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1 INTRODUCTION

ABSTRACT

We present a method, PhotoWeb, for estimating photometric redshifts of individual galaxies,
and their equivalent distance, with megaparsec and even submegaparsec accuracy using the
cosmic web as a constraint over photo-z estimates. PhotoWeb redshift errors of individual
galaxies are of the order of Az >~ 0.0007, compared to errors of Az =~ 0.02 for current photo-z
techniques. The mean redshift error is of the order of Az ~ 5 x 107°-5 x 10~* compared
to mean errors in the range Az =~ 0.001-0.01 for the best available photo-z estimates in the
literature. Current photo-z techniques produce redshift estimates with large errors due to the
poor constraining power the galaxy’s spectral energy distribution and projected clustering can
provide. The cosmic web, on the other hand, provides the strongest constraints on the position
of galaxies. The network of walls, filaments and voids occupy ~10 per centof the volume
of the Universe, yet they contain ~95 per centof galaxies. The cosmic web, being a cellular
system with well-defined boundaries, defines a restricted set of intermittent positions a galaxy
can occupy along a given line of sight. Using the information in the density field computed
from spectroscopic redshifts, we can narrow the possible locations of a given galaxy along the
line of sight from a single broad probability distribution (from photo-z) to one or a few narrow
peaks. Our first results improve previous photo-z errors by more than one order of magnitude
allowing submegaparsec errors in some cases. Such accurate estimates for tens of millions of
galaxies will allow unprecedented galaxy-Large Scale Structure (LSS) studies. In this work,
we apply our technique to the Sloan Digital Sky Survey photo-z galaxy sample and discuss its
performance and future improvements.

Key words: methods: data analysis—methods: numerical —methods: observational —
methods: statistical — techniques: spectroscopic —large-scale structure of Universe.

observed Spectral Energy Distribution (SED) of a galaxy and a
known observed or model template (Connolly et al. 1995; Benitez

Spectroscopic redshifts are our main tool for measuring accurate
distances to galaxies and studying the large-scale structure in the
Universe. However, they are expensive to determine due to cur-
rent technological limitations. As a result, only a small fraction
of the galaxies observed in photometry are able to be observed in
spectroscopy. Photometric redshifts (photo-z), on the other hand,
offer a cheap alternative to estimate redshifts of a large number of
galaxies using broad-band filters, at the expense of having large
errors (typically tens of megaparsecs). Photo-z techniques perform,
at their core, some sort of matching or interpolation between the
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2000; Csabai et al. 2007; Mobasher et al. 2007; Cunha et al. 2009;
Carliles et al. 2010), see also Hildebrandt et al. (2010) for an ex-
tensive review and comparison between different photo-z methods.
A notable exception to these conventional methods is the approach
of Kovac et al. (2010) in which the photo-z probability density is
modified by using the local density as a constraint, reducing the
photo-z errors to within the scale of the smoothing kernel used to
probe the density field. Standard photo-z techniques compute red-
shift estimates for each galaxy independently taking into account
only their SED and produce redshift estimates with typical errors
of Az ~ 0.01-0.02, equivalent to ~40-80 Mpc. A direct way of
reducing the redshift errors is by increasing the number of observed
colour bands. A state-of-the-art example is the J-PAS multiband
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CLUSTER / NODE

CELL

Figure 1. The distribution of galaxies as a cellular system. Voids, walls,
filaments and clusters delineated by luminous galaxies correspond to cells,
faces, edges and nodes of a cellular system. For illustration purposes, we
draw several galaxies delineating two nodes (clusters) and their common
edge (filament).

