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THE ASYMPTOTIC BEHAVIOR OF A FINITE ENERGY PLANE

H. HOFER !, K. WYSOCKI 2, AND E. ZEHNDER 3

ABSTRACT. Given a compact 3-manifold M equipped with the contact form
A we consider smooth maps u : C — R x M solving the Cauchy-Riemann
equations Tu - ¢ = J(u) - Tu, for a distinguished class of almost complex
structures J on R X M which are R-invariant and related to A. If the map is
non constant and of finite energy, the projection into M necessarily approaches
as |z| — oo a periodic solution of the Reeb vector field associated with the
contact form.

Assuming the periodic solution to be non degenerate we shall describe the
asymptotic behavior of the map u. The paper is a revised version of [5] and
includes also [6].
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1. INTRODUCTION, NOTATIONS, RESULTS

We consider a compact oriented 3-manifold M and choose a contact form A. Its
existence is guaranteed by J. Martinet [13]. By definition, a contact form A is a
1-form on M such that A A d\ defines a volume-form on M. We assume that the
orientation of M agrees with the orientation induced by this volume-form. Since
the functional A,,: T,,M — R does not vanish, with the contact-form A there is
associated a 2-dimensional vector bundle £ — M over M, whose fibre &, C T,, M
is defined by

Em = ker(A\y,), m € M.

This plane bundle is a so called contact structure of M. The skew symmetric form
w = dA | £BE is nondegenerate on each fibre and hence defines a symplectic form on
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2 H. HOFER, K. WYSOCKI, AND E. ZEHNDER

the vector spaces &, C T,,M. We denote by (£,w) this symplectic vector bundle.
In addition, again in view of the fact that A A d\ is a volume-form, the kernel
kerd\ C TM is 1-dimensional and defines the line-bundle [ transversal to £ having
the fibres

lm = {h € TM | d\(h,k) =0, forall ke TmM}.
There is a unique nonvanishing vector field X = X defined by
(1) sz)\:O and ’ix)\: 1.

It is called the Reeb vector field of A\. Thus the tangent bundle 7'M of M splits into
the line-bundle | — M having the preferred section X and the symplectic plane
bundle £ — M having the preferred symplectic form dA,

TM=RX®E.

If ¢, denotes the flow of X satisfying by definition %y, (m) = X (¢;(m)) and
¢o(m) = m € M, we conclude from (1) that 4(p;\) = 0 and £ (p;d\) = 0.
Consequently, dy; leaves £ invariant,

dot(Em) = gSOt(m)? m € M.

Moreover, since X is time-independent, ¢; « ps = @15, from which we conclude

dpi X (m) = X (p(m)).
Thus dy; leaves the splitting RX & & of T'M invariant. With
T:RXPE—E
we denote the projection along X. The symplectic vector bundle (£,d\) — M

has a distinguished class of almost complex structures J: & — ¢ satisfying J(m) €
L(Em, &) and J(m)? = —Id, which are compatible with d)\ in the sense that

(2) 13} ((l, b) = d)‘(a’7 J(m)b)
defines a positive definite inner product on each fibre &,,. This space of complex
structures is contractible, as is well known, see f.e. [1, 3, 11].

Fixing an almost complex structure J compatible with d\ we are interested in
smooth maps
u:=(a,u): C - R x M,

solving the equations

ou ou
(u*A) - i =da,

where z = s+t € C. In order to reformulate this equation we introduce the special
almost complex structure J on the 4-manifold R x M as follows:
J(a,m)(hy k) = (=Am(K), J(m)mk + hX (m))

for (h,k) € Tigm)(R x M). It is R-invariant. One verifies immediately that
J2(h, k) = —(h, k). The equation (3) is equivalent to

(4) Us + J(W)u; = 0.
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There are plenty of solutions of (4) which are not interesting to us. For example,
if z: R — M is a solution of the Reeb field & = X (z) on M, then
(5) u(s+it) := (s,z(t)) e Rx M

is a solution, as is readily verified. As was shown in Hofer [4], there is an interesting
class of solutions singled out by an “energy requirement”. Introduce the class of
functions

L={feC*®R[0,1)| f >0}
and define for f € ¥ the 1-form Ay on R x M by
Ag(a,m)(h, k) = f(a)Am ().

For a solution © = (a,u) of (4) one computes

o NOYES %[f’(a) (az +a? 4+ Mus)? + )\(ut)z)

+ f(a)(|7rus|3 + |Wut|?])]ds Adt,

which is a nonnegative integrand. We used the norm |h|% := gs(h,h) for h € &,
where g, is defined in (2). Therefore, if u is a solution of (4), then

og/a*dAf < 00,
C

and we define the energy F(u) € [0, 00] of a solution by
E(u) = sup/ wrdAy.
fesJe

Definition 1.1. A finite energy plane is a solution u = (a,u) of (4) satisfying, in
addition,
0 < E(u) < oc.

For the trivial solutions @ defined in (5) we have E(u) = co. Indeed, taking a
function f € X satisfying f’ # 0 we compute

/Cﬂ*d)\fz [f(oo)—f(—oo)]/dt:oo.

R

The significance of the concept of “finite energy plane” lies in the following result
relating finite energy planes to periodic orbits of the Reeb vector field X.

Theorem 1.2. Assume u = (a,u): C — R x M is a finite energy plane. Then

T::/u*d)\>0
C

and there exists a sequence Ry — oo such that limkﬁoou(RkeQ’T“) = z(Tt) in
C*(R) for a T-periodic solution x(t) of the Reeb vector field i(t) = X (z(t)). If

this solution is nondegenerate, then
lim u(Re®™) = z(Tt),

with convergence in C*°(R).
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The first part of Theorem 1.2 has been proved in [4]. The strengthening for a non-
degenerate asymptotic limit will be proved in the present paper. The distinguished
periodic orbit x associated to a suitable sequence R — oo will be called, in the
following, an asymptotic limit. As stated, the asymptotic limit is unique provided
there exist a non-degenerate one. In general this should not be case. However we
do not know an explicit counter example.

As for the existence question, we recall that if M has a non-vanishing o (M)
then for every contact form A\ and every compatible almost complex structure J
there exists a finite energy plane. One can also show that for the three-sphere S3
there exists a finite energy plane for every choice of contact form and compatible
J. All these results, with the exception of the case where A is a tight contact form
on S3 have been proved in [4]. Theorem 1.2 then guarantees a periodic solution for
the associated Reeb vector fields X.

We are not concerned in the following with the existence question. Rather we
assume the existence of a finite energy plane and determine its asymptotic behavior
as |z| — oco. We shall assume that the T-periodic solution z(t) guaranteed by the
first part of Theorem 1.2 is nondegenerate. This requires that it has only one
Floquet multiplier equal to 1, and hence is isolated in the set of periodic solutions
of the Reeb vector field having their periods close to T. We reformulate the second
part of Theorem 1.2 as follows

Theorem 1.3. Letu = (a,u): C — Rx M be a nonconstant, finite energy plane as
in Theorem 1.2, with an asymptotic T-periodic orbit x(t) which is nondegenerate,
then

lim u(Re*™) = (T - t),

R—o0

moreover the convergence is in C*(R).

The theorem allows us to study, for R large, the finite energy plane in a tubular
neighborhood of its limit z(¢). It is convenient to consider the holomorphic cylinder
U =wo ¢ = (a,v), with the biholomorphic map ¢: R x S* — C\ {0} defined by
@(s,t) = 2™+ Then v(s,t) — x(Tt) as s — oo in C>(S'). We shall construct
local coordinates R x R? in a tubular neighborhood of #(t). In these coordinates the
map v is represented by (a,v) = (a(s, t),9(s,t), z(s, t)) : [s0,00) x R — R x R x R2.
If T = k7, k> 1, where 7 is the minimal period of the periodic solution x(t), then
I(s,t+1) = 9(s,t) + k, while the other functions a, z are 1-periodic in ¢. The main
contents of this paper is the proof of the following asymptotic description of a non
degenerate finite energy plane.

Theorem 1.4. There exist constants ag, Y9 € R and d > 0 such that
yaﬁ[a(&t) —Ts — ag]| < Me™d
|0°[9(s,t) — kt — V]| < Me™

for all multi-indices 3, with constants M = Mg. Moreover, we have the asymptotic
formula for the transversal approach to x(t):

z(s,t) = elso @M [e(t) +7(s,1)] € R?

where °7(s,t) — 0 as s — oo uniformly in t for all derivatives. Here a: [sg,00) —
R is a smooth function satisfying o(s) — u < 0 as s — oo. The number u is
an eigenvalue of a self-adjoint operator A in L?(S',R?) related to the linearized
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Reeb vector field X along the limit orbit x(t). The operator is defined by A =
—Jok — Se(t), with Sso(t) = Seo(t + 1) a symmetric, 1-periodic, smooth 2 x 2
matriz function defined by Seo(t) = —T JompmdX (m)mpm, wherem = (kt,0) € RxR2.
Moreover,

e(t) =e(t+1)#0,
is an eigenvector of A belonging to the eigenvalue p < 0.

From this asymptotic description of u we shall deduce, using the similarity prin-
ciple, the following global consequences

Theorem 1.5. Let @ = (a,u): C — R x M be a nonconstant finite energy plane
with nondegenerate asymptotic periodic orbit x(t). Let P = {z(t) |t € R} C M.
Then the sets

{zeClu(z) e P}
{zeC|moTu(z) =0}

consist of finitely many points.

This means that the map w: C — M intersects its limit z(¢) in at most finitely
many points. Moreover, the tangent map 7w has maximal rank except at finitely
many points, using that m o T'u(z): T.C — &) is complex linear, in view of the
identity moTuoi=JomoTu.

