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Abstract. In this paper we consider the estimation problem on independent
and identically distributed observations from a location parameter family gen-
erated by a density which is positive and symmetric on a finite interval, with
a jump and a nonnegative right differential coefficient at the left endpoint.
It is shown that the maximum probability estimator (MPE) is 3/2th order
two-sided asymptotically efficient at a point in the sense that it has the most
concentration probability around the true parameter at the point in the class
of 3/2th order asymptotically median unbiased (AMU) estimators only when
the right differential coefficient vanishes at the left endpoint. The second order
upper bound for the concentration probability of second order AMU estima-
tors is also given. Further, it is shown that the MPE is second order two-sided
asymptotically efficient at a point in the above case only.

Key words and phrases: Higher order two-sided asymptotic efficiency, maxi-
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1. Introduction

In regular cases, it is known that the maximum likelihood estimator (MLE)
is third order asymptotically efficient (e.g. see Pfanzagl and Wefelmeyer (1978),
Ghosh et al. (1980), Akahira and Takeuchi (1981) and Akahira (1986)). However,
in non-regular cases, the MLE is not asymptotically efficient. The maximum
probability estimator (MPE) by Weiss and Wolfowitz (1967) is asymptotically
equivalent to the maximum likelihood estimator in regular cases, but is not so
in non-regular cases. In a truncated normal case, it was shown by Akahira and
Takeuchi (1979, 1981) that the MPE is not asymptotically efficient in some sense.
When considering the MPE, it should be noted that it depends on an interval
(—t, t) determined in advance. In higher order asymptotics of non-regular cases,
higher order asymptotically efficient estimator may not generally exist. In fact, it
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is shown in Akahira (1988a) that the generalized Bayes estimator is not generally
second order asymptotically efficient in non-regular cases. In such cases, it seems
to be meaningful to consider the higher order asymptotic efficiency of an estimator
at a certain point and then the MPE is one of the candidates.

In this paper, for a family of non-regular distributions, it is shown that the
MPE is 3/2th order two-sided asymptotically efficient at a point in the sense that
its asymptotic concentration probability (ACP) around the true parameter attains
the 3/2th order upper bound for the ACP of 3/2th order AMU estimators at the
point only when the nonnegative (nonpositive) right (left) differential coefficient
at the left (right) endpoint vanishes. The second order upper bound for the ACP
of second order AMU estimators is also obtained. Further, it is shown that the
MPE is second order two-sided asymptotically efficient at the point among second
order AMU estimators in the same case.

2. Preliminaries

Let X be an abstract sample space whose generic point is denoted by =, B a o-
field of subsets of X and {Py: 8 € ©} a set of probability measures on B, where 6 is
called a parameter space. We assume that © is an open subset of Euclidean 1-space

R!. We denote by (X, B™) the n-fold direct products of (X, B). Consider n-
fold product measures Pg' of Py. An estimator of 6 is defined to be a sequence
{6} of B{™-measurable functions 6, on X into ©. For simplicity we denote
{6} by 6,.

For an increasing sequence of positive numbers {c,} (c, tending to infinity)
an estimator 6, is called c,-consistent if for any 7 € O there exists a sufficiently
small positive number é such that

lim Om sup Po{calfn— 60| >L} =0 (Akahira (1975)).

Looon—xg.1g_n|<

For any k > 1, a ¢,-consistent estimator 0., is said to be k-th order asymptotically
median unbiased (k-th order AMU for short) if for any n € © there exists a positive
number § such that

lim sup cEHPR{G, <6} -(1/2)]=0,
R0 9160 <6

lim sup cEPR{6, >0} - (1/2)| = 0.

n—00 g9 _p|<8

We denote by Ay a class of the all k-th order AMU estimators of .
A k-th order AMU estimator 87, is called k-th order tV\{o-sided asymptotically
efficient at a point ¢ if for any k-th order AMU estimator 6,

lim Cﬁ_l[Pen{an: —0| <t} - Pén{cnlén -6 <t} >0.

