LAUR. /A-OOC7 i |

Approved for public release;
distribution is unlimited.

Title: | The application of compressed sensing to long-term acoustic
emission-based structural health monitoring

Author(s): | Alessandro Cattaneo, Politecnico di Milano
Gyuhae Park, LANL, INST-OFF

Charles R. Farrar, LANL, INST-OFF

David L. Mascarefnas, LANL, INST-OFF

Intended for: | SPIE Smart Structures/NDE, San Diego, California
March 11-15, 2012

.

s Los Alamos
NATIONAL LABORATORY
EST.1943

Los Alamos Nationai Laboratory, an affirmative action/equal opportunity employer, is operated by the Los Alamos National Security, LLC
for the National Nuclear Security Administration of the U.S. Department of Energy under contract DE-AC52-06NA25396. By acceptance
of this article, the publisher recognizes that the U.S. Government retains a nonexclusive, royalty-free license to publish or reproduce the
published form of this contribution, or to allow others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests
that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy. Los Alamos National
Laboratory strongly supports academic freedom and a researcher’s right to publish; as an institution, however, the Laboratory does not
endorse the viewpoint of a publication or guarantee its technical correctness.

Form 836 (7/06)



The application of compressed sensing to long-term
acoustic emission-based structural health monitoring

Alessandro Cattaneo*a, David Mascareﬁasb, Gyuhae Parkb, Charles Farrar
“Politecnico di Milano, Department of Mechanics, Via La Masa 1, Milan, 20156 (MI), Italy;
®Los Alamos National Laboratory Engineering Institute, P.O. Box 1663, T001, Los Alamos, NM
87545, USA 505-663-5227

ABSTRACT

The acoustic emission (AE) phenomena generated by a rapid release in the internal stress of a material represent a
promising technique for structural health monitoring (SHM) applications. AE events typically result in a discrete number
of short-time, transient signals. The challenge associated with capturing these events using classical techniques is that
very high sampling rates must be used over extended periods of time. The result is that a very large amount of data is
collected to capture a phenomenon that rarely occurs. Furthermore, the high energy consumption associated with the
required high sampling rates makes the implementation of high-endurance, low-power, embedded AE sensor nodes
difficult to achieve. The relatively rare occurrence of AE events over long time scales implies that these measurements
are inherently sparse in the spike domain. The sparse nature of AE measurements makes them an attractive candidate for
the application of compressed sampling techniques. Collecting compressed measurements of sparse AE signals will relax
the requirements on the sampling rate and memory demands. The focus of this work is to investigate the suitability of
compressed sensing techniques for AE-based SHM. The work explores estimating AE signal statistics in the compressed
domain for low-power classification applications. In the event compressed classification finds an event of interest, [,
norm minimization will be used to reconstruct the measurement for further analysis. AE measurements often suffer from
the presence of noise sources with band-limited random and/or harmonic contents (e.g. rotating machinery). The
suitability of Justice Pursuit to remove unwanted signal components is investigated.

Keywords: acoustic emission, embedded sensing, compressed sampling, damage detection

1. INTRODUCTION

The development of structural health monitoring (SHM) solutions plays a leading role in increasing life-safety of
structural and mechanical systems and, at the same time, in reducing economic consequences related to failures. These
solutions aim to detect the damage, possibly at its early stages, before it could seriously compromise a particular
component functionality or even the entire system integrity. Among the various techniques used for SHM purposes,
acoustic emission (AE) monitoring has made it possible to detect evolutionary defects.! The physical phenomena behind
this technique consists in the release of energy in the form of transitory elastic waves. Surface vibration induced by the
elastic waves are then collected by a piezoelectric sensor. Acoustic emission phenomenon (AE) is quite complex as far
as acoustic wave propagation in solids involves a series of aspects difficult to model. Propagation of multiple modes with
different velocities, reflection, refraction, mode conversion, velocity dispersion and attenuation’ make the extraction of
damage-sensitive features from the measured signal an anything but trivial process. Notwithstanding these undeniable
difficulties, several studies™ and practical implementations®*? have demonstrated that the appearance of a crack in a
material put under certain stress condition, or the growth of a pre-existing crack, cause the emission of acoustic wave and
thus AE can be ultimately used to monitor the integrity of structures. From an historical point of view, first studies from
1930s to 1950s had to face with the limited instrumentation capabilities and measurements were made with RMS
voltmeters or simple event counters. There was no possibility to record high frequency transient AE waveforms and the
monitoring were made by measuring the AE “activity”, that is by estimating the number of occurred acoustic events. In
the attempt to collect more information, feature based AE systems able to provide parameters for each individual discrete
AE signal began to be used. Such parameters are namely arrival time, peak-amplitude, duration, rise time, counts, energy
and average frequency content. Measurement system based on AE parameters are still used because they are able to
measure and record data at rates of thousands of events/second.’ It is even worth noticing that approaches for analyzing
both AE “activity” and feature base AE data are still used for AE monitoring purposes. As a natural consequence of the



