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THE ASYMPTOTIC EQUIVALENCE OF THE SAMPLE TRISPECTRUM
AND THE NODAL LENGTH FOR RANDOM SPHERICAL HARMONICS

DOMENICO MARINUCCI, MAURIZIA ROSSI AND IGOR WIGMAN

ABSTRACT. We study the asymptotic behaviour of the nodal length of random 2d-spherical
harmonics f; of high degree £ — oo, i.e. the length of their zero set f, '(0). It is found that the
nodal lengths are asymptotically equivalent, in the L?-sense, to the ”sample trispectrum?”, i.e.,
the integral of Hu(f¢(x)), the fourth-order Hermite polynomial of the values of f;. A particular
by-product of this is a Quantitative Central Limit Theorem (in Wasserstein distance) for the
nodal length, in the high energy limit.

e AMS Classification: 60G60, 62M15, 53C65, 42C10, 33C55.
e Keywords and Phrases: Nodal Length, Spherical Harmonics, Sample Trispectrum,
Berry’s Cancellation, Quantitative Central Limit Theorem

1. INTRODUCTION AND MAIN RESULTS

1.1. Background. Let S? be the unit 2d sphere and Ag: be the Laplace-Beltrami operator
on S2. It is well-known that the spectrum of Age consists of the numbers A\, = £(£ + 1) with
¢ € Z>, and the eigenspace corresponding to A, is the (2¢+1)-dimensional linear space of degree
¢ spherical harmonics. For ¢ > 0 let {Y,,(.)} _, be an arbitrary L?-orthonormal basis of
real valued spherical harmonics ’

m=—¥,..

Yim : S -5 R
satisfying
As2 Y + MY =0, Yim : S? = R.

On S? we consider a family of Gaussian random fields (defined on a suitable probability space

(Q,F,P))

47 :
(1) i) =\ 5y 20 oonYin(a).

where the coefficients {agm},,— 4 .
and unit variance); it is immediate to see that the law of the process {fy(.)} is invariant with
respect to the choice of a L?-orthonormal basis {Y,,}. The random fields {f,(z), = € S?} are
centred, Gaussian and isotropic, satisfying

Ag2 fo 4+ Ao fe = 0;

these are the random degree-f spherical harmonics. From the addition formula for spherical
harmonics [13] (3.42)], the covariance function of f; is given by

E[fe(z) - fo(y)] = Pe(cosd(z,y)),

where P, are the Legendre polynomials, and d(z,y) is the spherical geodesic distance between
xz and y, d(z,y) = arccos({(z,y)). The random spherical harmonics naturally arise from the

¢ are i.i.d. standard Gaussian random variables (zero mean
el
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2 DOMENICO MARINUCCI, MAURIZIA ROSSI AND IGOR WIGMAN

spectral analysis of isotropic spherical random fields (e.g. [4, [7, [6]), and Quantum Chaos (e.g.
[13, 27]); their geometry is of significant interest.

In this paper, we shall focus on the nodal length of the random fields {f¢(.)}, i.e. the length
of the nodal line:

Ly:=len{f,(0)}.
Here {Ly},~, is a sequence of random variables; Yau’s conjecture [28], asserts that the nodal
volume of Laplace eigenfunctions on smooth n-manifolds is commensurable with the square root

of the eigenvalue. An application of Yau’s conjecture, established [9] for all analytic manifolds,
on the sample functions fy, implies that one has, for some absolute constants C' > ¢ > 0

(1.2) eV A <Ly < Cyf X forall £>1.

The lower bound in (|1.2)) was recently established [12] for all smooth manifolds.
While the expected value of £y was computed [I8] by a standard application of the Kac-Rice

formula to be
1/2
E[ﬁg]:{);} X 25

evaluating the variance proved to be more subtle, and was shown [26] to be asymptotic to

log ¢
(1.3) Var {£¢} = 3% +0(1).
It follows that the ”generic” (Gaussian) spherical eigenfunctions obey a stronger law than (1.2)),
with normalised nodal length % converging (in mean square and hence in probability) to a
positive constant.

1.2. Main Results. In this work, we take our random eigenfunctions to be defined on a suitable
probability space {€2,§, P} and we are interested in the analysis of the fluctuations of the nodal
length around its expected value; in particular a (quantitative) central limit theorem will be
established for the (centred and standardized) fluctuations of £,. This convergence is a rather
straightforward corollary of a deeper result, namely the asymptotic equivalence (in the L?((2)
sense) of the nodal length and the sample trispectrum of {fy}, i.e., the integral of Hy(fe(z)),
where H, is the fourth-order Hermite polynomial; we recall that

Hy(u) = u — 6u® + 3.

