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Abstract

In this paper, the existence and uniqueness of the interface coupling (/C) of time and
spatial (TS) arbitrary-order fractional (AOF) nonlinear hyperbolic scalar conservation
laws (NHSCL) are investigated. The technique of arbitrary fractional characteristic
method (AFCM) is used to accomplish this task. We apply Jumarie’s modification of
Riemann-Liouville and Liouville—Caputo’s definition to extend some formulae to the
arbitrary-order fractional calculus. Then these formulae are utilized to prove the main
theorem. In this process, we develop an analytic method, which gives us the ability to
find the solution of IC AOF NHSCL. The feature of this method is that it enables us to
verify that the obtained solution satisfies the fractional partial differential equation
(FPDE), and the solution is unique. Furthermore, a few examples illustrate the
implementation of this technique in the application section.

Keywords: Arbitrary-order fractional calculus; Interface coupling arbitrary-order
fractional nonlinear scalar conservation law; Arbitrary-order fractional characteristic
method; Jumarie’'s modification of Riemann-Liouville arbitrary-order fractional
derivative

1 Introduction

The notion of hyperbolic conservation laws (HCLs) was raised about five decades ago
[1, 2]. Long ago, the properties for a partial differential equations’ (PDEs’) system of this
type were distinguished. Moreover, the interface coupling (IC) of HCLs has important
applications. Several phenomena occur in mathematical physics, and their mathematical
models are expressed in the form of the IC HCLs. Hence many researchers have tried to
develop new techniques to find analytical and numerical solutions for IC HCLs. Many of
them have been successful in introducing methods to find numerical solutions.

The analytical method has become a very appealing tool to pursue a solution to dif-
ferential equations (DEs), which leads to the exact answer. Analytical results for most IC
FDEs cannot be obtained, so developing a new method is important. To the best of our
knowledge, the analytical solution of interface coupling fractional conservation law has
not been addressed, yet. This article aims at fulfilling this gap and investigates the an-
alytical solution of IC HCL. In the present paper, we adopt the fractional characteristic
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method (FCM), which is a very powerful technique that converts an IC FPDE to a sys-
tem of IC FODE, which makes it possible to solve the problem. The FCM method was
introduced by Guo-chang Wu [2], and it is further developed to address the IC AOF hy-
perbolic conservation laws. Due to its efficiency in obtaining the exact solution, it became
a very attractive method for seeking answers to differential equations. The feature of this
technique compared to the other analytical solution is the ability to check if the obtained
solution is a correct answer to our problem by substituting the answer in the IC FPDE and
showing it satisfies the differential equation.

The homogeneous interface coupling hyperbolic conservation laws in the form of
arbitrary-order fractional (AOF) refers to first-order systems of fractional PDEs in diver-
gence form,

U (w) + X", Fu )l VGim) =0, x;<0,6>0,i=1,...,m,
8,’/(T)7-[(u) +y giR(u)a,?if(’)gi(u) =0, %>0,t>0,i=1,...,m,

0<a(r),y(1),Bi(r), Mi(r) <1, 1e€RR,

where u is a function of the spatial variables (x1,...,%,) and time ¢. The given functions
‘H, iz, T and G; where i = 1,...,m are smooth maps from R to R. Also « : R — (0, 1),
y:R—(0,1), Bi(r) : R — (0,1) and A;(t) : R — (0, 1) where a(z), y (1), Bi(r) and A;(t) for
i=1,...,mare continuous. The symbol 9, stands for aa_t’ and 9, stands for % If we assume
a(t),y(r) =1and Bi(t),ri(r) =1 for i = 1,...,m in the above problem, then it reduces to
the classical interface coupling conservation law, numerical approximations of which have
been studied by researchers. We are wondering if there is any solution that is unique and
satisfies the equation of IC AOF HNCL.

This paper is organized as follows: Sect. 2 elaborates the background on fractional cal-
culus, constant- and variable-order fractional derivative, and preliminaries on the defi-
nitions of Riemann-Liouville fractional derivative of variable-order, and Caputo deriva-
tive of variable-order are introduced. Then the definitions of Riemann-Liouville frac-
tional derivative of arbitrary-order and Liouville—Caputo derivative of arbitrary-order
are presented. Furthermore, the generalization of some integer calculus (IC) formulae to
constant- and arbitrary-order calculus, which will be used in later sections, is introduced.
Section 3 presents the proof of the existence and uniqueness of IC VOF NHSCL, and in
this process, we introduce a very powerful technique to solve interface coupling FPDEs.
Section 4 shows the implementation of this analytical method to solve a few physical ex-
amples and presents a benchmark for solution of each one. Then, we used MATLAB to
sketch the graphs of the obtained solutions.

2 Literature review

2.1 Background

Partial differential equations (PDEs) are one of the most essential and powerful mathe-
matical tools to describe many phenomena. Scientists have been implementing PDEs in
mathematical physics, engineering fields, solid-state physics, quantum mechanics, plasma
physics, fluid mechanics, chemical kinematics, ecology, optical fibers, geochemistry, biol-
ogy, meteorology, and so on. Hence many researchers have tried to develop new tech-
niques to find exact or analytical solutions for PDEs. Many of them have been successful
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in introducing methods to find exact or analytical solutions for PDEs, such as the sine—
cosine function method and Bernoulli’s equation approach [3, 4], the Kudryashov method
[5], the functional variable method [6], the (G’/G)-expansion method [7, 8], Hirota’s bi-
linear method [9], the first integral method [10], etc. However, the integer calculus often
contradicts the experimental results, so it is more suitable to use fractional calculus, a
generalization of it.

Fractional calculus (FC) exhibited a remarkable evolution during the last three decades
and has attracted the attention of many researchers in many scientific areas [11-16]. The
definition and concept of fractional derivative (FD) and fractional integral (FI) are pre-
sented in different forms. One of them is the Riemann—Liouville derivative [17], which
has been mostly used in mathematical framework studies. Still, in the last decade, the Ca-
puto derivative [18] became popular in applied sciences due to the way it is dealing with
the initial conditions [18]. Also, the Griinwald-Letnikov definition is considered mostly
for approximations in numerical methods. Also, Kilbas et al. [19] have a book titled “The-
ory and Applications of Fractional Differential Equations.”