survey with more than 50 narrow bands. Such multiband surveys can
be regarded as low-resolution spectroscopy but still produce errors
of the order of Az =0.003(1 + z). Recent improvements on photo-z
estimations include clustering information from a reference sample
of galaxies for which accurate redshift estimations are available,
typically from spectroscopy. This is done by means of correlation
functions (Schneider et al. 2006; Newman 2008; Jasche & Wandelt
2012; Ménard et al. 2013; Rahman et al. 2015) achieving mean
redshift errors of the order of Az = 0.001-0.01 but still providing
large errors for individual galaxies. While the two-point correlation
function provides a measure of clustering, it cannot fully describe
the highly anisotropic distribution of galaxies. For this, high-order
correlation functions are required (Fry 1984; Szapudi, Szalay &
Boschan 1991), and even then still may miss critical phase informa-
tion, as high-order correlation functions do not capture all cluster-
ing information in a sufficiently non-Gaussian field (Carron 2011;
Carron & Neyrinck 2012). Correlation functions, while providing
some indication of structure, are effectively blind to the cellular
nature of the large-scale galaxy distribution (Zeldovich, Einasto
& Shandarin 1982; Aragon-Calvo & Szalay 2013) which sets the
strongest constraints on the position of a galaxy along the line of
sight (LoS).

1.1 Constraints from the cosmic web

The distribution of galaxies forms a cellular system in which large
empty voids (cells) are surrounded by a network of increasingly
denser walls (faces), filaments (edges) and clusters (nodes) as illus-
trated in Fig. 1. The origin of the cellular nature of the Universe
can be understood by the sequential anisotropic gravitational col-
lapse of a primordial three-dimensional cloud into two-dimensional
walls, one-dimensional filaments and finally dense compact clus-
ters (Zel’dovich 1970). How the individual structural elements of
the large-scale structure are arranged is (partially) described by
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the cosmic web theory (Bond, Kofman & Pogosyan 1996) which
predicts the emergence of filaments in the space in-between adjacent
peaks in the density field corresponding to clusters, and in general,
the emergence of a network of filaments joining clusters, groups and
galaxies. Another useful picture for understanding the emergence
of cellular patterns in the distribution of galaxies is a void-driven
cosmic mass distribution in which voids would assume a dominant
role in organizing the spatial mass distribution, as described in Icke
(1984), Regos & Geller (1991), van de Weygaert (2002), Sheth &
van de Weygaert (2004) and Aragon-Calvo & Szalay (2013). In this
view, voids act as expanding bubbles that intersect as they fill the
available space, forming the dense ridges with walls, filaments and
clusters.

Voids occupy most of the volume of the Universe (~90 per cent)
while containing only a minor fraction of the observed luminous
galaxies (~5 per cent). This means that walls, filaments and clusters,
accounting for ~10 per cent of the volume in the Universe, hold
95 per cent of all the galaxies (Aragén-Calvo et al. 2010b; Cautun
etal. 2014). The asymmetry between volume occupancy and galaxy
number density, in addition to the cellular character of the galaxy
distribution, sets strong constraints on the positions a galaxy can
occupy given its surrounding matter configuration. The density field
sampled along a LoS is characterized by a set of narrow, intermittent,
semiperiodic peaks (Kirshner etal. 1981; Broadhurst et al. 1990; van
de Weygaert 1991) separated by shallow valleys with arange of sizes
delimited by the maximum void size of the order of ~20-50 Mpc
(Platen, van de Weygaert & Jones 2008). We use this information
to narrow the possible locations of a given galaxy along the LoS
from a broad probability distribution (from photo-z) to a few narrow
peaks corresponding to structures in the cosmic web.

1.2 Bias-enhanced cosmic structures

Galaxies are biased tracers of the underlying matter distribution
(Kaiser 1984; Mo & White 1996). While the matter density field is a
volume-filling continuous field, galaxies are concentrated along the
dense ridges of the density field and avoid underdense environments.
The galaxy population can be considered as a stochastic sampling
of a continuous locally biased matter density field. The local bias
function generally produces an overconcentration (relative to the
matter density field) of galaxies in dense regions (walls, filaments
and clusters), and an exponential suppression within voids as their
halo mass function is shifted towards low masses (Gottlober et al.
2003; Goldberg & Vogeley 2004; Cautun et al. 2014; Neyrinck et al.
2014). This is a major reason why haloes are so rare in voids, and
why locating galaxies along the cosmic web outlining voids is a
good approximation. Fig. 2 shows the local biasing of dark matter
haloes as a function of density and halo mass. The cosmic web
features delineated by massive haloes are sharp, unlike the smoother
structures delineated by less massive haloes and the even more
shallow profile of the dark matter. If we consider the density field
as a probability density distribution indicating the regions where
it is more likely to find a galaxy, it is then clear that the biased
galaxy distribution provides strong constraints on the location of
a galaxy along the LoS. The constraints are more significant (the
difference between peaks and valleys increases) for increasingly
massive galaxies.