More precisely, let us define the sequence of centred random variables

1 /66+1)1 1 //f+1)1
(1.4) M= ( ;L )4!/SZ15r4(f4(ag))dag:—4 ( ; )4!}%4,

(1.5) hg;4 = /gz H4(fg($))d{£ y = 1,2, cevey

the sequence {hy,4} (which we call the sample trispectrum of f;) was studied earlier, and indeed
building upon [I5, Lemma 3.2], it is immediate to establish the following:

Lemma 1.1. As { — oo, we have
1

(1.6) Var {M;} = 3

log ¢+ O(1).
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By means of Kac-Rice formula [11, 2] 26], the spherical nodal length £, can be formally written
as

(1.7) £ = /§ IV Fel)]| 6ol

where §(.) denotes the Dirac delta function and ||-|| the standard Euclidean norm in R?; this
representation can be shown to hold almost surely in €, and it is shown in the Appendix that
it also holds in L?(Q2). Denote by £, the standardized nodal length, i.e.,

- L-EL
(1.8) Ly= Nk

Note that the variance of My is asymptotic to the one of Ly, i.e.

Var{ﬁg} . 1 .
Var (M} _1+O<log€> ,as £ — 00 ;

we shall also standardize the zero-mean sequence {M,}, writing
N M,

(1.9) My = NATEeTnE

The main contribution of the present manuscript is establishing the following asymptotic repre-
sentation for L:

Theorem 1.2. As { — oo, we have that

E [{ZZ - J%}Q] =0 <101g£> ’

and thus in particular
L - 1
Ly=Mi+0p| —= | .
e (Flogé)
In other words, after centering and normalization the spherical nodal lengths (1.8)) and the
sample trispectrum (1.9 are asymptotically equivalent in L?(€2) (and thus in probability and in

law). Now recall that the Wasserstein distance between two random variables X and Y is given
by (see e.g. [19, Appendix C])

dw(X.Y)= sup |[Eh(X)— Eh(Y)|;
he||h| 1, <1

convergence in mean-square implies convergence in Wasserstein distance, and both imply con-
vergence in distribution. Let N'(0,1) denote a standard Gaussian random variable; in view of

the aforementioned CLT [I5] on {//\/lvg}, it follows directly from Theorem H that:

Corollary 1.3. As £ — oo, we have that

dw (Lo, N'(0,1)) = O <\/1i@> .

Hence we obtain here a new Quantitative Central Limit Theorem (in Wasserstein distance)
for the spherical nodal length.
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1.3. Discussion and Overview of Some Related Literature. Theorem|I.2]is closely related
to the recent characterization of the asymptotic distribution for the nodal length of arithmetic
random waves, i.e. Gaussian eigenfunctions on the two-dimensional torus T2, which was estab-
lished in [I7]. The approach in the latter paper can be summarized as follows: the nodal length
can be decomposed into so-called Wiener-Chaos components, i.e., it can be projected on the
orthogonal subspaces of L?(£2) spanned by linear combinations of multiple Hermite polynomials
of degree ¢; more precisely, we have the orthogonal decomposition

LZ(Q) = @H‘h
q=0

where H, denotes the g-th Wiener chaos, i.e., the linear span of Hermite polynomials of order
q, and hence

(1.10) Ly, = Proj[Lulq]
q=0

where £,, denotes the nodal length of Gaussian arithmetic random waves of degree n = a? + b,
where n,a,b € N, and Proj[.|¢] projection on H,, see [I1, [I7] for details. For arithmetic random
waves, all the terms {Proj[L,|q], ¢ odd} in the expansion vanish for symmetry reasons,
and so does the term corresponding to ¢ = 2. The latter phenomenon is one interpretation of
the so-called Berry’s cancellation, i.e. the fact that the nodal length variance is of order of
magnitude smaller than the natural scaling. Indeed it has been shown [I7, 20] that the term
corresponding to ¢ = 2 dominates the fluctuations of the boundary length of excursion sets for
arithmetic random waves for any threshold value z # 0; for z = 0 it vanishes, and the dominating
term is the projection onto the 4th order chaos.

The asymptotic domination of the second-order chaos for z # 0, and its disappearance for
z = 0, have been shown recently to occur for other geometric functionals of excursion sets
of random eigenfunctions in a variety of circumstances, such as the excursion area and the
Defect ([14] 15}, [16] covering all dimensions d > 2), and the Euler-Poincaré characteristic [6] (see
also [§]). The fact that a single chaos dominates clearly allows for a much neater derivation
of asymptotic distribution results; in particular, quantitative central limit theorems have been
given [14] [I5] 16, [6] for various geometric functionals of random spherical harmonics, in the
high-energy limit where Ay — co0; on the torus the asymptotic behaviour is more complicated,
depending on the different subsequences as n grows [111, (17, 22] for the nodal length of arithmetic
random waves, and [23] for nodal intersections of arithmetic random waves against a fixed curve.

