
that if r,a > 0 are small enough, and in addition, «/r is small enough, then we
have e(W, o) > Cra. Then we will take a = 2te/C'r, so that 2et < e(WW). Then the
inequality (4) is equivalent to

[Allve (r + ] Xgllw)® | 2e a _ hllug (r + [ Xgllv)® | 2¢ | 2

5 A%l t 8 Xl ot o O
Our choice of t,r will be of the form ¢t = Pe'/3/|X,||y, r = Pe'/3, for some
P > 0. Then we have ;
2
bl U007 2 2 (S (g 1) 2)
Consider first the case, when ||hly2 > 0. In this case, the value of P that
minimizes the expression

o>

1\1

8
“lhllo2P? +2 [ ||1X ==
Il +2 (Xl + 5 ) 5.
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equals
o (2l t é)l/s
8 |[[hlluz '
Then, for this P,

8 hloaP® + 2 (1% + L) L = 7298 (s (1 = 2) )
3 U,2 gllUu C) P - U,2 gllU C .

In the case of ||h||y2 = 0, we fix arbitrary P > 0.

Note, that the choice of P we have made, does not depend on €. We have
P

1
3

t=-——c¢€3,
[ Xgllo
r= P51/3,
2te 2
= — = 767
Cr ClX4llu
« 2 2

= — 3,
r o PC|X,llu
Keeping the chosen value of P fixed, and taking ¢ — 0, we have

«
t,a,r,— — 0.
T

In particular, t < T, r < dist,(0,0V), when ¢ is small enough. Moreover, for small
enough &, the values of «,r, a/r are small, therefore we can apply Lemma 2.0.6 to
our situation.
LEMMA 2.0.6. For any C < 1/||Xy||,, we have

e(Wra) = Cra,

when a,r,a/r — 0.

Proof of Lemma 2.0.6. We have W, , C i(U), the Darboux neighborhood of z.
Take the pullback of W, ., the function f and the metric p to U C (R?" wyq), and
denote the pullbacks by the same notation W, ., f, p. Then in U we have

Wira = Bpo(r) N {y € R™™ | (0) < f(y) < f(0) +a} C R*™.

Denote b(£,7m) := plo(&,n) the bilinear form on R??, which is the restriction of p to
the tangent space To(R?"). Denote [ = df]|o - the differential of f at the point 0.
Then define

Wr,a ={y eR" | b(y,y) <r?*}N{y e R*" |0 <(y) < a} C R™.

Then, for small r, a, we have (1 — 0(1))Wr,a CWya € (14 0(1))Wr,a. Hence it is
enough to establish

e(i(Wra)) 5 1 (1),
ra 1 X7 (O)l,
when 7, a,, /7 are small enough. Moreover, one can find a linear symplectic change
of coordinates in R?", such that we will have | = df|o = a - dx1, for some a € R,
where (21,y1,...,Zn, yn) are coordinates in R?"?, so it is enough to consider this case
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only. Denote by; = b(9/0y1,0/0y1). 1t is easy to see that for every 1 > 7 > 0, there
exists some k > 0, such that the set

{y eR* | b(y,y) <}
contains

[—kr, k1] X [ [—kr, k]2 C R?™,

r r
T, T—— | X
Vb1t Vbll]

for any r > 0. Hence the set ’ana contains

I

r r 2n—2 @ 2n—2
—RTy KT X | —T——, T——| X |—KT, KT Nn|0,—| xR
| ] [ Vb \/511} [ | [ a}
e r r In—2
=0,—| X |-T—,7——=—| X [—KT, kT
[ CJ [ Vb1 Vb11:| | |

for small a/r. We have that

Area <[O, g} X |:—TT,TT:|> = iar,
a Vo' Vb av/biy

which is smaller than

Area ([—rkr, k1] x [—kr, k1)) = 4K%12,
when a/r is small enough. Therefore, by Proposition 1.1.5 we have that the dis-
placement energy

« r r
. 0.= T —Kr, 2n—2
e(z({ ’a} X { T o T Tn] X [—kr, k7] ))
1 o r r T
> Avea ([0, Y] x | 1| ) = .
2 rea([ a} - [ 7-\/bn T\/hl]) a bnar
Hence

1y « T T 2n—2 T
> e _ — > .
e(iWra)) 2 € <[0, a] X [ T\/E,T bn] X [—kr, KT] ) > a\/aar
We have

o 0 0 0
a’biy = a®b (,) :b<a,a> .
H Oy Oy Oy1” Oy

Since df|o = a - dx1, then X;(0) = aaiyl, therefore
0 0 2

2

bin=b(as—,a=— ) =b(Xf(0), X(0)) = || Xf(0

a~011 <a8y1’a8y1> ( f( )7 f( )) H f( )Hpa

i.e. the square of the norm of the vector X(0) with respect to the metric p. There-

fore,

— - -
e(iWra)) = ar = ar,
(W) 2 700" = T, 00T,
and this holds for any fixed 0 < 7 < 1, when we take a,r to be small enough. This
implies the lemma. O