continuous development of measurement hardware capabilities, systems able to record AE waveforms became available
in the 1980s. Waveform analysis is appealing because allow more accurate arrival time determination, and consequently
a better source location, along with improvements in noise discrimination and source characterization.’ Currently off-the-
shelf sensing technology can offer 18-bit depth resolution, 40 MSamples/sec analog to digital converter (ADC) capable
of collecting continuous recording of AE waveforms at up to 10 MSamples/sec rate. This high-performance hardware
leads to large data storage demands and high power consumption.
The authors of this work focus on the new possibilities introduced by a novel sensing/sampling technique which goes
under the name of compressed sensing (CS).*” Compressed sensing, also known as compressive sampling, tackles the
problem of recovering a signal from a sequence of time samples by leveraging properties other than those traditionally
exploited by conventional approaches to sampling signals.® As a matter of fact standard analog-to-digital converter
(ADC) technology exploits the well-known Shannon-Nyquist theorem according to which continuous-time band-limited
signals can be stably reconstructed by sampling at a rate at least twice the maximum frequency present in the signal (i.e.
Nyquist rate). Recent developments in the statistics community have shown however that the Nyquist-rate criteria is not
required for signals that enjoy a high degree of sparsity. The property of sparsity, as it will be clarified in this paper, is
related to the concept of signal representation. Probably the most well-known signal representation is the one provided
by the Fourier Transform. A signal is said to be sparse if the sorted coefficients used for its representation —for example
the FFT coefficients,— decay quickly.9 Over the years great efforts have been spent in order to provide representations as
meaningful as possible for a huge variety of signals. In this attempt solutions like Short Fast Fourier Transform (STFT),
wavelet transform, principal component analysis (PCA), and the modern concept of over-complete dictionaries'' were
developed. These solutions made it possible to highlight salient features of the signal (useful for recognition purposes),
efficiently separate signal and noise (denoising) and capture large portions of the signal with only a few coefficients
(compression).” These results demonstrate that a traditional data acquisition process based on the Nyquist criteria is
inherently wasteful because it requires high performance hardware to capture the original analog signal. This problem
becomes most acute for capturing wideband signals,® that only feature a few distinctly non-zero Fourier coefficients. By
exploiting sparsity, compressed sensing offers the ability to sensibly reduce the number of samples relative to the
traditional approach while still allowing the ability to capture the essential information brought by the analog signal. This
paper illustrates the potential benefits offered by compressed sensing in a setting representative of AE structural health
monitoring. The following research builds on prior work by the authors that demonstrated the feasibility of compressed
sensing for structural health monitoring applications®. Section 2 provides the necessary theoretical background in order
to understand how CS works. Section 3 focuses on the implementation of the over-complete dictionary used to represent
AF signals. Section 4 briefly reviews the concept of the compressed estimator and the compressed classifier which are
used to perform some basic signal analysis directly in the compressed domain. Section 5 describes two different
sampling models to take into account the effect of sparse noise both when it is already present in the signal prior to
sampling and when it is added to each sample as result of the sampling process. Finally section 6 shows the test setup
and the result obtained. Section 7 sums up the conclusions and provide directions for future work.

2. COMPRESSED SENSING

The term compressed sensing (CS) denotes a sampling technique capable of capturing the useful information content
embedded in a signal while at the same time condensing it into a small amount of data. For this reason CS is a protocol
for both sensing and compressing data simultaneously. The design of systems capable of directly collecting compressive
measurements of analog signals lies outside the scope of this paper and only a brief overview of the architecture for a
compressed sensing analog front-end will be provided in Section 5 in order to better comprehend the effect of the noise
added on measurements during the sampling process. This section introduces CS theory. In the attempt to explain how
CS works, a generic signal x will be modeled as a finite-length, discrete-time vector.'* A generic signal has to be
considered as it is the result of a traditional sampling process under the assumption that the Shannon theorem is satisfied.
Mathematically speaking the signal f is a vector in an n-dimensional Euclidean space, denoted by R”, i.e. f € R".
Compressed sensing behaves as a process that, by collecting a number of linear measurement M typically much smaller
than N, is still able to accurately recover the original signal.'? The acquisition of M linear measurements is represented as
the product between an M X N sensing matrix & and the signal vector f

y=&f (M

where y € RM is the vector of the compressive measurements and the matrix ® represents adown projection to a lower
dimensional space, i.e. it maps RY into R™ with generally M <« N.'"¥ The linear measurements extracted through the



sensing matrix ® are required to ensure that the information embedded in the signal f is preserved when R is mapped
into R™. A detailed study to tackle this problem and explain what conditions the sensing matrix & has to satisfy can be
found in several works.'*?2%2%2526 [nniitively, the sensing matrix &, must be incoherent with the basis in which the
signal f has a sparse representation. The results showed in this paper are obtained using a sensing matrix ¢ populated
with i.i.d. Gaussian entries. In this regard it is worth pointing out that the reconstruction of the original signal f € RY
from the compressive measurement y € R is an ill-posed problem.'>'* The number M of available measurements is
smaller than the dimension N of the signal f, there are potentially infinitely many candidate signals f compatible with
the set of compressive measurement, i.e. for which holds ®f =y. At this point we recognize that that in many cases
what is really desired is the solution for which f is most sparse in some representation. This new constraint can be
thought of as an application of Occam’s Razor. Restated, the goal is to find the simplest solution that describes the data.
. The reconstruction of the full length signal f starting from what appears to be an incomplete set of measurements is
made possible thanks to the property of sparsity. This property, that plays a key role in CS theory, can be described
introducing the concept of signal representation. A signal can be analytically represented by mean of a linear
combination of elementary waveforms. Such a decomposition'’ is expressed as follow

f= Zyer aywy 2)

where (l,b ) is a collection of waveforms, with y a parameter, and a,, are the coefficients of the decomposition. The
Y/yer Y

collection of waveform is referred to as a dictionary ¥ and each waveform stored in its columns represents an atom of
the dictionary,’ i.e. W = [y, ¥, .10, ] € R¥*Q, withQ = N.