The results we shall give here confirm the asymptotic dominance of the fourth-order com-
ponent; in this sense, they are analogous to those in [I7] for the case of the torus. On the
other hand, here we are able to obtain a neater expression for the leading term, which is of
independent interest, and makes the derivation of a Quantitative Central Limit Theorem much
more elegant. In fact, rather than studying the asymptotic behaviour of the fourth-order chaos
(which is a sum of six terms involving the eigenfunctions and their gradients), we establish the
asymptotically full correlation of the nodal length with a term which can be evaluated in terms
of the eigenfunctions themselves, and not their gradient components. The resulting approxi-
mation (valid in the mean square sense) is therefore surprisingly simple, and the quantitative
central limit theorem follows as an immediate consequence. We believe that this technique can
be applicable to other examples of geometric functionals for random spherical harmonics.

As mentioned earlier, the approach we use in this paper does not require to study directly the
asymptotic behaviour of the full components in the fourth-order chaos, as it was done earlier in
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[17] for eigenfunctions on the torus. On the other hand it is obvious that the random variables
M, € Hy, and a quick inspection to the proof of our main result reveals that we have also the
following asymptotic equivalence: As £ — oo, we have that

Corr {Proj[L¢|4], My} =1+ 0O (lolgﬁ) ,
and hence
E [{Proj[zg\él] _ /\7@}1 _0 <1> Proj[ /4] = My + O <1> .
log ¢ P\ Iog?

Likewise, as £ — oo, we also have that

Var {Proj[L,|4]}

log ¢ 1
=1
Var {L,} +0 <log€> ’

Var {Proj[L|4]} = 57 +0(1) =

and hence

~ ~ 2 1 ~ ~ 1
E [{,cg - Proj[ﬁg]él]} } ) (bg» — Ly = Proj[Lel4] + O, (W) .
In other words, it does follow from our results that the fourth-order chaos projection dominates
the high-frequency behaviour of the spherical nodal length, as for the two-dimensional toroidal
eigenfunctions.

As discussed before, the nodal length of random spherical harmonics can be viewed as the
special case (for z = 0) of the boundary length of excursion sets (Ly(z), say, with £, := £,(0)).
For z # 0, it was shown in [20], Proposition 7.3.1 (see also [6], Subsection 1.2.2, and [17], Remark
2.4) that the dominant term corresponds to the second order chaos, which can be expressed as

2 =
Projle@2) =2 {3} /T {0} 31 [ it

a component that vanishes identically for z = 0 (here, as usual, ¢(z) denotes the density function
of a standard Gaussian variable). On the other hand, for the nodal case from the results in this
paper one obtains the related expression

Proj[Le(0)[4] = — {A;}W \/§¢(0)L {/S Ha(fol@))dz + op(z)} .

It is instructive to compare these expressions with the results provided by the Gaussian Kine-
matic Formula (see e.g., [25], [I]) for the expected value of the boundary length, which in terms
of Wiener-chaos projections can be written in this framework as

2 =
Blea(2)] = Proifea(a)0) =2 {3} |/ %06 [ Hulsu(e))as

We leave as an issue for further research to determine whether similarly neat expressions can be
shown to hold in greater generality, i.e. in dimension greater than two, for higher-order chaos
projections, or for different geometric functionals.

1.4. Outline of the paper. In section [2] we discuss some issues concerning the L? expansion of
the spherical nodal length into Wiener chaos components, and we present the analytic expression
for the fourth-order chaos (which corresponds to the leading non-deterministic term); in section
we give the proofs of the two main Theorems, which are largely based on a Key Proposition
whose proof is collected in section |4 The Appendix (section [4]) collects the justification for the
L? expansion of the nodal length into Hermite polynomials and some elementary facts about
the covariances of random spherical harmonics and their derivatives.
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2. THE L? EXPANSION OF NODAL LENGTH

In this section, we present the Wiener chaos expansion of the nodal length £, as in . The
details of this derivation are similar to those given in [I7] (see also [10]). Let us first recall the
expression for the projection coefficients in the Hermite expansions of the two-dimensional norm
and the Dirac §-function. For independent, standard Gaussian variables {,n the expansion of
the Euclidean norms has been been established to be (see i.e., [10], [17])

Cml=Y" 3 Oy () Ham(n)

q=0 n,m:2n+2m=q (2”) (2m)

T (2n)!(2m)! 1 1
Won2m =ALS T mt gnm P\ g )

and py is the swinging factorial coefficient

N .
pr(a) = So(-1p (-0 () B

= (4)?

where (¢,n) € R? and

For the first few terms we have

T _1 T _ 3 /7
app = 2,0402—2 2,0404— s\ 2

On the other hand, the first few coefficients for the expansion into Wiener chaoses of the
Dirac delta function d-function are given by ([10], [17]):

1 5 1 3 3
= == ==
V2o 2 V2o V2T
The Wiener-chaos decompositions need to be evaluated on variables of unit variance; this requires
dividing the derivatives by \/¢(¢ +1)/2 ~ £/+/2 (here and everywhere else a; ~ by means that

the ratio between the two sequences converges to unity as £ — oo). The L?(£2) expansion of the
nodal length ((1.7)) then takes the form