Samko and Ross [20] introduced the concept of variable-order fractional (VOF) deriva-
tive and integral (which is a generalization of constant-order fractional derivative and inte-
gral) together with some basic properties in 1993. Lorenzo and Hartley [21] investigated
the definitions of VOF operators in different forms and then summarized the research
results of the VOF operators. Then, a new extension and valuable implementation of the
VOF differential equations’ (DEs) models have been further developed [22]. Subsequently,
VOF DEs have attracted more and more attention, describing their suitability in modeling,
along with a large variety of phenomena, ranging from science to engineering. In particu-
lar, we mention anomalous diffusion [23, 24], viscoelastic mechanics [22, 25], the control
system [26], chaotic systems [27], petroleum engineering [28], and many other branches
of physics and engineering, to name a few [29-33].

The exact solutions of most VOF PDEs cannot be found easily, so numerical methods
[34, 35] must be used. The solutions of the VOF PDEs are investigated by many authors
using powerful numerical techniques. Several numerical methods, such as the homotopy
perturbation method [36], the Adomian decomposition method [37], the variational itera-
tion method [38], the differential transform method [39], the fractional Riccati expansion
method [40], and the fractional subequation method [41-44], have been suggested for
solving FDEs. However, solutions obtained through all these methods are local, and it is

important to explore other techniques to find exact analytical solutions of FDEs [45].

2.2 Preliminaries
2.2.1 Riemann-Liouville and Liouville—Caputo variable-order fractional derivative for
the function of one variable

The generalization of the Riemann-Liouville and Liouville—Caputo (LC) derivative from
constant to variable-order of differentiation and integration have been presented [46].
Given «(z) € (0,1), the left and right Riemann-Liouville and LC fractional derivatives and
integrals of order «/(¢) of a function x : [a,b] — R are generally defined in two different
ways for Riemann—Liouville and three different ways for LC. The definition of the first
type for Riemann—-Liouville and of the third type for LC derivatives are presented as fol-

lows.
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Definition 1 (Type I Riemann—Liouville fractional derivatives of variable-order «(¢) [46])
Given a function x: [¢,b] > Rand 0 < «(¢) < 1,
1. Type I left Riemann—Liouville fractional derivative of variable-order «(z) is defined
by

oD% (t) = / (t - 1) “Ox(t) dr; (2.1)

(- a(t) ] dt
2. Type I right Riemann—Liouville fractional derivative of variable-order «(%) is
defined by

b
D530 = 2 [ -0 O, 22)

r-a)ldt ),
Definition 2 (Type III Caputo fractional derivatives of variable-order «(¢) [46]) Given a
function x: [a@,b] > Rand 0 < a(?) < 1,

1. Type III left Caputo derivative of variable-order «(t) is defined by

Cre® o _ 1 Ll .
2D x(t)_F[l—a(t)]/a(t 7)Y (1) dt; (2.3)

2. Type III right Caputo derivative of variable-order «(¢) is defined by

Cre® 1 b e
D, x(t)_l"[l—a(t)]_/t (=t (r)dr. (2.4)

2.2.2 New definition for Riemann—-Liouville and Liouville—Caputo fractional
arbitrary-order derivative

In the above definitions, the variable ¢ in «(£) and x(¢) is the same; however, it produces

different definitions. Now we would like to introduce a definition where the variables of «

and x are different; in this case, we will have only one definition for each, which is proper

to name them as the Riemann-Liouville and Liouville-Caputo fractional arbitrary-order

derivatives.

Definition 3 (New Riemann-Liouville fractional derivatives of arbitrary-order «(t))
Given a function f : [a,b] — R, and « : R — (0, 1), where f(x) and «(¢) are continuous,
1. New left Riemann-Liouville fractional derivative of arbitrary-order «(t) is defined

by
D"‘ Df(x) = T —a®] (t) /(x ) “Of (s) ds; (2.5)
2. New right Riemann-Liouville fractional derivative of arbitrary-order «(t) is defined
by
D) = / O (s)d 2.
) = e |, SO ds 2.6

Definition 4 (New Liouville-Caputo fractional derivatives of arbitrary-order «(¢)) Given
a function f: [4,b] — R, and @ : R — (0, 1), where f(x) and «(¢) are continuous, then

Page 4 of 27
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1. New left Liouville—Caputo derivative of arbitrary-order «(¢) is defined by

EDLOf(x) = ! ] /x(x —1)Of (1) dx; (2.7)

I'[1-at)

2. New right Liouville-Caputo derivative of arbitrary-order «(t) is defined by

1 b
Cy(?) _ —a(t)

D x)= —————— T-x T)dr. 2.8
;W) = e [ -0 ©8)
2.2.3 Some results based on Definitions 3 and 4
We can extend all the results in Jumarie’s paper [47] about the fractional constant-order to
the fractional arbitrary-order, based on Definitions 3 and 4 and replacing of « with «(£).

Consequently, we present some of these results as follows.

Proposition 1 The following formulas hold true:

ry+1
progr - TUD e 2.9)
I'ly +1-a(t)]

X = alt)+ 1], .
DXOx® — Pla(t) +1 (2.10)
DO (Y = P[1 + a(p)]e?, (2.11)

X
I[l+at
D) I ) - w (2.12)
xol

The formulae that are presented above will be used to prove the theorem and to solve the
examples in the application section. We can also derive the following integrating formulae
using (2.10), (2.11), and (2.12).

Proposition 2 The following formulas hold true:

f (dn)© = 50, 2.13)
/ & (dx)?® = &, (2.14)
d a(t)
@07 _ Inx*®, (2.15)
xa(t)

Remark 1 The main tool that we use to prove the theorem is the extension of “the frac-
tional characteristic method” from constant-order to arbitrary-order, introduced by Guo-
cheng Wu [48].