Because of Lemma 2.0.6, we can take arbitrary C' < 1/||X ||, . Then in the case
of ||h|lr2 > 0, we can take

1 2\ 1/3
)= 721/3<Hh‘U72 (HXQHU + C) > 52/3 .
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In the case of ||h|y2 = 0, for any fixed P > 0, we can take
1)1
s=2 (Il + 5 ) 3

Summarizing the above considerations, we see that if ||||;2 > 0, then it follows
that for any Darboux neighborhood i : U — (M,w) of z, and a Riemannian metric
p on i(U) we have

Tt () NENY
I J.9 1/3
h?j:)lp g2/3 <72Y (Hh”U,z (”XgHU + C’) > )

Since this holds for any C' < 1/||Xy||,, we obtain
17,
£2/3
This inequality is correct also in the case of ||h|y2 = 0, since then, fixing some

specific C' < 1/|| X |z, we have

Tt (e) 1\ 1
: f.9
lim sup =5 75— < 2 (IIXgIIU + C) ik

for any given P > 0, and hence

. 1/3
lim sup < 23 (I |o2 (| Xl + 1 X5 11)%) 2.

e—0

Tt (5)
: /-9
111;1s(1)1p 273 =0

in this case.
Fixing the same metric p on U, but shrinking U to the point x, we obtain

LT,
e
The last step in the proof of the Theorem 1.1.4 is to choose the optimal metric p
in the neighborhood of x in order to minimize the expression on the right-hand side
of the inequality (6). From the inequality (6) we see that it is only essential to
choose the metric on the tangent space T, M.
First consider the case when X¢(z), X,(x) € T, M are linearly independent. In
this case, the metric we choose will satisfy

[|cos(0) Xy + sin(H)Xng7x =1, (7)

for all 6. It is easy to see that for any ¢ > 0 we can find a metric p satisfying (7), so
that we will have

1/3
<123 (|Alla2 (| Xglle + 1X5]12)2) . (6)

HthB,Q < meax Hh”x,cos(@)Xf—i-sin(G)XgQ +q. (8>

To do this, take any metric p which satisfies (7), consider some linear complement
of the linear subspace Sp(Xy, Xy) C T, M, and then re-scale p by a sufficiently big
factor in the direction of this complement.

Assume now that we have a metric p that satisfies (7), (8). Suppose that for the
vector vg = cos(y) X ¢ + sin(fy) X, we have

meax ”hH;v,cos(@)Xf—I—sin(G)Xg,Q = ||h||:r,vo,2 .
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Then we have 5
1hllz2 (| Xgllz + 11X fllz)” < 4llhllew.2 + 45

We claim that
12| 2,00,2 = —5 {{h, cos(60) f + sin(6o) g}, cos(6o) f + sin(6o)g} () -

In order to compute ||h|z 4,2, Wwe have to choose a p-geodesic v : [0,e) — M, such
that (0) = z,¥(0) = vy, and then
1 d?

hlowve2 = |=— h(v(t))].
tllzsn = [5 gy 00)

However, since h has at least order 2 at the point x, we can only require from -
that 4(0) = vp, without the assumption of being geodesic. In what follows, we can
take v(t) = @ (z), where ®! is the flow of the Hamiltonian k := cos(6p) f + sin(6p)g.
Then, denoting by X the Hamiltonian vector field of the Hamiltonian &, we have

@ h(@4(2) = dn(Xi( @) = {0k} (@4()).

hence
2
D@ (a)) = L () (@} () = d{n k) (Xu( @} (2)
= {{h, k}, k} (®}(2)) .
Therefore, we have

e = | (5 a5y P00 )| = |53 By @)

- _%{{h, cos(bp) f + sin(0y)g}, cos(fo) f + sin(ﬁo)g}(m) )

since x is the point of local maximum of h. Hence we conclude that, denoting
P(0) = —{{h,cos(0)f + sin(0)g},cos(8) f + sin(#)g}(x), we have
2
a2 (| Xgllz + 1 X ll2)”™ < 2max P(8) + 4s .