Lo—EL, a4 €+1 Zzzk' Oéku kﬁq u )!x

¢=2 u=0 k=0

81a:f£( ) O2: fo ()
/ Hy—o(fe(z))Hi( 10 +1)/2)Hu—k(m)dl’

= ;/y Vy(z; q)dx

Bo =
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where

Ot fo(x) 02 fe()

A u— kﬁq u ; z ; .
Fzzk' — ) Hyo(fo(x))Hy, (W)Huw(m)’

=0 k=0

here, we are using spherical coordinates (colatitude 6, longitude ¢) and for x = (0., ¢,) we are
using the notation

1 0
y U2z

0
%= 59|, % v op

. % 0=0z,0=pz ‘
In particular, the projection of the nodal length on the fourth-order chaos has the expression

PI‘Oj[Zg|4]:/ Uy(x;4)dz
S2

_ £(5+1){040054 Hafo(x) Oézoﬂz/ Ho( fy () Hy(—2z ) Az fo(x) \da

2 4 Jeo 212! ((e+1)/2
a400 H O1;z fo(x) - 042250/ Hi O1;z fe(x) ) Ha 02 fo()
SQ

DR e i e
(2.1) _,_%252/ Ho( fy()) Ha Doy fo() )dw+a04ﬁo/ H4(M)dx}.
S2 S2

_l’_

((0+1)/2 4! 0(0+1)/2

3. PROOF OF THE MAIN RESULTS (THEOREM AND COROLLARY |1.3|)

3.1. Proof of Lemma [1.1]

Proof. Before we proceed with the proof, we need to introduce some more notation: we shall
write T = (0,0) for the "North Pole” and y(f) = (0,0) for the points on the meridian where
¢ = 0. It is now sufficient to note that

0(0+1 , 2
Var {M,} = 2><(42><;42 X {/82 Hy(fo) sm@d@} ]
L(0+1) log ¢ 1
— 1) =—1
5w 42 x oz < P10 +O(1) = g5 lo L+ 0(1),

where we have used the asymptotic result [I5, Lemma 3.2]

2
E [{ H4(fg(x))daz} ] —5761()2(:);6—1—0((2) , as £ — oo.
s2

Now we transform variables as

=10 , for L := (6 + ;) , whence y(0) = y(%);

also, let us define the following 2-point cross-correlation function

e+1)1

(3.) Tili34) = [—i LT

L

s {w@momeOn |-

Our main result will follow from the following Key Proposition:
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Proposition 3.1. For any constant C > 0, uniformly over £ we have, for 0 < ¢ < C
(3.2) Je(;4) = O(0),

and, for C <y < L7,

1 1 5 cosdy 3 sin 2y 1 1 1 1
3.3 Jo(¥; + — +0| — +0|-—1|.
(3:3) ewid) = 64¢sm 641/}SH1¢ 16stin% <¢Zsin%> (fzﬁsin%>

The proof of this Proposition is given later in section [4} with this result at hand, we can
proceed with the proof of Theorem [I.2] as follows.

3.2. Proof of Theorem [1.2L

Proof. To establish Theorem it is clearly sufficient to show that, as £ — oo,

1
Corr {Ly, My} =140 <10gf> ;

and to this end we will prove the equivalent

log 14

Cov {Ly, My} = +0O(1)

(cf. (1.3) and (1.6])); here, as usual Corr and Cov denote correlation and covariance (respec-
tively), while the O(1) term is uniform in e. By continuity of the inner product in L? spaces,
we need to prove that

|
Cov {Ly, My} = hm Cov {Lpe, My} = ﬂ +0(1),
where
1
ﬁ(;e = / ||Vfg($)|| Xg(fg(l‘))dq: , X8(~) = 27]1[—5,5]()-
S2 e

Now define the ”approximate local nodal length”

Ve (@) := ||V fo(@) || xe(fe(x))

where I4(.) denotes the characteristic function of the set A. The newly defined ¥y, (x) is an
isotropic random field on S? admitting the L?(2) expansion

\IJZ;E( ) Eq]fs Z\IIZE x C]
moreover, as established in the Appendix, we have the L%() convergence

e—0

iny [ Wil)do = lim / {1V Fela) | xe (fula))} = Lo
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Note also that W.(z), Hy(fe(y)) are both in L?(S? x Q) and they are isotropic, and thus

Cov{Lpe, My} = % €(£+1)1COV{/ \I/E(x),/ H4(fe(y))dy}
D [ e ey
= \/ ; 4,/82/82 {Z‘I’hfﬁqﬁh fely ))}diﬂdy

q=2

=

- _i E(e—i_l)l x 872 /0 E Z\Ifg;s(f;q)H4(fe(y(9))) sin 0df
—2

I vt 5 a1 X8772/OWE{‘I’E;a(fU;4)H4(f£(y(9)))}sin9d0.