T = OO

This means that the estimator OA;: has the most concentration probability at a
point or the maximal probability in a fixed symmetric interval in the class Ag.
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3. Assumptions and maximum probability estimator

Let ¥ = © = R!, and we suppose that, for each § € ©, Py is absolutely contin-
uous with respect to the Lebesgue measure and constitutes a location parameter
family. Then we denote the density dPy/dx by g(z, 6) and g(z, 6) = f(z —8). Let
X1, Xo,..., Xn, ... beasequence of independently and identically distributed real
random variables with the density f(x — 8). We assume the following conditions:

(A1) flz)>0 for a<z<b,
=0 for z<a, z2>b,

where both a and b are finite.
(A.2) f(z) is twice continuously differentiable in the open interval (a, b) and

lm _f(z)= lim_f(x)=c

r—a+0
. ’ — 1 ’ —
xllgiof (z) = zkﬂof (z) =h,

where c is a positive constant and h is a nonpositive constant.
(A.3) f(z) is symmetric around z = (a + b)/2.

b
(A.4) 0<1I= / (F(2)}?/f(z)dz < oo.

For example, the following densities, f;(x), f2(z), f3(x) and fy(z) satisfy the
conditions (A.1) to (A.4):

a-1 a—1 /
_Jjaz® i (l-z)* 4+ for O0<z<1,
fi(=) { 0 otherwise,

where 2 < @ < o0 and ¢; and ¢} are certain positive constants.

_ | cxexp{(1 —2?)*} for |z <1,
f2(=) {0 otherwise,

where 1 < a < 00 and ¢y is some constant.

fol@) = {63 exp(—z2/2) for |z| <1,

0 otherwise,

where c3 is some constant.

fale) =4 ¢ exp(—z* + 2az?) for |:1:| <1,
0 otherwise,

where 0 < a < 1 and ¢4 is some constant. Then it follows that, for each i =
1, 2, 3, 4, the value of h in the condition (A.2) on the density f;(z) is given by O,
0, —cze™'/? and —dcq(1 — a)e1+2¢, respectively. In the regular case, the amount
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like I'in (A.4) is called the Fisher information on f. However, I in (A.4) represents
only the information on the inner part (a, b) of the support of f, and so it does
not involve that on the endpoints a and b. Hence I in (A.4) is different from the
amount of Fisher information in the regular case. Further, in a non-regular case
it does not necessarily hold that

Eo[{(8/00)log f(X ~ 6)}*X(a)(X — )]
= — BI{(6%/06%)og £ (X — 8)}x(a)(X  0)],
where x 4(z) denotes the indicator of a set A. For example, in the case when the
density is given by f3(z), it is easily seen that the fact does not hold.

From the above conditions (A.1), (A.2) and (A.4) we have for the true param-
eter ,

(3.1) E,[{(0%/062) log f(X — 80) }x(a)(X — 60)] < 0.
Indeed, it follows from the conditions that

Eeo[{(82/802) log f(X - 00)}X(a,b) (X - 6o)]
= Ep,[{ (foo(X — 60)/F(X — 85))
= (fo(X =60)/ (X = 60))*} X(a,5) (X — 6p)]
= Eg, [{ (f”(X - 90)/f(X — b))
= (F'(X = 00)/ f(X = 60))*Ix(ap) (X — 60)]

- / (e - / e (@

=f(b-0)—-fa+0)~1
=2h-1<0,
where fo(z — 6) = (0/96) f(z — 6) and fog(z — 0) = (82/862) f(z — 8).

In the situation, it is known that the order ¢, of consistency is equal to n. It
is easily seen that

H flz;i—6)=0 otherwise,

i=1

where 6 = max;<;<, x; ~ b and § = Mini<i<n ; —a. We put S = n(g +6)/2 and
T=n6-9)/2. Let R = (=t, t) for any fixed t > 0. The maximum probability
estimator (MPE) éltvlp of 6 at the point ¢ is defined as that value of d maximizing

A ¥ adeo
/d TG -9

~(t/n} =1
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(Weiss and Wolfowitz (1967, 1974)). Then, in this case, the MPE 6,5 is shown
to be

S for T <t,
) nf —t for T >t 6p>6—(t/n),
(3.2) nfip = 4 A
nd +1 for T >t 00<80+(t/n),
( 7o for 8+ (t/n) < by < 8— (t/n),

where 6, is the maximum likelihood estimator whose local uniqueness in the in-
terval (@, ) is guaranteed from (3.1).

4. The 3/2th order two-sided asymptotic efficiency of the MPE

In this section, it will be shown that the MPE is 3/2th order two-sided asymp-
totically efficient at the point ¢ only when h = 0. First, the 3/2th order upper
bound for the asymptotic concentration probability (ACP for short) of 6,, (€ A, /2)
around the true parameter 6o, i.e., Pg {n|én — 6o| < t} in the class Ag/, of the all

3/2th order AMU estimators of 6y, up to the order n~'/2, is established in Akahira
(1988a).