So we have
Tt (e 1/3
lim sup M <723 (2 max P(0) + 4()
0 52/3 0

1/3
- 1441/3(m9axp(9) + 2<) .
Since this holds for any ¢ > 0, we obtain
TT (e
lim sup f’g( )

P T 23

It is easy to see that P(0)+ P (0+ %) = —{{h, f}, f}(z) — {{h, g}, g} (z) for every 6,
and since x is a local maximum point of h, we have P(6) > 0 for every 6. This

implies maxg P(0) < —{{h, f}, f}(x) — {{h, g}, g} (x). Therefore,

Tt
lim sup Z;]/Ef) < 1443 (— ({h, £}, FH@) — {{h g}, g} (@) />,

e—0

1/3
< 1441/3<mgaxP(0)> o

It remains to check the case when Xy (x), Xy(x) € T, M are linearly dependent.
Suppose for instance that X, = ¢X ¢, when |g| < 1 (the other case is similar). Take



GAFA THE 2/3-CONVERGENCE RATE FOR THE POISSON BRACKET 19

any metric p, such that || Xy||,, = 1, then take some ¢ > 0, and re-scale p along
some linear complement of Span(Xy), so that we will have

[Allz2 < [[2llex;2 + - 9)
We have
1]l x ;2 = —5{{h. [}, f} (),
therefore
a2 (1 Xglle + 1 X41l2)* < —2{{h, £}, £} () + 45
Hence
N
lisn sup T;g/ff) < 72Y3(=2{{h, £}, f}(z) + 45) "/

= 144" (~{{h, £}, F} (@) +26)""*.
Since this holds for any ¢ > 0, we obtain

. T;g(s) 1/3 1/3
lim sup 72— < 144 (—{{h, f}, f}(2))
e—0 & /3
< 1443 ({{h, [}, f}(@) = {{h. g}, 9} (@)
Since 144'/3 < 6, we obtain the desired result. O

Proof of Theorem 1.1.6. Denote by X, X, the Hamiltonian vector fields generated
by Hamiltonians f,g : M — R. Denote h = {f,g}. Since x is the local maximum

point of h, we have
{1}, £} @), {{h. g}, 9}(2) <0,

If {{h, f}, f}(xz) = {{h, g}, g}(x) = 0, there is nothing to prove. Consider the com-
plementary case. Without loss of generality, we can assume that {{h,g},g}(z) <0,
{{h,g},9}(z) < {{h, f}, f}(x) (in the opposite case, we can apply the Theorem 1.1.6
to the functions —g, f). Because of {{h, g}, g}(x) < 0, we have X,(x) # 0. Hence, for
some small neighborhood W C U of z, there exists a coordinate x1 : W — R, such
that z1(z) = 0, Xy = 0/0x; on V. Denote H = hy,. Then H,, = {{h,g},g} # 0,
therefore one can extend x1 to a coordinate system (z1,y1,%2,Y2, ..., Tn,Yn) on W,
such that

Hy, (z) = Hy,(2) = Hy,(z) = - - = Hy, (2) = Hy,(z) = 0.
Note that this is not necessarily a Darboux coordinate system. Denote A =
—{{h,g},9}(x) = —hg,z (x) > 0. Take some b > 0 , such that the cube

K= {(xl,yl,xg,yQ, ces Ty Yn) | =0 < T, Y1, T2, Y2, e Ty Yn S b}
is inside W. Denote also
K ={y=(21,y1,22,92, ..., T, yn) € K | =b/3 <z < b/3}.

For small ¢ > 0, take a smooth ¢ : R — R, such that ¢(t) = %A1/3€2/3t for
t € [~A"Y3e/3 A=1/3£1/3] that ¢/(t) > 0 when t € [—b/3,b/3], that

/ maXye K\ K’ h(?J) - h(@
>
% (t) > 5
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for t € [-2b/3,2b/3], ¢(t) =0 for t € [—b,—2b/3] U [2b/3,b] , and |¢(t)| < & for any
t € R. Then take some bump function ¢ : R?*~! — R, such that ¢» = 1 on %K and
1 = 0 outside %K, and 0 < ¢ < 1 on R?". Then define F,G : M — Rby F = f
on M\ W, and F = f — o(z1)¥Y(y1,22,Y2, - - -, Tn,Yn) on W, and then take G = ¢
on M. Note that F'= f on W\ K.
First of all, for any y = (x1,y1, 22,92, .., Zn,Yn) € W, we have
|F(y) = F(y)| = |e(z)v(y1, 22,52, - - ny )| < Jopla1)| < e

For y ¢ W we have f(y) — F(y) = 0. Therefore, ||f — F|| < e. As G = g, we have
llg — G|| = 0 < e. On the other hand, for any function k : W — R, we have