The integrand E {V,..(T;4)Ha(fe(y(0)))} can be computed explicitly and it is easily seen to
be absolutely bounded for fixed ¢, uniformly over ¢, see Proposition [3.1] above. Hence by the
Dominated Convergence Theorem we may exchange the limit and the 1ntegral and we have that

Cov{Ly,, M} = li_%Cov{EZ,Mz}

- __i 5@;-1);!_ X87r2;i_r>r(1) 0”152{‘I’é;s(x%4)H4(fe(y(9)))}sin0d6
B __411 W;l)i;_ x 8’ /0 lim E{ Wy (7;4) Ha(fo(y(0)))} sin 00
_ _i M;l)i! ><87r2/0 E {W(; 4) Ha(fo(y(0)))} sin d6.

We can now rewrite, using (3.1))
Ln w
(3.4) Cov {Ly, M} = Ji(¥;4) sin Zdﬂh
0
where we recall that L/¢ =1+ o(1), as £ — oo. It is now sufficient to notice that
¥ Lw/2 ¥

(3.5) Cov {Lys, My} / Je(1;4) sin — d¢ + 2/ Je(; 4) sin zdw.
For the first summand in (3.5) we have easily

C 1/) C dj ¢ C

\/ Je(1;4) sin —dyp| < const x 6/ | sin —|dy < / wdyp = O(1) , as £ — 0.
0 L 0 L L Jo

For the second sum in (3.5]), using Proposition and integrating we obtain

Lw/2
2 [ s tysin Y

C
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1 [Ln/2 1 1 ) 3 P
= = + —cosdy — —sin2 in—d
/C " {32 3 cos 4 sm w}sm W

— - in —d — - in —d
—i-O(L/C ¢sin2%smL¢ + O L/C ésiHQ%SmL¢

L /2
= / L { 1 +5cos4w—351n21/1}dw

c 1/1 32 32
Lw/2 1 1 Lw/2 1 1
+0 / —d / d
<c P w) (L e Tsmi™

1 1
_ 0g€+0() O<0g€>’

32 L

as claimed. O

Remark 3.2. As mentioned in the Introduction, our main result could equivalently be stated as

Corr { Ly, Proj[L,|4]} , Corr {Proj[Le|4], M} — 1
and thus

« +1)4><124 Hy(fo()da + O(1),

¥4 ﬁ—l-l
4><24 fg dl‘—l—O()

both equivalences holding in the L*(Q) sense.

3.3. Proof of the Central Limit Theorem (Corollary [1.3] - Recall that hy.4 is defined in
(L.5). It was shown [I5, Lemma 3.3] that the so-called fourth-order cumulant of kg4

cumy {hga} == E [hiy] — 3 {E [hi.4] }

satisfies cuma{he4} ~ €74, i.e. the ratio between the left and right-hand sides is bounded above
and below by finite, strictly positive constants. Taking into account the normalizing factors, it
means that M, satisfies

4
~ 1 cumg{M,;} 322 1 jee+1)1 B 1
cuma {Me} = Varr(My) gz \ aV T 2w ) cwmathed =0 (007 )

Proj [[,g|4]

where we have exploited definitions of the sequences {Mg, ﬂg} and standard properties of the

cumulants. Let us now recall the so-called Stein-Malliavin bound by Nourdin-Peccati, stating
that for a standardized random variable F' which belong to the g—th order Wiener chaos H, we
have the bound (see [19, Theorem 5.2.6])

dw (F,N(0,1)) < \/2g7;]2cum4 (F}.

Now the sequence {//\/lvg} is indeed standardized and belongs to the Wiener chaos for ¢ = 4,

dyw (M, N'(0,1)) < \/2177 {eumi {M;}} =0 <101g£> .

so that we have
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As a simple application of the triangle inequality for dy (see [19, Appendix C]), for £ — oo

dw (Le, N'(0,1)) < dw (Mg, N(0,1)) + [ E [Ez - /‘742 =0 <\/1(1@> ’

and the statement of Corollary follows.
4. PROOF OF PROPOSITION [3.7]

Proof. 1t is convenient to introduce some further notation, recalling (2.1) and writing

Wy(z;4) = Ag(z) + Be(z) + Cp(z) + Di(z) + Eo(z) + Fo(z),

where
(4.) A3 Hu(fu(e)) = Ada),

W+ 31 Do fule
(4.3) - ( 5 )164!H4 (W) =: Cy(z),

31 al;wfé(x> 82;wf£(x> . r
0 S (G (i) oo
(1.5 — o (@) H (W) = By(x),
31 0oz fo(
(4.6) ~ et (W) =: Fy(z),
and also
M, :_iw/wgl)i!/gz Hi(fie)da = [ Mila)da,