The property of sparsity is leveraged by CS in order to solve the ill-posed signal recovery problem in the sense that,
among the infinite set of candidate signals f satisfying ®f = y, it seeks the solution that is most sparse'® The possibility
to exploit sparsity has been historically limited by the non-convex, combinatorial nature of the minimum l; norm
optimization problem that must be solved in order to directly obtain the sparsest solution. The big breakthough of the
compressed sensing community was the discovery that the convex of I; norm relaxation of the of I, norm problem can
be used to find the sparsest solution under a wide range of circumstances.'"'* The problem of recovering a signal by
exploiting its sparsity can be formulated by introducing the concept of Iy norm. The [, norm is a function || - || that
simply counts the number of nonzero elements of a vector. The problem of finding the sparsest representation possible in
a dictionary W can thus be formally written down as follow

Py:™a]ly s.t. ¥ = P¥a 3

where a is the collection of the decomposition coefficients defined as a = (ay). The problem statement (3) is a
combinatorial optimization problem that in general is computationally expensive to solve.'* Its solution requires the
enumeration of all possible k-element collections of ¥, for k = 1,2, ..., N looking for the smallest collection permitting
representation of the signal.”” Due to the impossibility of directly searching for the solution of the problem, other
approaches are required to be used to solve the problem. A number of greedy algorithms'"'* have been proposed to find
a sparse solution to this problem including the method of frames (MOF), Matching Pursuit (MP), and best orthogonal
basis (BOB). The basis-pursuit (BP)"> approach finds the sparsest decomposition of a signal into a dictionary by

replacing || - ||, of statement (3) with its convex relaxation || - [|;:"*
P, ™72 all, s.t. y = dVa @
The I; norm function || - ||y, defined for a general vector x occupying R" as ||x||; = ¥¥,|x;|, acts as a sparsity-

promoting function, meaning that among all the possible decompositions it leads to obtain the one whose sorted
coefficients decay quickly.”'*'* A geometric interpretation useful to understand [; norm function properties is provided
in the following works'**' It is worth noticing that contrary to greedy algorithm strategy, that chooses at each iteration a
waveform 3, of the dictionary best adapted to reduce the square-error of the signal model,'"*” BP solves the
reconstruction problem in a global way because it minimizes a cost function, i.e. || - ||;, that is defined over all the
coefficients associated to the waveforms i, of the entire dictionary. It is interesting to note that problem statement (4)
can be cast as a linear programming (LP) problem and solved by a variety of methods' including interior-point
algorithms. These algorithms are of particular interest because, in the recent years, they have made it practical to solve
large-scale linear programs as as typically found in implementations of BP problems." Interior-point solvers are actually
supported by the package for specifying and solving convex programs'g‘20 used by the authors to perform the I; norm
reconstructions collected in this paper. The measurement model (1) and the optimization problem P, of equation (4) will



be further discussed in Section 5 where the effects of noise will be taken into account. The next section deals with the
problem of finding a dictionary able to sparsify signals acquired in basic AE experimental tests.

3. OVERCOMPLETE DICTIONARY FOR SPARSE REPRESENTATION

In the era of digital signal processing (DSP) several representations have been developed in the attempt to model in a
simple and effective way different class of signals. A signal, as mentioned in the previous section, can be modeled by the
superposition of elementary waveforms, called atoms, collected in a dictionary.’ In order to provide an elementary
example, equation (5) describes the dictionary associated to the Fourier transform, i.e. a set of orthogonal waveforms
defined as

F= {wn(x) = einx}nEZ 6))

It clearly appears that the Fourier basis F consists of a collection of stationary waveforms. As consequence of the lack of
localization in time, the representation of transitory signals, though quite feasible, requires the use of several atoms. The
borderline case is represented by the ideal impulse whose representation in the frequency domain is obtained only
through the totality of the atoms collected in F. The possibility to exploit CS to size AE events requires to find a
dictionary capable to model their inner transient nature through a sparse representation. Intuitively the dictionary must
have atoms that are highly similar to the structures in the data. In this regard an analytical model capable to provide a
time-frequency localization of signals is offered by Gabor atoms.'’ The discrete Gabor atom is defined over a vector n as

gy (1) = gs(n — p)e@mk/Mm (6)
where y = (s,p, 2k /n) € I is the parametric set respectively defining scale, time translation and frequency modulating
of each atom. In its turn g, is the normalized Gaussian g(t) uniformly sampled and periodized over N points in order to
obtain, at any scale s, a discrete and periodic signal:

_ Ks ap=+o n-pN
gs(n) - F;Zp:—oo g ( ) (7)

5

where the constant K, is introduced to normalize the discrete norm of g;. The normalized Gaussian g(t), finally, is a
continuous function defined as

g(t) =2V (8)

It is worth to notice that, according to the Heisenberg uncertainty principle,” the normalized Gaussian defined in (8)
minimizes the area of the rectangle representing the time-frequencg localization of an atom, i.e. the area where is at most
concentrated the energy of the atom in the time-frequency plane.”” The discrete complex Gabor dictionary is defined as
the set of all the atom g, (n) parameterized by s € ]1, N[ and p, k integers between 0 and N. This highly redundant
dictionary can be limited to a subdictionary indexed by a parametric subset of T, i.e. y € I, < I."' The subset I, is
composed of all y = (a/,pa’du, ka™/Af) with a =2, Au=1/2, Af=m, 0<j<log,N, 0 <p <2N~/*! and
0 < k < 2/*, The subset I, is thus obtained by applying a dyadic sampling to the original set I': consecutive values of
the discrete scales as well as the corresponding time translation and frequency modulating intervals differ by a factor of
two.* For the sake of clarity, in Table 1 it is showed the subset [, parameterizing the atoms used to decompose a generic
1024-point length signal. In this case the resulting discrete Gabor dictionary is 36 times overcomplete with an overall
dimension equal to N X Q = 1024 X 36864.