THEOREM 4.1. Assume that the conditions (A.1) to (A.4) hold. Then for
any 0, € Az, any 0 € © and any z > 0

PH{nlb, — 0] < 2} < 1—e"27 4 /2T /(mn)ze 2 + o(1//n).

The proof is omitted since the theorem is given as Theorem 4.1 in Akahira
(1988a).

Next we shall obtain the ACP Pj{n|8p — 0| < z} of the MPE 6!, around
6 up to the order n=1/2.

THEOREM 4.2. Assume that the conditions (A.1) to (A.4) hold. Then the
ACP of the MPE 6%;p is given by

(172 + (4he/VanTn) e
+V2I/(mn){z = (¢/2)(z — t)*}e~? + o(1//n)
for z<t,
1— 7+ 4 (2h/v/2rTn) (¢ + 2)e~+)
+ VAT ze=+) 4 of1/ )

\ for z>t

Pg{nloyp — 6] < 2} =
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Further, if h = 0, then the MPFE éfv[p is 3/2th order two-sided asymptotically
efficient at z = t in the class A3y in the sense that the ACP of the MPE épr

attains the bound given by Theorem 4.1 at z =t up to the order n=1/2 in the class
Asz/a.

Remark 4.1. From Theorem 4.2 it is seen that the MPE éﬁdp has the most
ACP at the point t up to the order n=1/2 in the class As /2 only when A = 0.
For example, if the density is given by fi(z) or fa(z) in Section 3, then it holds
that h = 0. If h < 0, then it follows from Theorems 4.1 and 4.2 that the MPE
8%p does not attain the bound at z = ¢, that is, it is not 3/2th order two-sided
asymptotically efficient at the point ¢.

Remark 4.2. It is noted that the order ¢, of consistency is equal to n, but
there exists a term of order n~/2 in the ACP of estimators in the class A; /2-
Hence, in the non-regular case, the order k of asymptotic efficiency is equal to
a fraction 3/2. This is quite different from the fact that the order k takes only
positive integer in regular cases.

PROOF. Without loss of generality, we assume that the true parameter 6, is
equal to 0. From (3.2) it follows that

(4.1) Po{n|fip| < 2} = Pof|S| < 2, T < t}
+ Po{|nb —t| < z, T > t, nflp > n8 — t}
+ Po{|n +t| < z, T > t, nfp < nf + t}
+ Po{nlbo] < z, n8 +t < nby < nf —t}
=p1+p2+ps+ps (say)
(i) p1: Since the asymptotic density of (S, T') is given by

£(S, T) = 2c2e2T + O(1/n) for -T<S<T,T>0,
" I ) otherwise,

it follows that for z <t

z T
/ / 2c2e~2°TdSdT + / / 2c2e 2T dSdT + O(1/n)
0 J-T —z

= —2cze”2 _e72% 1 1 4+ O(1/n),

Y41

and for z > t -
pL= / / 2c%e2TdSdT + O(1/n)
0 J-T
= —2cte® —e72 L 14+ 0(1/n).
(ii) py: Putting u = nf and v = nd, we have the asymptotic density of (u, v)

{cze_c(“_”) +0(1/n) for u>0,v<0,

u, v) =
gn (1, v) otherwise.
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We also put Z; = — (1/4/n) Z 1(X;), where IV (z) = (d/dz)l(z) with I(z) =

log f _(a:) for a <z <b. Then the asymptotic conditional cumulants of Z; given 0
and 0 on the set {8, 8 | u — v > 2t}, up to the third, are given by

Eo(Z1 196, 8) = — h(nf +nb)/vn+ Oy (1/ny/n),
k30(Z1 18, 8) = Op(1/n),

hence the Edgeworth expansion of the conditional distribution of Z; given § and
# on the set is obtained by

(42) Po{Z1 <216, =@ (2/VT) + {h(u+ v)/\/I_n} 6 (2/VI) +o(1/vh),

where ®(z) = [Z_, ¢(t)dt with ¢(t) = (1/v2r) e~t'/2. From (4.2) it follows that
the conditional probability of the event {néo > u —t} given § and § on the set
{8, 8 | u—v > 2t} is given by

Pofnfo > u—t|9, 0} =P {Z > I(u—1t)/Vn|8, 86}
=1- 8 (vT/n(u-1))
~ {h(u+0)VIn} ¢ (VIfnlu - 1)) +o(1/v/n)

=(1/2) — v/ I/2xn(u —t)
— h(u+v)/V2rIn + o(1//n).