(4.7 M) - =~ D L bt

For the computations to follow, recall that we focus on Z = (0,0) (the "North Pole”) and
y(0) = (0,0) (the ”Greenwich meridian”). By repeated application of the well-known Diagram
Formula (see e.g. [I3] subsection 4.3.1]), we have

01,2 fo(T) 02:2 fo(T)
E [HQ (W) Hy (W) H4(f€(y(9)))]

= s (B D iy O E Do @ SO = 0.

in view of (A.3); likewise

E [Hz (fe(T)) Ho (82@]%(96)

o 1)/2> H4(fe(y(9)))]
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2

= 4!m {E[fo(@) fe(y(0))]}* {E [02,0 fo (@) fo (O]} = 0,

aZ;xfE(x)
E [H4 <£(€+ 1)/2> H4(fz(y(9)))]
~ ity e (B F@ RGO =0
As a consequence, using definitions , , and we have that
E [De(z) Me(y(0)] = E [Eo() M, (y(0)] = E [Fy(Z) M (y(0)] =0

for all § € [0, 7]. In the sequel, it is sufficient to focus on A(.), By(.) and C(.). The proof of [3.2]
is rather straightforward; indeed, as a simple application of the Cauchy-Schwartz inequality, we
have that

and

E [Ha(fo(@) Ha(fe(y(0)))] < E [{Ha(f(@))}?] = 24

al;xff(f)
W) H4(f€(?/(9)))]

B 2
{HQ(fZ(x))HQ (W) }

81;1.]([(?)
E [H4 (W) H4(f£<y(6)))]

) JE { ey
i+ 1)/2

It then follows that

E

Hy(fe(T)H> (

E [{Ha(fs(@))}] = 24

and analogously

E [{Ha(f@))’] = 21.

Y

1905 = 85 [ (4u(@) + Bu@) + o} Mitu())|

< 5 (e [a@ma ]|« [ [p@mu ]| + [ [amma] |}

S246(62—21)87r2{3111 1111 3111}20(@,

sqla4 T4omian T1emaq

as claimed.
We now turn to proving (3.3). Using (A.1)), (A.2) and the Diagram Formula we can write
explicitly

E[A@M(y0)] = —D3LLL i picos)

(et iP;(COS 0) ,

(4.8) - T2 64
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EBEM0)] = DL 4!W2+1)P;(cose) {Pl(cos )}’
(4.9) = E(E;— D 6146(63— 1)Pf(cos 9) { P,(cos 0)}2,
E [Co(Z)Me(y(9))] = faerysiil X L4 1 {P}(cos?) sm@}

2 164144 2(0+1)2

(0+1) 31 1 / ‘
4.1 _ 31 , |
(4.10) 2 164! 2(0+1)2 {P/(cos ) smG}

Now recall that (see section

(N 2 . s 1
Py(cos Z) = 7ﬂ€sin% (sm <¢ + Z) + 0 <¢}>>

P (cos %) = 776812n3¢ <€sin (w — %) + O(l)) .

Let us also mention the following standard trigonometric identities that are used repeatedly in

our arguments:
4
4 2 2 1 1
7T)} = {\gsinw - \chosw} = — — —cosdy — §sin2¢,

8

ool w

{sin(q/) -

W~ |

4 1
{sin(w + %)} = g 3¢ cos 4 + 1sm2¢,
and
(1 + sin 2¢)(1 — sin 2¢) = w .

Substituting the latter expressions into (4.8), we obtain that

ST [ADM(0)] = ~ 2 2P cos)

2 . T 1
\/ 7 sin % (sin(y + Z) o <¢>)
e+ p1 ., 2 w11
T2 87r 7T2£28m21£{sm(¢+4)} +O(¢sin2%>
1)1 3 1

= — — — —cos4 —i—fsm2 +O
2 2€2sin2% {8 8 4 1/1 ( Y sin )

1 3 1 1 1
= —— —cos4 —i—fsm2 +0 .
4sin2% {8 8 v 1/1} <¢sm % (551112%)

Likewise for (4.9)
P} (cos 0) { P}(cos ) sin 0}2

4
+1)1
((+1) 2

2 8

87°E [By(7) M (y(0))]
1)1, 2
T2 8+
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B %WZ [m <Sin(¢+z)+o (;))]2 [ 7r5812r131£ (Esm (¢— *) +0(1 )) Slni]2

1 T 2 ( ) 1
-7 — sin —— ) +0 [ ——
8 ﬁﬁsin% 4)7T€sin7£ 4 (Est %)

1 1, 1
5 S0 <¢+4)Sin%sm <¢_4)+O<gsmw>

T2
sin

2 2
:1 1 @Sind)_écosw 1 QSiH@Z}—QCOSw +0 !
in¥ | 2 2 sin% 2 2 (sin? ¥

1
2sm¢4

11 ) 1 11 1
- 0 1-2 O
2 SIH2 d} 4 {Sln w o w} " ( ? ¢> 2 SIHQ w 4 { o w} " (ZSiHQ %)

