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THE ANALYSIS OF EXACT CONTROLLABILITY OF
NEUTRAL-TYPE SYSTEMS BY THE MOMENT PROBLEM
APPROACH"*

RABAH RABAH! AND GRIGORY M. SKLYAR?

Abstract. The problem of exact null-controllability is considered for a wide class of linear
neutral-type systems with distributed delay. The main tool of the analysis is the application of the
moment problem approach and the theory of the basis property of exponential families. A complete
characterization of this problem is given. The minimal time of controllability is specified. The results
are based on the analysis of the Riesz basis property of eigenspaces of the neutral-type systems in
Hilbert space.
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1. Introduction. Many applied problems from physics, mechanics, biology, and
other fields can be described by partial differential equations or delay differential
equations. This leads to the construction and study of the infinite-dimensional system
theory concerning also the systems with control. In this context the problem of
controllability for distributed parameter systems leads to the study of the abstract
controllability problem in infinite-dimensional spaces, which may be formulated in
Hilbert spaces as follows. Consider the abstract system

(1.1) & = Az + Bu,

where z(t) € X, u(t) € U, X and U being Hilbert spaces, A is the generator of a Cp-
semigroup e, and B € L(U, X) is a bounded operator. The problem of controllability
is to find all the states zp that can be reached from a fixed initial state (say 0) at a
finite time T by the choice of the controls u(-) € L2(0,T; U). The mild solution of the
system (1.1) is given by

t
x(t) = ez (0) + / A=) Bu(7)dr.
0

The reachability set from 0 at time T is defined by

T
Rr=<Kx:x= / e Bu(t)dt, wu(-) € Ly(0,T;U)
0
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EXACT CONTROLLABILITY OF NEUTRAL-TYPE SYSTEMS 2149

For finite-dimensional systems the natural concept of controllability is when Ry =
X (Kalman). For infinite-dimensional systems, as has been pointed out by several
authors (Fattorini, Triggiani, Russel, Balakrishnan, and others), this concept is not
realistic. It is easy to show that Ry, C Ry, as T1 < T». In general, there is no
universal time Ty such that Ry, = R for all T' > Ty. However, for several classes of
systems important for application this property holds (hyperbolic-type and neutral-
type systems). In these cases, a natural way to formulate the controllability problem
is the following setting:

(i) to find the maximal possible set Ry (depending on T'),

(ii) to find the minimal T for which the set Ry becomes the maximal possible.

In order to obtain more profound and precise results by using this approach, it
is important to consider a concrete class of systems and to use the specificity of this
class. In this paper, we consider the problem of controllability for a general class of
neutral systems with distributed delays given by the equation

(1.2) { %[Z(t) — Kz) =Lz + Bu(t), t>0,
z0 = f,

where z; : [—1,0] — C" is the history of z defined by z:(s) = z(t + s). The difference
and delay operators K and L, respectively, are defined by

Kf = A_lf(_l) and Lf / AQ d9 dﬁ +/ A3

for f € H'(]-1,0],C"), where A_; is a constant n X n matrix, Ay, Az are n x n
matrices whose elements belong to Lo(—1,0), and B is a constant n X r matrix.

We consider the operator model of the neutral-type system (1.2) introduced by
Burns, Herdman, and Stech [3] in product spaces (see also [5]). The state space is
Ms5(—1,0;C") = C™ x Ly(—1,0;C™), shortly Mo, and (1.2) can be reformulated as

(1.3) () = Az(t) + Bul(t), :C(O)z(?), B:(fj), A=<8 Q),

do

with D(A) = {(y,2(")) € My : z € H*([-1,0];C"),y = 2(0) — A_12(-1)}.

In the particular case when Ay(f) = A3(0) = Wthh corresponds to L = 0, we
will use the notation A for A.

Suppose that the initial condition for the system (1.2) is z(t) = zo(¢),t € [—1, 0],
and let us put z:(0) = z(t +0),0 € [-1,0], and y = 2(0) — A_12(—1). The semigroup
generated by A is given by

()= ()= ()

It can be shown that the reachability set Ry is such that Ry C D(A) for all T > 0.
This is a consequence of the fact that for all u(-) € Lo the corresponding solution of
(1.2) is in H! and then the solution of (1.3) is in D(A) (see [5, Proposition 2.2] for
the existence of the solution and [5, Corollary 2.7] for the property of the reachability
subset). This naturally leads to the following definition of exact controllability.

DEFINITION 1.1. The system (1.3) is exactly null-controllable by controls from
Lo at the time T if Ry = D(A). This means that the set of solutions of the system
(1.2), {z(t),t € [T —1,T]}, coincides with H*([T — 1,T]; C").

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



2150 RABAH RABAH AND GRIGORY M. SKLYAR

This problem was the focus of attention of several authors in the 1970s and 1980s.
The main results were devoted to systems with one or several discrete delays. This
may be explained by the fact that the explicit, in this case, form of solutions is known
and, as a result, the semigroup describing the solutions of (1.2) is known explicitly.

The main result for the system

2(t) — A_12(t — h) = Agz(t) + Arz(t — h) + Bu

is that the exact controllability holds if and only if (see [9, 12])
(i) rank (A(A) B)=mn,

(ii) rank (B A_B --- A"]'B)=n,
where A(\) = A\l —AA_je ™ — Ag— Aje= . For the particular case of scalar control
(B is n x 1 matrix) the time of exact controllability is given in [6]: T > nh, where h
is the delay. For the general case, it is shown in [2] that the reachability set cannot
increase for T' > nh.

The case of noncommensurate delays with a distributed term was precisely studied
in the paper by Yamamoto [16]. General conditions were given using the input-output
technique. Conditions of approximate controllability (in [16], quasi reachability) in
the time domain were explicitly given for a system without distributed delay (see also
8)).

In contrast to the above-mentioned works, we consider the model with distributed
delays (1.2). In this case, we know only that the solution of (1.2) exists but the cor-
responding semigroup is not explicitly known. Then the technique using the explicit
form of the solution, via an expression of the semigroup, cannot be used. So one needs
another tool to analyze the controllability. In the similar situation of the controllabil-
ity problems for hyperbolic systems, the powerful technique of the moment problem
has been proved to be useful. It is caused by the fact that the operators corresponding
to hyperbolic systems are as a rule skew-adjoint or close to skew-adjoint and then they
possess a basis of eigenvectors. The expansion of the steering conditions in this basis
allows the controllability problem for these systems to be reduced to a trigonometric
problem with respect to some families of exponentials. Thus, the further analysis con-
cerns the solvability of the non-Fourier trigonometric moment problem and is based
on the profound theory of the Riesz bases of exponentials. This theory, originated by
the famous Paley—Wiener theorem, has essentially been developed in the last decades
(see monographs by Avdonin and Ivanov [1] and by Young [17] and the references
therein).

The main idea of our work is to apply the moment problem method to the analysis
of controllability of neutral-type systems. Note in this context that the case of neutral-
type systems differs essentially from those mentioned above since the operator A of the
system is not skew-adjoint and, moreover, may not have a basis of eigenvectors or even
generalized eigenvectors. The first element of our consideration is the spectral analysis
of the operator model (1.3) given in our previous works, together with Rezounenko
[10, 11]. In these papers, it is shown that, under the condition that the matrix A_;
is not singular, the operator A (even if it does not verify the Riesz basis property)
possesses a Riesz basis of finite-dimensional invariant subspaces. This allows the
construction of a special Riesz basis in the space M5 in which the steering conditions

(1.4) (ng)) _ /OT eAT=7) Bu(r)dr

take the form of a moment problem quadratically close to some special non-Fourier
moment problems with respect to a family of quasi polynomials. These questions are

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



EXACT CONTROLLABILITY OF NEUTRAL-TYPE SYSTEMS 2151

considered in sections 2 and 3. Let us notice that the detailed attention accorded to
the construction of the needed Riesz basis is essentially motivated by the fact that, in
the general case, the operator 4 may not possess a spectral Riesz basis. Otherwise,
for example, if the eigenvalues of the matrix A_; are simple, our construction would
be much simpler. The main tool of the analysis of solvability of the obtained moment
problem is based on the theory of families of exponentials [1, 17]. The basic elements
of this approach used in our paper are given in section 4. Below we give a complete
analysis of the controllability problem for neutral-type systems. In the course of the
main part of the work, we consider the case when det A_; # 0. In this case, the
controllability of system (1.2) is equivalent to the solvability of the moment problem
obtained in section 3. We consider first the single input case in section 5 and give
not only the conditions of exact null-controllability but also determine the time of
controllability. These results are an extension of the result obtained in [6]. In section 6,
we consider the solvability of the moment problem for the multivariable case (dim B =
n x r,r > 1). We introduce some special indices m; and 72 which enable the moment
problem to be characterized. We show that the exact null-controllability holds for
time 7" > m and does not hold for T' < m;. Finally, we complete the results on
controllability by getting rid of the assumption det A_; # 0 in section 7. We then
obtain the precise time of controllability using the first controllability index of the pair
(A_1, B), say n; (cf., for example, [15, Chapter 5]). Our main result is the following,.

THEOREM 1.2. The system (1.3) is exactly null-controllable if and only if the
following conditions are verified.

(i) There is no A € C and y € C™,y # 0, such that A% (X)y =0 and B*y =0,

where

0 0
AH(N) =M = e A" — )\/ et A3 (s)ds —/ e A5 (s)ds,

-1 -1
or equivalently rank (A4(\) B)=n for all A € C.
(ii) There is no p € o(A_q) and y € C*y # 0, such that A*y = iy and
B*y =0, or equivalently rank (B A_;B --- A"]'B)=n.
If conditions (i) and (ii) hold, then the system is controllable at the time T > ny and

not controllable at the time T < ni, where ny is the controllability index of the pair
(A_1,B).
If the delay is h instead of 1, the time of exact controllability is T" = n1h.