3 Existence and uniqueness
Let us consider the IC AOF NHSCL in one dimension which is defined by

0t 1) + Cuule, 0)07 ulw, 1) = 0, x<0,¢>0,

y(®) M) _ (3.1)
3] u(x, t) + Crlu(x, )9y 'u(x,t) =0, x>0,t>0,

0<a(r),B(r), y(r),A(t) <1, teR.

Let Cr:R — R and C; : R — R be two “smooth” functions.

Page 5 of 27
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The modified Riemann-Liouville derivative of AOF with parameters a(t) and B(7) is

WD/ OM() = o [ o-erroe - moy ae,

r- )/(T)) dy
O<y(r)<1, y(t):=al1), B(1), y:i=x,t.

(3.2)

In equation (3.1), we use the notations 8a(f u(x, t) := on(I)u(x, t) for 0 < a(r) < 1, and
similarly 82 u(x, £) := oD u(x, £) for 0 < B(z) < 1.

Theorem 1 Let us consider

3 u(x, 8) + Crulx, )32 u(x, ) =0, x<0,¢>0,
Oy, ) + Crlu(x, £)3r D u(x,£) =0, x>0,¢>0,

0<a(r),B(z), y (1), A(r) =1

u(x,0)=f(x), xeR,

with an initial condition u(x,0) : R — R, and a suitable “continuity” condition or “coupling
condition” at the interface x = 0, namely
(i) f,Cr,Cr e CH(R),
(ii) F and f are differentiable with respect to & and ¢,
(ili) & and ¢ are fractionally differentiable with respect to x and t,
(iv) (D)t OF (&) + B(x)EPO1 0 for x < 0 and n(z)t DF,(¢) + A(z)EX@1 #0 for
x> 0, are satisfied.
Then there exists a unique solution u : (x,t) € R x R, — u(x,£) € R of (3.3) for 0 <

a(r), (1), v (1), A7) < L.

Proof (i) The existence of the solution for (3.3). We implement the method of arbitrary-
order fractional characteristics. To construct the continuous solutions, we consider the
total differential “du” given by

1 o 1
it = ety 8t0‘ ru @)™ + Ty axﬁ §(@0", x<0, (3.4)
AT :
du = =7 (dt) @y L0005,

(1+V(f) F(1+A(7)) 3x(7)

0<a(r), (1), ¥ (), M1) = 1,

so that the points (x, £) are assumed to lie on a curve 7 (upsilon). Then (3.4) can be written
as:

du el 1)) 98

g
=
<

(Lo (dx

_ r ( Du )
@™ = dt“f T+ FAR) 0P (@@ <0 (3.5)
du _ 'Oy | Pay(n) 9Oy @) 0 '
@@ = amr T @A) 0@ (@@ X2

Comparing (3.3) with (3.5), we deduce the following FODEs:

du _
aem =0 *<0, (3.6)

du
WZO, x>0,

Page 6 of 27
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x<0 x>0

=80 w0 = £ | u0) =£©) x=¢

Figure 1 Characteristics curves in the (x,t)-plane

and
@) _ r+p(x)
(@97 = T1a(o) yCr(w), x<0, .
(@)@ _ ra+ie) '
@™ T T+y() Cr(u), x>0.

The solutions of (3.7) are called the fractional characteristic curves of equation (3.3). Thus
the solution of (3.3) is reduced to finding the solution of a quadruple of simultaneous
ordinary differential equations (3.6) and (3.7).

From (3.6), u is constant along each characteristic curve and each C; (&) or Cg(u) remains
constant on 7. Hence (3.7) gives the characteristic curves of (3.3), which form a family of
curves in the (x,¢)-plane. It means that if the 7" family of curves can be obtained, then
the general solution of (3.3) is obtained. If we assume that the initial condition on the
characteristic curve 7" is given by & if x < 0 and ¢ if x > 0, then 7" intersects ¢ = 0 when
x<0atx=§, infering u(§,0) = f(&) whilst if x > 0 at x = ¢ then u(¢,0) =f(¢) on the entire
curve of 7" as shown in Fig. 1.

Thus, the family of the fractional characteristic curves of 7" is the solution of (3.7). Then

[du=0, x<0, u(€,0) =f(&),

(3.8)
fdu:O, x>0, u(z,0) =£(2),
and
1x)B(T)
((Zzt))am =u(t)Cr(u), x<0, o
X AT) '
Ei))m =n(t)Cr(u), x>0,
where u(t) = }:5 ? and n(r) = i:; ) Equations (3.8) and (3.9) indicate a quadruple of

FODEs on 7. However, equation (3.9) cannot be solved because C; and Cy are functions

of u, but (3.8) can easily be solved to obtain u# = constant, so u(&,0) = f(&) for x < 0 and
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u(¢,0) =f(¢) for x > 0 on the entire curves of 7. Hence (3.8) leads to

{u(x, t)=f(), forx<0, (3.10)

u(x,t) =f(¢), forx>0,

and the integration of (3.9) gives

(3.11)

J@x)P© = w(0FE) [(@d)*@, x0)=§, x<0,
J@xy =n(@)F(©) [(d), x(0)=¢, x>0,

where

F(&)=CL(f(§), «x<0,
F(¢) = Cr(f(¢)), x>0.

(3.12)

Using formula (2.13), from (3.11) we obtain the following result:

PO = (e OFE) + 7, x<0,

(3.13)
MO = ()" OF) + M9, x>0,

which are the characteristic curves of (3.3) (they are straight lineswhena ==y =1 =1).
The values of u on the curves (3.13) are constant, and it depends on & for x < 0 and ¢ for
x > 0. Therefore (3.10) and (3.13) are the solution of the initial-value problem (3.3), which
can be presented in parametric form as

u(x, ) =f (&), x<0,
ulx, ) = (%), x>0,
KO = p() e OFE) + PO, x <0,
@ =) OF(@) + M9, x>0,

(3.14)

where

F()=C(f(&), «x<0,
F(¢) = Cp(f(£)), x>0.