{k,g} = dk(X,) = dk <88901> = ky, -
Therefore, for y = (z1,y1,T2,Y2, - -, Tn,Yn) € W
{(F.G}={f — .9t = {f.9} — {¥w. g} = h — " (x1)¥(y1,22,¥2, - ., Tn, Yn) -
We wish to show that {F, G} < {f, g} — 2AY/3%/3 on W. This is equivalent to
(@)Y, w2, Y2, -, Ty yn) = h(y) — h(w) + A3/,
Because of the condition
hayay(2) = —A,
orin () = By () = gy () = -+ = Ry (2) = iy () = 0,
and since x is a non-degenerate critical point of h, we have that the domain
{y €W | h(z) - h(y) < %Al/?’a?/?’}

lies inside the set

K'={y=(z1,y1,-..,Tn,yn) €W, |21 < A_1/351/3} NiK,
when ¢ is small. For y € K",

O (@) V(Y1 T2, Yo, - - Ty ) = SAV3EH3 > h(y) — h(z) + FAY 33,

Fory € K'\ K",

O (1) (Y1, T2, Y2, - -+ Ty Yn) = 0 = h(y) — h(z) + %A1/352/3.
For y € K\ K',
max.c oy h(z) — h(z)

2

> h(y) — h(z) + 1 AY32/3,

when ¢ is small. Since F' = f,G =g on U \ K, and

sup h(y) < h(z),
yeU\K

{F.G}(y) = {f.9}(y) = h(y) = h(z) — 3AV/?°
for y € U\ K, when ¢ is small. Hence we have shown that for V := int(K) C U,
for € small enough, there exist smooth F,G : M — R, such that F' = f,g = G on
M\ 'V, and

‘Pl(ﬁl)w(yl, T2,Y2y---,Tn, yn) 2

we have

IF=fll<e, [G-ygll<e,



GAFA THE 2/3-CONVERGENCE RATE FOR THE POISSON BRACKET 21

{F.G}y) <{f.9}(x) = §(— {{hg}.g}(2) "’ wyeU.
We have
1/3 1/3
L= {{h.g}, 9}(2)) 23 > L (J0(2)) /€25 > Lo (a) /323,
so we obtain the statement of the theorem. O

Proof of Theorem 1.1.7.  Note first that Theorems 1.1.4, 1.1.6 have analogous
statements for the infimum, instead of the supremum, which clearly can be derived
from these theorems.

We have ||{f,g}|| > 0, since otherwise every point in M is a degenerate critical
point of {f,g}. Then for any 1 < k < N we have {f,g}(zr) # 0, therefore in
particular zj is not a critical point for each of the functions f,g. Therefore, we can
apply Theorem 1.1.4, together with the remark at the beginning of the proof, to
obtain the inequality

lim sup Tfé#(g) < 6‘(1)(:Ek)’1/3.
e—0 g2/3
This is true for any 1 < k < N, so we obtain the desired upper bound.

Let us prove the lower bound. For any 1 < k£ < N, take a neighborhood
z € U, C M, such that [{f,g}(y)| < [{f,g}(zk)|, for every y € Uy \ {x}. Then
Theorem 1.1.6 guarantees that there exist neighborhoods x € Vj, C Uy, such that
for any € small enough there exist functions Fy, Gy : M — R satisfying

By —fll<e, [IGk—gll<e,

{Fi G ) < |[{F. 93| = 3l @) 7°2°, vy € Uk,
and such that Fy = f,G = g on M \ Vj.

Define G : M — Ras F = F, G = Gy oneach of U, and FF = f, G=g¢g
on M\ Uszl Uk. Then on the union Uszl U, we clearly will have |{F,G}| <
I{f,g}| — 3C<%3, and for the set M \ Un_, Ux we have max, N, H{F,G}| =
max,\ Ny, {f, g} <I|{f, g}, and does not depend on €. Therefore, for small ¢
we have

.G < (£} - hee
This example of F, G shows that
%052/3 <Tyg(e). O

Proof of Theorem 1.2.4. First of all, consider the case when

1G1lloa = 1Gallug = 0.
In this case, we clearly have dG1 = dG2 = 0 on U, hence

{F1,G1} = {F3,G2} =0
on U, and then the desired inequality

nf, [{F1, G1}(y) — {F2, G2}(2)| < Cemax(L,[|G1lu1, |G2llv1)

is satisfied for any choice of C' > 0.
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We are left with the case of
max (||G1lv,1, [|Galloa) > 0.
Denote by ®? iy <I>tG2 the Hamiltonian flows corresponding to the Hamiltonians G1, Gs.

Take some open subset V' C U, such that the closure V C U. Clearly there exists a
constant ¢; = ¢1(U, V'), such that for any

O0<tLT =

1
max([|G1 v, [|G2llv)
and for any y € V, we have that ®f, (y), @, (y) € U. Take some § > 0, and assume
that we have

inf [{FL G} (0) — {2 Ga} ()] > 0.