?sin

1 1+ cos4 1
-2 w+0 29 |
sin® - 8 /sin T

sin? (1) +

1
— )
{smw + cosp}? % {siny) — cosh}* + <£s1n2 ¢)

N | =

Finally, for
872E [Cy(T) Mo(y(6))]

000+ 3 1 1 ' \
. 2 )2 24'W{Pé(cos9)smg}

4
:?li!ﬂg(gil){ ,23% (E&n(ib-*)—i—O( )>81n1L/]}

mlsin” 7
31 5, 1 22 1
=-— ——)+0
14" 0+ 1) 7202 SiDQ% sin <¢} ) (ZsinQ%)
1 1 3 1 1 1
= ERy] [8 8cos4w—sm2w] +0 <€s1n2w>
T L
1 1 3 1 1 1
851n2¢ [8 8(:05 W sm w] + <€s1n27£>
Thus, summing ([4.8), (4.9) and (4.10) we obtain
1 3 1 1 1 1 1 1
Te(;4) = —{—0054 + —sin2 }+O +0|-——+
(W54) 4Lsin2% 8 8 v 2 v 7/181 2% 681112%
1 1 1+ cos 4w 1
+= + 0
2LsinZ% 8 <€sin2%>
1 1 3 1 1
————— |- — = cos4yp) — —sin 2 ,
8Lsin2% [8 8 v 2 1/’] <€sm )
1 1 5 cosdy 3 sin2y 1 1

1
= — + = - = +0| = +0 :
64 Lsin?¥ 64 Lsin?% 16 Lsin? ¥ ¢ Lsin? %) (6 LsinQ’f)
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1 1 4 2 1 1 1 1
(4.11) +5C0“i 5 Smw+o<2_ ¢)+O( : ¢>,
64wsm 64@[15111 161[)SID (0 sin Ewsmf

as claimed. O

Remark 4.1. The variance of the spherical nodal length is written [26, Proposition 2.7] as

var{£e) = | Tt {fcew)—i}sin(f)dw.

Here ICy(+) represents the two-point correlation function of the nodal length, defined as

1 Y 4
Koles) = B IVl |92 | fv) = 5 () =]
‘ 2my\ /1 — PZQ(COS%) ‘ 0L ‘ L
It was shown [26] that one has
/Cg(lb)—lzf sin 2¢) +7 cos 2v 1 1

+ -
4 2q0 sm 32 7rlr) SlIl 256 72/1) sin %
sm 2 32r COS 4 1 1
bty o (1, 1)
w201 sin ¥ (R AU
To compare this result with those in the present paper, let us note that

L0+1 1 1 1
47r2(;:) {ng(z/J) — 4} R m + oscillatory or lower order terms ,

in perfect analogy with the two-point cross-correlation function (4.11)), used to compute the co-
variance

Lm 1/}
Cov{Ly, My} = ; Te(1; )Sln< >dw,

satisfying

1
——
64 ¢ sin T

+ oscillatory or lower order terms.

Te(1;4) =

APPENDIX A. SOME BACKGROUND MATERIAL

For completeness, in this Appendix we record some basic facts about covariances of random
spherical harmonics and their derivatives; all the expressions to follow are rather standard and
have been repeatedly exploited in the literature. Let us first recall that for arbitrary coordinates

z = (0z,0x), y = (Oy, py) we have
(x,y) = cos O cos b, + sin b, sin O, cos(¢. — @y)
It is then elementary to show that
E [fo(z)01.y fo(y)] = Pi({m, y)) {— cos b, sin Oy + sin 0, cos O, cos(pz — py)}

E [fo(2) 02y fe(y)] = Pr((z, y)) sin bz sin(oa — ¢y)
E [81;xf€(x)al;yff(y)]

= P/({z,y)) {— cos B, sinb, + sin O, cos b, cos(pz — ¢, )} {— sin b, cos O, + cos b, sin O, cos(py
+P;({z,y)) {sin 0, sin 0, + cos 0, cos O, cos(¢z — py)},
E (015 fe(2)D2y fe(y)] = —P/((z,y)) {sin b cos b, + cos B, sin b, cos(pz — py)} sin b, sin(p, — ¢y)

—Py((z,y)) cos Oy sin(p, — py) ,

—y)}
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E [Oa50. fo(2) Dy fo(y)] = =P/ ({x,y)) sin 0 sin b sin® (0, — oy) + Py((2,)) cos(wa — ¢y) -
In particular, the result we exploited several times in this paper are obtained setting z = (0, 0),

y=(0,0)

(A1) E [fe(2) fe(y)] = Pi(cosb),

(A.2) E [fe(2)01y fe(y)] = —Py(cos 0) sin ),

(A.3) E [fe(2)02y fo(y)] = E [fo(y) Oy fo(x)] = 0,

(A.4) E [01.2 fo(x) 01,y fo(y)] = P)(cos ) cos§ — P} (cos0) sin® 6 |,
(A.5) E [010 fo(%) 02y fo(y)] = E 010 fe(y) Oy fo()] = 0,
(A.6) E [02,0 fo() Doy fo(y)] = Py(cos0).