Hence we have for z <t

pa=Po{lu—t| <z, (u—v)/2>t, nby > u—t}

_ /tt+z /_u—” 2p—c(u—v) {(1/2) —V1)2rn(u—t) — h(u + v)/m} dvdu
+o (1/\/5)
= coem 2 4 (th/\/QwIn) 2t 4 o(1/v/n),

and also for z > ¢

2t pu—2t t+z 0
P2 = </ / +/ / )c2e‘c(““”)

{(/2) - VI/2mn(u — 1) - hu + v)/V2rIn} dvdu + o(1/ )
= cte™ % 4 2hte > /\/2xIn
+{(1/2) + VIT2mn(t - (1))} (72 — e7eli4))
+ { T/27n + (h/m) } {(t+ 2)e=t+2) _2pe=2tY 4 o(1/ /).
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(iii) p3: From the condition (A.3) and (3.2) it follows that

ps = Po{ln8 + | < 2, T > t, nfp < nf +t}
=Py{lnf —t| <2, T >t,ny >nf —t} = ps,
whose value is obtained in case (ii).
(iv) ps: In this case we have
(4.3) Pa :Po{—zgnéogz,v+t<né0<u—t}
= Py{max(—z, v +t) < ny < min(z, u — t)}

// Po{max(—z, v +t) < \/nZ,/I < min(z, u — t) | 6, 9}

v<u—2t
<0<y

-c2e_c(“_”)d’ud’v + 0(1/71)
= // Po{(I/\/n)ymax(~z, v +t) < Z

v<u—2t
<0<

i

< (1)) min(z, u 1) | 6, B)
e~ (v =) dudy + O(1/n)

- // |/} {min(z, v~ t) - max(~z, v+ H})

v<u—2t
v 0<u

-c2e =V dudy + O(1/n).

Then we obtain for z < ¢

/ {min(z, u — t)}c?e "V dudy

vlu—2t
<0< u
= / / (u—t)c?e” elv=) gy duy
(/ / / / ) 2e~c(v =) duyduy
z+4+ 2t
= [z — {e(z — t)?/2}]e~ %<,
and for z > ¢

// {min(z, u — t)}c?e~ V) dudy

v<u—2t
v<0<u

2t pu-2t z+t p0
= (/ / +/ / )(u—t)ch"C(“‘”)dvdu
) — 00 2t —Q
o0 0
+/ / zc2e U =v) gy dy
z4+t J —o0

= te—2¢t _ (l/c)(e—c(z+t) _ e—2ct)_
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We also have for z < ¢
{max(—z, v + t)}?e™ ") dudy

v<<u—2t
<0<y

= / / (v + t)c2e ¥ dudy
—t—2z Ju+2t
-z~ 2t
</ / / / ) c2e~ =) dydy
+2t

(0/2) t— 2)2 —2ct _ —20t

fl

and for z >t
{max(—z, v+ t)}Pe "V dudv

v<u—2t
v<0<u

—2t
= (/ / / / ) (v + t)cte =V dudv
2t Ju+2t
—t—=z
+/ / (—2)cte™ () dudy
—o0 0

= —{t+ (1/c)}e=2t + (1/c)e~c(t+2),
From (4.3) it follows that

V2I/(mn){z — (¢/2)(z — t)*}e2¢ for 2<t,
V2I [(mn){te=2et — (1/c)(e~c(x+t) — e=2¢t)} for z>t.

From (4.1) and cases (i} to (iv) we have
(44)  F{nlfip| < 2}
(1 e 202 4 (4hz/\/ 27r1n) e~ 2t

+ TRz — (c/2)(z — H)2}e~2t + o(1//R)

for 2z<t,
1— e c(t+2) 4 (2h/\/27r1n) (t + 2)ec(t+2)
21 /(mn)ze~<t+2) 4 o(1//n)

\ for z>t.
If h=0and 2z = ¢, then
Po{n|8ip| <t} =1—e 2 4 \/2I/(zn)te 2% + o(1/+/n),

hence it follows that the ACP of the MPE éf\,lp coincides with the bound given by
Theorem 4.1 at point ¢; that is, the MPE is 3/2th order two-sided asymptotically
efficient at z =t in class Az/;. Thus we complete the proof.