Then one of the following holds:
either

(a) ianEU{FQ’ GQ}(Z) - SupyeU{Flv Gl}(y) > 5?

or
(b) infyer{Fi, G1}(y) — sup.cp{Fa, Ga}(2) > .
Assume for instance, that (a) holds. Denote K = sup,cy{F1,G1}. Fix any
y € V, and denote K(t) := F1(®g, (y)), for t € [0,T]. Then for every t € [0,T] we
have K'(t) = {F1, G1}(®}, (y)) < K, hence for every ¢ € [0, T] we have K (t) — K(0)
= Fi(®y, (v) — Fily) = fg K'(s)ds < Kt. Analogously, for any z € V, for any
t € [0,T] we have Fp(®f;, (2)) — Fo(z) = (K + 0)t. Then we have
F(®6,(y) — fy) < Kt +2e, (10)
F(96,(2)) = f(2) = (K + 0)t — 2¢, (11)
for any y,z € V. Consider any point z € V' and for r,« > 0 denote
W =Wya=Bu(r)N{y € M| f(x) < f(y) < flz)+a} CM,
where B, (r) is a ball of radius r centered at x, with respect to the metric p. Then
for small 7, we have W C V. For any y,z € W, , we have

7o) - £2)] <. (12)

From the inequalities (10), (11), (12) we conclude that for any y,z € V' we have
[(®6,(2) = f(2) + (K +8)t—2e> f(y) —a+ (K +06)t — 2

> f(®h,(v) — Kt —2e —a+ (K+6)t — 2e = f(®G, (y)) + 6t — 4e — av.

Therefore, if we assume that
ot > 4e + (13)

we get that f(®f, (2)) > f(®f, (y)) for any y,z € W, therefore @, (W) N @f, (W)

= (), hence the set W is displaced by the map @5? ) (IJtGQ. We have the estimation
\|<I>5j 0 @, || Hop < 2t|G2 — G4 < 2et

of the Hofer norm. On the other hand, as a conclusion from Lemma 2.0.6 (see

Definition 2.0.3 for the notation used in the lemma), there exists a constant ¢y =

ca(p, f,x) > 0, such that for small r, o, a/r we have e(W, o) > cora. Therefore, we
conclude that for ¢ € [0, T], and small r, o, /7 > 0, satisfying (13) we have

cora < e(Wr o) < ||<I>a o @, || op < 2et.
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Hence we conclude that given d,¢,r, o > 0, satisfying (a), (13), and t € [0, 7], and if
r, o, /7 are small enough, then we have cora < 2et. An analogous statement holds
also for the condition (b). Therefore, we have

LEMMA 2.0.7. There exist constants c1,ca > 0 such that for any § > 0, 0 < t <
L and small r, o, & > 0, satistying

inf ‘{Fl,Gl}(y) — {FQ,GQ}(2)| > 5,
y,zeU

1
max([[G1lo,1,[1Gz2 (v

5t >4de + a,
we have cora < 2¢t.
Fix some small r = rg, take
-~ max([|Gil|u,, [Gallun) +17
a= 32%, and then take § = 45%. The value of r = rg is already chosen to be small
and fixed, and since t < ¢1, we have a < 02;1}05, o= % < 62;% e, that are small if

is small.
Therefore, we can apply Lemma 2.0.7, and obtain

inf ‘{Fl,Gl}(y) — {FQ,GQ}(Z)| g 0.
y,z€U

We have
e a 4 4 2
0= " + 7 = emax (I1G1]lv1, |G2llua) + < + > €.
1 1 C270
Therefore, denoting C' = & + -4 we obtain the statement of Theorem 1.2.4. O

C1 €270

Proof of Theorem 1.2.5. Consider any open U C M, with compact closure U C M.
Take any n € N and apply Theorem 1.2.4 to the functions Fy = f,, G1 = gn, F> = f,
Go = g. We will get

it [{fur 00} (0) = {£.9}(2)]

< Cmax(|fn — flv, g - gllur) - max (1, ]lg

Hence for some constant C’ we have

y,i,?EfU an;gn}(y) - {fag}<z)‘

< C'max (|| fo = fllv: gn = gllo)gnllus + C" max ([ fo = fllv. lgn — gllv) -
Because of the assumptions of the theorem, the right-hand side converges to 0, when
n — o0o. On the other hand, the sequence of functions { f,, g, } uniformly converges
to the function h. Therefore, we conclude that

inf [h(y) ~ {£.9}()] = 0.