2. The choice of the basis. In this section, we assume that the matrix A_; is
not singular, det A_; # 0.

Let us recall [10] that the spectrum of A (the state operator corresponding to the
case Ay = A3 = 0) consists of only the eigenvalues that are the roots of the equation
det A 7(A) = det(A] —Xe™*A_1) =0, ie.,

o(A) = A = In[ju] + i(arg o, + 2km)} U {0},

where {pm,m=1,...,0} =0(A_q).

The operator A possesses a Riesz basis of generalized eigenvectors which may be
characterized as follows (see [10, 11]).

Let vy, be the number of Jordan blocks corresponding to ., € o(A_1) and let
DPm,js 3 =1,...,Vm, be the dimension of the corresponding blocks; then

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



2152 RABAH RABAH AND GRIGORY M. SKLYAR

1. to any )\( ) # 0 and to any j = 1,...,v,, there corresponds a Jordan chain
of generalized eigenvectors of A, noted {gom i) <pm PR &%pgl’j} such that

"Z@Z#,k = Aﬁ’i)% («‘T* /\gf) )@fnsk ﬁinsk 17 $=2,...,Pm;j;
2. the root space of A corresponding to 0 € o(A) is of dimension
n+dimKer(A_; — I)".
Ifl=psc0(Aq), g € {1 ., ¢}, then for any j € {1,...,v,} there exists
a Jordan chain {F}"', @5%,.. . ,&%pg 71 such that
AZh =0, AR =AY, s=2.. pmy+1,

and, besides, there exist n — v, linearly independent eigenvectors 9567 ] =
vg+1,...,n, such that .Z{E% =0;

3. any collectlon {gpmk, s=1,...,Pm;j, j =1,...,vp} forms a basis in the
space Ker(.A - )\g,’f)f) , ,\5,’3) # 0. The collection

{LTO%’ 5 - 7..-,pm,j+1, j:17,Vm}U{¢7%’ j:yg+17n}

forms a basis in Ker A",
In the following, we refer to this basis as {¢} omitting the indices when they are
not necessary. The concrete form of interest to us is that which corresponds to the
nonzero eigenvalues and then takes the form

s 0
(2.1) SOin k= (eAﬁytPﬂis(a))

with

) S S—T ) 91
(2:2) P (6) =YDy > B
r=1 i=0 :

The constant vectors D}, ; form a basis in C" designed from the Jordan chains of the

matrices A_q. These vectors and the constants ﬁ;’s in the polynomials P() do not
depend on k.
This gives that, in particular,

(23) (I ke Zy = p>0,  sup{|F] k€ Z} = R < .

The corresponding biorthogonal basis to {#} will be denoted by {¢}.
PROPOSITION 2.1. For any m,k the vectors of the biorthogonal basis {1} form
the following Jordan chain with respect to the adjoint operator A*:

(L= APDGEr =0, (A = AODFE =0 s =00 py L,

where \ is the complex conjugate of \.
Proof. To prove the statement we need to observe that

<(j_ AR, qu,f,;“> =0 voeiat

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



EXACT CONTROLLABILITY OF NEUTRAL-TYPE SYSTEMS 2153

Hence anp,:” € D(.Z*) and (.,Z* — 5\7(7’:)])1’/;3;’5:” =0. Next, for s =0,...,pm,; — 1 we
have

(A-XP1g,d05) =0 ¥6 e (FEhT")
and
(A=XPDZ ) =1

This means that ¢/ APNIS D(A*) and (A* — (k)I)wj 5= g SH. O
Let us give the concrete form of elements wi’hk corresponding to the nonzero
eigenvalues.
PROPOSITION 2.2. Let {C} g - C’pm J} be the jth Jordan chain of A*{ corre-
sponding to fipy,:
A* . CH = [, C

m,J m,j?

(A% = )Cy, ;= Ch ! S=2, ..., Pmi-
J

m]’

Then the vectors ’L/JJ Prd™" are of the form

i,1+5s 1+s
P —i <k> Z 04q ,
(24) J5Pm,j 7': ( )\ S§= m,j m,j )7

k
" 7)\(1‘)023 ONLml;rs( )C:r:JS

where t = 0,...,pm ; — 1 and the coefficients ¢ and ¢(0) do not depend on k.
In particular, the eigenvectors are given by

55 Cm.;
TjPm.j j XF) Ym,j i
(2.5) lﬁifk T = fn,k: ( ;%9 1 ) J ﬁfn,k eC.
e P Cp,
Proof. The proof may be obtained by a simple calculation. 1]

Let us now recall [10] that the space My possesses a Riesz basis of A-invariant
finite-dimensional subspaces {V} = {V,,(Ik), k| >N, m=1,...,0} U{Vy}, where

1
v = pM g, PR = / R(A, A)d),
, 2ri Lk

where L' are circles of fixed radius r < ro = Tmin{|\E, — M|, (m.k) # (i,5)},
centered at \F | and I7N is the subspace spanned on all the generalized eigenvectors
of A whose eigenvalues are located outside the circles Lfﬁ), k] > N, m=1,...,¢,

with dim ‘//\'N = 2(N + 1)n. Let us remark that this Riesz basis property is valid for
all sufficiently large N > Ny. Moreover, it is shown in [10] that

4
(2.6) >3 HP,SP - 13},{“)“2 < 0,

keZ m=1

where

R\, A)dX,  ImP® =Ker(A— AW T1)™.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



2154 RABAH RABAH AND GRIGORY M. SKLYAR

So, in this sense, the basis {V'} is asymptotically quadratic close to the spectral basis
of A. Consider now the biorthogonal to {V'} basis of subspaces

Wr={W® |kl >N, m=1,....00 U{Wx},

i.e., the basis that may be defined by

1
W7(Vf): Z ‘/J(l)+‘7N , o m=1,....¢ |k|>Na
(i,5)#(m,k)
[i|>N,j=1,...,0
and
1
Wy=| > v
|i|>N
G=1,...,¢

One can easily check that the basis {WW} consists of A*-invariant subspaces and,
besides,

1
7/ ROLATAN, k>N, m=1,... .0,
£

Wk — p(k)*M2 pk)x —
m m ’ m 27

where ES,’f) are the complex conjugate circles to Lffi).
The finite-dimensional operator ATWN has the spectrum J(ATVAVN) which is the
complex conjugate of the spectrum O’(A|‘7N ). Let us consider this relation in more
detail. Let A\,,, m = 1,...,£fy, be the eigenvalues of A|‘7N, and 7y, the number of
Jordan blocks corresponding to A, € U(AWN ) with the dimension of blocks pp, j, j =

L,...,Un. Let ¢35, j=1,....0m; s=1,...,Dm,, be a Jordan basis of generalized
vectors of A|‘7N , Le.,

(27) A@i—r’zl = )\m@zﬁl) (A - /\mf)ﬁﬁ{f = @Zﬁs_la s§=2,... J/)\m,ja

for the subspace ‘A/N.
We can now formulate the following statement.
ProposSITION 2.3. The family

{hf, m=1,...Un; j=1,...,Up; s=1,....Dm,;} CWn

biorthogonal to {h°}, i.e., <$ﬁn3,12;k> = Of(m,j,s),(ri,k)}, forms a Jordan basis of
generalized eigenvectors of A|*‘7 :

N
A*/lzzjzr’;ﬁm’j = Amﬂ/}%ﬁm’ja (A* - )‘mI)w#f = ¢¥-}LS+17 s = 07 e 7ﬁ7n,j - 17

for the subspace WN.

Proof. The proof is analogous to the proof of Proposition 2.1. 0

Now we have all the elements to define the Riesz basis that we will use for the
analysis of the steering condition (1.4).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



EXACT CONTROLLABILITY OF NEUTRAL-TYPE SYSTEMS 2155

We consider the spectral, with respect to the operator .Z, basis {¢} described
above and the corresponding biorthogonal basis {1}. For a given N > Ny we put
(2.8) L% =Pl k[ >N, m=1.0 j=1,.. vm; s=1... . pmy.

m,k>’

Then we complete the collection (2.8) by the set
{Af,’f; m=1,....0n; j=1,....0n;s=1,...,Dm;},

which contains 2(N + 1)n vectors forming a Jordan basis in Wy (Proposition 2.3).
THEOREM 2.4. Let the condition (2.3) be satisfied and let N be sufficiently large.
Then the collection

{9} = {gl2 U {ud,

where @Df'f’k are given by (2.8) and ) are defined in Proposition 2.3, constitutes a
Riesz basis of M. B

Proof. We start with the fact that under condition (2.3) the collection {7} forms
a Riesz basis in Ms. In particular, this implies that the collection {ansk, |k| > N}
forms a Riesz basis in the closure of its linear span

¢
~ ~ — max pm,j
ClLin{gd7?,, [k > Ny =C1 3 3 Ker (A* —Afj?[) I
|k|>N m=1
On the other hand, from (2.6) and (2.8) we have
o~ 2 e Bl |7 |12
Z Z H’L/}:Z;L,k)_ il)z,k‘ = Z Z HPm _Pm H’(/}’Z;LJ{," .
|k|>N m,j,s |k|>N m,j,s

This implies that for any € > 0 there exists a large Nj such that if N > Ny, then

(2.9) SNy Hwi}’f,k — 0

|k|>N m,j,s

2
<eE€.