(ii) Demonstrating (3.14) is a solution of (3.3). We show that (3.14) satisfies (3.3). Differ-
entiating the first and second equations of (3.14) with respect to x with an order of 8(r)
and y(t), and with respect to ¢ with an order of «(t) and A(7) yields

DI u(x,t) = DEOF (), x<0,
Dy u(x,) = DyOF(E), x<0,
Dy u(x, t) = DYf(E), x>0,
D/ u(x,t)=D]Vf(€), x>0,

(3.15)
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leading to

aB(T)
gxﬁ(fb)t :fé (%—)S}Eﬂ(f)], X < 0,

g0 a(t
(;to((rlf =f3';' (E)Et ( )]) x < 0; (3 16)
A1)y, .
P = £ @, x>0,
(t)y T
?;y(w =fe(8)&; ' x>0,
where f; (§) = DJ(&), = D¢ and £ = D*¢ (similar for ¢). Also, we differen-

tiate the third and fourth equation of (3.14) with respect to x with an order of B(r) and
y(7), and with respect to ¢ with an order of «(zr) and A(7) to get

DO = DI () F() + £8P0, x<0,
DfxP® = Df T)[M(r)t" IE(E) +£P0], x<0,

(3.17)
Dy =D [n( JWOFE) + 0], x>0,
D@ = DY n(x)er OF() + 20, x>0,
where using formula (2.10) leads to
F(1+B(x)) = [w(0)*OF: (§) + B, x<0,
= [@EOF(€) + B()ePONES D 4 P(1+ B)FE), x<0, 65.18)
F(1+1(x)) = (@0 OF(¢) + 2O M0, x>0, '

0= (@) OF () + M@) XM D+ F(L+ A@)F(E), x>0

Obtaining gPO1 gle®l M0l gnq ; I from (3.18), and substituting into (3.16), we have

9By, I(1+B(0))fi (&

~ (1+8
03P T W@ 6)+h(x ) %<0,
o0y, Ta £(0) Ve ©)
3@ T T ()@ F (8)+ ﬁ() T %<0, (3.19)
M)y, _ (1+)L ))fr (£) 0 :
00 T @O Qg1 2
gY@y, T2 @) §)F(E)
= e R Qu@eo1 >0

Substituting (3.19) into (3.3), we have
L+ ¢ F(1+B(0) (€) B
— (r)t(’l T)F5(§)+ﬂ(r)§‘ﬁ -1 + CL(u(x; t)) (I)FE(S)+13(T)$5(I)71 = 0, X < O,t > 0,
F(hw))f{(c) =0, x>0,t>0,

LOOWCORE) | Crlu(x, 1)

GG >+x<r>sk (o)t O F, (£)+(z)HD-1

since F(§) = C.(f(§)) for x < 0 and F(¢) = Cr(f(¢)) for x > 0, equation (3.3) is satisfied
provided

(D) OF () + B(r)EPD1 40, x<0,
n(T)e OF (¢) + M(1)E*D1 40, x>0.

The solution (3.14) also satisfies the initial condition at ¢ = 0, sincex = £ forx <Oandx = ¢

for x > 0.
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(iil) Showing the uniqueness. Assume that u(x,t) and v(x,t) are two solutions of (3.3).
Then they should satisfy (3.14), that is,

u(x, t) :f(g)) x <0,
) = ) 01
u(x,t) =f(¢) x> (3.20)
O = () OFE) + £P0, %<0,
M = (@) OFE) + 80, x>0,
and
V(xr t) =f(~§), x<0,
v(x,£) =£(¢), x>0, (3.21)
KB = M(T)t"‘(’)F(S) + gﬂ(r), x<0,
MO = ()" OF@) + M9, x> 0.
Therefore from (3.20) and (3.21), we obtain
u(x,t) =f(§) =v(x,t), x<0, (3.22)
u(x,t) =f(¢) =vixt), x>0.
Alternatively,
PO = p(@)WFE) + £, x<0,
@ =) OF(@) + M9, x>0.
Hence (3.22) implies that
u(x,t) =u(€,0) =f(&) =v(x,t), x<0, (3.23)
u(x, t) =u(,0)=f(¢) =vix,t), x>0,
so uniqueness is proved. 0

4 Application
Consider the arbitrary-order fractional interface coupling of two nonlinear hyperbolic

equations
0 ue, £) + Crlu(x, )0 Vulx, ) =0, x<0,£>0,
0/ ulee, 1) + Calu(x, )35 Vux,0) = 0, x>0,¢>0,
0<a(r),B(r), y(r),A(r) <1,

u(x,0) =f(x), =xeR,

with an initial condition u(x, 0) : R — R and also a suitable “continuity” condition or “cou-

pling condition” at the interface x = 0.
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To make this coupling condition more explicit, we begin by considering the simplest
possible case where C;(u) and Cg(u) are nonzero constants. For the classic case, where
a(t) = B(r) = y(r) = A(r) = 1 E. Godlewski [49] has given the following results; the distin-
guished cases depend on the directions of the characteristic lines:

(1) Cr(u) >0, Cr(u) >0 or Cp(u) <0, Cr(u) < 0: we can impose the continuity of  at

x =0;

(2) Cr(u) >0, Cr(u) < 0: no continuity condition is required at x = 0;

(3) Cr(u) <0, Cr(u) > 0: we need to specify u(0, £) at x = 0, otherwise the solution u is

not defined in the fan C; ¢t < x < Cit.

Let us examine the above result by the following example.