This holds for any open U C M with compact closure U C M. Then, because
the functions h, {f, g} are continuous, we get that h(z) = {f, ¢g}(z) for any point
reM. O

v llgnlloa) -
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Proof of Theorem 1.3.3. (a) Since X : C*°(X) — C*°(X) is a differential operator
of the first order, there exists a vector field v € T'X such that A\(f) = df(v). There
exists a positive T' = T'(x,U), such that we have a well-defined flow ®!(x) of v, for
t < T, and moreover @t(x) e U, for 0 <t <T. Assume that we are given £ > 0 and
a smooth function F' : M — R, such that ||f — F|| < e. Denote K(t) = f(®!(z)),
L(t) = F(®!(x)). Assume for a moment that we have some § > 0 such that

AF) < Mf)(x) =6 = K'(0) =
on U. Then L'(t) < (K'(0)—4), hence L(t) < L(0)+(K'(0)—9d)t, for t < T. Because
of the assumption | f — F|| < &, we have

K(t) < L(t)+e < L(0) + (K'(0) = 6)t + ¢ <
< K(0) + (K'(0) — &)t + 2¢,

hence
5t < K(0) + K'(0)t — K(t) + 2¢.

We have 1 1
K(t) = K(0) + K'(0)t + 5K”(o)t2 - éK”’(O)t?’ +0(th).

On the other hand, K”(0) = 0, since the function A(f) attains its maximum at the
point x, and we see that

K'(t) = df (v(®'(x))) = A(f) (®'(2)) ,
K"(t) = d(A(f)) (v(®'(2))) = X*(f)(®'(2)) ,
K"(t) = d(\(f)) (v(@"(2))) = A*(f)(2"(2)) .
Therefore, 6t < —gA3(f)(z)t3 + O(t*)
V(@ + 2 +0(),
=ty = (=6/X3(f)(x))'/3 and we get

Il
— >
>

(o)
N
S+ =

for every t < T. We substitute

1 1/3 9\ 1/3 13
s<3(—pem) 2P0 =(5) (-2 2R 00,
Note that tg < T , when € is small. This observation leads to the desired result.

(b) Since B(-,-) is not anti-symmetric, there exists some h € C*°(X) such
that B(h,h) is a non-zero function. Take any smooth nondecreasing function ¢ :
R — R, such that ¢(t) = 2n, Vt € [2n,2n + 1], for every n € Z. Define f,(z) =
Lo(nh(z)), gn(z) = 2o(nh(z) 4+ 1). It is easy to see, that f,, gn — h uniformly, but

Blfo)a) = B  sp(h(o), Lo(ni(a) + 1))
= ¢'(nh(z))¢' (nh(z) +1)B(h,h) =0,
since ¢'(t)¢'(t + 1) = OVt € R. O

Proof of Theorem 1.4.1. Denote h = {f,g}. The proof goes similarly to that of
Theorem 1.1.4. We will use the notation in the Definition 2.0.3, introduced in the
proof of Theorem 1.1.4.
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Instead of inequality (5) we will have

5 Wello (r + | Xgl|)2 ! R
Z2+1 tXllo t ot
_ Nl 7+t Xgo)* ! 26 2

T 2+1 t| X, t  Cr’

Our choice of ¢,r will be of the form ¢t = PsTirl/HXgHU, r= PET}H, for some
P > 0. Then we have
Al (r + ¢ X [lo)* 26 2
20+1 t| Xgllo t Cr
22l+1 1 1 21
= h Priolx Z ) =) erT .
(3l +2 (1l + 5 ) 5 ) o
We fix P, that minimizes the expression
22l+1 ol 1 1
h P 2( | X — | =.
il +2 (10 + 5 ) 3

The corresponding value of P does not depend on €. Then we take € small enough,
such that the assumptions of Lemma 2.0.6 are satisfied, and we obtain

7T 21
4] + 2 l 20+1 1 ST 2
7 \9 7 U X + = sl
1 <2l 1) <|hH ,21 (H gHU C> ) g2l+1

Then, by the same arguments as in Theorem 1.1.4 we arrive at

y Tio(e) _si4d( 1 w1 Pt T
S S \wire an @)

where Py(0) equals

—{ ... {{h,cos(0) f + sin(#)g}, cos(d) f + sin(f)g}, ..., cos(8)f + sin(d)g} (z)

when the Poisson bracket is taken 2/ times. Note that Py; is a non-negative trlgono—
metric polynomial of degree < 21.

LEMMA 2.0.8. There exists a complex trigonometric polynomial Q(0) of degree

< I, such that
Pyu(6) = 1Q(6)]*.

Proof of Lemma 2.0.8. Let us remark, that along the proof we will only use the
fact that Py(6) is non-negative.