These results are important in a series of applications of holomorphic curves
methods to problems in low-dimensional topology and Hamiltonian dynamics, see
[7, 8,9, 10]. There we use holomorphic curve methods in symplectisations to con-
struct open book decompositions for certain three-manifolds, [9], as well as global
surfaces of sections for Hamiltonian flows on three-dimensional energy surfaces, [10].
One concludes, in particular, that a Hamiltonian flow on a strictly convex energy
surface in R* has either precisely 2 or infinitely many periodic orbits, see [10].

There are three technical ingredients to any application. The first is a complete
description of the behavior of finite energy planes at infinity, which is the same as
the behavior of a finite energy surface near a non removable singularity. This is
the contents of the present paper. The second ingredient is the study of embedding
properties of finite energy surfaces and their projections into the contact manifold.
Here methods from algebraic topology like intersection theory, Maslov indices and
winding numbers combined with the asymptotic analysis from the present paper
play a crucial role, see [7]. The third ingredient is a Fredholm theory and implicit
function type techniques in order to describe families of finite energy planes, see
8]

2. PERIODIC ORBITS OF X AND LOCAL COORDINATES NEAR THE ENDS

We consider a T-periodic solution x(t) for the Reeb vector field & = X (z). Then
x(0) = z(T') and for the linearization of the flow ¢; we have

dpr X ((0)) = X (pr(w(0)) = X (2(0)).

Hence 1 is an eigenvalue of dor (2(0)) € L(Ty0)M, Ty0)M ). The periodic solution
in called nondegenerate if this is the only eigenvalue equal to 1 of the linear map
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der(2(0)). Since dor(z(0)) leaves the splitting X (z(0)) @ &,(o) invariant this is
equivalent to the requirement that

d(pT (x(O)) 57"(0) - fT(O)
has no eigenvalue equal to 1. Dynamically a nondegenerate T-periodic solution is
isolated on M in the set of periodic solutions having periods close to 7. In order
to study the asymptotic behavior it is convenient in the following to consider a
cylinder instead of a plane. Let ¢: R x S' — C\ {0} be the biholomorphic map
defined by

s, 1) = €20,

where S' = R/Z. If & = (a,u) is a finite energy plane, we define the finite energy
cylinder
T:RxS'SRx M
by the composition
U=U o p.
In what follows we will use the same letter a to denote a map C — R and also the
map R x S — R obtained by composing a with ¢. The map ¥ = (a,v) satisfies

s+ J@): =0 on Rx S

(7) / Vi) = / wrdA >0
Rx St C
0< E®@) = E(@) < oo.

A solution ¥ of (7) satisfies the estimate

sup ‘V5(37t)| < 00,
Rx St

from which one derives estimates for all derivatives

(8) sup |0°0(s, t)| < oo, | > 1.

RxS?t
For a proof of these estimates, based on a “bubbling off” analysis and elliptic esti-
mates, we refer to Hofer [4].

In order to prove Theorem 1.3 we start with

Proposition 2.1. Let u be a finite energy plane and assume there exists a sequence
Ry, — 0o such that u(Rye*™ ) — z(Tt) in C*°(S*, M). Assume further that x is
a non-degenerate T-periodic solution of the Reeb vector field & = X(x) associated
with the contact form X. Then given any S'-invariant C> neighborhood W of the
loop z(T-) in C*°(S*, M) there exists an Ry > 0 such that u(Re*™") € W for all
R > Ry.

Proof. We view M as being embedded in some R™ and equip the Frechet space
C>(S',R") with a translation invariant and S*-invariant metric which we restrict
to the subspace C°°(S', M). The S'-action on the loop space is the one induced
by St itself. Let 7 C C*°(S*, M) be the collection of all loops corresponding to
periodic solutions of # = X(z). With xr(-) = 2(T-) € T we denote the loop
corresponding to the distinguished T-periodic solution = of the proposition. Since
x is non degenerate we find two disjoint and S'-invariant open sets V; and V5 in
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C>(S', M) having the properties that 7 C (V; U V2) and Vi N7 = St xzr. In
the holomorphic polar coordinates ¢ the finite energy plane u becomes the finite
energy cylinder v = u - p = (b,v): Rx S* — R x M and by hypotheses there exists
a sequence s, — oo such that

v(8,+) = 1 in C>°(St, M).

Hence v(sg,-) € V4 for k large. Recall from the proof of Theorem 1.2 that ev-
ery sequence o — 00 possesses a subsequence o’y such that v(c',-) converges
in C*°(S', M) to an element of 7. Using this remark we prove proposition 2.1
indirectly. Assuming that v(s,t) does not converge to S * 27 as s — oo we find a
sequence oy — oo satisfying v(oy,-) € Vo for k large, and passing to subsequences,
we may assume that s; < o < sg41 for all k.

Since s — v(s,) is a continuous path in C°°(S, M) there is a sequence s’y €
(sk, ok ) satisfying v(s'x, -) € V1UV,. By theorem 2.1 again we deduce a subsequence
s"j of 'y, such that v(s”, ) converges to an element y € 7 satisfying y ¢ V3 U V3
and hence contradicting 7 C (V3 U V3). This finishes the proof of Proposition
2.1. O

We shall study the finite energy cylinder ¥ = (a,v): R x S' — R x M as in-
troduced above. We know by the previous discussion that given any S!-invariant
neighborhood W of z(T-) in C°°(S*, M) we have v(s,-) € W for all s large enough.
Hence we can study the solution v: R x §' — M for large s locally in a tubular
neighborhood of the periodic solution z. For this purpose we shall first introduce
convenient local coordinates in M near the periodic solution z(t). The coordinates
and the contact form in the coordinates will be given by

SlxRQ, f)\o

where the periodic solution lies on S* x {0}, f is a positive function, )¢ is the
standard contact form

Xo = d¥ + zdy

on St xR2. Since S = R/Z we work in the covering space and denote by (¢, z,y) €
R3 the coordinates, ¥ mod 1. Recall first that if a diffeomorphism ¢: (N, u) —
(M, ) between two contact manifolds satisfies * A = p, then the corresponding
Reeb vector fields are transformed into each other by

Xu = (d¢)71 XA 0,

as is easily verified. Hence ¢ maps the solutions of X, onto the solutions of Xj.
Indeed, for the flows we conclude ¢} - ¢ = ¢ - !, for all t € R. This will be used
in the proof of

Lemma 2.2. Let (M,\) be a 3-dimensional contact manifold, and let x(t) be a
T-periodic solution of the corresponding Reeb vector field = Xy(x) on M. Let T
be the minimal period such that T = kT for some positive integer k. Then there is
an open neighborhood U C S' x R? of St x {0} and an open neighborhood V- C M
of P={x(t) | t € R} and a diffeomorphism o: U — V mapping S* x {0} onto P
such that
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with a positive smooth function f: U — R satisfying
(10) f(9,0,0) =7 and df(9,0,0) =0
for all 9 € St.

Proof. Let ¢g: U — V be a local diffeomorphism mapping S* x {0} onto P such
that the contact structure ker(pgA) is transversal to S* x {0}. By J. Martinet [13],
we find a local diffeomorphism ¢;: U — U’ in the local coordinates, where U and
U’ are open neighborhoods of S x {0} C ST xR?, satisfying o1 (S* x{0}) = S x {0}
and
P1(oA) = 9o

with a nonvanishing smooth function g: U — R. Denoting in the covering space
(9, z,y) € R3 the coordinates, the function g is periodic in ¥ of period 1. The Reeb

vector field X, associated with the contact form g\g on S x R? is computed to
be

1 =z 0 1 0 1 0
ngo(ﬂvxvy) = (; + g_zgz) 6_19 + ?(Qy - J3919)8—x - (9—2930) 8—y

By construction, in view of the remark previous to the lemma this Reeb vector
field is tangential to the periodic solution ((t),0,0) = (¢o = ¢1)*(x(t)), where
a(t+7) = at)+ 1. Recall that 7 is the minimal period of x(¢). As usual, we work
in the covering space R of S! = R/Z. Therefore,

92(0,0,0) = g,(0,0,0) =0

1 0
Xgx, (0,0,0) = 4(0.0,0) v
and
(1) alt) = ————
B g(a(t), 0, 0) '

Finally, we define a diffeomorphism ¢y: St x R? — S x R? leaving S* x {0}
invariant, by

P2 (197 €, y) = (a(ﬁ)’ a(ﬁ)xa y)a

where a(9) = a(79), so that a(d + 1) = a(d) + 1. Then the composition ¢ =
o © 1 ° @y is a local diffeomorphism S! x R? — M mapping the periodic solution
St x {0} onto x(t). It satisfies p* X\ = fAo, with the function f defined by

f(19, Z, y) = g(a(ﬁ)’ a(’ﬂ)xa y) ’ a(ﬁ)

The function f satisfies f(9 + 1,z,y) = f(9,z,y) and a computation, using (11)
shows that f = 7 and fy = f, = f, = 0 at every point (9,0,0) € S* x {0} as
desired. This finishes the proof of the lemma. O

From now on we shall work in the local coordinates (9, z,y) € R x R?, 9 mod 1
with the contact structure

)\:f')\o, )\Ozd?9+$dy
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with a smooth and positive function f: R x R? — R, defined near R x {0} and
periodic in ¥: f(¢,x,y) = f(¥ + 1,2,y) and satisfying (10). The Reeb vector field
X = X,\(¥,x,y) € R3 is periodic in 9, satisfies

1
X(ﬂaovo) = _(170a0)5
T

and is given by

Xl 1 f+xfw
X(T?,"E,y): X2 :F fy_xfﬁ
XS *fx

The contact plane &, at m = (9, z,y) € R3, defined by &, = {k ER3 | An(k) = 0},
is the two dimensional plane
&m = span(er, ea),

where

at the point m = (¢, z,y). Since
d/\(@l, 62) = fd/\o(el, 62) = f

we find that the symplectic structure dA | &,, ® &, is, in the basis e1, e of &, given
by the skew symmetric 2 x 2-matrix Q = Q(¢, z, y),

Q= fJy, where Jy= ((1) _é)

is the standard symplectic structure of R2.
Given to us is an almost complex structure jp, : &, — &y, compatible with dA | &,
and induced by the diffeomorphism ¢: R3 — M constructed in Lemma 2.2 via
Jm = (dwm)_l ° J<p(m) ° dSOmv

where J is the almost complex structure chosen in Theorem 1.2. Since j,, is com-
patible with dX | &, it is, in the basis ej, e5 of &, represented by a 2 x 2-matrix
J = J(m) depending smoothly on m and satisfying

(12) JP=—-1d, JTQs=0Q, JTQ>o.
The second condition is, in view of f > 0, equivalent to JTJoJ = Jy, hence
equivalent to det J = 1. The last condition requires the inner product g(z,z’) =

<Qz, Jz’> = <JTQZ, z’>, for the coordinates z, 2/ € R? of &,,, to be positive definite.
It is equivalent to Q7.J > 0 and hence, since f > 0, equivalent to

—JoJ > 0.