Table 1. Parametric subset I}, for a 1024-point length vector

index j 1 2 3 4 5 6 7 8 9

(scale)

index p 0:1: 0:1: 0:1: 0:1: 0:1: 0:1: 0:1: 0:1: 0:1

index k 0:1: 0:1: 0:1: 0:1: 0:1: 0:1: 0:1: 0:1: 0:1:
(frequency 3 7 15 31 63 127 255 511 1023
modulating)




To illustrate the time-frequency localization property of a generic atom, Figure 1(a) and 1(b) represent, both in the time
and frequency domain, the real part of an atom g, (n) with unitary discrete norm, at scale j = 6, time index p = 17 and
frequency modulating index k = 7.
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Figure 1. Real part of a discrete unitary norm atom g,(n) (a) and absolute value

of the  associate  spectrum |GR\‘2 Y(n)| (b),  where fs/2 is the  Nyquist frequency,
N=1024, parametersety : j = 6,p = 17,k =7

Clarified how it is defined the discrete Gabor dictionary used for this paper and showed the intrinsic time-frequency
localization property of its atoms, this section provides some further information about the dictionary effectively
implemented to perform the [; norm reconstruction of the signals collected during some basic AE tests. From one hand
the use of the discrete Gabor atoms is intended to represent the transient nature of the AE events, from the other hand it
is necessary to populate the dictionary with other atoms able to model the possible presence of different structures
affecting the collected signals. For this purpose are added the atoms of both the oversampled Discrete Fourier Transform
(DFT) and the Dirac basis."” The former aims to take into account the effects of stationary components (i.e. steady
process like vibrations induced by rotating machinery), the latter the effects of spikes lacking in specific harmonic
structures (i.e. signal bursts). The oversampled DFT is defined by sampling the frequencies over equally spaced intervals
smaller than those used in the standard DFT, yielding to the following expression

lpk (n) — %e—zmkn/NT (9)

where N is the length of the signal vector n, with 0 < n, T the oversampling factor and k& < NT — 1. The oversampled
DFT aims to achieve a sparsest representation for a wide class of stationary signals. As a matfter of fact the standard
DFT, i.e. the transform (9) defined for T = 1 and k < N — 1, provides a sparse representation only for those signals, a
small amount indeed, which are a superposition of the sinusoids collected in the standard DFT dictionary. As regards the
Dirac basis, it is simply defined as the identity matrix /.

The overall dictionary W assembled to perform [, norm reconstructions carried out in this paper is a 42 times
overcomplete dictionary, i.e. with a number of atoms 42 times the length of the vector signal, defined as

Y= [qJGABOR | l‘l',STIME OVERSAMPLED DFT | 1 ] (10)

Section 2 and Section 3 have respectively offered a fundamental review on CS theory and the definition of the
overcomplete dictionary designated to represent the signals acquired during the basic AE test described in Section 7. The
next two sections addresses two important issues for an effective use of CS for AE SHM purposes. Section 4 deals with
the problem of estimating AE signal statistics in the compressed domain for low-power classification applications.
Section 5 explains how the effect of noise can be taken into account.

4. AE SIGNAL STATISTICS IN THE COMPRESSED DOMAIN

This section deals with the problem of inferring some useful information directly from the compressive measurements.
The possibility to solve a detection/classification problem in the compressed domain is attractive because it can



potentially reduce the computational effort of signal recovery only on a meaningful subset of collected samples. The
detection problem aims to distinguish between two hypothesis:
Hy: y= dw

Hy:y= P(s+w) (n

where s € R" is a known signal, w~N(0,021y) is i.i.d. Gaussian noise, and & is the sensing matrix. In literature'® it is
demonstrated how the compressive detector, defined by equation (12), is a sufficient statistic to distinguish between the
two hypothesis stated in (11).

t:= yT(®dT) s (12)

The statistic ¢ is distributed as a normal distribution. In particular

t~[ N(0,a?||PT (dDdT) 1ds]||?) i under H, (13)
NPT (DPT) 1 dbs||%, a?||PT(PPT) 1 ds|2) under H,
Defined the false alarm rate P and the detection rate P, respectively as
P, = P(H, chosen when H, true) and (14)
P, = P(H, chosen when H, true)
for a given level of performance defined as P = a, the reference value y for the statistic test t is computed as
y =alleT(@eT) 7 s|lQ7 (@) (15)
where
Pr=P(t>y|H,) =0 (m)
-1 2
Py = Pt > y]H,) = 0 (—yh;gz;;:“ ) (16)

0(2) = 7= [ exp(—u?/2)du

In Section 6, the detection problem introduced above is used to discriminate from noise a set of events collected in basic
AE experimental tests. Results are provided for a different number of compressive measurements, i.e. for different
undersampling factors. Experimental data are also exploited to move some initial steps to tackle the problem of
classification. A classification problem aims to distinguish between different hypotheses

H:y= o(si+w) (17)

fori = 1,2, ..., R where each s; is a known signal, w~N'(0,a21y) is i.i.d. Gaussian noise and @ is the M x N sensing
matrix. In the case where each hypothesis is equally likely, the classifier with minimum probability of error selects the
H, that minimizes

t;i= (y — ®s)T(PPT) Iy — bs;) (18)

In section 6 the results obtained for two different class of signals are discussed.