1.3 The data set

The analysis presented in this work is based on the Sloan Digi-
tal Sky Survey (SDSS; York et al. 2000; Abazajian et al. 2009),
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Figure 2. Halo occupation constraints in the cosmic web. Halo bias has a sharpening effect in the features of the cosmic web. (a) dark matter ensemble density
field, (b) low-mass haloes (5 x 10° < M <5 x 10'° h~! M) ensemble density field, (c) high-mass haloes (5 x 10'® <M <5 x 10'' 1! M) density field.
The density fields were computed by stacking 256 realizations from the Multum In Parvo (MIP) correlated ensemble (Aragon-Calvo 2012). The lower panels
show the density profile for the LoS indicated on the left-hand side of the top panels. Halo bias produces an excess of haloes in dense regions and increasingly
empty voids for increasing halo mass. Haloes more massive than 10! /;~! M are practically absent from voids. Note that galaxies occupy narrow peaks along
the LoS and this becomes more prominent with increasing halo mass. The ensemble density field is equivalent to observing 256 independent LoS so the lack

of massive haloes is a real effect and not the product of sampling noise.

containing more than 1 million galaxies with measured spectro-
scopic redshift and ~200 million galaxies with photometric redshift
computed using a KD-tree nearest neighbour algorithm (Csabai
et al. 2007). We restrict our analysis to galaxies with photo-z uncer-
tainties below Az = 0.015, giving a total of ~6 x 10° galaxies with
good photometric redshifts. The spectroscopic sample was used to
compute density fields as described below and as a reference for
error estimation for both photo-z and the method presented here
(see Appendix B for details in the sample selection).

2 THE PHOTOWEB METHOD

Here we provide an outline of our redshift measurement technique,
hereafter referred to as PhotoWeb. More detailed description of
the method will be presented in Sections 2.1-2.4. Conceptually,
PhotoWeb is based on the following two key observations.

(i) The distribution of galaxies follows a well-defined cellular
structure with large empty regions surrounded by denser walls,
filaments and clusters

ii) Galaxies are a biased sampling of the underlying matter den-
sity field, overpopulating the narrow high-density ridges of the cos-
mic web while avoiding the vast underdense voids.

These two properties of the Universe alone set strong constraints on
the most probable location a galaxy can occupy. We should be able
to predict the most likely position of a galaxy along the LoS from the
distribution of the surrounding galaxies by combining the photo-z
Probability Density Function (PDF) P(z),no10, Which depends on the
particular method used, with constraints derived from the cosmic
web itself.

The main requirement for PhotoWeb is a reference sample of
galaxies with accurate redshifts.! This reference sample must be
dense enough to resolve the network of walls, filaments and clusters
surrounding voids, since these are the structures that will be used to
constrain the location of galaxies along the LoS. Strictly speaking
we only need to resolve individual voids since their boundaries
give the locations of walls, filaments and clusters. Finding voids is
relatively easy using methods that probe the topology of the density
field as described below. This means that we could, in principle, use
a sample of photometric redshifts as the reference sample provided
their typical redshift uncertainty is smaller than the mean void size.
In this work, we will use the SDSS spectroscopic sample since the
mean photo-z uncertainties are of the order of ~80 Mpc which is
several times the mean void size.

The cosmic structures in the reference sample are then used to
constrain the position of a sample of target galaxies for which we
have a redshift probability density distribution with a large uncer-
tainty, in our case given by a photo-z method, P(z)photo- The photo-z
probability distributions have in most cases a dominant peak with
a dispersion of the order of o ppoo ~ 0.01-0.02 (for the SDSS). On
the other hand, the probability density function computed from the
density field (along the LoS) P(2)den, is a complex function with mul-
tiple wide-spaced narrow peaks, each with individual dispersions
of megaparsec/submegaparsec scale. The key idea in PhotoWeb is
combining the broad but unique solution provided by photo-z with
the narrow but degenerate constraint provided by the cosmic web in
order to collapse the redshift probability distribution into, ideally,
one single narrow peak.