Finally, the projection 7: R?® — ¢ along the Reeb vector field X onto the contact
planes takes the form

(13) 7Tm<k7) =k— )‘m<k)X(m) € gm
for k € R3.
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The positive energy cylinder ¥ = (a,v): R x S* — M of Theorem 1.2 becomes
in the local coordinates ¢ of Lemma 2.2 the map

= (a,u) = (a,0" ' - v): [s9,00) x ST — R*
for some sg > 0 large. We shall use the notations
u(s,t) = (u'(s,t),u*(s,t),u’(s,1))
= (ﬁ(s,t),x(s,t),y(s,t)}.

Working, as usual, in the covering space R of S* = R/Z, the functions a(s,t), z(s,t)
and y(s,t) are 1-periodic in the ¢ variable. The function 9(s, t), however, represents
amap from S* onto S! and satisfies ¥(s,t+1) = (s, t)+k. Indeed, this follows from
the fact, proved in [4], that for any sequence s,, — oo there is a constant ¢ € [0,1)
such that u(s,,t) — &(Tt + ¢) as n — oo. Here £(¢) is the T-periodic solution of
€ = X(¢) and T = k7 with the minimal period 7. In view of X (¥,0,0) = 1(1,0,0)
we find &(T't) = (Tt/7,0,0) = (kt,0,0) and the claim follows. By construction, the
functions u = (a,u): [sg,00) x R — R* solve the equation

(14) Uy + J (W)t = 0.
At the point (a,m) € R%, the almost complex structure J is given by
J(a,m)(hy k) = (=X (k) jm (k) + hX (m)),

where m = m,, is the projection as in (13). More explicitly we can write the equation
(14) as follows:

(15) as — Mug) =
(16) (Aus) + ar) X (u) =0
(17) mus + j(mu) = 0.

Note that X (u) # 0. Abbreviating the partial derivatives

Us = (ﬂsaxsays)7 Uy = (19t7$t,yt)

we next express the equation (17) in the basis eq, e5 of the contact plane &,. In view
of (15) and (16) and using the formula (13) we obtain for (15)-(17) the equations

as — Mug) =0
at + Aus) =0

o () () e () e () -

Here J = J(u) is the 2 x 2 matrix which represents the almost complex structure j,
in the basis (e, e2) of £,. For the derivatives of ¢ we find the additional equations

¥ = —a: X1 (u) — x(ys + ar) X3 (u)
Y= asX1(u) —x(yr — as) Xs3(u)

(18)

where z = z(s,t). In view of the definition A = f - A\g we can rewrite (18) and find

as = (V¢ +zye) f(u)

(20) ay = _(ﬁs + xys)f(u)
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We need the following lemma which will be a consequence of Proposition 2.1
and a standard bubbling-off argument as given in [4]. We shall use the notation
|a| = a1 + g for the partial derivatives o = (o, az).

Lemma 2.3. As s — o
0%x(s,t) — 0
0%y(s,t) — 0,
uniformly in t, for all |a| > 0. Moreover,
9% [9(s,t) — kt] — 0
0%la(s,t) — Ts] — 0,

uniformly in t, provided |a| > 1.

Proof. First we recall from [4] that for a finite energy plane v = (a,v) all the partial
derivatives of v, and the partial derivatives of a satisfying |a| > 1 are uniformly
bounded. (Here we view M as being embedded in some R™). In addition, we
recall from [4] that every sequence v(s,t), with s — 0o, possesses a subsequence
converging with all its ¢ derivatives uniformly to a T-periodic solution of X. By
Proposition 2.1 we, therefore, conclude that the statement for the functions x(s, t)
and y(s, ) hold true for all the derivatives in time, i.e. for o = (0, %), k£ > 0. That
it holds true for all derivatives follows from the equations (19) and (20) together
with the second statement.

In order to prove the second statement, i.e. the statement for the functions a and
¥ we argue by contradiction. If the assertion is wrong, we find a sequence (sg, tx)
with s — oo and ¢, — to € [0, 1] satisfying

(21) |0%(a — Ts,9 — kt)(sk, t)| > &,

for some € > 0 and some multi-index « of order at least 1. We can always add a

real constant to a and an integer to ¥ so that still the equations (18) and (19) hold.

This will also not affect our assertion. Define a sequence of functions (ay, br) by
(ak(s7 t), by (s, t)) = (a(s + Sk, t) — a(sk, tr), I(s + sk, t) — V(sk, tk)).

Eventually taking a subsequence the above sequence has a Cp -convergent subse-

quence, whose limit we denote by (@,b). The map (6,@ is defined on R x R, and

a is 1-periodic in t while b satisfies 3(3, t+1) = /5(87 t) + k. Moreover, it solves the
equation

as = Tbt
Et = —Tbs

on RxR. Indeed, this follows from (19) and (20) taking into account that f(J,0,0) =
7, X2(9,0,0) = X3(¢4,0,0) = 0, and that (:C(S,t),y(s,t)) — (0,0) as s — oo.
Hence, the function f(s+it) = a(s,t) + irg(s, t) is holomorphic on C. Recall that
gradients of finite energy planes and finite energy cylinders are bounded (Proposi-
tion 27 and Proposition 30 in [4]). Consequently, the first derivative of f is bounded
and hence the function f is linear, and necessarily of the form

~

(@ b)(s,t) = (T's + ¢, kt +d),



12 H. HOFER, K. WYSOCKI, AND E. ZEHNDER

with real constants ¢ and d. Recall that T' = k7. Since |a| > 1, we deduce
(22) 0%(a —Ts,9 — kt)(sg, t) — 0%(a — Ts,b— kt)(0,t0) = (0,0).
Clearly (22) contradicts (21). This completes the proof of the lemma. O

If X = (X1, X5, X3) is the Reeb vector field, we next introduce

XQ(tv':Cay)> 2

Y(t,z,y) = c R2.

( “ y) (Xg(t,l',y)

Since X (¢,0,0) = (1/7,0,0) we have Y (¢,0,0) = 0 and, therefore, by the mean
value theorem

V(t.a.0) = Dlt.) (7).
with the matrix function
D(t,x,y) = /1 dY (t,rx, Ty)dr.
0
In particular,

(23) D(t,0,0) = dY (,0,0) = — ( Fay fyy) |

7‘2 7f."cr 7f:£y

where the right hand side is evaluated at (¢,0,0). Introducing

~()

so that u(s,t) = (J(s,t), (s, t)) and the matrix functions along the solution u(s, t),
J(s,t) = J(u(s,t)) = J(I(s, 1), 2(s, 1))

(24)
S(s,t) = [ar — asJ(s,t)| D(u(s, 1)),

we can represent the equation (19) for z(s,t) in the form

(25) zs + J(s,t)zt + S(s,t)z = 0.

Introducing the family of loops
2(s) : ST — R?

by z(s)(t) = z(s,t) our next aim is to show that HZ(S)HLZ(Sl) converges exponen-
tially to 0 as as s — oo.

Inserting (¥, z) = (kt + ¢,0) into the matrices J(¥, z) and dY (¥, z) we introduce
the family of matrix functions

SS(t) =-=TJ(kt +¢,0)-dY (kt+ ¢,0,0)
for ¢ € R. The matrix SS (¢) is symmetric, not with respect to the Euclidean inner
product but with respect to the inner product < ,—JoJ (kt + c)> on R2. To verify
this, recall that J(kt + ¢, 0)Jy is symmetric. Moreover, using J3 = —Id, we have
the formula

c _z i fxac fx
S (t) = T2J(kt+c,O)J0 <fzy fyi)’
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where the last matrix is evaluated at (kt + ¢,0,0). We introduce the family of
operators AS in L?(S1,R?) by

AS = —Jc(t)% — S¢S (t): WH3(SY R?) ¢ L3(SY) — L*(SY).
‘We have abbreviated

J(t) == J(kt + ¢, 0).

Every operator AS is self-adjoint with respect to the inner product

1
<:c,y>oo:/0 (@(t), —JoJ (kt + ¢,0)y(t) )dt.

Since the inclusion W12(S1) — L2(S') is compact, the resolvent of AS_ is compact.
Hence the spectrum o(AS,) consists of isolated eigenvalues of multiplicity at most
2, which accumulate at +00 and —oo. The spectrum o (AS,) does not depend on the
value of c. Observe that AS is a relatively compact perturbation of the self-adjoint
operator —J(kt + ¢,0)4.

Lemma 2.4. The T-periodic solution z(t) = (t/7,0,0) € R3 of the Reeb vector
field X is nondegenerate if and only if

0¢&o(AL).