S. THE EFFECT OF NOISE

This paper deals with the problem of recovery a sparse signal in presence of well-structured noise. In particular, the
setting considered is the one in which also the noise is sparse. The author of work'* has introduced a measurement noise
model in which the noise is supposed to be sparse in a suitable basis, or subspace. His original model is quoted in
equation (19):

y = dx + Qe (19)



where @ is the sensing matrix, x is a vector itself sparse, (0 is an M X L matrix with L < M orthonormal columns, and
the vector e is sparse. According to the work done by the author, measurements can be expressed in terms of an

M x (N + L) matrix multiplied by a (K + k)-sparse vector:
ox +0e = [@ 0] [} (20)

The reconstruction algorithm specifically designed by the author to recovery both the sparse signal x and the sparse noise
e from a set of compressive measurements y = ¢x is dubbed Justice Pursuit (JP) and is formulated as

8= T subject o [® Qu = y -

u

where I is an intermediate (N + L) X 1 recovery vector. The author analyzes in depth the theoretical conditions under
which x and e are perfectly recovered. Furthermore his results'® shows how JP is blind to the locations and size of the
corrupted measurements, i.e. exact recovery can be achieved regardless to which particular elements of the measurement
vector y are corrupted and to how large is the amount of noise on the sample y;. Beside exploiting the possibilities
offered by JP, the author demonstrates how sparsity can be also leveraged to remove unwanted component of signal. To
better understand this possibility in these paper two different sources of noise are taken into account. Referring to
another work'® , noise is differentiate into a component added to each sample (sampling error) and another component
added to the signal prior to sampling (observation error). Recalling what has already been introduced in Section 2, in this
paper CS is modeled as a process that collects a set of linear measurements y = (¥4, V2, .., ¥m)® by applying an M x N
sensing matrix & to a signal f for which exists a sparse representation in some overcomplete dictionary, i.e. f = Wx. In
this setting the sampling error is represented by a noise vector g, = (W, Wy, ..., w;,)7 that corrupts the set of linear
measurements y, i.e.

y = OW¥x + wepp (22)

In work'® the entries of the vector Wsmp are represented by random noise w;. As stated before, this paper specifically
addresses the case where the sampling error is sparse in some basis. In this particular setting holds wg,, = Qe and thus
the sampling model (22) leads back to the model (19) used for JP in the more general setting where the signal is not
sparse itself, but is sparse when represented in a suitable dictionary W. For the sake of clarity the results of work'® —
results that are equipped with a detailed analysis of the theoretical performance guarantees — are obtained for a signal x
itself sparse. According to the author the results can be extended to the more general case where the signal is sparse in
some basis ¥, i.e. an orthogonal matrix with dimension N X N where N is the length of the signal. The case where the
signal is sparse in an overcomplete dictionary is not addressed and consequently there is no possibility to directly inherit
the theoretical bounds developed by the author.

The general sampling model (22) can be completed introducing the observation error w,; '®. So the model (22) turns into
the following

y = OW(x + wyps) + Wemp (23)

where wy,,,;, is, as previous, the sampling error. It is worth to notice that the observation error w,,; is already embedded
in the signal before it goes through the sampling process. Under a mathematical point of view holds that w,, .eR"
whereas wg,,, eR¥. Both w,, and Wsmp are originally populated with i.i.d. elements with zero mean and variance 0216
In this paper the authors consider w,,s as an unwanted component of the signal with, once time again, a sparse
representation. In particular, whereas the noise is still modeled as wg,, = Qe, the overcomplete dictionary ¥, and

accordingly the vector of the sparse coefficients x, is split respectively in two parts [‘Psigna, ‘Pm,ise] and

T
[Xsignat Xnoise| so that the model (23) becomes

xsignal

Y = O[Wsignat Pnoisel [ '] + Qe @4)

The model (24) is intended to provide a sparse representation for the signal and an eventual unwanted component both
equipped with a well-defined structure. Defining a matrix @ = W = ®[W; 000 Wnoise |, model (24) is finally recast in

Xnoise

_ xsignal
] (25)

y= [CD ﬂ] [xnoise
e



By leveraging sparsity, model (25) is exploited in order to recover both the signal f and the sampling noise e, as
performed with standard JP, with the added capability to denoise the signal from the eventual presence of unwanted
component. The reconstruction algorithm is now formulated as

argmin

= “llull, subjectto [®QJu =y (26)

where the matrix ® = ®W has dimension N x K, with K the number of atoms of the dictionary, and 1 is an intermediate
recovery vector with dimension (K + L) X 1, with L the number of columns of (.

This section concludes by shedding a light on how the sparse sampling error term Wy, and the reconstruction algorithm
(26) can be exploited to analyze the robustness of CS hardware in the event that one or more of its sampling channels
undergo a failure. In Figure 2 is provided an elementary description of a typical CS architecture in order to introduce the
concept of CS channel and explain how the aforementioned goal can be achieved. Further detail on the approach
followed and the obtained results will be discussed in Section 6.