!'In practice this corresponds to spectroscopic redshifts but it can be any
other method.
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Our goal is to compute the probability density distribution given
by the cosmic web for a given LoS. In practice we divide this
function into two components, one that depends on the local density,
which dominates the PDF and one that depends on the geometry
of the cosmic web, which adds minor corrections to special cases
as explained in the following sections. The PhotoWeb probability
density distribution is then

P(Z)web = P(Z)phot() . P(Z)den . P(Z)geo, (1)

where P(z)qcn is the density field sampled along the LoS and P(z)gco
is a function that follows the geometry of the cosmic web in a
similar way to the density field but giving equal weight to all
cosmic structures. Equation (1) assumes statistical independence
between P(Z)photo> P(2)den and P(2)geo. In reality P(z)photo is inde-
pendent from P(Z)den and P(Z)geo but P(Z)den and P(Z)geo depend
on each other since the cosmic web geometry is computed directly
from the density. This means that errors in the density field recon-
struction will be propagated to P(z)g., and then applied again in
equation (1). This highlights the importance of using robust density
and Large Scale Structure (LSS) characterization methods such as
the Delaunay Tessellation Field Estimator (DTFE) and Spine meth-
ods used in this work. The normalization of P(z)y.p is not crucial for
our purposes as explained in the following sections. In what follows
we provide a detailed description of the PhotoWeb method pipeline.
We describe the present state of the method, currently in active de-
velopment and discuss, when appropriate, possible extensions or
optimizations to be applied in future versions.

2.1 Density field constraints, P(z)g4en

The reconstruction of the underlying continuous density field from
adiscrete galaxy distribution is one of the key steps in the PhotoWeb
method. The fact that we need a pre-existing density field limits the
applicability of PhotoWeb to photometric surveys with overlapping
spectroscopy coverage sufficiently dense to sample the structures
in the cosmic web. The SDSS spectroscopic sample used in this
work provides good spectroscopic coverage up to z < 0.12 (see
Appendix C). We begin by converting spectroscopic redshifts zspec
to distances using the approximation:

d= Zspec C/I‘I(), (2)

where c is the speed of light and Hy = 73km s~! Mpc~! is the Hub-
ble’s constant. This approximation is, for our purposes, sufficient to
compute distances up to z < 0.12.

2.1.1 Removing redshift artefacts

When converting spectroscopic redshifts to distances one must be
aware of artefacts arising from peculiar velocities characteristic
galaxies in dense environments, where small-scale non-linear in-
teractions produce large velocity dispersions. These redshift distor-
tions smear compact dense groups and clusters of galaxies along the
LoS, producing the so-called Fingers-of-God (FoG; Kaiser 1987).
We identify and correct FoG using the approach based on a Friends
of Friends group finder with an elliptical search radius introduced by
Tegmark et al. (2004). Groups elongated along the LoS are identified
and compressed such that their dispersion along the LoS is equal to
the dispersion in the plane of the sky (see Appendix D for details).
Other redshift distortions not corrected here include triple-value dis-
tortions in the turnaround region around clusters (see Kaiser 1987;
Regos & Geller 1991; van Haarlem & van de Weygaert 1993) and

MNRAS 454, 463-477 (2015)

the Kaiser effect (Kaiser 1987) originating from large-scale peculiar
velocities that compress low-density structures along the LoS. We
do not attempt to correct the Kaiser effect as it is small and can even
enhance cosmic structures in contrast to the FoG that smear groups
along the LoS.

2.1.2 Density field estimation and cosmic web reconstruction

From the FoG-corrected galaxy distribution, we reconstruct the un-
derlying density field using the DTFE technique (Schaap & van
de Weygaert 2000; van de Weygaert & Schaap 2009; Platen et al.
2011). Given a spatial distribution of points (galaxies in our case),
DTFE estimates the density at the position of each galaxy as the
inverse volume of the adjacent Delaunay tetrahedra, i.e. its con-
tiguous Voronoi cell. The density field is then linearly interpolated
inside the tetrahedra to produce a continuous density field on a sam-
pling grid (see Appendix A). The Delaunay tessellation follows the
anisotropic features in the galaxy distribution and propagates local
density estimates across the spaces between sampling points, pro-
viding a first-order structure interpolation scheme (Aragon-Calvo,
van de Weygaert & Jones, in preparation, see Appendix A). In order
to compensate for the decrease in the galaxy number density with
distance we weight each individual density estimate with the galaxy
selection function (see Appendix C). For each galaxy the density
estimation is then given by