Proof. Let ¢ denote the flow of X = (X1,Y). The derivative dy; along the solution
©¢(0) = z(t) = (t/7,0,0) leaves the splitting R? = RxR? = RX (m)®&,,, m = z(t),
invariant and satisfies di;(0)X (0) = X (¢:(0)). Hence, with dg;(0)|ge = R(t), it is

of the form
1 0
d@t(o) = (0 R(t)) s

where R(t) satisfies 4 R(t) = dY (z(t))R(t) and R(0) = I. The T-periodic orbit
x(t) is degenerate if and only if 1 is an eigenvalue of R(T") which is equivalent to
1 is an eigenvalue of R(1), where R(t) = R(Tt). Let e € R? be a corresponding
cigenvector of R(1). Then w(t) = R(t)e is 1-periodic and solves the equation

(26) %w(t) = TdY(x(Tt))w(t),
or, equivalently,
(27) —Jo(t)%w(t) - S% (Hw(t) =0

and hence w € ker(AY%). Conversely if 0 # w € ker(A%) then w(t + 1) = w(t) is a
solution of (27) and (26). Hence R(t) w(0) and w(t) are solutions of (26) having
the same initial condition w(0) and therefore w(t) = R(t)w(0). Consequently,
R(1)w(0) = w(1) = w(0) and 1 is an eigenvalue of R(1) so that x(t) is degenerate.
Now the conclusion of the lemma follows from the fact that the spectrum o(AS)
does not depend on the value of c. O
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It will be convenient to introduce the following family of inner products and
corresponding norms in L?(S1, R?)

<m,y>s D= /o (2(t), —JoJ (V(s,t), 2(s,t))y(t)) dt

el - = (o),

for z,y € L?(S',R?). These norms are equivalent to the standard L?(S*, R?) norm.
In fact, there exists a constant ¢ independent of s such that

1
(28) Szl < llzll 2 < el

for all x € L%(S',R?).

Denote by S*(s,t) the transpose matrix of S(s,t) with respect to the scalar
product <-, —JQJ(s,t)-> in R2. It is given by

S* = JJoST JoJ.

where ST (s,t) means the adjoint of S(s,t) with respect to the standard inner prod-
uct in R?. Introducing the symmetric and anti-symmetric parts of S(s,t),

B@ﬂ:%w@ﬂ+$@ﬁL
c@w:%w@@fy@m

we may write the equation (25) in the form
(29) zs + J(s,t)zt + B(s,t)z + C(s,t)z = 0.

Define the operator A(s) : Wh2(S1,R?) ¢ L?(S!,R?) — L%(S',R?) by
(30) A(s) == —J(s,t)% — B(s,t).

The operator A(s) is self-adjoint with respect to the inner product <~, ~>S for every
s.

We shall use Lemma 2.4 in order to prove

Lemma 2.5. Assume the T-periodic solution x(t), with x(Tt) = (kt,0,0) is non
degenerate. Then there exists a constant n > 0 and sqg such that

[AG)ell, = mllel,
for all s > so and £ € WH2(S1).

Proof. We abbreviate the Ly-norm by HH Since (1/0)”5”8 < HEH < cH§HS for
a constant ¢ > 0 which is independent of s, it is sufficient to prove the estimate
in the lemma for Lo-norms. Arguing by contradiction we assume the existence of
sequences s, — 00, £, — 0 and &, € WH2(S) satisfying

(31) €all,, =1 and  [A(sn)énll,, <en
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for all k. From Hofer [4] we know that there exists a subsequence denoted again by
sn and a constant ¢ € R such that the solution (9(s,t),z(s,t)) satisfies

(32) (ﬁ(sn,t), z(sn,t)) — (kt + ¢, O)
as s, — oo uniformly in ¢ € R. This will allow us to control coefficients of the

~ d
differential operators A(s) = —J (s, t)ﬁ — B(s,t). We recall the matrix

(33) B(s,t) = Z(D+ JJ DT JoJ) = Z(JD + JJo(JD)T Jo ).
Since a; — 0 as s — oo uniformly in ¢, by Lemma 2.3, the first term in (33)

converges to 0 as s — oo uniformly in ¢. As for the second term we recall that
JTJoJ = Joy and JZ = —1d, so that JJo(JoD)T JoJ = —JJo(JoD)T and hence

JD + JJo(JD)" JoJ = —JJo[JoD + (JoD)T].
Abbreviating R = JoD + (JoD)T and observing that at z = 0 the matrix JoD(2J,0)
is symmetric we have the representation

1
(34) R(Y, z) = 2J9D(9,0) + [/0 (5‘ZR)(19,TZ)dT] -z,

where 9, R denotes the derivative of R with respect to the second variable z. In
view of Lemma 2.3, we have as(sn,t) — T and z(sp,t) — 0 as k — oo and we
obtain, using (32) and (34),

(35) B(sp,t) — TJ(kt + ¢,0)D(kt + ¢,0)

(36) J(spn,t) — J(kt + ¢,0)
as s, — 00, uniformly in ¢ € R.

Since Hﬂ&')f”s = H6
W12(St R?) and all s

(37) €]l < Co (A + (1B, )e]]),

from which we conclude that the sequence &, in (31) is bounded in W2, Since
W12 is compactly embedded in L2, a subsequence converges in L2. Consequently,
in view of the assumptions (31) and using (35), (36) and (37), the subsequence (still
denoted by &,) is a Cauchy sequence in W2 so that

& — € in WH2(ST R?).

,» there exists a constant Cp > 0 such that for all £ €

From A(s,)&n = —J (s, )én — B(sn,)én — 0 in L? we derive in view of (35) and
(36) that & solves the equation

—J(kt + ¢, 0)€(t) — S (£)E(t) = 0.

Recalling Hg” # 0 we see by Lemma 2.4 that the periodic orbit z(t) is degenerate, in
contradiction to the assumption of the lemma. The proof of Lemma 2.5 is finished.

O

We shall use Lemma 2.4 in order to prove
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Lemma 2.6. Assume the T-periodic solution x(t), with ©(Tt) = (kt,0,0) is non
degenerate. Then the solution z(s,t) = (z(s,t),y(s,t)) converges exponentially to
zero in L?. There exist v > 0 and s; > 0 such that

2(9)]] 1o < ||2(s0)]| pae™" =

for s > s1. Here z(s)(t) := z(s,t).
Proof. We shall consider the function

1 2 !
95) = 512 = [ {ss0) =0 (5,005,
0
To prove the result it suffices to show
(38) g"(s) = 4r°g(s)

or some positive constant r and for all s > s;. Indeed, assuming the estimate

f iti d f 11 Indeed i h i

(38) to hold true, we consider the function f(s) = ¢'(s) + 0g(s) where § = 2r. If
d

I [€%%g(s)] = e f(s) <0 for all s> sy, then
s

*5(8751)9(51)

g(s)<e
which shows

Iz, < e 2(s0)]l,, = e a(s0)l,,
and so, in view of the equivalence of the s-norms and the Lo-norms in (28),
() 2 < e f(s0)]
as required. Assume that €2 f(s5) > 0 for some sy. From
f'(s) = g"(s) +0g'(s) = 6%g(s) + 3¢/ (s) = 6f(s)

we find di [e"ssf(s)] > 0 implying for s > sg
s

e O f(s) 2 e %2 f(s2)

which in turn gives

d .
% [6659(8)] > eéseé(s 2)f(82)

Integrating from sy to s we obtain

g(S) > 6—5(8—32)9(82) + f(2‘22) [66(8—82) _ 6—6(3_82)] o

as s — oo contradicting g(s) — 0. Hence €% f(s) < 0 for s > s; and it remains to
prove the estimate (38).

We shall differentiate the function g. Using the equation (29) for z(s,t) and
recalling that the matrix JoJ(s,t) is symmetric with respect to the Euclidean inner
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product < 7~> on R? and the matrix C(s,t) is anti-symmetric with respect to
(-, —JoJ(s,t)-) we obtain

1 1 1
g'(s) = %/ (25, —JoJ z)dt + %/ (z,—JoJ z)dt + %/ (z,—JoJsz)dt
0 0 0
1
= <ZS’Z>5 + %/ <z, —J0J52>dt
0
1
= <A(s)z,z>s + %/ <z7 —J0J52>dt
0

We differentiate the function g once more and use the fact that the operator A(s)
is self-adjoint with respect to the inner product < , ->S,

1 1
g"(s) = (A(s)zs, 2), + (A(s)z, 24, +/ (A(s)z, —JoJsz)dt + %/ (2, —JoJsz)dt
1t 1 1 ’ 1 ’
+ 5/ <z,fJoJSzS>dt+ 5/ <z,fJ0DJSSz>dt+/ <7Jszt — Bsz,fJng>dt
0 0 0

1 1
= 2(A(s)z, ZS>5 —|—/ (A(s)z, —JoJ (=T Js)z)dt +/ (25, —JoJ (—J J5)z)dt
0 0
1 1
+ %/ <z, —JOJ(—JJSS)z>dt —|—/ <—J52t — Bz, —Jon>dt
0 0
= 2<A z zs> — <A z JJS)Z>S — <zs, JJSz>S — %(z,JJssz>s

+/ (=Jsz — Bsz, —JoDJz)dt
0

= 2||A(s)z||i — (A(s)z, C’z>8 — 2(A(s)z, JJsZ>S +(Cz, JJSZ>S
1
— %<z, JJssZ>S + <—Jszt — Bz, —J0J2>dt
0

Observe that

<—Jszt, —Jon> < s [ Jzp — Bz], —Jon> — <JSJBZ, —JOJZ>
= (—Jz — Bz, J"JL JoJz) — (JsJBz,—JoJz)
= (A(s)z, JT Il JoJ2) — (JsJBz,—JoJz)
<A(s)z JoJs z> <JSJBz,—J0Jz>
= (A(s)z, —JoJ (JJs)z) — (JsJBz,—JyJz).