Denoting z = cos(6)+isin(), the trigonometric polynomial Py (6) can be written
as a polynomial of z,1/z, and there exists a complex polynomial T' € C[z], such that

Pa(0) = 7).

and T'(0) # 0. Since Py(f) is a real number for any # € R | then for any z € C,
2| = 1, we have that 27'(z) € R, hence

1 1
S T() = —T(2).
o 1(2) = T(2)
Assume that T'(z) = ¢ [ [} (2—au). Since T'(0) # 0, we have that oy, o, . .., o # 0.
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Then for any z € C with |z| = 1, we have

% (2) = jcﬁ(zw) = Z’”clflo (i 0%)
e 1)

Denote ¢ = ﬁ;}ii Then
k=0 %k

and hence m
1
2T (2) — 22T z—— | =
=) 1 ( 0%) ’
k=0
for any z € C with |z| = 1. Since a non-zero polynomial must have a finite number
of roots, we must have an identity

m m 1
mm — M o =/ 27 o
2T (2) = cz H(z ag) =cz H (z ak) ,
k=0 k=0
as polynomials. Hence the list

1 1 1
N
a1 Q9 (6779
is a permutation of
1,2, ...,0y .
Moreover, if some «; satisfies |a;j| = 1, then its multiplicity as a root of the poly-
nomial T'(z), is even. Indeed, write o; = el #; € R, and consider the limit
Py (05 + 1) . Oége_iTT . T(ajem) L T(aje'm)

lim ———= = lim . = —
7—0 Pgl(ej - 7') 7—0 oz;fe“”T 7—0 T(aje_“') 7—0 T(aje_”)

o ellpologe™ —ak) Yy €7 —okagt
= hm ™ — = hm B ——
T—0 chZO(aje - Oék) s 70 71T — QpQ;

c _akaj_,l equals 1 if oy, # «j, and —1 if

We have that each of the terms lim,_,g — T
E——

aj = aj. Therefore, the limit equals 1 if the multiplicity of oy, is even, and —1 if
the multiplicity of oy is odd. On the other hand, the limit lim, g %ﬁg must
be non-negative, because the trigonometric polynomial Py; is non-negative. This
proves, that the multiplicity «; is even.

As a conclusion, we obtain that the list of roots
1,02, ...,0ny
splits into pairs §;,7;, 7 = 1,2,...,s, such that v; = 1/@-, for every 1 < j < s,

where 2s = m. Denote s

q(z) == H(z — Br) .

k=0
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Then for z = cos(0) + isin(f), we have

S

9(2)q(z) = [ (== B [[ (= - Be)

k=0 k=0
— ﬁ(z—ﬂk)ﬁ (i—ﬁk) :E(Z—ﬂk)]ﬁ(i_@f)
( Hﬁk) H Z—ﬁk)H(Z—%)
k=0 k=0

( H 5k> kl_[o z— o) = W;T(z)

. (_ ) I;Iko ﬁkzr—stl(H) )

Denote ¢ := M Then since we have that q(2)q(z), Py(8) > 0 for any 6,
except, may be, a finite number of values, therefore ¢’2"~% is a positive real number,
for any z € C, |z| = 1, possibly except a finite number of values. As a consequence,

we have that r = s, and ¢” is a positive real number. Hence
q(2)q(z) = " Pyu(0)
and if we denote Q(0) := Wq(cos(@) + isin(f)), we obtain

QAP = Q(0)Q(0) = Pu(0). O
LEMMA 2.0.9. o1 [
max Py (0) < 5 /0 Py (0)d6 .

Proof of Lemma 2.0.9. Because of Lemma 2.0.8 there exists a complex trigono-
metric polynomial Q(f) of degree < I, such that Py () = |Q(6)>. Denote by
a_y,a_j4+1,...,a; the Fourier coefficients of Q(#). Then by Holder inequality, for
any ¢ we have

Po(¢) = |Q(¢)* = |a—ie™ + a_ype VP 4 4 aleﬂﬂ?

2 2 2 20+ 1 [*7 2
< (Jas]* + lacipa P + -+ + al )(25—1—1):727r |Q(0)|°dd
0
2041 [77 20+1
-2 / Q)2a6 = 2L [ pyy0yas. 0
T 0 271' 0

Assume that Py(0) = Zil:o c cos(0)2 % sin(9)%. We have
2
/ cos(0)%*sin(0)*dh = 0,
0
when k£ is odd, and
o ko1, k1
/0 (:05(9)214€ Sin(G)de =2B (2 + 5,l -5 + 2> ,

for even k, where B(z,y) is the beta-function. It is easy to see that for any
0 < k < 2I, we have that c¢; equals the sum of terms of the form
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—{...{{h, i}, foa}, ...}, fa}(x), when each of the functions f; is one of f,g, while
the function f occurs 2] — k times, and g occurs k times. Since h has multiplicity
at least 2 at the point x, all these terms are equal. Indeed, for any 1 < m < 2,

denoting
H = {{ e {{h7 fl}?f?}a o '}vfmfl} ’
we have
{{H, fm}’ferl} = {{H7 ferl}a fm} + {H, {fma fm+1}} ’
hence