Hence for this N, the family {wfrfk}‘kb]v is quadratically close to {Ji;sz}lkl>N and,
therefore, forms a Riesz basis in the closure of its linear span

4
ClLin{¢?", [k > N} =Cl Y~ Y W,

m,k”’
[k[>N m=1

Since, due to Proposition 2.3, the set {1J:*} is a basis in Wy and

4
LY S W+ Wy = M,
|E|>N m

the union

{whss [kl > NYU {457}
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2156 RABAH RABAH AND GRIGORY M. SKLYAR

is a Riesz basis in Ms. This ends the proof. ]
By {¢} we denote the Riesz basis biorthogonal to the basis {¢'} in Theorem 2.4.
Remark 2.5. The elements of the basis {¢} which correspond to the part {¢7:*}
are the generalized eigenvectors {$7:*} of the operator A (see (2.7)). So,

{e} = {el Ikl > NYU{@h).

Moreover, it is easy to show that there exists Ny such that for any given N > Nj and
m =1,...,¢ the collection {(p o J=1. vms=1,. ...DPm,j} is a basis oan(zk .
The chosen basis {¢} will be used in our further ana1y51s of the steering conditions
by the moment problem method. In this context, we notice that the construction of
a proper basis becomes rather complicated only in the case when the spectrum of the
matrix A_; is not simple and, as a consequence, the operator A may not possess a
spectral Riesz basis. If all eigenvalues of A_; are simple, the basis {¢} constructed
in this section coincides with a spectral basis of A.

3. Expansion of the steering condition in the Riesz basis. In order to use
the results of section 2, we assume that the matrix A_; is not singular.

Let us expand the steering condition (1.4) with respect to the basis {¢} and to
the biorthogonal basis {1}. Consider a state z = (;E’_)) € Mo; this state is reachable
at time T if and only if

Z Z/ <eAtBu Yydtp, wu(-) € La(—1,0;C").

pe{p} pe{p}

Then the steering condition (1.4) can be substituted by the following system of equal-
ities:

T
1) (o) :/ (ABu(t), ¥)dt, € [}, ul-) € La(~1,0;C").
0
Let {b1,...,b.} be an arbitrary basis in ImB, the image of the matrix B and b; =

(%‘) € My, i = 1,...,r (more precision on the choice of this basis will be given in
section 6). Then the right-hand side of (3.1) takes the form

(3.2) /OT< A Bu(t), ¢) dt = Z/ (eAby, ) u;(t)dt

Let us omit the index ¢ for b; and for any b € {by,...,b,} transform the term
(eAtbu(t),v), ¥ € {wm o |k] > N} as follows:
<eAtb7wZ£k> _ <eAtb7P7(r{€)*1Zi;fk>
(3.3) = (PReA, 0, )
(e, 332, ) + (e PP, g5,

LEMMA 3.1. There exists a sequence {ak}’z|k\>NQi < o0, such that for all
m=1,....0; j=1,...,Unm, and s =1,...,pn ; the following estimates hold:

Go (R - BRI ) < K> N, tefo,T]
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Proof. Let us denote by R(A,A) and R(A, A) the resolvents of the operators A
and A. Taking into account the relation (2.3) we can write

(Pt — PPeAD, 1)

_ |<2;/L e (RO, A) = R\ A)) dA- b,ﬁfk>|

(3.5) _ L /L A ((ROGA) = ROV ) b G )
<3 [ e (BO A = ROAD) b [F2] 1ax
<cf |eM ‘(R(/\,A) - R(A,ﬂ)) bH |

Lk

with C' > 0. Now we need to estimate |[(R(A,A) — R(A,.A))b||. In order to do that,
we need to use an explicit expression for the resolvents of the operators A and A given
in [10, Proposition 2.2] (for the proof see [11] and also [5]). We obtain

(R()\,A) . R()\,./Z)) b— ((I — Afle*/\) (A;l()\) — Azzl()\)) b) |
o0 (5570 - 83)

where

0 0

e)‘sAg(s)ds—/ e Az(s)ds,

-1

AaN) =M= Xe ™A + A/

—1
and, from that, A (A\) = AI — Xe™*A_;. From the relation
0 0
AT =AY =A% (A/_le’\sAg(s)ds—i—/_16’\SA3(s)ds> AT,

and using the estimates [11, formulas (25), (26)],

HA;lmj()\)HgClp\rl, C1>0, AeL® k>N, m=1,....¢

we get the inequality
(3.6)

(R(A,A) - R(A,NA)) b” < lf@ (|>\| H/01 & Ao (s)ds|| + H/i S Ay (s)ds

For A € L% we can put A = A2k, where \ € LY = {& : |€—In |, | Harg pm| = r}.
This yields

0
H/ e*® Ay(s)ds
-1

0
H/ e Az (s)ds
—1

0 Y .
H/ e)\SAQ (8)62771ksd8
-1

0 e .
H / eASAg(s)ezmksdsH = P,
-1
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where

12 0o
> [0 < [ @R =2

|k|>N

Since for all values of the parameter
¢
e | LW
m=1

the Ly-norm of the matrix functions e:\SAj(s), Jj = 2,3, on the interval [—1,0] are
uniformly bounded, then there exists 6 > 0 such that

4
~ \ 2 ~
(3.8) 3 (C}“(A)) <§<oo, j=23, e |JLW.
k|>N m=1
Finally, from (3.6) and (3.7), for A € L% we obtain
(3.9)
- C - - - -
H (RO A) - RO A)) bH < —=— (R+26niic ) + AP (V) Xe LY.
X+ 2|

Then the inequalities (3.5), (3.6), and (3.9) give the validity of (3.4). The proof is
complete. 0

Let us consider the first term on the right-hand side of (3.3). Since Jf;’fk c WP
and due to Proposition 2.1, we have

5(k) A 7,8 A+t (k) 74,8
(PR ) = (b e PG
(3.10) = (beX )
TP\ tPm.d S s (k)
(T ok (0, B
LEMMA 3.2. There exists a constant 61 such that
- 5
3.11 ‘<b, j.s >‘ <2
( ) m,k — |]€|

forall|k| >N, m=1,....4,5=1,...,Un,s =1,...,Dm. ;. Moreover, we have
o 1
FPmi\ _ 1
<b, m.k >— @@ i)

where C}, j are the eigenvectors of A_y corresponding to fim, and wi,’f,;"“j are as in the

formula (2.5) in Proposition 2.2 with ﬁ;’k =1.
Proof. Taking into account (2.3), we get
‘(b wE >‘ - ‘<b7ﬁ?ﬂf)* 7ds8 >’

» Pm,k m,k

m,k

- ’(ﬁgf)b, oy >’

(3.12) )

| 0D T

C/
L

IN

‘R(A,X)b” d, >0,
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where C' is a constant. The explicit expression of the resolvent R(),A) is given by
(see [10, 11])

R\, A)b = (U —A1e)Ag Wb) .

AT (D

Since A < C1|A7! with C1 > 0 and for A € Ly, [k| > N, m = 1,....(, we
obtain the estimate

HR)\AbH Ik\ Cy>0, reL®

This, together with (3.12), leads to (3.11).
The second statement follows directly:

JyJPm.i b\ Zipms 1
(e ) =((6) 3 ) = <1 .G

This completes the proof. 0
LEMMA 3.3. Assume that <b, C’jw-> =0, s=1,...,r, 7 < Dmj; then

(3.13) (b, ™) = ¥ (b, Crthy.,

where the coefficients gy, ; do not depend on k.
Proof. This is a direct consequence of the relation (2.4). O

J»s,d

Let us denote by ¢ ( ) the polynomials

‘ <bd, ”7"”> <bd7 T 1>
j75,d(t) =k 2" L pmi—s + —tpm’j_s_l + - <bd7 m k>

ek (Pm.j — 5)! (Pm,j —s—1)!

(3.14)

and by ffnskd( ) the functions

315) 0 = R { (PPN — IO bl

With these notations (and also due to (3.2), (3.3), and (3.10)), the infinite part of the
system (3.1) corresponding to ¢ € {°,}, [k| > N, reads as

1oy k{(20)) win) - Z / (M0 (t) + £ 0) walt)it,

Moreover, due to Lemmas 3.1, 3.2, and 3.3, the functions (3.14) and (3.15) verify the
following properties:
(P1) the coefficients of the polynomials {g(¢)} are uniformly bounded as |k| > N;
(P2) the set of leading coefficients of the nontrivial polynomials {g(¢)} does not
have a limit pomt at 0;
(P3) X jpon | dr0:d ()|2<a<oo t€[0,T], a>0.
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Next we observe that if@b:@';f, m=1,....0n, j=1,...,lm, S=1,...,Pm,j, then

<eAtbd7¢> <bd7 A* tw>

= @,
where
iy <bd7 Aif;”> 5 <bd7¢]’pm] 1> 5 1 b
sy = (V) e APV ik )
= T Gy s 1! +o (a0

Therefore, the finite part of the system (3.1) corresponding to ¢ € {nga} reads as

(3.17) <(ZT( ) wﬂ> Z/ Pty @ (tyug(t)dt.

Thus, we observe that the state (Z 3 )) € M, is reachable from 0 at the time T' > 0 if
and only if the equalities (3.16) and (3.17) hold for some controls ug(-) € Ly(0,T), d =
1,...,7. These equalities pose a kind of moment problem, which is the main object
of our further analysis.

4. The problem of moments and the Riesz basis property. In this section,
we recall the general properties of the problem of moments that will be applied to the
analysis of the problem (3.16)—(3.17) given in section 3.

Consider a collection of functions {gx(t), t € [0,00[}ken assuming that for any
keN, T >0, gi(-) € L2(0,T), and consider the following problem of moments:

T
(4.1) Sk = /0 gk (D)u(t)dt, ke N.