We have used that JI JoJ = —JT JoJ,. Hence

1 1
/ <—Jszt —Bsz,—Jon>dt < )z, JJs z / J JB+B J0J2’>
0 0
< zJJz> <[JJB+B]Z z>
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and

g"(s) = 2||A(s)z|?

L~ 2(A(s)2,Cz), — (A(s)z,JJs)z), + (Cz,J Jsz),

— 350z, ~ (BB + Bz, 2),
> 2], - 4=, = 120 el = el el

2
- {HCH NI+ BT+ (1B + IIJJssH/2] =l

Since B;, Js and Jss contain factors converging to 0 as s — oo uniformly in ¢ in
view of Lemma 2.3 we conclude, in view of Lemma 2.5,

(39) g"(s) 2 2m[n = r(s) =[O, )] - |12l = (s)]|]

where r(s) — 0 as s — co. It remains to show that ||C(s,-)|| — 0 as s — co. Recall
that

2
s?

C(s,t) = %[S(s,t) — S(s,t)*]
= S[D = JRDTJoJ] = Z[ID = J DT Jo),
The first term converges to 0 since a; — 0 as s — oo uniformly in ¢ in view of
Lemma 2.3. To estimate the second term we note that
JD — JJoD"Jy = JJo[(JoD)" — (JoD)].
Define R := (JoD)T — (JoD). Since JoD(¥,0) is symmetric we have the represen-
tation

R(Y,z) = [/()1(82R)(19,Tz)d7] 2.

Here 0. R means the derivative of R with respect to the second variable z. Now,
R(9(s,t),2(s,t)) — 0 uniformly in ¢ as s — oo because z(s,t) — 0 as s — oo by
Lemma 2.3. Therefore, ||C’(s, )|| — 0 as s — oo and, in view of (39),

g"(s) = (n/4)*g(s)
for all s > s1. So the claim (38) follows with r» = 1/8 and the proof of Lemma 2.6
is complete. O

We will now use the exponential L2-estimate of the solution z(s,t) in Lemma 2.6
in order to prove that

I(s,t) —kt — 99 — 0
a(s,t) —Ts—ag— 0
as s — oo uniformly in t.

Lemma 2.7. If the T-periodic solution x(t) = (t/1,0,0) of X is non degenerate,
then there exist constants ag, ¥y € R such that

(40) 0%[a(s,t) = T's —ag) — 0
(41) 9*[9(s,t) —kt — 9] — 0

as s — oo, uniformly in t, for all |a| > 0.



THE ASYMPTOTIC BEHAVIOR OF A FINITE ENERGY PLANE 19

Proof. Recall that a and ¢: [s1,00) x R — R are smooth solutions of
as = (Ve +ay) f(J,2)
ar = — (Vs + zys) f (9, 2).

Moreover, f(1,0) =7 and we can write

(42)

f,2)=1+ [/01 fz(197tz)dt} z=T+ bV, 2)z.

With the 1-periodic functions @, J: [s1,00) x ST — R, defined by
a(s,t) = a(s,t) = Ts
O(s,t) = 9(s, t) — kt,
we know from Lemma 2.3,
%a(s,t) — 0
979(s,t) — 0,
for |8] > 1 as s — oo, uniformly in ¢t. Recalling T = k7 equation (42) becomes

as — T&t =TIy + (19,5 + a:yt)bz
(43) ~ 1 1
Vs + —ar = —zys — — (9 + zys) bz
T T

wls) = ()

we can write equation (43) in the form

Abbreviating

5 = 0 —T
(44) ws + Jwg = h, J = (1/7_ 0) ,

with the smooth function h: [s1,00) x ST — R defined by the right hand side of
(43) and satisfying, in view of the exponential estimate of Hz(s)| , the estimate

In(s)]] < Me,

for some constant M. Introducing the mean values a(s) = fol w(s,t)dt we define
w(s, t) = w(s,t) — fol w(s,t)dt = w(s,t) — a(s). Then

a'(s) = /01 ws(s, t)dt = /01 h(s,t)dt

and so,
1
/(s)] < / Ih(s, Dldt < ||h(s)]| < Me.
0
Hence
2M —Trs —Trs
la(s2) — afs1)| < T[e P—etme]

for s1 < sg, showing that a(s) — ¢ € R? as s — oo. Since fol w(s,t)dt = 0, it
follows from Lemma 2.3 that

|1ﬂ(s,t)’ < sup ‘@t(s,Tﬂ = sup ’wt(s,r)‘ — 0.
TeS?! TeST
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Consequently, w(s,t) — ¢ =: (ag, %) as s — 0 and together with the estimates for
the derivatives || > 1 in Lemma 2.3 the proof is finished. O

Without loss of generality we shall put for convenience ag = 99 = 0.
Thus inserting (9, z) = (kt,0) into J(¥, z) and dY (9, z) we abbreviate
J(t) = J(kt,0)

(45) Seo(t) = =T J(t)dY (kt,0)
so that
(46) S(S,t) - Soo(t)

as s — oo uniformly in t. The limit operator A, : W12(S1 R? C L?(S!,R?) —
L?(S',R?) is defined by

d

(47) A = =J()

— So(t).

Summarizing the set up and the results so far we consider a finite energy cylinder
v = (a,v): R x St - R x M and assume that it is nondegenerate in the sense of
Theorem 1.2 requiring the existence of a nondegenerate T-periodic solution x(t)
of the Reeb vector field X satisfying v(s,) — x(T-) as s — oo in C°°(S1). The
period is T' = k7, with the minimal period 7. Then there are local coordinates in
a tubular neighborhood of J:(R) C M in which the cylinder is represented by the
map

u = (a,u): [s9,00) x R — R x R?
for some large so > 0. The functions u(s,t) = (a(s,t),9(s,t),x
periodic in ¢ except the function ¥ which satisfies ¥(s,t + 1) =
convergence to the periodic solution z(T't) becomes

(s,t),y(s,t)) are
9(s,t) + k. The

u(s,t) — (kt,0,0) € R® (5 — 0)

and the map (a,u) has the asymptotic properties described in Lemma 2.3. The
functions solve the equations

as = (Ut +ay) f(u)
(48) ar = — (Vs + zys) f(u)

(49) zs + J(s,t)z + S(s,t)z =0,

where 2 = (z,y). The function f = f(t,z): R® — R is smooth, 1-periodic in ¢,
satisfies f(¢,0) = 7 and df(¢,0) = 0. Moreover, S(s,t) — Sx(t) as s — oo in
C®. The matrix S, is periodic in ¢, symmetric with respect to the inner product
(-, —JoJ(t)), and satisfies 0 ¢ o(Aw).

Our aim is to prove the following result about the asymptotic behavior of non-
degenerate finite energy planes locally near the limit periodic solution.

Theorem 2.8. (Asymptotic behavior of nondegenerate finite energy
planes) Assume the functions (a,u): [s9,00) x R — R* meet the above condi-
tions. Then
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a(s,t) =Ts+ ag + a(s,t),
O(s,t) = kt + 9o + (s, t)
and either

(i) z(s,t) =0 for all (s,t) € [s9,0) X R,

(i)
2(s,t) = el YOI [e(t) 4+ 7(s,1)].
Here, ag and 9g are two real constants, and
0°7(s,t) — 0 as s — 0o

uniformly in t € R and for all derivatives a = (a1,2). In addition, there are
constants M, > 0 and d > 0 such that

0%a(s,1)],  |0°0(s,t)| < Mae™d

for s > 0 and all derivatives «. Moreover, the smooth function v : [0,00) — R
converges, ¥(s) — pu < 0 as s — oo. The limit u is an eigenvalue of a self-
adjoint operator A in L*(S*,R?). The nowhere vanishing function e(t) = e(t+1)
represents an eigenvector belonging to u.

We emphasize, that the first alternative does not occur if the data (a,u) is the
restriction of a finite energy plane. The reason is as follows. If z(s,t) = 0 for s > sq,
then mus(s,t) = 0 for s > sg since the contact plane £ along the periodic orbit agrees
with the z-plane in our coordinates. By means of the similarity principle as in the
proof of Theorem 5.2 below we conclude that m - Tu = 0 everywhere on the plane
C. Consequently, u*d\ = |rus|?> = 0 by (6), contradicting the statement

/u*d)\:T>0
C

in Theorem 1.2.

3. PROOF OF THE ASYMPTOTIC FORMULA (THEOREM 2.8)

We shall study smooth functions (a,9, 2): [sg, 00) x R — R* solving the equation
(48) and (49) and having the asymptotic properties described in Lemma 2.3, Lemma
2.4 and Lemma 2.7. In particular,

a(s,t) —Ts—ag—0
(50) I(s,t) —kt =g — 0
z(s,t) — 0
as s — oo uniformly in ¢ with all their derivatives. The period of the limiting

periodic solution z(t) of the Reeb vector field satisfies T = k7 with the minimal
period 7. In order to simplify the notation in the proof we assume
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Our aim is to prove the asymptotic formula for the map z(s,t) which solves the
equation, (25), namely,

(51) zs + J(s,t)z + S(s,t)z = 0.

We claim that by the means of a coordinate transformation we can assume without
loss of generality that

(52) J(s,t) = Jp.

In order to prove this claim we first recall that —JyJ(m) is a positive definite and
symplectic matrix for every m.