Example 1 We obtain the analytical solution for interface coupling space-time fractional
arbitrary-order equations of fluid mechanics that are dealing with two different complex
systems of equations on each side of the interface, which in this case are Cy (#) = constant =
k and Cgr(u) = constant = /1. The system is

9ty 9By,
gre@ T kaxﬂ(r) =0, x<0, (4.2)
av (@) 9MT) .
amr? + —axm’f =0, x>0,
0<a(r), B(z), (), A(r) < 1,
(4.3)
u(x,0) = f(x) = sin2x + 5cos x.
Solution According to Theorem 1, we can write the following FPDEs:
=0, w0 =f(E), x<0,
du
apo =0 u(Z,0=f(&), x>0, @4
B(z) K
((ZJ:))HM = u(1)k, x(0) =&, x<0,
M)
Grm =nmh x0=¢, x>0
where () = 1;8:583 and n(7) = 1;((111352)))) Integrating (4.4), we have
[du=0, u(,0) =f(&), x<0,
[du=0, u(z,0) =£(2), x>0, @5)
J@0)P® = p(0)k [(d)*®,  x(0)=&, x<0, '
[(dx)"® =n(x)h [(dt)’™,  x0)=¢, x>0,
then, implementing formula (2.13), we obtain the parametric solution
u(x,t) =f(§), x <0,
u(x, t) = , x>0,
(1) =f(¢) 46)

#O = p()kt?® + O, x <0,
2O = ()@ + 4O, x50,

Page 11 of 27
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since

u(x, t) = (&), x<0,
ux,t) =f(¢), x>0,
£= (xﬂ(r) _ M(T)kta(r))llﬂ(r)’ x<0,
¢ = (@@ —p(r)htr @) x50,

(4.7)

and therefore the solution can be written as

ux, t) = f(&) = f((PT — u(r)ke?@)VED), % <0,

(4.8)
ulx,t) = () = (0 = n(x)her @)2), x> 0.

The general solution for Example 1, assuming the initial condition u(x, 0) = f(x) = sin 2x +
5cosx, is

u(x, t) = sin 2(P® — p()ke* @YV 4 5cos(xP™) — pu(t)ke*@))1VAE)

x <0, 4.9)
u(x, t) = sin 2 — ()’ @)D 4 5 cos (M) — p(7)htr D)),

x> 0.

Benchmark 1 (For Example 1) We make sure that (4.6) is the solution, and satisfies (4.2).
Differentiating the first and second equation of (4.6) with respect to x with an order of
B(t) and y(r), and with respec to ¢ with an order of «(t) and A(t) gives

Dux,0) = DIVf(E), x<0,
(T)u(x, t) = Da(r)f(f) x <0,

(4.10)
D u(x,t) = D (E), x>0,
D} u(x,1) = D? £(€), x>0,
leading to
8x/3 T) _fE (g)é ) X < 0’
agar f’q”(é)star 4 x<07 (4"11)

oDy _fg(é-) [Ar)], x>0,

dx"(f

M(, u £ @)™, x>0,

Also, we differentiate the third and fourth equation of (4.6) with respect to x with an order
of B(t) and y(7), and with respect to ¢ with an order of «(zr) and A(7) to get

DEO B = pPO ) (1)kee® 4 £80], x <0,
D xfO = “(”[M(r)kt"‘(” +£PO], %<0,
D0 = DY)’ + 0], x>0,
D/ = Df (@)t @ + D], x>0,

(4.12)
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which, using formula (2.10), leads to

r(1+p(1)) = B(r)ePO-1g, x<0,
0=I1+B)k+pOEFD1ED, x <0, wis)
r(1+ A1) = A2)e @1 M0, x>0, '
0=T(1+A@)h+r@)eO-1 O 5o,
Obtaining £, gl M and "™ from (4.13),
(B@)] _ I(1+p(x)
X = g 2<0,
a(0)] _ _ Ik
= pmepo *<0, (4.14)
(o)) _ L) 0 '
T mom ¥2
[y(@] _  ra+r)h
G = g 420
and substituting into (4.11), we have
B(T)
2xﬂ(rlf =fi(€ )L)) x<0,
220),, 1%
a(T) = fé(é) 1’ x<0’
o, (4.15)

axA( T) fé’(;) 1+)L T) x> 0)

87y 1 ,\
Pl f;(C) " r) x>0.

Substituting (4.15) into (4.2), we have

]%(S)F(Hﬂ
ﬁ(;) 1+)\.

e /92(5)/3(11““) =0, x<0,

t) +hf;(§)£r(1;fr)l—0 x>0,

therefore (4.6) is the solution of (4.2). The answer (4.6) also satisfies the initial condition

att =0, since x = £ forx <0 and x = ¢ for x > 0.

Remark 2 We consider the classic case of Example 1, where «(7) = 8(t) = y(t) =A(r) =1

du 4 Jd 0, x<0,

du L pdi_0, x>0 ’
ot T =Y x>0,

with the initial condition

u(x,0) = f(x) = sin2x + 5cos x.

The solution u is

u(x, t) = sin2(x — kt) + 5cos(x — kt), x<0,
u(x, t) = sin2(x — ht) + 5cos(x — ht), x>0.
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The graphs of the solution u for different values of k and / are given in Fig. 2. Each graph
of the solution u for various values of  and k has only real part that is shown in segments
(a), in which time is continuous, and in segments (b) when time is £ = 0, 1,2, 3,4, and 5.

a - solution u with time continious b - solution u with time cut
[an=pm=yoieppn=r | [ :
lk=h=8 0, | alth =Py =yin) =M =1
[ k=h=8
4. 5]
2. 0
a ‘l
3 04 |
2.
4 I|
-
§ %
- [ _\\‘\
5 L
\\ _______———-.‘___ 4 4 5
X g . 2

a - solution u with time continlous.

b - solution u with time cut

[atr) = Be = yin) = Ay} =1
| 5

1. [ ato) =iy = yin = iy =1 |

10, Lk=h=- kehe-5
5.
o,
s El
s\
-10
5N

s U4
10, =
e
e
., -
e N L 5
0 ™ 4
. -t 3
-, - 2
X = 1
5 0 t
a - Real u with time cut
10,
afr)= plujeyirj=Avj=1
5 k=-4 h=8
o
- LAl
-10
5
N
hY
\
[ BN
\ LSE
———— 5
N —— 4
) 3
o . 3

Figure 2 The graph of the solution u in the classic case in Example 1 for different values of k and h
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Also, we consider Example 1 with other values for (), 8(t), y(r), and A(t) and the
graphs of u are given in Fig. 3. In these cases, the solution # has real and imaginary parts.