We start with the following well-known fact, which is a consequence of Bari theorem
[4, Chapter 6] and [17, Chapter 4] (see also [14] for a direct proof and the references
therein).
PRrOPOSITION 4.1. The following statements are equivalent:
(i) For the scalars s, k € N, the problem (4.1) has a solution u(-) € L2(0,T) if
and only if {sk} € bz, i.e., Yoy 57 < 00;
(ii) the family {gr(t)}ren, t € [0,T], forms a Riesz basis in the closure of its
linear span

ClLin{gx(t), k € N}.

Using this proposition, we can prove the following result.
PROPOSITION 4.2. Let us denote by L£(0,T) the closed subspace

ClLln{gk(t), ke N} C LQ(T(),T).

Let us suppose that for some Ty > 0 the functions {gr(t) }ren, t € [0,T1], form a Riesz
basis in L£(0,T1) C L2(0,T1) and codimL(0,T1) < oo. Then for any 0 < T < Ty, there
exists an infinite-dimensional subspace (T C ly such that the problem of moments (4.1)
is unsolvable for {sy} € £T if {s} # {0}.
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Proof. We introduce for all T' > 0 the operator Qr : L2(0,T) — {5 given by

(4.2) Qru(-) = {/0 gk(t)u(t)dt}

This gives Qr, (L2(0,T1)) = ¢2 by Proposition 4.1. The operator Qr, is bounded due
to the closed graph theorem. It is easy to see that the adjoint operator Q7, acts as

keN

Q7 {sk}ken = Z spgr(t) € L(0,T1).

keN

Let us denote now by Q1 : £(0,T1) — {2 the one-to-one operator defined as follows:

Quu(-) = {ck} for u(-) = chgk('), {ci}, € Lo

keN

Now consider the decomposition Ly(0,71) = X; & Xo, where
X1 ={u(-):u(t) =0, t 0,7}, Xo={u(-):u(t) =0, t €[T,T1]},

and observe that since codim £(0,71) < oo, then the intersection X = X; U £(0,T7)
is an infinite-dimensional subspace in Ly(0,7}). Finally, let us denote /7 = Q;(X).
The above considerations prove that this subspace is infinite dimensional. Taking
u(-) € Xy and {s;} € £T, we obtain

T
(@ru(). {se}) = (), Q{sn}) = / u(t) S sngn(t)dt = 0,

keN

because ijeNskgk(t) € X;. Thus Qr,(X3) L ¢T and, therefore, (4.1) is unsolvable
for {sx} € ¢* if {si} # {0}. d

PROPOSITION 4.3. Let us consider the moment problem

r T
(4.3) SE=)_ / gltyug(t)dt,  keN,
d=1"0
with the assumption
T
(4.4) Z/ lgl(t)]2dt < o0,  d=1,...,r.
ken0

Then the set So r of sequences {sy} for which problem (4.3) is solvable is a nontrivial
submanifold of {5, i.e., So.7 # {a.
Proof. Let us introduce the operator Q% : L5(0,7) — ¢2 defined by

T
Qru(-) = {sktpen = {Z/ gz‘f(t)Ud(t)dt} ou() = (ua()s ()
d=1"0

keN
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Then, if ||u(-)|] < 1, we obtain

Slrs

d=1k=N

r 0o T
<Yy / ol (t)]2dt,

d=1k=N

2

T
/O g (ua()| ar

and then > .2 \ [sk|> — 0 as N — oo. This means that the set {QFu(-), [lu(-)| <1}
satisfies the criterion of compactness in ¢2 (see, for example, [7, Chapter 5]). Hence
Q' is a compact operator and therefore ImQ7. # (5. ]

In the following, our analysis will be based on the theory of families of exponential
developed by Avdonin and Ivanov in [1]. We are particularly interested in the basis
properties of such families.

Let 01,...,0; be different, modulus 27i, complex numbers, and let my,...,my
and N be natural integers. Let us denote by £y the family

Sy = {6(65+27rik)t’ te(6st2mik) 7tmsfle(§5+27rik)t}

Next, let €1,..., &, be another collection of different complex numbers such that ; #
8s+2mik, j=1,...,m5 s=1,...,¢ |k| > N, and let m},...,m, be positive integers.
Let us denote by & the collection

. . /_ .
E = {esﬂt,tesft, R A 1e€-7t} 4 .
J=1,...r

The following theorem is the main tool of our further analysis. B
THEOREM 4.4. (i) If Z;Zl m; = (2N + 1)Z€=1ms, then the family € = En U &
constitutes a Riesz basis in Ly(0, Zﬁ:lms)~

(i) If T > Zizlms, then independently of the number of elements in &y, the
family € forms a Riesz basis of the closure of its linear span in the space La(0,T).

Proof. (i) We make use of [1, Theorem I1.4.23]. According to this theorem, let us
consider the complex function

4

f2) = e Eam I (Sin <; - ‘;))m R(2),

s=1
where

-1

R(z) = H(z — 8j)m; H (z — b5 — 2mik)™s —1 as z— oo.
] E £

One can easily verify that f(z) extended to the points 6s+2wik, s =1,...,¢, |[k| < N,
by continuity, is an entire function of the sine type (see [1, Definition I1.1.27] and also
[17, section 4.5]). Representing
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‘ z 6 e iz e iz g0 Yo
S=

Jj=2

where C; are constants and ¢; € {—% Zi:1 mg, % Zi:l mst, j = 2,...,Ng. And
then the growth indicator of the function f (see [1, Paragraph I1.1.4.2]) is of the form

. 1 ,
hs(@) = lim sup - In|f(pe )|

No

1 ; .
= lim sup - In [Coel* Zim1 s 4 € 4 Z Cjelz(q-f’L% Timams)
pP— 00 p .
j=2
0, ¢ € [0, ],

¢
—st sing, ¢ € [—m,0].
s=1

Therefore, the indicator diagram is Gy = [— iZiZl ms, 0}. Finally, observe that the
set of zeros of f is exactly

{bs + 2mik} ST U{E]’}j:l,m,’r’v

the roots 05 + 27ik are of multiplicity ms, and the roots €; are of multiplicity m;-. To
summarize, we conclude that f(z) is a generating function (see [1, Definition 11.4.21])
of the family £ on the interval [0, Zi:l ms| and, therefore, this family is a Riesz basis
of Lo (0, Z§:1 ms). The statement is proved.

(ii) Let us denote v = T — Z§=1 ms > 0 and choose a complex number p such
that

ori ori
T 4 6y +2mik and  p+ -
v

w+ #Ej
forall m,ke€Z, s=1,...,¢, 7=1,...,r. Let us put m’zzgzlm'- and

J
R G :

meZ\{1,....m’}
gN _ {e(és+27rik)t7 te(bst2mib)t 7tm5—le(65+2ﬂ—ik)t}

and consider the family
Evu&uUEM™).

Now let us introduce a complex function of the sine type given by

0 ms
BRIED SARE ) m (2% i~ (2 F
fi(z) =e 1 Sl:[l<sm(2 2)) Rl(z)51nfy(2 2>7

where

s .
Rl(z):H(z—ej)mJ‘ H(zu 7T1m> —1 as z— oo.
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Then, by arguments analogous to those given in the proof of part (i), it follows that
fi(z) is a generating function of Ex U & U Sl(m) on the interval [0,T]. Therefore,

this family forms a Riesz basis of Ly(0,7). Now, since & C ENU& U El(m/), this
means that £ forms a Riesz basis in Cl1Lin€ C L2(0,T). The proof of the theorem is
complete. 0

Now we apply Theorem 4.4 to the collection of functions appearing in (3.16). Let
us fix d € {1,...,r} and choose an arbitrary subset L C {1,...,¢}. Next, for any
m € L we choose j(m) € {1,...,vy} and denote J(L) = {j(m)}mer. Finally, for any
couple (m,j(m)), m € L, we put 7, jim) = deg qugjz)’l’d(t) + 1. Let us recall that
from (3.14) and Lemmas 3.2 and 3.3 it follows that this degree does not depend on k.

THEOREM 4.5. For any choice of d,L,J(L), for any p;nyj(m), such that 1 <

Prnitmy S Tmyj(mys and for any T =n' =37 1 p, i the collection of functions

@1 = {e)‘is)tqﬁ?]z)’&d(t), ‘k| > N; m & L; s = 7Tm,j(m) —p;w(m) + 1, .. -aﬂ-m,j(m)}
constitutes a Riesz basis of ClLin®y in L2(0,T).
If in addition N is large enough, then the family
(k) ‘(m))svd j(m),s,d
5y = [ 1 )
2 T, ®) fm’k ®) |k|>N; mEL; s=Tp j(m)=Pry j(myt Lo Tm,s(m)
also forms a Riesz basis of ClLin®y in Lo(0,T).
If T =n', the subspaces C1Lin®; and ClLin®y are of finite codimension (2N +
1)n” in La(0,n').
Proof. Consider the linear operator 7 : Lin ®; — Lin ®; defined on the elements
of ®; by the equalities

T<e>\gf)tqi~(bn]z)7s’d(t)) _ eAgf)ttp/m,j(m) —s

for |k| > N; m € L; 8 = Ty j(m) — p;n’j(m) +1,... T j(m). It follows from the
properties (P1) and (P2) (see section 3) and Theorem 4.4 that the operator 7 is
bounded in the sense of L9(0,T) and its extension to L = ClLin®; is a bounded
one-to-one operator from L to L. Hence, since the images of the elements of ®; form
a Riesz basis of L (Theorem 4.4), then ®; is also a Riesz basis of this subspace of
Ly(0,7T).