Define the new coordinates (¢',2') € R x R? by ¢/ = ¢ and
z="T(m)z'
—1/2

T(m) = (~JoJ (m)) ™",
m = (9,z,y). Then T = T(m) is symmetric and symplectic, so that T JoT = Jy,
and we claim that
(53) T(m)~'J(m)T(m) = Jo, all m.
Indeed with T also T~! is symmetric and symplectic: T~ 1JyT~! = Jy. Since, by
definition, T2 = —.JyJ and J(;l = —Jo=JI, we have T~ = JyT(—Jp) and hence
T = JoT(=JoJ) = JyTT~2 = JoT ! proving the formula (53). Introduce now

T(s,t) = T (u(s, 1)),
and define the map £ by
(54) z(s,t) = T(s,t)&(s, ).
Then £(s,t) is a solution of the equation
€+ Jo&u + S(t,5)6 =0,

where

S(t,s) = JoT T, + T~ T, + T ' ST.
Moreover, from T'(s,t) — T (t) as s — oo in C*°(R), where

Too(t) = (~JoM(kt,0)) ",

we find that S(t,s) — Sso(t) as s — 0o in C*°(R), where

Soo(t) = —Jo[T< dY To — T s ).

The dot denotes the derivative of Ty, in ¢, and dY (m) is the restriction of the
linearized Reeb vector field m,,,dX (m)m,, along m = (kt,0), as introduced above.
Since JodY along the periodic solution is symmetric, one verifies that §oo(t) is
symmetric, using that T, is symmetric and symplectic. Hence the operator

-~ d

Ap=—Jo2 3
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is self-adjoint, and, as before, 0 ¢ O'(A\oo) if and only if the periodic solution of the
Reeb vector field X is non degenerate.

We note that the exponential decay estimates in Lemma 2.4 still holds true af-
ter the change of variables. Without loss of generality we therefore assume in the
following that J(s,t) = Jy. Hence, using the old notation and writing £ = z, S=5
and A\oo = A, we shall study an equation of the form

(55) zs + Jozt + S(s,t)z =0

with the standard almost complex structure Jg.

We begin with a proposition concerning the L?-convergence of (z,y). It is of
course related to our previous discussion. However the conclusion is now somewhat
stronger, since we have convergence of u(s,-) as s — 0o.

Proposition 3.1. Assume (a,9,2): [sg,00) x R — R* solves the equations (48)
and (55) and has the asymptotic properties of Lemma 2.53. Then Hz(s)HL2 — 0 as
s — oo. If

(sl - =0

for some s* > sq, then

for all s > sy and t € R.

Proof. The first claim is an immediate consequence of Lemma 2.3. Assume that
|z(s*)|| = 0, then z(s*,t) = 0 for all ¢+ € R and we pick a t* € R such that
z(s*,t*) = 0. Since z(s,t) solves the partial differential equation (55) there is an
open neighborhood D C R? of the zero (s*,t*) of z, on which z can be represented
as

z(s,t) = ®(¢)h(¢), ¢(=s+iteC.

Here ®: D — GL(C) is continuous and h: D C C — C is a holomorphic function.
(This is the generalized similarity principle for which we refer to [1] or [4]). Since
(s*,t*) is a cluster point of zeroes of z we conclude that h = 0 on D and hence
z(s,t) = 0 on D. Consequently, z(s,t) = 0 for all s > so and ¢t € R. The proof of
the proposition is complete. O

For the remainder of this section we shall assume that ||z(s)||L2 # 0 for all s > sg.

We know that Hz(s)HL2 — 0 as s — o0o. Using the assumption 0 ¢ (A ), we shall
derive an exponential formula.

Lemma 3.2.
=) 2 = e/ P |lz(s0)]|

for a smooth function a: [sg,00) — R satisfying lims_oc a(s) = p < 0 and p €
0(Aso).
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Proof. We abbreviate HH = HHL2 and assume ||z(5)|| # 0. Introduce the smooth
function

s<s,t>=ﬁ§f—;§’, then  [¢(s)] = 1.

Differentiating in s, using that z solves the equation (55) we obtain
2

R Ell
2 S
2 |-l

abbreviating J = Jy. Denoting by (-, -) the L?(S!) scalar product we conclude from
(£,€) =1 that (£,€) = 0, and inserting the above equation we find

(56) &=—-J&— S

14|z
so that
(58) Hz(s)H = el D‘(T)dTHz(so)H.

We have to show that the smooth function o converges as s — oo to a negative
eigenvalue of A.,. Dropping the subscript we recall that A = A, = —J % — So(t)
and write

—J%—S(s,t):A—l—E and €= (8 — 95).

Then, by the previous section, e(s,t) — 0 as s — oo in C*°(R). Denoting by the
prime the derivative in the s-variable we can write the equation (56) for £ and the
smooth function « in (57) as

(59) §=(A+e)—al
(60) als) = ((A+e)&,€).

We differentiate this function. Using the selfadjointnes of A and the identity
<§, (A+¢e)¢— a§> = 0, we obtain

(61) o =2]¢'|)” = (e, &) + (£'6,).
In view of HEH =1, we have the estimates:
[(e€,€")| < O(s)]|€'(9)]|
[(€'€.6)| < O(s),

where O(s) — 0, as s — oo. Consequently,

(62) o' (s) = 2| [||€']] = O(s)] — Os).
Next we claim that « is bounded
(63) la(s)| < C, s> s

for some C' > 0. Arguing by contradiction we assume that « is not bounded from
above. Then there is a sequence s, — oo such that a(s,) — co. On the other hand
if a(s) > 6 > 0 for all s large, then ||z(s)| — 400 in view of (58) which contradicts
|z(s)|| — 0, as s — co. Hence there exists another sequence s|, — oo such that
a(s),) < ¢ and so the function « has an “oscillatory” behavior as s — oo. Since
o(—J %) = 27Z it follows from Kato’s perturbation theory for isolated eigenvalues
of self-adjoint operators [12], that there is an L > 0 and an integer m, so that every
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interval of R having length equal to L contains at most m points of the spectrum
o(A = —J% — So) belonging to the perturbed operator A. Consequently, there
are spectral gaps of fixed size: there is a sequence 7, — 0o and a constant d > 0
satisfying

(64) [rn —d,rn +dNo(A) = 0.
Hence by the oscillatory behavior of a we find a sequence 7,, — oo satisfying

o) = rn and o/ (7,) < 0. It then follows from (62) that Hf’(Tn)H — 0 asn — oo.
Since, by (59), &' = A — a(s)€ + €, we can estimate

[€'()]| = [|[A = a(s)]g]| = OCs)

(65) > dist (a(s), 0(4)) — O(s).

Here we have used, that H{ H = 1 and that for the resolvent of a self-adjoint operator
(A=) 71| = [dist(y,0(A))] ~!. Using (65) we conclude from (64) that € ()] =
% > 0 contradicting ’5’(7%)” — 0 as m — oo. This contradiction shows that o
is indeed bounded from above. The same argument shows that « is also bounded

from below, proving the claim (63).

There exists a sequence s, — oo such that Hﬁ’(sn)H — 0. Indeed, otherwise, for
alllarge s, [|¢'|| = 6 > 0, hence o/ > 6% in view of (62), and a(s) > 62(s—so)+(so),
so that [|z(s)|| — oo, in view of (58). This contradicts ||z(s)|| — 0. Since « is
bounded, the sequence a(s,) has a convergent subsequence, lim, . a(s,) = p
and we conclude from (65) that u € o(A4). Since a is bounded, every sequence
a(7n), Tn — 00 possesses a convergent subsequence, lim,, ., «(7,) = v and we
claim that v = p. Indeed, if f.e. v < p, then o has again an oscillatory behavior
and we can pick v < v < p satisfying v ¢ o(A), and a sequence s,, — oo satisfying
a(sp) = v and o/(s,) < 0. Consequently, in view of (62), ||¢/(s)| — 0 and
hence, in view of (65), v € o(A), contradicting v ¢ o(A). We have proved that
lim, oo (s) = pand p € o(A). Clearly u < 0, since otherwise ||2(s)|| — +oco. But
then p < 0 in view of our assumption 0 ¢ o(A). This finishes the proof of Lemma
3.2 O

For the solution z = z(s, t) of the equation (55) we have, in view of Lemma 3.2,
the formula

(66) 2(,1) = ||=(s0) |/ * P e(s, 1), [lE(s)] = 1.

The exponential decay of z as s — oo will be concluded from the C'°*° bounds of £
and « in the next Lemma.

Lemma 3.3. Define, as in Lemma 3.2,

. :z(s,t)
0= o)

Then for every j € N={0,1,2,...} and every multi index 5 € N x N

sup|85§(s,t)| <oo and sup|dal < oco.
s,t s
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Proof. The scalar product and the norm ||H above refer to the L2-space in the t
variable, 0 < ¢t < 1. By (55) the smooth function & = £(s,t): [sg,00) x R — R? is
1-periodic in t € R and solves the equation

(67) 0 = —8(s5,1)¢ — a(s)¢, 0:= % + Jo%7

with smooth functions S and « having the bounds
sup’655| <oo and suplal < oo

for all multi indices 8 € N x N. The supremum is taken over all s > s and ¢t € R,
the function S is 1-periodic in ¢ and the constant matrix Jy satisfies J§ = —Id.
In order to derive uniform VVIOC bounds for £ we pick §g > 0 and s* > sy and
define the sequence d; \, do/2 by &; = (1 +277)/2. We choose smooth bump
functions 3;: R — [0, 1] vanishing outside of (s* — d;_1,5" + d;_1) and equal to 1
on [s* —0;,s* 4+ 0;]. Introducing the nested intervals I; = [s* —d;,s* + ;] C R and
Q; = I; x [0,1] C R? we claim that for every N > 1 and every 2 < p < oo there
exists a constant C'n , > 0 such that

(13 e

NN

Cn,
(68)
HaHWN«P([N) Cn N,p>
where the constants C, are independent of s*. Lemma 3.3 is an immediate
consequence of the local uniform estimates (68) in view of the Sobolev embedding

theorem.