P4 =

=4
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5. The second order two-sided asymptotic efficiency of the MPE

In the previous section the ACP of the MPE is obtained up to the order n=/2,
and it is shown that the MPE attains the upper bound for the ACP of 8, (€ A, /2)
at point ¢t only when h = 0. In this section, we shall consider the above up to the
second order, i.e. order n~!. First, in a similar way as in Akahira (1988a) we shall
obtain the second order upper bound for the ACP of 6, (€ Az) around the true
parameter o, i.e. Pg {n|8,, — 66| < 2} up to order n~! in class A,. In order to do
80, it is enough to get an upper bound for

(5-1) (;;—tn—l{én < 90} - p;:)“n—l{én < 90}

in class A, up to order n™!, since 8, is a second order AMU estimator. In a way

similar to the fundamental lemma of Neyman and Pearson, it is shown in Akahira
and Takeuchi ((1981), p. 76) that the 8} maximizing (5.1) is given by

13

1 for I_If(at:2 ~Gp+tn" ) > Hf(mi—Oo——tn"l),
(5:2) ¢n(En) = o o
0 for Hf(wi—Gothn"l)<Hf(wi—90—tn_1),
=1

1=1

where Z,, = (23, ..., ). Using (5.2) we have the following result.

THEOREM 5.1. Assume that the conditions (A.1) to (A.4) hold. Then for
any Op, € Az, any 8 € © and any z > 0

Py {nlf — 6] < 2}
< 1-e 2% 4 /2] /(wn)ze™2%% + (2/n)(c? — h)22e™2%% + o(1/n).

Remark 5.1. From Theorem 5.1 it is seen that the second order upper bound
is affected by the endpoint a or b of the support (a, b) of the density f(z) through
& —h=f*a+0)+ f'(a+0)= f2(b—0) — f'(b—0) and the inner points of the
interval through I.

Proor. We put A = {Z, | 8 < 6y—2n"1,0 < 6 + zn_"l}, B = {&, |
0 >0 —2n"1,80>60+m1},C={in|8<86 —2n"1,8 > 68 +2n"1},
D={z,]|(1/yn)Z; <6y} and D' = {&,, | (1/v/n)Z; > 6p}. From (5.2) we have

1 for %, € AY(CAD),
0 for &, BY(CaD').

Then we obtain for any én € Ay

(53) Pg:)——zn_l{én S 00} - Pé't)+zn‘1{én S 90}
< Ego—zn—1(¢:).) - Eg)+zn—1(¢’:t)
= Pn (A) - Pé"(;+zn_1 (A) + Pg:)—zn—l(CﬁD) - Pg:)+zn‘1(cﬂD)‘

Bg—zn—1
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Putting U = n(6 — 6y) and V = n(8 — b)), we have, as the joint density of (U, V),
{(n—1)/n}{F(b+ (v/n)) — F(a+ (u/n))}"
gn(u, v) = < fla+ (u/n))f(b+ (v/n)) for u>0,v<0,
0 otherwise,

where F(z) = ffoo f(t)dt, hence, by its expansion,
(e =1 4 (1/n){=1 + 2c(u — v) + (h/4)((u + v)% + (u — v)?)
— (2/2)(u — v)? — (h/c)(u — v)}] + o(1/n)

for u<0, v>0,

gn(y, v) =

\ 0 otherwise.

Since, from the expansion of g, (u, v), the asymptotic density of (S, T), up to the
order o(1/n), is given by

(227 2T (1 + (1/n){~1 +4cT + h(T? + §?%)

—2¢2T?% — (2h/c)T}) + o(1/n)
(S, T) =
for - T<S<T, 0<T,

L 0 otherwise,

it follows that

(5.4) P§_on(A) =P _ {0 <6o—2zn"",0<6+2zn""}

=Py _ -1 {n(@— (6o - 1)) <0, n(0 — (6p — zn7 1)) < 22}

= Py{nf < 0, nf < 2z}
=PMS-T<0,8+T < 22}

_ (/Oz /S_s+2z+/_ooo /_;s+2z) £.(T, $)dTdS

=1—e72% 4+ (2/n)(c? — h)2%e2% + o(1/n).
Similarly we have
(5.5) Pgi 1 on—1(A) = o(1/n).

In a way similar to the proof of Theorem 4.2, it follows that the conditional
probability of the event {Z;/\/n < 6y} given S and T on the set C, up to the
order n™!, is given by

Ph v on-1{Z1/Vn < 60| S, T} = (1/2) + (2hS + I2)/V2rIn + o(1/n),
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hence

(56)  Ppi.u-i(CaD) = /C P wsn-1{Z1/v/n < 6| S, T} fu(S, T)dSdT

= (1/2)e”% £ (1/2)/2I [(wn)ze ™%
+ (1/n)[{c+ (h/2¢)}z — {c2 — (h/2)}22)e~ 2=
+ofl/n),

where the signs + and — should be read consistently. From (5.3) to (5.6) we have

P}, {nlr — 60l < z}
<1—e72 4+ \/2I/(mn)ze” %% + (2/n)(c? — h)z%e~ %% + o(1/n).