Next, let us introduce in Lo(0,7") an equivalent norm || - ||; in which the system
®; becomes orthonormal. Let ®§ be an orthonormal complement of the basis ®; to a
basis of L2(0,7). Now using the property (P3), we choose the scalar N large enough
so that

j(m),s,d j(m),s,d
SooAE <o S Ipm )z, <1,

|k|>N |k|>N
meL meL
s€lm s€Im

where I, = T, j(m) — D), sy T L T j(m)- Then &, U P is quadratically close in

| - |l1 to the orthonormal system ®; U ®§ with a quadratic distance less than 1. This
means that ®o U @ forms also a Riesz basis in L2(0,T) (see Gohberg and Krein [4]).
As a consequence, @5 is a Riesz basis in Cl Lin ®5.

Finally, let us observe that in the case T' = n’ the space L, which is also presented
as

L = ClLin {eX8 4o ™, k] > Nim € Ls = T sy = P gy + -+ Ty |
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is of codimension (2N + 1)n’ in Ly(0,T) (see Theorem 4.4). Then ®§ consists of
exactly (2N + 1)n’ elements. The proof is complete. d

5. Analysis of the controllability for a single control. Let us study the
solvability of the systems of equalities (3.16) and (3.17). We assume again that the
matrix A_; is not singular, det A_; # 0.

Consider the sequence of functions

T
(k)¢ 4(m),s, i(m),s,
{/ R R R d(t)dt}
0

= { / Mg (1) dt + / fiff;?)’s’d(t)dt}

for |[k| > N, s =1,...,Pm j(m), and any fixed d,m,j and u(-) € L2(0,T). It follows
from Theorem 4.5 that all nonzero functions of the collection

(5.1)

{eAgi)tqj(m),s,d(t), |k‘| SN s=1,... 7Pm,j}

m,k
form a Riesz basis of their linear span in Ly(0,7") if T” is large enough. Therefore,
by Proposition 4.1, the first term of (5.1) belongs to the class £3. On the other hand,
the second term also belongs to ¢5 due to Proposition 4.3. This gives the following
proposition.
PROPOSITION 5.1. If the state (zgf)) is reachable from 0 by the system (1.3),

then it satisfies the following equivalent conditions:

(Cl) Z‘rljw,l,?,{:] k2|<(z:qy:€))7 iy,:k>|2 < 00,

(C2) X won KPR (272 < oo,

m=1, 14

zr(+)

(C3) (,77,) € D(A).
Proof. The condition (C1) follows from the previous consideration. Note that
actually the validity of (C1) does not depend on the choice of the basis {¢}. In fact,

we can observe that

w0 ()= 2 () i i

From here and since {¢'} is a Riesz basis [14], we deduce that there exist two constants
¢ and C (independently of m and k) such that
yT j’s
ZT() > Pmyk

o2 X)) i)

and this gives the equivalence between (C1) and (C2). Let us show now that (C1)
and (C2) are equivalent to (C3).

First of all, we notice that from the explicit form of the resolvent R(A,.A) given
in [11, Proposition 1] and by arguments and estimates given in the proof of [11,
Theorem 2.9], it follows that there exists a constant C' such that

2 2
< |P® (

b)rse

Y
27

(5.3) [RMA<C,  AxeLl®™ |k >N, m=1,...,10
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Let ASff) : V,ﬁf) — Vﬁ) be the restriction of the operator A to its invariant
subspace V,S“ ). Then due to (5.3) we have

JA ol < ué%¢AmRuw@nwmwA| < CulHl o,

.

where v € Vyng) and the constants C, C{ do not depend on m, k. From this, one can
obtain for v € Vn(f) the inequality

1 R A (el
™ < X1
/Lg,’f) l)‘| ” ()‘a )||||v|||d)‘| |k|HU||,

1 1
(5.4) vl < 214D < Cifol.
1

With our notations, the condition (C3) is obviously equivalent to

> |wne ()

\k\>N

2
< 0.

But, on the other hand, due to (5.4) this condition is equivalent to (C2). This com-
pletes the proof. 0

From Proposition 5.1 it follows once more, as was pointed out in the introduction
(see also [5]), that the set Ry of the states reachable from 0 by virtue of the system
(1.3) and controls from Lo (0,T) is always a subset of D(A). This justifies also Defini-
tion 1.1 given in the introduction: the system (1.3) is said to be null-controllable at the
time T if Rt = D(A). Next, we give the necessary conditions of null-controllability.

THEOREM 5.2. Assume that the system (1.3) is null-controllable by controls from
L5(0,T) for some T > 0. Then the following two conditions hold.

(i) There is no X € C and y € C",y # 0, such that A% (N)y = 0 and B*y = 0,

where

0 0
AL = A= e A% — A / M A3 (s)ds — / e Az (s)ds,
-1 -1

or equivalently rank (A4(\) B) =n for all X € C.
(ii) There is no u € o(A_1) and y € C*y # 0, such that A* 1y = Ly and

B*y =0, or equivalently rank (B A_1B --- Aﬁ]lB) =n.
First we prove the following lemma.
LEMMA 5.3. Condition (i) of Theorem 5.2 is equivalent to the following condition:
(i) There is no eigenvector g of the adjoint operator A* belonging to Ker B*.
Proof of Lemma 5.3. We make use of the following explicit form of A4*:

()= (e R saon)

with the domain

D(A") = {(y,2(-)) € Mz : Z( )+ A3(0)y € Hl([ ,0,C"),
(AZ,45(0) = A3(=1))y = 2(-1 A*lz(o)}
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From this expression of the adjoint operator, one can show that A*g = Ag if and only
if

Yy
9= ( ()\e*wl — A5(0) + A [ X5 A5 (s)ds + e [F e)‘SAg(s)ds> y> ’

where y € Ker A*(\). Since B*g = B*y, the proof of the lemma is complete. 0
Proof of Theorem 5.2. Let (i) be false. Then by Lemma 5.3 there exists a vector
g # 0 such that A*g = Ag and g € Ker B*. Consider an arbitrary state (zi?)) €Rr,

i.e., which is of the form (1.4). This gives

(1)) 0)= [ et shai=o

This means that Ry is not dense in Ms and so cannot be equal to D(A) which is
dense in Ms because A is an infinitesimal generator. Hence null-controllability is
impossible.

Now let condition (ii) not hold, i.e., there exists a nonzero vector y € C™ such
that

(5.5) A1y = fimy and B*y =0.

With our notations, we can represent y as

Vm

_ E 1
y - aij7j7
=1

where C}, j 1s a basis of the eigenspace of A”, corresponding to the eigenvalue fi,.
Among the moment equahtles (3.16) we can extract those corresponding to s = p, ;
(for fixed m and j =1,...,vp), i€,

(5.6)
Sj — k, <( yT ) J:pm J> Z/ )\UC)t .]7p7YL NE) (t) _|_ f.jvpm,j)d(t)> U (t)dt
b zr(:) )’ Mk d

for |k| > N, j=1,...,Vp. From (3.14) and Lemma 3.2 we have

j m ) wm, k
(57) qz;fk ’ ( ) - k <bda bp J> = S\(k) <bd3071n,_7>
Let us show that the moment problem (5.6) cannot be solved for all {si} € ls.
Assume the opposite; then the problem

Vm T Vm

Z%Sk = Z/ ZO‘J et tqfr’lp"m (t) + fj’pm“ (t)) ug(t)dt

is also solvable for all {37} € £. On the other hand, (5.5) and (5.7) imply

VUm

= AB Gpmgd gy 5,’;%: _
Zaje T i’ () = e RO bd,g a;C =
j=1
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Hence the latter moment problem reads as
. r T
(538) =Y [ s
d=1"9

where g{(t) = SO ay i’lp,:"j’d(t), |k| > N, and, due to the property (P3), these
functions satisfy

T
> /0 lgd(1))?dt < .

|E|>N

However, by Proposition 4.3 it follows that the set of solvability of (5.8) is a linear
submanifold ¢ C f3, ¢/ # f5. From the obtained contradiction, we conclude that
there exist sequences {s}} x>~ for which (5.6) is not solvable. This means that

Lovm

J

there exist states (zgf)) that satisfy (C1) but are not reachable from 0 by the system
(1.3). Thus Ry # D(A). |

The following results will be used to prove the main results on controllability.
They are also of independent interest.

LEMMA 5.4. Assume that for an abstract system (1.1) the following conditions
hold:

(a) Rr C D(A) for all T > 0,

(b) for some Ty > 0 the set Ry, is a closed subspace of finite codimension in the
space X 4 = D(A), with the standard graph norm ||z|| 4 = +/||z||> + || Az|?.

Then for oll T > Ty we have Ry = L, where L is a subspace of D(A) invariant
by the semigroup et and 0 < codim L < codim Ry, < oo.

Proof. Taking into account the inclusion Ry, C Ry, as Ty C Ty we infer from
assumptions (a) and (b) that there exists € > 0 such that

(59) Rr=L, T E]To,TO + E],

where L is a subspace such that 0 < codimL < codimR7,. Let us show that the
relation (5.9) holds also for all T' > Ty. To do that it is enough to prove that

(5.10) Rpyiae = L.
Let us put
T>
R% = {x fx = / e Bu(t)dt, u € LTy, Tz U)}
T:
and RY = Ry. Let us prove first that

(5.11) Ryt € L.