Remark 3 We can conclude from the analysis of results in Example 1 that the solution u at
the interface x = 0 is continuous when C; (i) = k = h = Cr(u) both in classic and fractional
cases, which matches the result by E. Godlewski. But when C; () = k # h = Cg(u), the
continuity does not hold; therefore, it does not match with the result by E. Godlewski.

Example 2 Here we investigating the solution of a more complicated form of the interface
coupling of the space-time fractional arbitrary-order, which is given by

a(t) go(r) B(x) 3B(r)
! 3ta(r’)4 e axﬂ(r’)l =0, x<0,
o0 O ) A0y (4.17)
ot o = 0, x>0,
0<a(r), B(r), y(r), A7) <11,
u(x,0) = f(x) = €** + cos 2x.
Solution According to Theorem 1, for x < 0, we have
du
@@ =0
@PD) ) & (4.18)
(dt)e(@) T (1+a(r)) o0
x(0) =&,
and for x > 0, we have
du  _
(@nr@ ~ 0,
@M ) & (4.19)
(de)r@) T I'(1+y (1)) eﬁ/(f)’
x(0)=¢.
Then the integration of (4.18) gives
[du=0,
_xB(©) B(t) s(7) a(t) ( : )
S e )P = ue) [ e ey,
x(O) = gr
where u(t) = 11:8:5 8; By formula (2.14) the integration of (4.20) for x > 0 yields
u=Cy,
u(x,0) = ,
(x,0)=f(&) (4.21)

_xB@) _pa(7)
e = u(0)e ™ + Cy,

x(0) =&,

Page 15 of 27
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& - Roal salutien u with time continuous b - Real salution u with time cut

d - Imaginary solution u with time cut

B - Imaginary selution u with imes cut

=08 | =02
AN =02
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o /
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i
0
s
s - — ~" 0
B ]
Z ] 2 1 o 8 ;
[
© - Imaginary solution u with time continious b - Real selution u with tme eut
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20 i W) =08 | Mi= 02
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10— 425
= 0 =
s
b Qi =on | pin 5 o
it = B8 L Ay A
A : .
s - g3 = - -— =
4 T 5 . a 2 1
3 « ¥
'
b - Real solution u with ima continous b - Real solution u with tima cut
Q=08 . p=0.2 .
wirl=08 , M1)=02 o =08 , B =02
k=6 L} W)= 08 |, Mr=02
E=h (4 : Mt 8- e o
@
4 / |
3 = \[ Fd
=0 [ |
i |
- =
il -
&
e -
L 1 2 3 ‘
t
«© - Imaginary salution u with tims continous o - Imaginary solution u with ime cut
ol =08 0.2
=08 . Mrj=02 0 - - .
:‘-J. |‘-)5 afl =08 | Mry=0.2
s w1 =08, Mib= 02
\ k=§ ,h=5
L
a4
= = . I'. 1 \
1
. o |
2 |
' ' 2 3 .

Figure 3 The graph of u in Example 1 with different values for «e(t), B(t), y (t), A(T), k, and h
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and leads to

u(x’ t) :f(g)’ x <0,

e = u@)e ™™ 1 e €7 xco.

Similar to the above, from (4.19), we obtain

u(x,t) = f(¢), x>0,

A _ _eM
e = n@e " + e, x>0,

where n(t) = ?8:}((3)
(4.17) as
u(x,t) =f(§), x<0,
u(x,t) =f(¢), x>0,
PO _ w(t)e 0 PO )
-0 n(r)e’ty 17 x50,

and (4.24) can be written in the following form:

U, £) = f(€) = fn((u(r)e™™” — " )UED)) - k<0,
Ul £) = f(€) = fn((n(z)e?™ — e )HOY), x50,

Considering the initial condition
u(x,0) = f(x) = e + cos 2x

and (4.25), we have

(i, £) = (et e O yup)
+cos(5 ln((,u(t)e‘tu(r) - e‘xﬂ(t))“ﬁ(f))), x<0,

-0 _,

u(x, t) = e Oy

+cos(5In((n(r)e?™ — e TYyUrDy) - x50,

which leads to
u(x, t) = (u(r)e ™™ = e 0)2p
+cos(5In(u(t )e—t“(f) _ e—xﬁ(r))llﬂ(r))’ x<0,
ulx, t) = (n(r)e ™ = )2

y(7) _MD)
t _e ¥ )l/k(r))’

+cos(5In(n(r)e” x> 0.

(4.22)

(4.23)

). Therefore, (4.22) and (4.23) give the parametric solution below for

(4.24)

(4.25)

(4.26)

(4.27)

Benchmark 2 (For Example 2) We make sure that (4.24) is the solution, and satisfies

(4.17). Differentiating the first and second equation of (4.24) with respect to x with an

Page 17 of 27
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order of B(t) and y(t), and with respect to ¢ with an order of «(7) and A(t) gives

Du(x,t) = DEVf(€), x<o0,
(T)u(x, t) = Da(r)f@) x <0,

) (4.28)
D" u(x,t) = DIf(€), x>0,
D}V utx,1) = DI f(€), x>0,
leading to
2B .
mefi =Y, x<o,
9Oy _ a(®)]
e =fe(E)ET, %<0, -

A1)y A
ng( y —f{(C)C[ r)]’ x>0,

7@y [¥( f)]
@ =f: ()¢, x> 0.