{X}

Random Signal
Generator {~d,-}

Figure 2. Schematic representation of a CS hardware architecture

A CS acquisition hardware, schematically represented in Figure 2, is a device capable to acquire an analog signal x(t)
and return a digital output, i.e. a vector y(n) collecting the compressive measurements. Each element of the digital
output y(n) is associated to one of the parallel channels composing the CS system. The continuous-time signal x(t) is
correlated with test functions @ (t) and then integrated. The remarkable advantage of such an architecture is that the
sampling process is performed by the analog to digital converter (ADC) on the integrated signal and thus at a frequency
much lower than those of a traditional acquisition system. CS architecture can thus potentially yield to realize an
acquisition system demanding for low power consumption.'* Bearing in mind the CS hardware architecture introduced
above, the failure of a i-th CS channel can be modeled with a high burst of noise corrupting the associated sample y;.
Such a kind of noise shows a well-defined structure that has an inherently sparse representation in the canonical basis,
i.e. the collection of Dirac delta functions defined as 1, (t) = 6(t — k). For this reason, the sparse sampling noise
Wsmp = {le can be modeled setting (0 = I, where I is the identity matrix. Results showed in Section 6 prove how
gracefully a CS system degrade when a small amount of its channels brake.

6. EXPERIMENTAL TESTS

Experimental tests are performed on the three-story building structure shown in Figure 3. The structure consists of
aluminum columns and plates assembled using bolted joints, which slides on rails that allow movements in the
x-direction only. At each floor, four aluminum columns (177 x 25 x 6 mm) are connected to the top and bottom
aluminum plates (305 x 305 x 25 mm) forming a four degree-of-freedom (DOF) system. An electrodynamic shaker can
be turn on to provide a lateral excitation to the base floor along the center line of the structure. The structure has been
specifically designed to study in depth several structural health monitoring (SHM) techniques.'” In this paper the
structure is exploited to perform some basic AE test. An AE source is simulated on the top of the 1* floor, as indicated
by the dotted arrow in Figure 3, thanks to a pencil lead fracture. This technique is a standard method for simulating AE
signals thanks to its fast rise time transient force, close to the behavior of real AE source, and to the remarkably



reproducible resulting waveform.”> The acoustic waves released by the crack are collected by a piezoelectric
accelerometer PCB 336C installed on the side of the 1% floor as indicated by the dashed line circle. Data are sampled at a
frequency of 5120 Hz. In this way, from the one hand, the collected signals show an high frequency content related to the
AE event and, from the other hand, each AE event can be entirely sized by a short length record. As a matter of fact, as
introduced in Section 2, signal recovery performed by solving the optimization problem of equation (4) results in large-
size linear program (LP). In the specific case of reconstruction performed in this paper, [; norm recovery process is
carried out on 1024-point data vector in order to keep computation time within reasonable limits. In this regard it is
worth to notice that recovering a 1024-point signal, from a set of 250 compressed measurements seeking for a sparse
representation in the overcomplete dictionary defined by equation (10}, requires approximately 1400 s by running a non-
optimized code on an ordinary desktop personal computer.

Figure 3. The three-story structure used for experimental tests

Below are discussed the two different types of experimental test carried out. Type A tests are specifically intended to
study the suitability of the AE detection technique in the compressed domain described in Section 4 and are performed
with the electrodynamic shaker turned off. Type B tests, on the other hand, reproduce a setting in which operational and
environmental conditions affect the measured response. Type B tests are thus performed exciting the three-story structure
and aim to study, by exploiting the reconstruction algorithm (26), both the denoising capabilities of CS and its robustness
to a small amount of sensing channels failures. The excitation is provided by a band-limited random signal in the range
of 20-500 Hz in order to avoid the rigid body modes of the structure that are present below 20 Hz.

6.1 Type A tests

In Type A tests, AE events are generated by a pencil lead fracture and the shaker is not running. Two different data sets
consisting of 25 records each are collected. One data set presents single AE events like the one depicted in Figure 4(a).
The other data set is made of records with the occurrence of two AE events as shown in Figure 4(b).
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Figure 4. Representative signals of the data set with only one AE event (a) and two AE events (b)



The data set with single AE events is used to study the detection problem introduced in Section 4. The hypothesis test
stated in (11) is performed with a noise level ¢ = 0.7. In this way it is simulated a setting in which the detection of the
known signal s is embedded in high background noise w. The resulting signal to noise ratio (SNR), computed as
SNR = 10log,,(|Is?/lwl|?), is reported in Table 2 for each signal s.

Table 2. Probability of detection P for the signals of the data set with only one AE event.

Pp with @ = 5%
Signal SNR ) M/N = | M/N = M= M=
[dB] | 1.25% 2.5% 59 10%
sl -4.0 95.8% 99.9% 100.0% 100.0%
s2 -6.2 80.9% 98.7% 100.0% 100.0%
s3 -9.7 50.3% 82.1% 97.1% 100.0%
s4 -7.1 75.1% 95.8% 100.0% 100.0%
s5 4.1 97.1% 99.9% 100.0% 100.0%
s6 -4.4 89.9% 100.0% 100.0% 100.0%
s7 -5.9 87.1% 98.5% 100.0% 100.0%
s8 -5.2 87.8% 99.8% 100.0% 100.0%
s9 -4.0 93.8% 100.0% 100.0% 100.0%
sl0 -8.2 64.6% 93.6% 99.7% 100.0%
sl -6.3 83.4% 96.2% 100.0% 100.0%
sl2 -6.7 87.3% 94.2% 100.0% 100.0%
sl3 -7.5 75.9% 97.5% 99.8% 100.0%
sl4 -5.5 92.3% 99.5% 100.0% 100.0%
s15 -5.9 89.0% 99.2% 100.0% 100.0%
sl6 -7.9 61.3% 95.6% 99.5% 100.0%
sl7 4.7 95.0% 99.8% 100.0% 100.0%
sl8 -7.1 78.3% 97.0% 99.9% 100.0%
s19 3.2 98.4% 100.0% 100.0% 100.0%
s20 4.2 96.9% 100.0% 100.0% 100.0%
s21 -6.9 75.9% 97.4% 99.9% 100.0%
s22 -6.8 86.6% 99.2% 100.0% 100.0%
s23 -1.5 84.8% 96.2% 99.9% 100.0%
s24 -5.5 91.6% 99.7% 100.0% 100.0%
s25 4.5 98.3% 100.0% 100.0% 100.0%