(1+ D)
V) VW)’

where D = 3 is the number of spatial dimensions in which the point
distribution is embedded, V (W;) is the volume of the contiguous
Voronoi cell of the point i and ¥/(z;) is the selection function defined
as

¥(z) =e W, @

where z, is a characteristic redshift defining the peak in the redshift
distribution and § encodes the slope of the curve (see Appendix C
for details). A single density determination at the centre of a voxel
tends to introduce aliasing artefacts in dense regions (where the
mean intergalaxy separation can be much smaller than the distance
between sampling points. Aliasing artefacts in the density field
manifest as hot voxels, which can affect, among other things, the
topological properties of the density field. In order to reduce alias-
ing artefacts, we supersample each voxel with a subgrid with three
times higher resolution and set the density at each voxel as the mean
of the 27 subgrid locations within the voxel. We use a fast and effi-
cient implementation of the DTFE algorithm based on the publicly
available Computational Geometry Algorithms Library (CGAL).?
Computing the density field on a 1024 x 512 x 512 grid using
DTEFE takes a few minutes on a modern workstation.

We then use the density field sampled along the LoS of the target
galaxy directly as the probability of a galaxy residing at redshift z
along the LoS, P(z)den.

fxi) = 3

2.2 LSS geometry constraints, P(z)gco

The density field reconstructed from the distribution of galaxies has
a wide dynamic range, as illustrated in Fig. 2. The difference in
density between the interior of a void and the centre of a cluster
or filament is of several orders of magnitude. This property of the

2 www.cgal.org
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galaxy density field can introduce errors in the redshift estimation
in cases when the LoS of a galaxy intersects a filament or wall
in the vicinity of a cluster, or when the LoS intersects a cluster
within a couple of standard deviations from the mean in the photo-
z probability distribution of the target galaxy. In these situations
P(2)gen is dominated by the cluster, even if the cluster is relatively
far from the true position of the galaxy. In order to compensate for
this effect, we include an additional constraint that determines the
likelihood of a galaxy being at a given position along the LoS based
on the geometry of the cosmic web and not on its density. Since
we are only interested in the geometry of the structures, we use a
transformation that gives equal weight to all cosmic structures (here
the term cosmic structure refers to the set of walls, filaments and
clusters and excludes voids which are their complement). We use
the distance from a target galaxy to the nearest cosmic structure
to estimate the probability of the galaxy being associated with that
structure. This is done by means of the distance transform. The
distance transform is a mathematical morphology operator, usually
applied to a binary image, that specifies the distance from each
voxel to the nearest non-zero voxel (or boundary) according to a
given metric. The distance transform of a set of points on a grid
P C G is computed by associating to each grid location the distance
to the nearest point in P as

Dp(p) = mind(p, q), ©)

qeP

where d(p, g) is the Euclidean distance between p and q. If the target
galaxy is located inside a cluster, the result from the density con-
straint alone is not affected by the geometric constraint. If however,
the target galaxy is located inside a filament or wall and there is
a nearby cluster then the distance transform will give more weight
to the cosmic structure closest to the target galaxy instead of the
cluster, providing a way to compensate for the large dynamic range
of the densities in the cosmic web.

2.2.1 Cosmic web identification

In order to compute the distance transform we need a discrete
representation of the density field that encodes the cosmic structures
as a binary set such as

M= { 1 cluster, filament, wall ©)

0 void.

This requires a way of separating, or segmenting, voids from the
other cosmic structures. We perform a full identification of voids,
walls, filaments and clusters in the density field using the SPINE
method (Aragén-Calvo et al. 2010b) which provides, from a contin-
uous scalar field, a discrete label for each voxel in the density field as
void, wall, filament or cluster. The SPINE method assigns morpho-
logical labels based on the topology of the density field, encoded in
the watershed transform (Beucher & Lantuejoul 1979; Platen, van
de Weygaert & Jones 2007). Fig. 3 shows the SPINE field (middle
panel) computed from the density field on the top panel. The SPINE
method provides a cellular segmentation of space corresponding to
voids, as well as a full description of the cosmic web. In this work,
we only use the spine i.e. the union of the set of walls, filaments
and clusters as the basis to compute the distance transform.