In fact, it is easy to see that R;gfgs =eAs R;Zif On the other hand, it follows from

(5.9) that L = Ry,4. = R7,45 and hence R;gif C Rry+e = L. Therefore

As5To+5 Asr _ _As _ps _
e 2Ry 2 Ce2L=e"2Ryps =Ri . C Ryyre = L.
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Now from (5.11) and from the obvious relation

. _ To+e
Riy+ge = Raote + Ry s

we infer that

LCRypse =Roye + Rggf%e CL+L=1L,
which proves (5.10).
Thus (5.9) is valid for all T > Ty. Then L = UpsoRr, and, therefore, it is an
invariant subspace for the semigroup {eAt}tZO. The lemma is proved. 1]
In the following, we denote by X 4 the space D(A) C M, with the graph norm.
THEOREM 5.5. For the system (1.3) let there exist a natural N and Ty > 0 such
that the moment problem (3.16) for T =Ty and |k| > N is solvable for all the vectors

CED I .

satisfying the condition (C1). Then, from the condition (i') of Lemma 5.3, it follows
that Rp = D(A) as T > Tp.
Proof. Let us denote by Ly C D(A) the subspace

Ly=Clx, Y V¥

|k|>N

m=1,...,
and by Py a projector onto Ly in X 4. From the assumption on solvability of the
problem (3.16), it follows that PyRq, = L. This, in particular, means that Ry, is a
subspace of finite codimension: codim Ly = (2N +1)n in D(A). Then by Lemma 5.4
we conclude that Ry = L as T' > Ty, where L C D(A) is invariant with respect to
{eAt}t>0 and codim L < (2N + 1)n. Let us prove that under the condition (i) we

have in fact L = D(A).

Assume the contrary. Then let us consider the dual space X7 and denote by
L+ C X7 the subspace of functionals on X 4 which are 0 on L. Obviously Lt is
finite dimensional. Denote by A} the infinitesimal extension of A* to the space X7
generating the semigroup e1*. Since, due to Lemma 5.4, L is invariant with respect
to {eAt}t>0, and then L= is invariant with respect to {eATt}DO. Taking into account

the finite dimensionality of L1, we conclude that L C D(A}) and there exists an
eigenvector g of the operator A7 that lies in L. Let us notice now that the collection

of subspaces {Vn(f), m=1,...,4|k| > N} is a Riesz basis also for the space X4 and
all these subspaces are invariant for the operator A; = A|D( a4 This implies that the

collection {W,(nk), m=1,...,¢k| > N; WN} is a Riesz basis of invariant subspaces
for A7 in the space X . From this, we infer that all the eigenvectors of A7} lie in

WP Wy c DY)

m,k

and, therefore, g is also an eigenvector for A*. Since g € L+, then

</T eAtBu(t)dt,g> =0, wu(-) € L2(0,T;0).

0
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If we put u(t) =u € U, t € [0,T], the latter relation brings

T i T T
0 :/ <u,B*eA tgdt> = / (u, B*g) et dt = (u, B*g>/ ettt
0 0 0

for all w € U, where A*g = fig. This implies g € Ker B*, which contradicts (C1).
That completes the proof. ]
Now we are ready to prove the first important result of our work.
THEOREM 5.6. Let conditions (i) and (i) of Theorem 5.2 hold. Then
(i) the system (1.3) is null-controllable at the time T as T > n;
(ii) if the system (1.3) is of single control (r = 1), then the estimation of the time
of controllability in (1) is exact, i.e., the system is not controllable at time
T=n.
If the delay is h instead of 1, the time of exact controllability is T = nh.
Proof. Here we prove (i) for the case of a single control. In the case of multivariable
control we obtain a more precise estimate for the time of controllability in section 6.
First of all, let us observe that conditions (i) and (ii) of Theorem 5.2 imply, in the
case of single control, that all the eigenspaces of A* and A* are one dimensional. In
fact, otherwise we will have that there exists an eigenvector g of A* or A* such that
(b, g) = 0. But we know that g has the form

o <z<yo>)’

where y is a nonzero eigenvector for the pencil A*(A) (that is, A*(Ag)y = 0 for some
Ao) or of the matrix A* |, respectively. Since (b, g) = 0 gives (b, y) = 0 we arrive at a
contradiction with the conditions of Theorem 5.2.

Thus, equalities (3.16) and (3.17) take, in our case, the form

s1 k() i) = [ (@ + ) wo

where |[k| > N, m=1,...,0, s=1,...,pm1, and

(.13 ()0 = [ ai oo

where m =1,...,0y, s =1,...,Pm,1. From Lemmas 3.2 and 5.3, it follows that all
polynomials {q(t)}, {G(¢)} are nontrivial and degq}?fk(t) = pm1 — 8, degql*(t) =
Dm,1 — s. This gives

4 14 14
S = 3 (dosal 1) = 3 pa =
m=1 m=1

m=1

Applying Theorem 4.5, we find that for a large enough N, the collection

(k) , 1, Am =L
o= {e*m g (1) + fm,sk(t)} s, U {eA tqflns(t)} e

s=1,..., Pm,1

forms a Riesz basis in ClLin® C L5(0,7). Then by Proposition 4.1 the moment
problem (5.12) is solvable if and only if (C1) holds. Due to Theorem 5.5, this yields
Rr =D(A) for T > n.
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To prove (ii) we first recall that the total number of elements of the family

‘/1\) = {ex’"'ta\,l,f(t), m=1,...,0n; s= 1,...,ﬁm,1}

14

equals an:l Pm, = (2N +2)n. Since ), | pm,1 = n, we have

y4 J4
Z ﬁm,l = (2N + ]-) Z Pm1 + n.

m=1 m=1
On the other hand, it follows from Theorem 4.5 that in L2(0,n) we have

4
codim C1Lin ®; = (2N + )n = (2N +1) > ppm 1,

where
b, — AR 15 1,s . _
1 =qe'm qm7k(t)+fm7k(t), k] >N, m=1,....0, s=1,....pm1-

This means that the family & = &; U d contains at least n functions, which are pre-
sented as linear combinations of the others. As a consequence, the set of reachability
Ry for T = n cannot be equal to D(A). More precisely, the codimension of Ry in
D(A) satisfies the estimation n < codim Rr < 0o. The theorem is proved. O

Remark 5.7. It is clear that the system (1.3) is also uncontrollable at time T' < n.
Moreover, it follows from Proposition 4.2 that, in this case, the set Cl1 R is of infinite
codimension in X 4.

6. Controllability in the multivariable case. Let us now consider the multi-
variable case: dim B = r with also the assumption that the matrix A_; is not singular,
det A,1 7é 0.

Let {b1,...,b,} be an arbitrary basis noted 3. Let us introduce a set of integers.
We denote B; = (bjy1,...,b.), i =0,1,...,r — 1, which gives in particular By = B
and B,_; = (b, ) and we put formally B, = 0. We need in the following the integers

m’? = rank ( Bi,1 Aleifl cee AﬁIlBi,1 ) — rank ( Bz A*lBi cee Azlel )
(6.1)

corresponding to the basis 3. Let us denote

B

(6.2) my = max m’f, M = minmaxm;

for all possible choices of a basis 3. It is easy to show that for all 3, there exists i such
that mf > my and then m > m;. Indeed, assume that m; is realized on the basis
B = {b1,...,b.}, and consider an arbitrary basis 3y = {b,...,b%}. Then there exists
i such that Lin {59, ...,%} ¢ Lin{bs,...,b,} but Lin {6?,,,...,b%} C Lin {by,...,b.}.
For this integer ¢ we have m;° > m;.
Now we can formulate the main result of this section.

THEOREM 6.1. Let conditions (i) and (ii) of Theorem 5.2 hold. Then
(i) the system (1.3) is null-controllable at the time T > T,

(ii) the system (1.3) is not controllable at the time T < m;.
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If the delay is h instead of 1, then in (i) and (ii) @ and m; must be replaced by
mh and m1h, respectively.

Proof. We show first that the system is not controllable at the time 7' < m;.

Assume that the system is controllable. Let the basis where m; is realized be
{b1,...,b.}. Consider now the relation (3.16) together with (3.14) and (3.15) given
by the controllability problem. The basis {{/;} arising in (3.14) and (3.15) is given by
(2.4) and expressed via the rootvectors Cy, ; of the matrix A* ;.

Let us choose the vectors C7, ;. Consider the subspace

Im (B1 A_lBl AﬁIlBl),
where By = (by b3 -+ b;). Then the subspace
n—1 )
Ni={Im (B A_B; -+ A"7'Bi)}" =) KerBjA",'
i=0

is invariant by A* ;. The condition of controllability gives that A* Sip has, for each

eigenvalue [z, only one Jordan chain. Indeed, on the contrary, if there are two chains in
N7, then there are two independent eigenvectors corresponding to the same eigenvalue
in NV} C Ker BY, i.e., both these vectors are orthogonal to ba, ..., b,. Then there exists
a linear combination of these eigenvectors, which is orthogonal also to b; and, as a
consequence, belongs to Ker B*. This contradicts the controllability condition.

Note also that dimAN; = n — dimIm (B, A_1B; --- A"7'By) = m;. We
take the corresponding vectors Cfn, ; in Ni. This implies

(Cpinbi)y =0, i=2,...r

This means that m is chosen such that 1, is an eigenvalue of A* ST J is the number

of the unique Jordan chain in A, and s is the index of the vectors in the Jordan chain.
Let Qu;, be the set of indices of the eigenvalues f,, € cr(A_1| o ). For each
1

m € Q, we have a Jordan chain, say with the number j(m) in M;. The indices of
the corresponding generalized eigenvectors are

€ {pm,j(m)>pm,j(m) —-1,... y Pm,j(m) _p;n’j(m) + 1} = Im7

Cpm j(m)

the length of the Jordan chain is p/, and g (m) is an eigenvector. For m €

J(m)’
O, j(m) and s € I,,, we consider the relation (3.16) which is the expression of the

controllability condition. As Cy, ;.\ € N1, we get

yr Jj(m),s \ _ AU J(m)sl JSd
k , = m dt + / t)dt
<<ZT()> wm,k > /0 (&3 9 Ul Z )

(6.3)

for |k| > N. From the hypothesis of controllability at the time T, it follows that the
left-hand side gives an arbitrary element of ¢, and then the relation (6.3) may be
represented by the expression

(6.4) x=[Q1+ Flu(), x €y,
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where the operators Q1 and F are linear bounded operators from L (0, T) to £ defined
by

T .
Qu() = {/ ARt J(,rz)xs’l( Yup (t)dt; m € Qpr, k| > N, s € Im},

{ / f](m),é d uq(t)dt; m e Qu,, |k| > N,s € Im} .