In order to prove (682 we proceed inductively making use of the well known
a-priori estimate for the d-operator:
(69) < M, ||0(5;¢)

1€l 0@, w100,y

where M, only depends on 0. Starting with j = 1 we first show that ¢ is uni-

formly bounded. Recalling (67) we deduce from (69), setting p = 2, the estimate

. The constant ¢ > 0 depends on the C'-norm of 3;, on
2

||L2(S1) =1 we have HE||L2(Q0) = 24

c1 for a constant ¢; independent of s*. Therefore, using the

Hwaw(Ql) S CH§HL2(QO)
sup|S| and sup|a| but not on s*. Since ||£(s)
so that HgHWla(Ql) <
Sobolev embedding theorem,

|§||LP(Q1) < p, again independent of s*, for every
1 < p < c0. In view of this local uniform LP-estimate for £ we deduce from (50)
for p > 1 the estimate HSHWW(QM < ¢p, the constant being independent of s*.
Hence choosing p > 2 we conclude sup|{| < oo by means of the Sobolev embedding

theorem.

Recall now equation (61) for «, namely

"(5) =2||¢'(s H (e€,&) + (€€, 6),
where prime denotes the partial derivative in the s-variable and where the smooth
function e = £(s,t) and all its partial derivatives are uniformly bounded. From the
above equation we deduce |o/(s)] < ¢; ||§ H2 + ¢o. Integrating and using Hélder’s
inequality we find the local Lp estimate ||a HLP () < 03||§||W1,2P(Q1) +c < ¢
independent of s*
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We have verified (68) for N = 1 and all p > 2. Proceeding now inductively, using
(67), (69) then (61) and the Sobolev embedding theorems, the desired estimates
(68) are verified for all N and the lemma is proved. O

Recall that a(s) — p as s — oo and g < 0. We deduce from Lemma 3.3 and the
formula (66) for the map z(s,t) the following Corollary.

Corollary 3.4. Let 0 < r < |u|, then
|8ﬁz(s,t)| < Me™ ™,
for all derivatives 3, with constants M = Mg.
Proposition 3.5. Recall that a(s) — p as s — oo with p < 0 and p € 0(Ax).
There exists an eigenvector e(t + 1) = e(t) of Axe = pe satisfying |le]|L2(s1) = 1

and
&(s,t) — e(t) in C*(R) as s — o0.

Proof. In view of the previous Lemma it is sufficient to prove the convergence in
Wh2(S1). We start with

Lemma 3.6. Let E C L%(S') be the eigenspace of A belonging to u € o(As).
Then
dist(&(s), E) — 0 as s — 00,

where the distance is taken in the W2(S')-norm.

Proof of Lemma 3.6 Arguing by contradiction we assume that dist(£(s,), E) > ¢
for some € > 0 and for a sequence s,, — oo. Since, by Lemma 3.3, the derivatives
of £(s,t) are uniformly bounded, there is a constant ¢ > 0, such that

1€(s) = &(s)llwr2 < cls = '].

Therefore, we find intervals around s, I, = [s,, — d, s, + d], with some d > 0, such
that

(70) dist(&(s), E) > =, sely.

| ™

We claim that there exists a sequence 7, € I,,, such that
(71) [Acct (Th) — p&(i) || — 0
as k — oo. Indeed, we recall, using (65) and Hf” =1, that

[€(s)]| = [[[A = als)]€]| = O(s) = [|[[A = p]é]| = |1 — als)] = O(s).
Therefore, it is sufficient to prove that ||£'(7%)|| — 0. If not, then we have ||'(s)|| > 6
for s € I,, all n, with some § > 0. Hence o/(s) > 2 in view of the estimate (62),
s € I,, and hence, by the mean value theorem |a(s, + d) — a(s, — d)| > 2dé? > 0
for all n, which contradicts the convergence a(s) — u as s — oo and proves the
claim (71).

Now, by Lemma 3.3 we know that [|£(7%)|lw22(s1) < C and hence, since W2(S1)
is compactly embedded in W12(S1), we find a subsequence which converges in W12
such that (7)) — e € Wh2(S1). It follows from ||¢(s)|| = 1 that |le[|z2 = 1 and,
in view of (71), that Asxe = pe, so that e € E. This contradicts (70) and hence
Lemma 3.6 is proved. O
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Lemma 3.7. There exists e € I, i.e. Asce = pe such that |le]| 2(s1) =1 and
£(s) —e in WH2(SY) as s — o0.

Proof. Let P denote the orthogonal projection of L?(S*) onto the eigenspace E of
A, and define

((s) = P&(s)-

Recall that, by (59), & solves the equation & = A& + &€ — al. Using A (P§) =
PAE = p(PE) we find for ((s) the equation

(72) ("= [p— a(s)]¢ + Pe€.
From Lemma 3.6 we conclude
(73) [¢(s) =€) — 0 and  [[¢(s)]| — 1

as s — 00. Therefore, ||§(s)|| > 1 for large s and we define the smooth function 7
by

(s 1)
[l

This function satisfies the differential equation

1 C_/ o 1 ds ||CH L
<l 2 e llel
Using that (1, 7)= 0 we find, inserting the equation (72) for ¢’ that
o Paf <P€§,77>
el el

= ||l =1 and ||¢|| > 3 we find the estimate

[ ()] < 4lle(s)ll,

) = S(s,t) — Soo(t). By definition, S(s,t) = N(J(s,t),z(s,t)) and
t,0) for a smooth matrix function N. Therefore, we can estimate:

n(s,t) = then Hn(s)H =1.

.fr].

Since, in the L3-

Where e(s,t
Soo(t) = N(t,
()l < C(l=)] + 19(3)llz2),

with the t-periodic function ﬁ(s,t) = 9Y(s,t) —t. We shall prove below that

9(s)||r2 < Ce™"* for some r > 0. Consequently, we find together with the ex-
ponential estimate (66) for z, that

(74) I ()]l < Ce™™

for some r > 0. Take any sequence s, — oo. Since £(s,) is, by Lemma 3.3,

bounded in W?22(S1) it possesses a subsequence converging in W12(S1), such that

£(sn) — e € WH2(S1). From Lemma 3.6 we conclude that e € E and it remains to

prove the uniqueness of this limit. Assume &(s,,) — e and &(7,,) — €’ in WH2(S1),

then, by (73), n(s,) — e and n(7,,) — ¢’ in L?(S'). Using (74) we can estimate in
2

/n||77’(3)||ds C/nefmds

for n — co. Hence e = ¢’ and the proof of Lemma 3.7 and, therefore, also the proof
of Proposition 3.5 is finished. O

< —0

[n(sn) = n(m)ll <
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As a consequence of Lemma 3.7 and the C'° bounds of Lemma 3.6 we have
&(s,t) — e(t) as s — oo in C°(R). Now define r(s,t) = &(s,t) — e(t). Using the
equation (59) for the derivative of £ in the s-variable, the convergence a(s) — u, and
(A—p)e = e, we deduce inductively that %r(s,t) — 0 as s — oo, uniformly in ¢, for
all derivatives. Recalling formula (66), we have established the asymptotic formula
for the function z(s,t) in Theorem 2.8. It remains to demonstrate the exponential
decay of the functions a(s,t) — T's and 9(s,t) — kt. Again, for simplicity of the
notation, we assume T =k =7 = 1.

4. END OF THE PROOF

We shall now use the exponential estimate of z, Corollary 3.4, in order to derive
the desired exponential estimate for the functions a and . Recall that a and 9:
[$0,00) X R — R are smooth solutions of

as = (O +zy) f(V, 2)
ar = — (Vs + zys) f (0, 2).

Moreover f(t,0) =1 and we can write

(75)

f,2)=1+ /01 f(9,72)drz =1+ k(s,t)2.

Introduce the 1-periodic functions @, b: [s9,0) x St — R by
a(s,t) = a(s,t) —s
J(s,t) =I(s,t) — t.

By Lemma 2.7,
%a(s,t) — 0 for |B] >0
9%9(s,t) =0  for |3 > 0.
as s — 0o, uniformly in ¢. The equation (75) becomes

(76) ?s = 5t + zy + (¢ + 2y ) bz
Vs = —ar — vys — (Vs + xys) k2.

Hence, abbreviating

we can write the equation (76) in the form

(77) ws + Jowy = h, Jo = G é) ,

with a smooth function h: [sg,0) x S* — R satisfying, in view of Corollary 3.4,
the exponential estimates

(78) |0°h(s,t)| < Me™™,  |B] =0

for constants M = Mg, and 0 < r < |p|. Our aim is to deduce similar estimates
for w. We start with a simple observation.
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Lemma 4.1. Assume v(s,t) and h(s,t) are smooth, 1-periodic in t and solve the
partial differential equation

(79) vs + Jovg = h  on [sg,00] x S,

Assume, in addition, that

1
(7) /0 v(s,t)dt =0
(@) [0uhis )|+ (s, ) < £(s)
(#31) lv(s,)|| =0, f(s) =0 ass— o0

for a smooth function f satisfying f"(s) = r2f(s), with some constantr > 0. Then,
choosing 0 < v <r and v < 1 we have for all s € [sg,0)

1

SIo)* < Blso)e =),
where

B(so) = —||v S0 || +bf(so)-

with a positive constant b independent of s.

Proof. In terms of the operator A, defined by

d
A=Jy—
Odt,

the equation (79) looks as follows,
(80) v + Av = h,
where during the proof prime denotes ds and dot denotes 0;. Define
1
ols) = 5[lo(s)[]
Differentiation in s gives in view of the equation (80) for w,
o =(w,w') = (w,h— Aw),
where <~, > denotes the inner product in L2. The operator A is self-adjoint and
2 2
[ Awl][” = [|b]]
since J is an isometry. Due to the assumption fol w(s,t)dt = 0,
N2 2
o)™ = el
Together with HAhH = ||h||, we obtain for the second derivative of « the estimate
o’ (s) =||h — AwH2 + HAwH2 + {w,h") — (w, Ah)
= [l =[]l - 2] = [Jel] - | 2]
2 2 1 2 -2
>HM!—AWN ——{HWH*ﬂWH}

@205 ol = 55 L IW1P + [ 3
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for every A > 0. Choosing A\ = 1/2 one concludes, using assumption (ii), the
estimate

(81) () 2 v2a(s) = af(s)

for every v < 1, with a constant a > 0. Choose 0 < v < r and define
(82) B(s) = als) +bf(s), b= 5.