Also, we differentiate the third and fourth equation of (4.24) with respect to x with an
order of 8(t) and y(t), and with respect to ¢ with an order of «(r) and A(7) to get

DI _ PO ()t 1 €71 x <o,

Dltx('r)e_xﬂ( ™) _ ar)[M( ) _so(7) +e_€ﬂ(f ]’ x<0,

DM PO D) (4.30)

_t}/(f)

[n(r)e + e‘gm)], x>0,

D! _pripy, @e " 4 e, x>0,
which, using formula (2.10), leads to

D+ )™ = po)ghle el c,
0= (1+B)e™ + p(r)ep@-1e6" D ele@l 4 o,
I+ A()e ™ = a(r)eMe-1g=¢"0 PO x>0,
0= (1+r(2)e ™ + a(z)cHD1e e @l xso.

(4.31)

Obtaining £ gl M1 and ¢/ from (4.31), namely

B@) _ raspane"”

» T g %<0
ra+ppet”

a(@] _
s R CER A 0.
AT
(M) _ IC1+a(r)e™ 0
N o)1MD x>0
(;[V(r)] ___ Ia+h
4 )\(T);-A(r)—lefg}»(f) ’

(4.32)

x>0,

and substituting (4.32) into (4.17), we have

B
9By l+ﬁ(r )e
axﬂ B (5) BTN x<0,

o(T)
1+f3 7))e
Bt"‘f f(S)W: x<0,

D)y _f (§ I'(1+A(7))e -

axl(r )\(1_) _;A( 7)?

l )» )h
Bty(r fé’(;) . 1 74-)»( 7)? x> O

(4.33)

x>0,
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And substituting (4.15) into (4.2), we have

_ ) (1+ﬂ(t))e_t0” A(r) (1+ﬁ(t))e"‘ﬁ
€ ‘fé(g)ﬁ(l)gﬁ e T fé(é)_ﬂ( I CE G =0, x<0,
A(r)

y(7) 1+ (1+A(x))e™
e L Q) e +e f(;%w, x>0,

therefore (4.6) is the solution of (4.2). The answer (4.6) also satisfies the initial condition
att=0,sincex=§ forx <0and x = ¢ forx > 0.

Remark 4 Consider the classic case of Example 2 where a(t) = () = y(7) = A(r) = 1,

therefore the solution is

ulx,t) =f(&) =f(n(e™* —e™)), x<0,

(4.34)
ulx,t) =f(¢) =f(n(e™* —e™)), x>0.
With initial condition u(x,0) = f(x) = ** + cos 5x the solution can be written as
ulx, t) = f(€) = 2= 4 cos(5In(e — ), x<0, (435)

"¢ 4 cos(5In(et — ™)), x>0,

ux,t) =f(¢) = M
and its graph is given in Fig. 4.

The graphs of the solution # in Example 2 for different values of «(7), B(z), (), and
A(t) are given in Fig. 5, where (a) and (c) are the graphs of the real and imaginary part

a - Real solution u with continuous time b - Real solution u with time cut

[at=ptn =yt =him=1 500, | alt) =Birh =yl =1 =1

- Imaginary solution u with continuous time d - Imaginary solution u with time cut

alry = B = yir = AT =1 |

air) = ir) = yir) = kv =1

o il
M{{
Hﬂﬂ!ﬂfr’ff .

Figure 4 The graphs of the classic case of Example 2 where ae(7) = B(T) = y (T) = A(T) =1
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a - Real solution u with continuous time b - Real solution u with continuous time
" T —
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B S 2 % % 5 F : 2
= L 1 3 !
& - Imaginary solutlon u with continuous time 10" o - Imaginary solution u with continuous time
- "N emeo7 |
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=0T ] 0s Afr)= 0.3 | 1l
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05 '|
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& 1 R ! I
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5 ]
.
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2 i T ~| 42 ’ ) E: g k L ¢
x 5‘\1 t
a - Real solution u with continuous time b - Imaginary selution u with time cut
1500,
1500 I alr)=0.2 1000 | ot} =02
| By =08 T |p=0s
| yirp= 0.2 500 wi1y=0.2 | |
i l M= 08 Y |Mn=o8 |
| st bl a I
500 - I Y
-500,| l
2 04 04 ‘
1 W |
-500 1500, | 1
5 \ ! X
1000
E b
g L
.1@%_._ = T VI =
. 3z Se——— 5
L s 0 ¥ & 2 3 *
A t 0 1
© - Imaginary solution u with continuous time d - Imaginary solution u with time cut
1500
2 ofry=02
n|||:02 000, Bt} =08
B} =08 5
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R0 Mrj=06 1
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Figure 5 The graphs of the solution u in Example 2 with different values for ae(t), B(t), y (), and A(7)

of the solutions u# where time is continuous, and (b) and (d) are the graphs the real and
imaginary part of the solution u# with the different values for the time at ¢t = 0,1, 2, 3,4,
and 5.
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Example 3 Here we find the analytical solution of a couple interface fractional arbitrary-
order differential equation

;)Ot(f) 3BT 9BD)y,

(7)
r<1+a<r>> 2@ T g =0 %<0, (4.36)
7@ ay(r) 520 Moy _ o 0 .
T+ @) 0@ T TAar@) om0 *> 0
0<a(r), B(r), y(r), A7) <1,
u(x,1) = f(x) = cosx + 3sinx.
Solution Based on the method introduced in Theorem 1, for x < 0,
du  _
(drye@) ~ 0,
u(x,1) = f(§),
I (1+a(r)) (dx)’“’ _ 37 (ra(r) 0 (4.37)
T(1+B(1)) ( () r(1+8(1)) pex)?
x(1) = §,
and for x > 0,
du
(@yr@ ~— 0,
C(+y(0) (@D _ 2 Py (n) 240 )
F(1+A(7)) (dey® — “ T 1+A(r)) (@)
x(1)=¢
The integration of (4.37) and (4.38) is given below: for x < 0, we have
[du=0,
u(x,1) =
(1) =f (E( ), (4.39)
f xB() (dxﬁr Sft‘”
x(1) = §,
and for x > 0, we obtain
[du=0,
u(x, 1) =
( ) f (C (4.40)
x(l) =
The integration of (4.39) and (4.40), by formula (2.15), for x < 0 leads to
u=Cy,
u(x,1) = ,
(1) =f(&) (4.41)