{... Ak fod b fnads fnds oo S}

{.. {{{H, fm}s i1 }s fns2}s -5 fu}

{-  AH foer} fnds s fud + o ALH Aoy fnsa 3 fna} - far)

{. Lo nd Rl b fmea s fma b fnds Fm2}s - fa}
+{. A A Rl b fnea s s Fna 3 s fng2ds - far )

and

{- AL Ay b b Fnea s {fms Fnaa 3 s fng2ds - () =

since we have applied the Poisson bracket 2] — 1 times, starting with the function A,
and h has multiplicity 2l at x. Therefore, we have that

21 1
cr = ( I ) Hy(z) = mHk(x)7

Hk::_{"'{{haf}af}w"}7f}7g}ag}a"'ag}v

when f appears 2] — k times, and g appears k times. From all these observations we
have

where

2 m+ m_|_l)
Py (0)db = 2 2! Hop () .
/0 2 Z B2m, 2l —2m) (@)

Using the identities, concerning the B and I'-functions, one can check that
B(m+i,1-m+1) l
B(2m,2l — 2m) < m )
Again, because h has multiplicity 2/ at x , we have

i ( "l”b )HQ’"("E) = -D'({f,9})(x).

m=0

Summarizing the above considerations, we get that

CMGLE_ siea( 1\ a1y s
w2 < () () @)

<9 (P (1) >) . -
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3 Non-locality

On first sight it seems that the statement of Theorem 1.1.4 is local, in the sense that
if the Poisson bracket {f, g} attains its maximum at the point € M, then for any
two sequences

fiofos o 91,92, .. € (M),
such that || f, — f|| — 0, ||gn — g|| — 0, there exists a sequence z,, — z, such that

lim inf{ fy, gn }(70) > max{, g}

In fact, we cannot conclude that, since the flow ®f, can be very fast, and during a
small time can exit a neighborhood of z. Actually, the locality does not hold for
any dimension n > 2. For dimension 2 the locality was proved by Zapolsky [Z].

On the other hand, the condition of existence of the flow @, for all time ¢ is
essential, as we will see in the example below.

The examples that reflect both of the remarks above are based on the example
of Polterovich, mentioned in Example 1.2.2.

ExaMpPLE 3.0.10. Consider the manifold

M = {(w,y,z,u) eR'|1<z< 1} C R,
endowed with the standard symplectic form w = dz A dy + dz A du. Let x(t) :=
V2t +2,t € (—1,400). Then x(¢)x’'(t) = 1. Consider the functions

f(x7y7z7y):x7 g(x7y?z7u):y7

fo(z,y,z,u) = o+ X\(;z) cos(nu), gn(z,y,z,u) =y — fﬁzﬁ) sin(nu) ,

and define

for n = 1,2,3,.... Then f, — f, g» — ¢ uniformly on M. However, we have
{f,9} = 1, but {fn,g9,} = 0 for every n, so rigidity does not hold in its weakest
sense.

The reason is that the flows @Zn are not defined for arbitrary time t.

As a corollary of Example 3.0.10, we derive the non-locality of Theorem 1.1.4.
We already see the non-locality in Example 3.0.10, however, g, does not belong to
H®(M,w). One can fix this problem by the following truncation of the functions.

ExXAMPLE 3.0.11. Consider the manifold M and functions

59 fnsgn: M — R,
n=1,2,..., as in the previous Example 3.0.10. Take a smooth function ¢ : R — R,
such that ¢ (z) =1 for |z| < 1/4, ¢(x) = 0 for |z| > 1/3, and x¢'(x) < 0 for all .
Then define ¢ : R* — R by o(z,y,2,u) = ¥(2)¥(y)¥(2)¢(u). Then zp,, yp, < 0.
Denote
F(p) = fp)e),  G)=9@ep),

Fu(p) = fu()e(p), Gn(p) = gn(p)e(p)
forn=1,2,3,...,and p € M. Then F,G, F,,G, are all compactly supported. We
have

{F,G} ={fe,90} = ¢* + oy{z, o} + ox{o,y} =@+ oyp, + o, < p* <1
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at every point, and {F,G} = 1 in the cube K := {|z|, |y|, |2|, |u| < 1/4}. However,
for every p € K, we have the equality F,, = f,, G, = gn, hence {F,,G,} =0in K.
This reflects the non-locality. Note that

supp F, G, F,,,G,, C {\x!, lyl, 2], |u| < %}

Hence non-locality holds for any symplectic manifold of dimension 4, because of the
existence of a Darboux chart on M, and re-scaling of F,G, F,,,G,, in order that
their supports be contained in this chart. Surely this is true in any dimension of M,
since one can provide a similar example for any even dimension bigger than 4.
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