From the cellular segmentation provided by SPINE, we then pro-
ceed to compute the distance transform using an efficient algorithm
that takes advantage of the space-partitioning character of the wa-
tershed transform (see Appendix E), giving us an objective way to
quantify association with a cosmic web structure. In practice we use
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S
Distance transform %
(complement)

Figure 3. From top to bottom: density field, spine (walls, filaments and
clusters) and distance transform on a thin slice computed from the SDSS
spectroscopic sample. For clarity the density field is inverted so dark pixels
indicate high-density regions. The spine in the middle panel is shown as the
dark contours delineating voids. The distance transform (also inverted) has
similar properties as the density field, decreasing from the spine into the
centres of voids.

the complement of the distance field to produce a monotonically in-
creasing scalar field akin to the density field but giving equal weight
to clusters, filaments and walls. The distance transform along the
LoS of a galaxy can then be considered a probability density distri-
bution P(z)ec, giving us the likelihood of finding a galaxy along the
LoS on the basis of the geometry of the cosmic web (see Fig. 3).

2.3 Adding density and cosmic web constraints

The final step in the PhotoWeb pipeline is computing the product of
the photometric probability density distribution and the density and
cosmic web constraints as indicated in equation (1), here repeated
for convenience:

P(Z)Web = P(Z)phmo . P(Z)den . P(Z)geo-

In practice, for simplicity we replace the full photo-z probability
distribution of a given galaxy for a Gaussian distribution centred at

MNRAS 454, 463-477 (2015)
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the mean redshift and with dispersion equal to the uncertainly z
provided by the KD-tree photo-z method (Csabai et al. 2007, see
Appendix B). This is a good approximation for cases where there
is a single dominant peak in P(z)phow. However, P(Z)phoo Can have
more complex distributions depending on the photo-z method used
and the choice of filters. In general a small filter sample with broad
passbands will produce a broader and less constrained P(z)photo-
Also, within the same survey, galaxies at different redshifts will
be sampled differently by the same set of filters which will be
reflected in their P(z),no0- However, given the low redshift range of
the sample used here (z < 0.12) and the relatively good coverage of
the SDSS filters with well defined, almost independent bandpasses
we can assume well-behaved photo-z estimates for the purposes of
presenting the method.

Fig. 4 shows a schematic of the PhotoWeb pipeline starting from
the density field reconstruction. The density field probability distri-
bution, P(z)¢en, 1S characterized by a few narrow high peaks. Note
that the dominant peak in P(z)ge, is not the peak corresponding to
the target galaxy z = 0.035. There is one significantly higher peak
at z ~ 0.02. If the photo-z probability distribution was broader then
the larger peak would likely be selected as the PhotoWeb-z. This
highlights the importance of having accurate photo-z with narrow
PDF. We will discuss this in detail in Section 3.3. In contrast, the
features in P(z)g, delineate cosmic structures and are also corre-
lated to the peaks in the density field, but the peaks in P(z)g, have
all the same height, thus giving equal significance to all cosmic
web structures regardless of their local density. By multiplying the
broad single-peak photo-z distribution with the narrow multiple-
peak density and distance transform distributions we collapse the
probability distribution and obtain a unique solution given by the
highest peak in the P(z)yeb distribution.

2.4 Assigning PhotoWeb redshifts

In the present implementation of PhotoWeb we use a simple ap-
proach and assign the PhotoWeb -z to the redshift where the distri-
bution P(z)web has its maximum value. This prescription is sufficient
for our purposes in this introductory paper, but it also produces ar-
tificially large galaxy biasing. Since we assign galaxies only to the
peak in P(z)y.», We impose a complete lack of galaxies inside voids.
If a target galaxy is located inside a void (which in itself has a very
low likelihood) it will be artificially shifted towards the nearest
cosmic structure. In terms of the global population, galaxies in low-
density environments represent a minor fraction but nevertheless an
important one. One way to alleviate this would be to implement a
Monte Carlo sampling of P(z)yep Or some transformation of it such
as log P(z)web Which provides a more natural density variable in
the non-linear regime (Coles & Jones 1991; Neyrinck, Szapudi &
Szalay 2009; Carron 2011). The sampling scheme can also include
a biasing prescription matched to the observed local galaxy bias.