Inxf® = 31n 2™ + C,,
x(l) = %-r
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and for x > 0, it leads to

u=_Cs,
ux,1) = ,
(1) =£() (4.42)
Inx*™ =5In¢7( + Cy,
x(1)=2¢.
From equations (4.41) and (4.42), we obtain the following parametric solution:
u=f(&), x <0,
U= s x>0,
f@) (4.43)
Inx?@ =312 + ngfM, %<0,
Inx*® =5Int'@ + Ing*@, x>0,
which simplifies to
u=f(&), x<0,
U= s x>0,
£ (4.49)
XPEO) = gp e o
0 = KO EO x50,
Let us assume the initial condition f(x) = cosx + 3 sinx, then the solution is
(e, 0) = f (6030 U5 0))
— cos(xﬂ(r)t—3a(r))3/ﬁ(f) +3 Sin(xﬂ(r)t—Ba(I))l/ﬂ(r)’ x <0,
(4.45)

u(x, £) = f (57 ) VA

— Cos(xk(r)t—Sy(r))S/A(r) +3 Sin(xk(t)t—Sy(r))I/A(t), x> 0.

Benchmark 3 (For Example 3) We make sure that (4.44) is the solution, and satisfies
(4.36). Differentiating the first and second equation of (4.44) with respect to x with an
order of B(t) and y(7), and with respect to ¢ with an order of «(r) and A(t) gives

DEux,t) = DS (€), x<0,
DfDu(x,t) = D), %<0,

(4.46)
DEOu(x, 1) = DEOFE), x>0,
D'Yu(x,t) = DI Vf(E), x>0,
leading to
A0
iG] —£©EPY x<o,
Py _ a(0)]
e =fe(E)ET, %<0, .

ai(t) 2
o) £ @) x>0,

y(7) )
?)mr? :fl(;)ft[y(r ], x> 0.
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Also, we differentiate the thirdand fourth equation of (4.6) with respect to x with an order
of B(r) and y(7), and with respect to ¢ with an order of «(z) and A(7) to get

DD nxb@ = pPO[31n 2@ 4 1n £F0], x<0,
D 1nxf® = I [3In ) + IngFM], x <0,

4.48
DX [t @) = Dﬁ(r)[5ln O+ 1nc*?], x>0, (448)
D/ Inx® = p'I[5Iner@ + Ing ), x>0,
which, using formula (2.10), leads to
La+A(@) _ B@EPOL L la(r))
pr i By T R S x<0,
3M(1+a(D) , B@EPT L la(x)]
0= wwm e s #<O (4.49)
La+@) _ x@e 01 (@) ’
P B B C S x>0,
_ 50(+y(x) | M@0 [y(@)
0= PG G e , x>0.
Obtaining £, g*) M) and ¢/™ from (4.13), namely
[B@)] _ r+p)s
% = Fp0) x<0
a(t)] _ _ 3 (1+a(r))€
%-t - ta(r) B(x) ’ x<0 (4"50)
POl rtame g,
ly(@] _ _5r+y(m)¢
e == O x>0,
and substituting (4.50) into (4.47), we have
POy _ 1+ﬁ
axﬁ(rlf fé(f) ﬂ(t X < Oy
3%y 3r(1+a(1))E
9@ f( )W; x<0,
a0, (4.51)

(1+A(T
o =Se (& )R ” aas x>0,

7Oy _ 5I(Ly (1))
oo = O Ym0

Substituting (4.51) into (4.36), we have

52 3 (1+a(r))é 3xB(T) 1+ﬁ

1+Dt(1’ )fé %-) o ’>ﬂ(t 1+ﬂ )fé 0, X < 0,
© 5 (1+y r) 1+A

1+)’( )f{(é') O 1+A }f{(g) = x> 0.

Therefore (4.6) is the solution of (4.2). The answer (4.6) also satisfies the initial condition

att =0, sincex =& forx <0and x = ¢ for x > 0.

Remark 5 The classic form of Example 3 where a(7) = 8(7) = y(t) = A(r) = 11is

—”+3xa—”:0, x <0,

, u(x,0) = f(x) = cosx + 3sinx, (4.52)
t"” + 5x =0, x>0,
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a - real solution u with continuous time b - real solution u wil ime cut .
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Figure 7 The graphs the solution in Example 3 with different values for a(t), B(t), v (t), and A(T)
therefore, the solution is
_ -3\ _ -333 : -3
u(x,t) =f(xt7°) = cos(xt™>)° + 3sinxt™>, x<0, (4.53)
u(x, ) = f(xt™3) = cos(xt™3)% + 3sinxt™>, x>0.

Its graph is given in Fig. 6.

The graphs of solution u with different values for a(z), 8(t), y(r) and A(tr) are given in
Fig. 7.

5 Summary
We have proved the existence and uniqueness of the interface coupled arbitrary-order

fractional hyperbolic nonlinear scalar conservation law under some conditions. We have
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Figure 7 Continued

used the generalization of the classical characteristic method that is extended to the frac-
tional characteristic method. Further, we used the generalization of some formulae from
the integer-order calculus to the constant-order and arbitrary-order fractional calculus.
In the process of proving the existence and the uniqueness of IC AOF HNSCL, we have
developed an analytical method that can be used to solve FPDE problems. The feature of
this technique is the ability to show that the obtained solutions satisfy the FPDE, so it can
be used as a benchmark in the problems to ensure that the results are correct and exact.
And finally, we’ve shown the application of this approach by presenting a few physical ex-
amples. In addition, we've also shown the graphs for the different values of « (), 8(t), y (1)

and A(7) in each problem and also provided the benchmark as well.
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