Looking at the results listed in Table 2 it appears that the probability of detection Py, with @ = 5%, improves by
increasing the number of compressive measurements and is equal to | for all signals when the undersampling factor
M/N is equal to 10%.

As far as it concems the classification problem, signal s, of the data set with single AE event is chosen as reference
signal and, according to equation (18) introduced in Section 4, the statistic t; is computed for all the other signals
available, both from the data set with single AE events, and from the other data set with two AE events per record. The
values of t; are represented with a box-plot in Figure 5.
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Figure 5. Box-plot representing the values of the classifier ¢; for an undersampling factor M/N = 2.5%

The definition (18) of the classifier t; helps to understand that ¢; is minimized for the signal s; such that ®s; is closest to
the set of compressed measurement y. Computing the classifier for all the signals of the two data set, it results that the
signal s;, effectively minimizes the classifier t; to 0. The representation of Figure 5 suggests that the compressive
measurements collected on the signals of the two dataset group differently, Taking as reference a generic signal of the
data set with only one AE event per record, i.e. s34, the compressive measurements on the signal of the other data set
result in larger value of the classifier ¢;.

6.2 Type B tests

In type B test, the band-limited random excitation allows to excite all the modes of the structure, with exception of the
first that is a rigid body mode. In Table 3 are reported the experimental modal parameters for the 2, 3™ and 4® mode

identified in a previous work.’’

Table 3. Experimental modal parameters of the three-story building structure depicted in Figure 4.

Experimental
modal parameters

Mode 2 3 4
Frequency [Hz] 30.7 54.2 70.7
Damping ratio (%) 6.3 2.0 0.97

Figure 6 depicts the results obtained by reconstructing a 1024-point length data vector by solving the optimization
problem P1 of equation (4) with a compressive measurement vector ¥ of length M = 250.
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Figure 6. Original f and reconstructed f [; signal (a) and their detailed view (b)

The sensing matrix ¢ is formed by sampling i.i.d. entries from the normal distribution with mean 0 and variance 1/M.
The overcomplete dictionary used is the one defined according to equation (10). The overall error of the reconstruction,
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computed as € = , is equal to 6.5%. Looking at Figure 6(a) and (b) it clearly appears that the AE event is buried

into the signal of the measured response of the structure. The signal associated to the response of the structure induced
by the horizontal shaker represents an unwanted component. In order to remove it, both the overcomplete dictionary and

. . . . . T
the associated sparse coefficient vector can be respectively reorganized in [‘Vsigna, ‘Vnozse] and [xsigm, xnoise] as

explained in Section 4. In particular, by observing that the mechanical response of the structure is totally concentrated
over the frequencies of the three modes, W,,,;s. 1S arranged in order to collect:

o all the atoms of the Gabor dictionary with a center frequency below 100 Hz and thus potentially affected by the
low noise frequency content associated to the response of the structure;

e the totality of the oversampled DFT atoms. As a matter of fact a sparse representation is obtained by solving the
I, norm optimization problem. The eventual presence of few large coefficients associated to the DFT atoms has
to be considered representative of the stationary response of the structure under the band-limited excitation
provided by the shaker;

o all the atoms of the identity matrix conceived to model the eventual presence of noise bursts without any
specific harmonic content.

As consequence of the aforementioned choices, W;gnq collects all the remaining atoms of the Gabor dictionary. Under
the controlled laboratory condition it can be assumed that all the atoms collected in Wg; 4,4, are representative of the AE
event. According to this assumption, the unwanted component represented by the response of the structure and eventual
sources of spike noise is modeled with fiwantea = WPnoiseXhpise- On the contrary, reconstructed AE event is obtained as
fag = ‘{‘signa,xsrigna,. Both reconstructed signals are depicted in Figure 7(a) and (b).
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Figure 7. The unwanted component of the signal (a) and the denoised AE event (b)

Results of Figure 7 prove denoising capabilities achieved by rearranging the dictionary atoms and the associated
coefficients. By exploiting sparsity, particular structures embedded in the given signal f prior to be sampled can be
differentiate. Once explored denoising capability offered by the signal sparsity — property upon which CS relies — the last
part of the present paragraph exploits model (25) and the reconstruction algorithm (26) to study the CS hardware
robustness to a few of its channel failures. Keeping in mind the CS hardware architecture presented in Section 5, the
study about CS robustness is carried out according to the following procedure:

1. asetyof M = 250 compressed measurements is collected on a type B test data vector with a sensing matrix ¢
formed by sampling i.i.d. entries from the normal distribution with mean 0 and variance 1/M. The 1024-point
length data vector is the same used before to demonstrate CS denoising capability;