3 RESULTS

In this section, we present our first results and perform tests in
order to understand the errors and systematics in the PhotoWeb
method. In order to measure redshift errors we applied PhotoWeb
to galaxies in the SDSS spectroscopic sample, which also have
photo-z estimates (Csabai et al. 2007, see Appendix B for details).
We use spectroscopic redshifts as a reference, assuming that they
provide accurate redshifts and estimate distances, which is valid for
low- and medium-density environments and breaks down in dense
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clusters. However, since we also correct FoG we simply assume all
spectroscopic redshifts and positions to be correct.

3.1 PhotoWeb versus photo-z redshift estimation

We start by comparing how well the PhotoWeb redshifts follow
the reference spectroscopic redshift. Fig. 5 shows a comparison
between PhotoWeb redshifts zy., and the spectroscopic redshifts
Zspee Used as reference. PhotoWeb redshifts are strongly correlated
with the spectroscopic redshifts. The dispersion around the slope
unit line in Fig. 5 is Az ~ 0.0006, equivalent to ~2 Mpc, and
the FWHM is of the order of Az ~ 0.0002 or ~1 Mpc. The 2D
distribution is dominated by a narrow diagonal ridge and shallow
broad tails. However, the distribution is non-Gaussian and the tails
extend beyond what we expect for a Gaussian distribution. As a
result of this, the total dispersion is higher than the one estimated
from the narrow peak (this is explored in detail in Section 3.3.1).
Nevertheless more than half of the galaxies fall inside the narrow
ridge. For comparison we show the same plot for photo-z estimates
(right-hand panel in Fig. 5). Here the correlation is not tight and the
dispersion is significantly larger, of the order of Az ~ 0.01-0.02,
corresponding to ~40-80 Mpc. The correlation between zye, and
Zspec 18 very tight even at low redshifts (z < 0.05) where the photo-z
estimates, used as starting point for PhotoWeb, have consistently
higher values than their corresponding spectroscopic redshift.

3.2 PhotoWeb spatial galaxy distribution

The narrow dispersion in the PhotoWeb redshift estimations allows
us to assign accurate redshifts to individual galaxies. Fig. 6 shows
the spatial distribution of galaxies with redshifts assigned using
PhotoWeb from the SDSS photo-z catalogue computed by Csabai
et al. (2007). We convert redshift to distance using the approxima-
tion in equation (2). There are ~2.2 x 10° galaxies with photo-z
estimates in this redshift range, compared to ~5 x 10° galaxies with
spectroscopic redshift. For comparison we also show the galaxy
positions computed using the photo-z and spectroscopic samples.
There are no visible structures in the photo-z galaxy distribution.
In stark contrast, the distribution of PhotoWeb-z galaxies shows
a rich cosmic web. There are roughly five times more galaxies in
the PhotoWeb sample compared to the spectroscopic sample. While
the redshift estimation with PhotoWeb is clearly superior to photo-z
there are also some visible artefacts. There is a lack of structures
aligned with the LoS, reflecting the compression algorithm used to
correct the FoG redshift distortions (see Jones, van de Weygaert &
Aragoén-Calvo 2010). This artefact could be alleviated by comput-
ing the density field from the raw spectroscopic positions, but the
density field would be dominated by redshift distortions. There are
also practically no galaxies inside voids. This is the result of tak-
ing the largest peak in the PhotoWeb probability distribution as the
unique solution instead of performing a Monte Carlo sampling over
P(2)wep- In this work use direct assignment instead of a stochastic
sampling for simplicity and due to our current lack of knowledge on
the relation between the DTFE reconstructed galaxy density field
and the un-biased matter distribution.