Then

(83) a(s) < B(s).

From (81), (82) and f”(s) = 72 f(s) we deduce
B"(s) = v*B(s).
This leads to the desired estimate. Indeed, we consider the function g(s) = f'(s) +
vi(s). If g(s) < 0 for all s > sg, then di [e”0(s)] = €”*B3(s) < 0 for all s > s
s
which implies
al(s) < Bls) < e 7 53(s0)

for all s > sg as required. Hence it suffices to show that g(s) < 0 for s > sq.
Arguing by contradiction assume that g(s1) > 0 for some s; > sg. From

g'(s) =" (s) +vB'(s) 2 v*B(s) + vf'(s) = vg(s)

d
we find o [e7"%g(s)] > 0 implying for s > s;
s

e "g(s) = e g(s1)
which in turn gives

d vs vs V(s—s
L)) 2 e g sy)

Integrating from s; to s we obtain
B(s) > e V5751 3(s)) + @ sinh[v(s — s1)] — o0
as s — oo contradicting 5(s) — 0. Hence g(s) < 0 for s > sg. The proof of Lemma
4.1 is complete. O
As a consequence we have

Lemma 4.2. If w is a solution of (77) and 0 < v <r and v < 1, then there exist
constants Mg such that for all derivatives

0" =000, =1, 5>0
the following estimate holds
H(“)Bw(& )|| < Me 7%,

for all s € (sg,00).
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Proof. The function w is a solution of (77). Abbreviate

v=0%w= 8?1855211)
Since 41 > 1, the mean values over a period vanish and v solves the equation

vs + Jovg = 9%h =: g.
In view of Lemma 2.7,

|0sg(s, )| +||0eg(s,)||* < Ce
for some constant C. Choosing f(s) equal to the right hand side, the assumptions
of Lemma 4.1 are met. The proof of Lemma 4.2 is complete. O
Having proved the estimates for the derivatives we finally turn to the estimates
of the functions. Recall from Lemma 2.7 that
|w(s,t) —c| — 0

as s — 0o, uniformly in t. Introduce w(s,t) = w(s,t) — fol w(s,t)dt and the mean
values o fo (s,t)dt. In view of (77),

1
B+ Joily = h — / h(s, t)dt =: .
0

In view of (78) the function f satisfies |f(s,t)] < Me " and since fo (s,t)dt =0
we conclude from Lemma 4.2 that

(84) |1ﬂ(5 t) ’ ||wt H = Hwt )H < Me V5.

Next consider the function af fo (s,t)dt. In view of (77),

a(s) = /01 we(s, t)dt = /01 h(s,t)dt.

Consequently, recalling the definition of the function h(s,t),

Ia(s’)—a(s)|=/:’ '(7) dT_/ [/hrtdt}ch
/ U |h7t|2dtr/2dT<M/: |2(7)]|dr

M
< (eSS _ oS
< Mo o)
for s’ > s. Using a(s’) — ¢, as s’ — oo, we obtain
M
lc —a(s)| < —e™ ™.
T
Together with (84) and 0 < v < r, we see that

lw(s,t) —c| < |w(s, )] + |a(s) — | < Moe™".

By means of the Sobolev embedding theorem one concludes from the above
considerations and from Lemma 4.2 the following pointwise estimates.
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Proposition 4.3. Assume (a,¥, z) meets the assumptions of Theorem 2.8. Then
there exist constants ag and Y9 € R such that for 0 <v <r and v < 1,

laﬂ(a(s, t)—Ts—ao)| < Me™™*
|0°(0(s,t) — kt — V)| < Me™",

for all |B] > 0 and all (s,t) € [sg,00) x S', with constants M = Mg.
B

We should mention that during the proof we have set, in order to simplify the
notation, T'=k = 1 and also ag = 0 = .

This completes the proof of Theorem 2.8 about the asymptotics of nondegenerate
finite energy planes. We shall use next the asymptotic formula in order to derive
some global properties of nondegenerate finite energy planes.

5. INTERSECTIONS OF THE FINITE ENERGY PLANE WITH ITS ASYMPTOTIC LIMIT

If (a,u): C — R x M is a finite energy plane, which is nondegenerate as in
Theorem 1.2, then u(Re*™") — p(Tt) as R — oo. Here p(t) is a periodic solution
of the Reeb vector field & = X (x) associated to the contact structure A on M.
The period T is positive and we assume that 7' = 1 (for notational convenience).
It turns out that outside of a large disc the energy plane does not hit the “limit”
periodic solution p. We shall abbreviate P = {p(t) |t € R} C M.

Theorem 5.1. If (a,u): C — R x M is a nondegenerate finite energy plane as
described in Theorem 1.2, then there exists an R > 0, such that

(1) wiz)¢P  iflz| 2R
(i) mus(z) 20  if |2|] > R,

where w: T, M = R X (m) @ &, — &n is the projection onto the contact plane.

Proof. We recall that the first alternative in Theorem 2.8 does not occur for finite
energy planes. The proof is an immediate application of the asymptotic formula
in Theorem 2.8. We argue by contradiction and assume, in the cylinder variables
(s,t) € R x S, that u(s,,t,) € P for a sequence s, — oo. We may assume
that ¢, — t* € S!. In the local coordinates near P, we then have u(Sp,tn) =
(V(sn,tn), 2(sn, tn)) € R® and 2(sp, t,,) = 0. From

2(s,8) = €0 “OU [e(t) +7(s,1)]
we deduce
e(tn) +7(sn,tn) = 0.

Since r(s,t) — 0 as s — oo we conclude e(t*) = 0. This contradicts the fact, that
the eigenfunction e(t) does not vanish and proves statement (i).

Similarly one proves the second statement. We assume that 7T(uS (sn,tn)) =0
for a sequence s, — oo. Hence for s, large u(sy,t,) is in our local coordinate
neighborhood of the periodic solution. We can write u(t,s) = (¢, z) and us(s,t) =
(95, 25). Since mus = us — A(ug) X (u), with the Reeb vector field X, we have

Us(sn; tn) = )‘(US)X(U)’
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(%) = (afe)) e

Since Xo(¢#,0) = 0, we can write X5(¢,2) = Rz, with a matrix function R =
R(Y, z), so that, at (sp,t,)

and hence, at (s,,t,),

zs = f(u)(¥s + zys)Rz.

Inserting the asymptotic formula from Theorem 2.8 the exponential terms cancel,
and we find

a(sy) [e(tn) + 7(8n, tn)] +1rs(sn, tn) = fu)(Ws + xys)R[e(tn) + 7(sn, tn)]

Recall now that a(s) — p < 0, and r(s,t), rs(s,t), 9s(s,t), z(s,t) — 0 as s — oo.
We conclude pe(t*) = 0, contradicting again e(t) # 0. This finishes the proof of
Theorem 5.1. O

Using the generalized similarity principle we shall deduce from Theorem 5.1 the
Theorem 5.2. The sets
{zeC|u(z) € P}
{z € C|my (us(z)) =0}

consist of finitely many points.

Proof. In order to prove the first statement we argue by contradiction and assume
that there is an infinite sequence z, € C such that u(z,) € P. By Theorem 5.1 we
can assume that z, — z* € C and u(z*) € P. By Darboux’s theorem there is an
open neighborhood of u(z*) € M on which we find coordinates (¢, z,y) = (9, z2) €
R3, in which the contact form ) is represented as

A =dY + zdy,

and in which u(z*) corresponds to the origin 0 in R®. Using the cylinder coordinates
(s,t) € R x S, the map u(s,t) = (¥(s,t),2(s,t)) € R x R? satisfies, in our local
coordinates, the equations

(85) zs + J(s,t)z =0,

where J(s,t)? = —1. This is proved as in Section 3; this time f = 1 and X (¢, z) =
(1,0,0). By assumption, we know that

2(Spytn) = 2(s*, ) =0

for a sequence (sp,t,) — (s*,t*). Consequently, by the generalized similarity prin-
ciple [11], there is an open neighborhood D of (s*,¢*) on which the solution z of the
equation is represented by z(s,t) = ®(z)h(z), where z = s +it, ®: D — GL(R?) is
continuous, and h: D — R? 22 C is holomorphic. By assumption, z* = s* +it* is a
cluster point of zeroes of the holomorphic function h. Therefore, h = 0 and hence
z =0 on D. Consequently, u(s,t) € P for all (s,t) in the open set D. We have
proved, in particular, that the set of points z = (s,t¢) which are cluster points of
z; satisfying u(z;) € P is an open set in R x S*. It is clearly also a closed set and
hence agrees with R x S* so that u(s,¢) € P for all (s,¢) € Rx S'. This contradicts
Theorem 5.1.
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The second statement is proved similarly. Note that in the above local coordi-
nates the Reeb vector field X is constant, X (¢, z) = (1,0,0). Hence, the condition
0 = mus = us — A(us)X (u) becomes, in our local coordinates (u = (¥,2)),z, = 0.
Introducing ¢ = z, we find, by differentiating (85) in the s-variable, that ¢ solves
the equations

Cs+ J(5,8)¢ + A(s, )¢ = 0.

Moreover, (sp,t,) = C(s*,t*) = 0 for a sequence (s,,t,) — (s*,t*). Hence, by the
generalized similarity principle [11], ¢ = 0 in an open neighborhood of (s*,¢*) = 0.
Consequently, mus(z) = 0 in an open neighborhood of z* € C.

Arguing as before this leads to a contradiction to the second statement in The-
orem 5.1. The proof of the Theorem 5.2 is complete. O
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