We now need the following lemmas.

LEMMA 6.2. The operator F is compact.

Proof. By (P3) the operator F' is compact in the same way as Q7. is compact in
Proposition 4.3. O

LEMMA 6.3. The image of the operator Q1 is of infinite codimension.

Proof. Let us recall that m; = dim N;. Then for each k, the sum of the length of
Jordan chains of the operator A corresponding to the Jordan chains in N7 is my:

Y Py =

mEQNl

Let us first show that the family
(6.5) {e*i’f’tan(f”’ SUE), me Qu, || > N, se Im}

forms a Riesz basis of the closure of its linear span in the space L2(0,m). In order
to do that, we have to consider the family

) ) (*) -
(6.6) {e)‘m Aty L e tPmaom =L e Qe [k > N, }

This family forms a Riesz basis of the closure of its linear span in Ls(0,m;)
by Theorem 4.4. Moreover, the closure of its linear span is of finite codimension
(2N + 1)m; since it may be completed by a family of (2N + 1)m; functions to get
a Riesz basis of Ly(0,m). The relation between the families (6.5) and (6.6) may be
written as

TN tgl 3o (1)) = et =,

where 7 is a linear bounded invertible operator in the closure of the linear span of
the family (6.5). This implies that this family forms a Riesz basis in the closure of its
linear span, which is of finite codimension. Then, from Proposition 4.2, the problem
of moments

) T
= [

is not solvable in a subspace of infinite codimension and this implies that Im @ is of
infinite codimension. Lemma 6.3 is proved. 0

Let us now show that, from the fact that Im @ is of infinite codimension and F'
is a compact operator, we have Im [Q1 + F] # {o.

The necessary and sufficient condition of the equality Im [Q1 + F] = {5 is (cf., for
example, [13, Theorem 4.13])

Iy >0 Voely, |[Q+F]z| >z
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We know that Ker Q7 = (Im Ql)l is an infinite-dimensional closed subspace. This
implies that

Ve e KerQ7, ||[Fz| > vz

for the same scalar 7, and this is impossible because F' is a compact operator. Hence
Im [Q1 + F] # {2 and this implies that (6.4) is not possible for all x € £5.

Then the relation (6.3) is not possible for all (yr, zr(-)) € D(A) if T < m;. Part
(ii) of the theorem is proved.

Let us now prove part (i) of the theorem.
First we choose a basis for the relation (3.16). Let 8 = {by,...,b,} be an arbitrary

basis of Im B and T > max{m?,i =1,...,r}. Consider now the subspaces
n—1 )
N; = m Ker Bf A* |7,
§=0
where B; = (bj11 -+ b.),i=1,...,7r—1,By = B, and B, = 0. We have Ny = 0,

N, =C" and N; C Njyq fori=0,...,7r—1. The subspaces N; are invariant by A* ;.
In order to construct the basis {1} corresponding to |k| > N, we first choose a basis
of generalized eigenvectors of A* ;| in the following way. Let us take a basis in A as
in the first part of the proof. Then we complete this basis up to a basis of N5 by
extending some Jordan chains from N; and by adding Jordan chains corresponding
to some other eigenvalues. In the same way, we extend our basis up to the basis of
Ns, .. N, =C"™.

Remark 6.4. The part of the obtained basis of N; not belonging to N;_y, i =
1,...,7, does not contain two chains corresponding to the same eigenvalue. We have
already proved that in N there do not exist two chains with the same eigenvalue.
Suppose now that N3 contains the end of the first chain and the beginning of the
second chain corresponding to the same eigenvalue. Let ¢ € N2,9y$ ¢ N1 be the
continuation of the first chain from N;. If the maximal order of the rootvectors in N;
is p, then the order of y{ is p+ 1. Let y5 be a new eigenvector in the second chain of
N> corresponding to the same eigenvalue. Let us consider the vector y = ayf + [y5.
We know that y$ is not orthogonal to bs, because if y¢ L by, then y9 € Nj. Then one
can choose «, 3 such that y L by. Then, for this choice of o and 3, y € N7 and it is
a rootvector of higher order than p in A7, which contradicts the construction of A7
(the maximal order in A7 is p — 1). This proves the remark for ¢ = 2. For i > 2, the
proof is the same.

We have then a basis in C" of Jordan chains of A*; formed by successive bases
of

NiCcNy,C---CN,=C".

Let us denote by Qnr/n_,, @ =1,...,7 (v, /A, = O ), the set of the indices m of
the eigenvalues of the matrix A* ; for which there exists chains in A; not belonging to
N;_1. Since for any m € Qp;,/n;,_, such a chain is unique we can denote its number
by j(m).

Using the constructed basis, we obtain a basis {¢)} by the relation (2.4). In this
basis, the relations (3.16) may be written as follows, and noted as (R;,i =1,...,7).
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The first family (Ry) is

T . )
k<<ZT()>,W<’"”> - /0 Nt (B ()t

6.7 (Rq) T e
+> / FIED A (tyug(t)dt
d=1"0
for m € Qnr, 8= Pji(m) —p%’j(m) +1,... 77T71n,j(m)7pmaj( 1, |k] > N, ng(m) =
Pm,j(m)-
The second family (Ry) is
(m), 7w j(m),s,1
k ”’”s> = /e)‘m:t]m’s’tu t)dt
() o O i )
NG 2
(6.8) (Ry) +/0 erm tqugf’;)’s’ (t)ug(t)dt
+Z/ FIO0 = g (t)dt
for m € Qug/n, s = W;,jm) pmj(m) +1,..., 3nj(m)’ |k| > N, where ij(m) and

2/ :
Pin,j(m) ar€ some integer.

The last one (R,.) being

{ER R Z / Mg fuar) o
+Z / Fod(tua(t)dt

for m € Qunr /n_ 7 =137(m), s = Toni(m) —pmj( yF LT iy |k| > N, with
some integer 7, ..\ and r i(m)"

(6.9) (Rr)

For each |k| > N the number of equalities (R;,4 = 1,...,r) is exactly mf (
the definition of this number in (6.1)).
Remark 6.5. Let us specify that in the collections (R;,7 = 1,...,r), for each k

there exists only one group of quasi polynomials corresponding to the given exponent.

see

Moreover, for each i, ..., r, the quasi polynomials corresponding to d = ¢ have degrees
0,1,...,p", as follows from (2.4), (3.14), and Lemma 3.3.

Before solving the problems (R;,7 = 1,...,7) we solve first the same problems
with fj S — 0 noted (RY,i=1,...,7).

LEMMA 6.6. The problems (RY,i =1,...,r) obtained from (Ri,i =1,...,7) by
the assumption that fj Sd— 0 with T > max{m i=1,...,7} are solvable if and

only if the left-hand szde s an element of {.

Proof. Consider the problem (RY) obtained from (6.7) with the assumption
fJ 4 — (. This problem is solvable if and only if the left-hand side is ¢ by The-
orem 4.5. If this problem is not solvable, then the problems (RY) are not solvable. If
(RY) is solvable, then we can find a solution wu;(¢). Then, in the problem (RY) the
term

T
/ A g T (tuy (1)t
0
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on the right-hand side is determined and may be moved to the left-hand side. Hence
(RY) is a new moment problem with unknown function us(t). It is solvable if and
only if the left-hand side is in /5.

Repeating this argumentation up to (RY), we obtain that the global problem
(RY,i =1,...,7) is solvable if and only if the right-hand side in (6.7)-(6.9) is in fo.

The proof of Lemma 6.6 is complete. ]
Let us now return to the general problem (R;,7 =1,...,r) given in (6.7)—(6.9).
One can represent the equalities (R;,4 =1,...,r) in the following operator form:

r=Qnu(-) + Fyu(-), =z €l wu(-)e L2(0,T;C"),

with N the integer for which the problem is considered (|k| > N). We shall prove
that there exists IV sufficiently large such that

ImQN =V :>Im[QN—|—FN] :gg,

and the last equality means that (R;,i = 1,...,7) is solvable if (R{,i = 1,...,7) is
solvable, i.e., if the left-hand sides in (6.7)—(6.9) are in £5.

Suppose that Im Q x = ¢2; then there exists a constant yx > 0 such that [|Q%z| >
|z for all € &5 (see, for example, [13, Theorem 4.13]). Let N > Ny and let us
denote by ¢ the Hilbert space (3(N) = {si,|k] > N : o IkIN |sk|? < oo}; then

QN = PQn, where P : €§V“ — (% is the projector defined by
P({sk, k| > No}) = {s, |k| > N}.
Then Qy = Qy, P* and ||P*z|| = |z||. This gives

1@Nzll = [[@n, P 2l = v |l

This means that for all N > Ny, |Q~z| > v|lz| for all z € ¢35, where v = .
Consider now the operator Fy. By the property (P3) (section 3) we have | Fx | —

0 when N — oo. Hence the norm ||Qn — Qn — Fv|| = || Fn|| can be made arbitrarily

small, say || Fiv|| < 7. This gives that the operator Qy + Fy is also surjective because

* * * * Y Y
QN + Fylzll 2 lQnall = [Exzll 2 vl = Sllzl = 5l

Then from Lemma 6.6 it follows that if T > max{mf,i =1,...,r}, the moment
problem (R;,i =1,...,7),|k| > N, is solvable for all left-hand sides in £5.