2. the failure of a different number of CS channels is simulated. In particular the number of failures ranges, by step
of 5, from a minimum of 5 to a maximum of 25;

3. a number of samples equal to the number of channels undergoing a failure is selected uniformly at random
among the M measurements available. Broken channels are indexed by bb;



4. a high burst of noise, simulating a CS channel failure, is added on each of the samples picked up at the previous
point. Without any further specific knowledge about how CS hardware is practically implemented, all the noise
bursts consist of spikes whit amplitude set equal to the RMS value of the original uncorrupted compressive
measurements vector y. The sampling error vector wg,,, of model (20) is thus obtained as

Wsmp = {w;}, withw; = RMS(y) for i = bb and w; = 0 for i # bb 27

5. reconstruction algorithm (26) is solved. To model the high burst of noise, { is chosen as ) = cl, where / is the
identity matrix, and ¢ is a constant to rescale the norm of each columns of Q to the value of the average norm of
the column vectors of ®. This choice is dictated by the practical consideration that the {; norm optimization
problem (26) has to find a sparse vector u seeking among a matrix [513 .Q] which columns should have a
comparable energy content. The authors recognize their lack in supporting this choice with a proper
mathematical justification and restrict themself to critically discuss the results obtained.

Results of the simulations performed according to the procedure described above are collected in Table 4.

Table 4. Results of the simulations to asses robustness of CS to a small number of its channels failures. -

Ne of CS 0 5 10 15 20 25
channel failures

Reconstruction 6.5 7.2 9.5 8.9 14.4 15.0
error [%]

It is worth to notice that the accuracy of the reconstruction worsens with respect to the case of uncorrupted
measurements when a small number of channels undergoes a failure. The reconstruction error increases to values that
can be considered still acceptable even if the 10% of CS channels fails.

To further understand the results obtained by solving the optimization problem of equation (26), the worst case, the one
with 25 channels broken, is analyzed in depth. According to the sampling model (23) and (24), the sparse noise added to

the uncorrupt measurement vector y is modeled by
Wemp = {le = cle (28)

where Q1 = ¢/ is the rescaled identity matrix used to represent the noise bursts and e is the associated sparse coefficient
vector. Figure 8 represents the sparse noise wgp, as it is reconstructed by solving the optimization problem (26).
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The reconstructed noise bursts are far to be exactly reconstructed in amplitude. As a matter of fact, according to the
simulation procedure described above, all the bursts should have the same amplitude, set equal to the RMS value of the
uncorrupted compressive measurements vector y and represented with an horizontal dashed line in Figure 8.
Notwithstanding the amplitude error, the spikes associated to the simulated noise bursts can be distinctly detected. To
point out this fact, in Figure 8 circles are used to mark the spikes whose index matches the index bb of the simulated
broken channels. On the one hand, according to the results collected in Table 4, the sparse coefficients recovered in the

vector [xsigna, xm,l-se]T by solving the algorithm of equation (26) still continue to properly model the signal vector f in a
setting where the failure of few CS channels is envisaged. On the other hand, the basic CS channel failure simulations
carried out suggest that the sparse coefficients e, modeling the sampling error, can be exploited to perform CS hardware
diagnosis. As a matter of fact the CS channels indexed by the large noise bursts showed in Figure 8 can be excluded
from the CS measurement process. As result of this operation even the algorithm (4), based on the model (1) that is
totally blind to any source of noise, can be used to satisfactorily reconstruct the signal. In particular by deleting the rows
of the original sensing matrix ® corresponding to the broken channels, a new sensing matrix P4, of dimension
225 % 1024 is obtained. Using ®p,.q;n to collect a reduced number of compressive measurements from a subset of
healthy CS channels, the reconstruction performed with the algorithm (4) results affected by a tolerable error equal to
7%.

7. CONCLUSIONS

This paper provides an initial step toward the study of compressed sensing (CS) suitability to tackle structural health
monitoring related problems. In this specific case a setting with the presence of simulated AE sources has been taken into
account. CS protocol has demonstrated its potentiality in providing a satisfactorily representation of AE signals by
collecting a number of compressed measurements roughly equal to the 25% of samples required by conventional
techniques founded on the Nyquist-Shannon theorem.

In presence of source of noise with a well-defined structure, the property of sparsity has been profitably exploited. Two
different models have been discussed in order to take into account both the noise added during the sampling process and
the noise embedded in the signal prior to sampling. The former, assuming sampling noise sparsity in the Dirac basis, has
allowed to keep the reconstruction error within acceptable levels when a small amount of compressed sensing channels
undergoes a failure. The latter has made possible to remove the unwanted component of a signal in a setting
representative of a system where the measured response is affected by operational and environmental conditions. In this
setting, denoising has been made possible thanks to the different sparse representation of the signal and the unwanted
component in an overcomplete dictionary. The possibility to model defective CS channels with sparse noise bursts have
furthermore suggested the opportunity to perform basic diagnostic on compressive sensing hardware.

This paper has also studied the significance of computing some statistics directly in the compressed domain. The results
obtained, accordingly to the outcomes of other work present in literature, suggests that basic detection/classification
problem can be solved relying upon a number of compressed measurements fewer than that required to properly recover
the signal. In the ultimate attempt to implement de-centralized, low-power demanding structural health monitoring
(SHM) solutions, great attention will need to be paid to the possibility to exploit a reduced amount of compressive
measurements to estimate the relevant sufficient statistics to solve a desired interference task.
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