On the other hand, the following very useful expansions are proved [20, LemmaB.3|, and hold
uniformly for C' < ¢ < L% (recall that L := £+ 1) :

PZ(COS%) = ”wﬁsZinw (Siﬂ <¢+Z) +0 <;>> ;
L
/ P / 2 . ™
PZ(COSZ) = m(ﬁsm ('lb— Z) +O(1)),

PE/(COS %) _ €2 PZ(COS%> + Lpé <COS w) + O (63) )

L sin? % L sin? % L ¢5/ 2

APPENDIX B. The L? approzimation

We know that the nodal length is defined almost-surely by

lim 8 Xe(fe(2)) IV fo(2)|| da;

e—0

the almost-sure convergence follows from the standard argument ([24, Lemma 3.1]), as x(.) =
i]l[_a,d(.) is integrable and f; is smooth we have, using the co-area formula [I], p.169]

/S i) VSl do = | { /f i, xe(fe(:r))} ds.

14

Since

e (fulz)) = { 0 for x : fo(x)

> €
3 for x: fy(z) <e

we obtain

1 €
/ / Xe(fe(x)) pds = / Vol [f[l(s)} ds — Vol [f[l(O)] ,ase — 0,
—1 2 J_
R fo (s) €
since the function s — Vol | f[l(s)] is continuous for regular (Morse) functions. We now want
to show that the convergence occurs also in the L? sense; as convergence holds almost surely, it
is sufficient to show that
. 2 2
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Note that

E[Li] = E { /S Axe(fel@)) \\er(x)ll}dw}2]

{ /R /f . xe(fe(w))dde}Ql
- E _{/Rﬁg(u)xa(u)du}2] .

It is easy to see that the application u — E [{ﬁg(u)}z} is continuous, where

B3] = [ EOVAan)l IV i)l i) = e filw2) = ] 65,00, o) )

— 82 /0 DRIV T L O] (V) =, Fo(5(0)) = 1] 6,0y 6y (s ) 5in 1.

To check continuity, it is enough to show that the Dominated Convergence Theorem holds; we
first note that

¢fe(N)»fz(y(9))(u>u)Sin9 < (ﬁfg(N),fg(y(@))(0,0)Sin@

= ! sinf =0O(1) ,

2my/1 — P}?(cos )

uniformly over 6. On the other hand, to evaluate

ELIV fe() IV fe(z2)lll fe(N) = u, fe(y(8)) = u]

we can use Cauchy-Schwartz inequality, and bound

E [w?| fo(N) = u, fo(y(0)) = u] = Var [w;| fo(N) = u, fo(y(0)) = u]+{E [w;] fo(N) = u, fo(y(0)) = u]}*,
for i = 1,2,3,4, where

w1
wy | < V fo(xq) >
wy |\ Vfe(x) )7
Wy

Note first that, by standard properties of Gaussian conditional distributions

Var [w;| fo(N) = u, fe(y(0)) = u] = Var [w;| fo(N) =0, fi(y(0)) = 0],

and the quantities on the right-hand sides have been shown to be uniformly bounded over 6 in
[26]. On the other hand, a direct computation along the same lines as in [26, Appendix A] shows
that

w1
B| 2 0 = sty ®) = u| = BEOATO) (L) |

W4y
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where
—Pj(cos ) sin 6 0
T _ 0 0
By (0) = 0 Pj(cosf)sinf | ~
0 0
_ 1 1 —Py(cosb)
A 1 0 — l
o () 1— P2(cosf) < —Py(cos 0) 1 ) ’
so that the conditional expected value can be written as
—Pj(cos ) sin 6 Pj(cos 0)Py(cos b)) sin 6
1 0 0 u
1 — P?(cosf) | —P(cos0)Py(cos0)sind Pj(cos0)sin @ u
0 0

uPj(cos 0) sin§(Py(cosf) — 1)

1 0
N % uPj(cos ) sinf(1 — Py(cos b))
0
—uPj(cosf)sinf
- 0
1+ Py(cosf) | uPj(cosf)sinb
0

This vector function is immediately seen to be uniformly bounded over 6, whence the Domi-
nated Convergence Theorem holds. Hence

2
E[£7] < lminfE /{xa fo(@)) |V fola )H}dx}]

= lim mf E [E

2
= hmsupE[ / {x=(fe(@)) [V fo( )H}dw’}]
e—0
= l1m§ip0E[ /L’g u)xe(u du}

e—0

< lim sup/ £ (u)] Xe(u)du =E [,C?] .
R
We have thus shown that E [ﬁz 6} —E [E?] , and the proof is complete.
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