Applying now Theorem 5.5, we conclude that Rt = D(A). The proof of the
theorem is complete. a

7. Controllability in the general case. In the previous section, we use the
assumption that the system (1.2) is a pure neutral-type system (det A_; # 0). How-
ever, this condition is in fact a technical assumption that allows the use of the Riesz
basis of eigenspaces of the operator A in My and the moment problem approach.

In this section, we show that conditions (i) and (ii) of Theorem 5.2 are necessary
and sufficient for exact controllability for the general neutral systems (A_; may be a
singular matrix). We obtain also the precise time of controllability. From Theorem
6.1 it is not clear what happens if the time T is such that m; < T < M even
if the conditions of controllability are satisfied. In this section, the exact time of
controllability is given. In order to do that, we need the classical concept of the
controllability indices.
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Recall that the first index n; may be defined as the minimal integer v such that
(see, for example, [15, Chapter 5])

rank (B, A_1B,...,A_\""'B) =n.

LEMMA 7.1. Assume that the pair (A_1, B) is controllable. Let ny be the index
of controllability of the couple (A_1,B) and let Ti,m; be defined by (6.2). Then
mp <nig <m.

Proof. Let 8 = {b1,...,b.} be an arbitrary basis of Im B. Then

A™by €lm (B AB -+ Am7'B)=Im (B AB --- A"1B).
This may be written as
A™by € Lin {by, Aby,..., A" '} +Tm (B; AB; --- A™m~'By).
This gives that mf < ny for all 5. Hence my < nq.
Let us now consider the indices mf ,---,mP. By the definition of the integers mfj

we get that
{bl, ATy A ,Amrﬁ‘lbr}

is a basis in C™. This may be verified remarking first that, by definition, the vectors
bpy... 7A’"E_1br are linearly independent and

Lin {b,,..., A™ b} = Lin {b,,..., A" 'b,}.
Then we have to consider the previous step, i.e., mfﬁh and state that
{br_l, AT Amr*lbr}
are also linearly independent and
Lin {br_l, ATy ,Amrﬁ*lbr}
=Lin {by_1,..., A" 'b_1,by, ..., A" b, }

and so on.

We have then m{ + -+ +mf = n and then rank (B AB ... A™'~1B) =n,
where max{mf,i =1,...,r}. This gives ny < m” for all 8 and hence n; < 7. This
completes the proof of the lemma. 1]

It is well known that in contrast to indices mi,m, the controllability index n;
is invariant under feedback. This means that n; is the same for all couples (A_; +
BP, B), where P is an r x n matrix. Then one can choose a feedback matrix P and a
basis in C™ such that A_; + BP take the following form (see [15, Theorem 5.10 and
Corollary 5.3]):

F = diag{Fy,..., F.},

where
0 1 0 0
0 0 1 0
= :
0 0 0 1
ay ay ag U,
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and B becomes

G = diag{gl, e ,gr}v

where ¢; = (0 0 --- l)T, the dimension being n; x 1. It is easy to check that
m(F,G) = mi(F,G) = ni. Moreover, the spectrum of F' may be chosen arbitrarily
by means of an appropriate choice of P.

Let us now return to the controllability problem for the system (1.2) (or equiva-
lently (1.3)). We first give a preliminary result.

LEMMA 7.2. The system (1.2) is exactly null-controllable at the time T if and
only if the perturbed system

(7.1)

0 0
4(t) = (A1 + BP)i(t — 1) + /_1 As(0)2(t + 0)do + /_1 A3(0)z(t + 6)d + Bu

is exactly null-controllable at the same time T.

Proof. Obviously it is enough to prove one implication only. Assume that the
system (1.2) is controllable at the time 7. It means that for any function f(t) €
HY(T —1,T;C") there exists a control u(t) € Ly(0,T;C") such that the solution of
the equation

0 0

Ax(0)3(t + 0)d0 + / A3(0)z(t + 0)d6 + Bu(t),

-1

(7.2) 2(t) = A_12(t — 1) +/

-1

with the initial condition z(¢) = 0,¢ € [—1,0], verifies 2(t) = f(¢),t € [T’ —1,T]. Let
us rewrite (7.2) in the form

0 0
4(t) = (A_y + BP)i(t — 1) +/ Ag(é))é(t+0)d0+/ As(0)2(t + 0)d0 + Bu(t),
1 1

where v(t) = u(t) — Pi(t — 1),t € [0,T]. Since 2(t — 1) € H([0,T];C"), then
v(t) € La(0,T;C™). Thus, the control v(t) transfers the state z(t) = 0,t € [-1,0], to
the state z(t) = f(¢t),t € [T — 1,T], by virtue of the perturbed system. This means
that it is also controllable at the time T'. 0

We have the following result, which concludes our considerations.

THEOREM 7.3. Let the neutral-type system (1.2) be in the general form, i.e., with-
out the assumption det Ay # 0. Conditions (i) and (ii) of Theorem 5.2 are mecessary
and sufficient for the exact controllability of the system. Under these conditions, the
precise time of controllability is T = ny. This means that the system is not controllable
for T < mny and is controllable for T > n;.

If the delay is h instead of 1, then the exact time of controllability is nqh.

Proof. According to Theorem 5.2, the proof of necessity is needed for the case
when det A; = 0. Let us first show that condition (ii) holds. Assume that (ii) is not
verified. Then there exist vectors zp # 0 such that A* ;zp = Agzp and B*zy = 0.
If for all such vectors \g # 0, then one can find Py such that A_; + BPy is not
singular. Then, according to Lemma 7.2, the perturbed system (7.1) with P = P,
is exactly null-controllable. This gives that the pair (A_; + BPy, B) is controllable,
which contradicts the existence of such vectors z.
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Suppose that for some vector zg # 0, we have A* 2y = 0 and B*zy = 0. Then,
multiplying (1.2) by zo we get

(3(t), z0) = < LAt —1) /Ag t+9d9+/ As(6 (t+9)d9+Bu(t),zo>

and the exact null-controllability definition means that this relation holds for an arbi-
trary function (2(t), z0) € Lo(T —1,T). As (A_12(t — 1), zp) = 0 and (Bu(t), z0) = 0,
this gives, after a change of variables,

</ As(0 +9d9+/ As(6 (t+9)d9,z0>

_< [ afs - i(eas + tilAg(s—t)z(s)ds,z0>
= (Ka(20) Ks(20)) (28) :

where K; : Lo((T —2,T);C") — Lo(T — 1,T),j = 2,3, are linear operators defined
by

(Kj(z0)w) () = | Aj(s = tw(s)ds = / Aj(s = thw(s)ds,

t—1 T-1

and

The operators Kj, j = 2,3, are clearly compact operators because

/TT_l </TT_2 145 (s - t)zds> dt = /T_l (/_01 ||Aj(9)||2d9> dt < oo;

see, for example, [7, Chapter 6]. Then the image of the operator ( K2(z9) Ks3(20))
cannot coincide with Lo(T — 1,T). Thus, such a vector zy does not exist. This gives
that condition (ii) is necessary.

Let us now prove the necessity of condition (i). If A_; is nonsingular, it is proved
in Theorem 5.2. Assume now that A_; is singular. Then (since we have proved (ii))
we can choose a matrix P such that A_; + BP is not singular. According to Lemma
7.2, the perturbed system (7.1) is still exactly null-controllable. Using Theorem 5.2,
we have the following statement: there do not exist A € C and y € C" such that

0 0
M — de™? (A, + P*B*) — )\/ M AL (s)ds — / eASA§(s)ds} y=0
~1 ~1

and B*y = 0. This gives condition (i).

Now we prove the sufficiency. Assume that conditions (i) and (ii) are verified.
Then they are also verified for the perturbed system. From condition (ii) we can choose
a matrix P such that A_; + BP is nonsingular and m(A_y + BP,B) = mi(A_1 +
BP, B) = ny. And this gives that the perturbed system is exactly null-controllable at
the time T' > n; and is not controllable at the time T" < n;. By Lemma 7.2 we infer
that our system (1.2) satisfies the same condition.
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Moreover, it is easy to prove, arguing as in the proof of Theorem 5.6, that the
system (1.2) is also not controllable at the time 7' = n;. More precisely, the codimen-
sion of R,,, in X4 is finite and not less than ny. For T' < n;, the codimension of Rp
is infinite. 0

8. Conclusion and perspectives. The main goal of this paper is to demon-
strate how the moment problem approach can be used in the controllability problem
for delay systems of neutral type. To this end, we chose a quite general model (1.2)
with distributed delays in the function and its derivative, a pointwise neutral term
determined by a matrix A_1, and the control term by a matrix B. Using our ap-
proach, we have given a complete analysis of the exact null-controllability for this
model. Namely,

(i) we showed that the maximal possible set of the states reachable from 0 by

the system at some time 7" > 0 is the space H';

(ii) we found the conditions of the parameters of the system under which this set
of reachability can be maximally possible (the conditions of exact controlla-
bility);

(iii) we proved that, under the above conditions, the system is exactly controllable
at the time T if and only if T' > n;, where n; is the first controllability index
of the couple (A_1, B) (the time of exact controllability).

As a perspective, we consider the extension of our approach to systems with several
pointwise neutral terms and to the general case of distributed neutral-type delay,

0
Kf= / d(O)f(0). S € C(=1.0).C7)

where p is a matrix-valued function of bounded variation and continuous at zero.
One can prove that, for this class of systems, the generalized Riesz basis property
of the model operator A is preserved. However, the immediate spectral analysis of
this operator is more complex. In the case when the delays in the neutral terms are
commensurable, the results on exact controllability are expected to be similar to those
obtained in the present paper. In the general case, the formulation and the proofs
may be much more complicated. This problem is to be considered in our forthcoming
works.
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