This completes the proof.

Next, we consider the second order two-sided asymptotic efficiency of the
MPE.

THEOREM 5.2. Assume that the conditions (A.1) to (A4) hold. If h =0,
then the ACP of the MPE 6, is given by

P {nlfiep — 81 < 2}
(1-e72= 4 /21](mn){z - (c/2)(z — t)*}e~2
+ (2¢%/n)t2e 2 + o(1/n) for z<t,
1 - e=<(t+2) 4\ /2T ] (mn)ze~o(t+2)
=4 + (1/n)[2c2t2e % + {(c?/2)(t + 2)?
+(2¢2 = 3¢)(t + 2)/2 + ¢ — (3/2) }e~clt+2)

—{2¢%t2 + (2¢2 - 3c)t + ¢ — (3/2)}e 2 + o(1/n)

for z>t,

and so the MPE HAf\AP 1s second order two-sided asymptotically efficient at z =t in
the class A,.

The proof is similar to that of Theorem 4.2.

OUTLINE OF THE Proor. Without loss of generality, we assume that 6 is
equal to 0. We also have (4.1) in the proof of Theorem 4.2. It is noted that the
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asymptotic density of (U, V), up to the order o(1/n), is given by

( e [1 4+ (1/n){~1+ 2c(u — v)
- (/2)(u - v)*}] +o(1/n)

for v<0<u,

\ 0 otherwise,

and the asymptotic conditional probability of the event {Z;/ VI < a} given 8 and
f is given by

(5.3) PP(Z VI < a] 8,8} = B(a) + O(1/n).
Then p; (i =1, 2, 3, 4) defined in (4.1) are given as follows.

1 —e™2¢% — 2cze™ 2 + (z/n){4c?t(ct — 1)e~ 2 + 2c%2e7 2%} + o(1/n)

1= for 2z <4,
1 —e2¢t — 2cte™2¢ 4 (2/n)cit?(2ct — 1)e™ ¢ for z>t.
( cze™ 2 + (2/n)c?tz(1 — ct)e 2 + o(1/n) for z<t,

cte™ 2 4 (1/2)(e™ 2 — eeli+2))
_JTTEm){(t+ (1/c))e2 — (2 + (1/c))ec(t+2)})
P2 = P3 = +(1/n)[2c¢2t2(1 — ct)e™ 2t + {(c2/4)(t + 2)?
+((¢2/2) — (3¢/4))(t + 2) + (c/2) — (3/4)}e~<(t+2)

— {2 + (S — (3¢/2))t + (¢/2) — (3/4)}e™*]

{ +o(1/n) for z>t.
{ V2I/(mn){z — (c/2)(z — t)®}e2¢ + o(1/n) for z<t,
pa=
V2I](rn){(t + (1/c))e~ 2t — (1/c)e°t+a)} + o(1/n) for 2z >t.
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Hence, by (4.1)

PP {n|fip| < 2} =p1+p2+p3 +p4

(11— 72+ /2T /(mn){z — (c/2)(z — t)?}e~2¢t
+(2c2 /n)t?e~2 + o(1/n) for 2z<t,
1 e~e(t+2) 1 /3T [ (mn)ze~c(t+2)
= +(1/n)2¢2 22 + {(*/2)(t + z)?
+(2¢% = 3c)(t + 2)/2 + ¢ — (3/2)}e~ct+2)

—{2c%t + (2¢* = 3c)t + ¢ — (3/2) }e~ 2]

L +o(1/n) for 2z>t.
If 2 =t, then
PMn|fip) <t} =1-e2 4+ /21 /(rn)te” " + (262 /n)t2e 2% + o(1/n),

hence it follows that the ACP of the MPE 6%,,, at point ¢ coincides with the bound
given in Theorem 5.1; that is, the MPE is second order two-sided asymptotically
efficient at z = ¢ in class A;. Thus we complete the proof.

Remark 5.2. In the above discussion we assume that I > 0 in the condition
(A.4). If I = 0, the density f(z) coincides with a uniform density on the interval
(a, b). Then it is shown in Akahira (1988a, 1988b) that the generalized Bayes
estimator is 3/2th and second order asymptotically efficient.
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