Even when the density and geometry constraints give multiple
narrow peaks in P(z)web, this does not affect the shape of the recon-
structed cosmic structures. This seems an advantage, but in reality
this may introduce significant contamination for local environment
studies. The intermittent nature of the peaks in the P(z)wep Of an
individual galaxy is manifested as a degeneracy in the PhotoWeb
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Figure 4. Computing the PhotoWeb PDF (P(z)wep). This diagram corresponds to a galaxy with spectroscopic redshift of z = 0.035. We show the three
components involved in the computation of P(z)web: density (P(z)dgen (top), geometry P(z)geo (middle) and photometry P(z)photo (bottom). The density field
and the derived distance transform where computed from the spectroscopic sample. For simplicity we assume P(z)photo to be a Gaussian distribution with
dispersion equal to the zErr value given by the KD-tree photo-z method (Csabai et al. 2007). The left-hand panels show the density field, distance transform and
SED (the SED does not correspond to this particular galaxy and is used only as an illustration). The panels on the right-hand side show the corresponding PDF
normalized to 1 at the maximum. The panel at the bottom shows the product of the three PDFs and the resulting P(z)wen. While the photometric redshift has a
distance error of Azphoo ~ 0.02 equivalent to ~30 Mpc, the assigned PhotoWeb redshift is, in this case, indistinguishable from its spectroscopic counterpart.

redshift solution and this introduces a potentially unknown contam-
ination by placing a galaxy inside a different environment to where
it really belongs. Large errors in the PhotoWeb redshift estimation
originate from galaxies that are wrongly assigned to a nearby cosmic
structure instead of their correct position. In cases when the photo-z
P(2)photo has a large dispersion and there are dense structures far
from the true galaxy’s redshift, this error is particularly severe. A

possible way to alleviate this is to include colour information in the
density estimation and in the assignment of PhotoWeb redshifts. For
instance, we expect red luminous galaxies to populate dense envi-
ronments and blue star forming to avoid them. This information can
be used as a prior, at least in some cases, to further constrain the
PhotoWeb PDF. This is, however, beyond the scope of this work
and will be explored in future work.
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3.2.1 Where is the information coming from?

Figs 4 and 6 illustrate the fact that PhotoWeb does not add new
information but it simply uses the information already present in
the reference spectroscopic sample to assign the most likely lo-
cations of galaxies. PhotoWeb would not be able to reconstruct,
say, a galaxy group for some (very unlikely) reason missed by the
spectroscopic survey. However, the Delaunay tessellation performs
a linear interpolation across structures which can be considered a
first-order reconstruction. Galaxy surveys like the SDSS provide a
spectroscopic sampling dense enough to trace the small features of
the cosmic web. Galaxies with no spectra are expected to fill the
holes in-between the sampling of galaxies with spectra.

3.3 Estimated redshift error

Fig. 7 shows the distribution of errors in the redshift and distance
estimations from photo-z and PhotoWeb. While the photo-z errors
have a broad Gaussian distribution, with a dispersion of Az >~ 0.01-
0.02, equivalent to d ~ 40-80 Mpc, the distribution of PhotoWeb
errors has a narrow peak with dispersion Az =~ 0.0006, equiva-
lent to d >~ 2.5 Mpc. The cumulative probability distribution shows
that almost half of the galaxies have PhotoWeb redshift errors one
order of magnitude smaller than photo-z. Compare this to typical
photo-z errors of Az ~ 0.02 corresponding to a scale of ~80 Mpc.
The cumulative distribution shows a marginal excess of PhotoWeb
compared to photo-z for errors larger than ~70 Mpc, which is of
the order of the mean dispersion in the photo-z errors. This cor-
responds to ~15 per centof the PhotoWeb galaxies having worse
redshift estimations than photo-z. On the other side of the cumu-
lative distribution we see that as the photo-z errors decrease, their
corresponding PhotoWeb errors also decrease at a higher rate. When
the photo-z errors are smaller than 10 Mpc the PhotoWeb errors are
one order of magnitude smaller. Fig. 8 shows that for large photo-z
errors Azphoo > 0.01 the PhotoWeb errors also perform poorly. Be-
low Azpnoto the PhotoWeb errors are smaller, almost independently
of AZphoto and with a peak around Az, ~ 0.0007.
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3.3.1 The nature of the PhotoWeb errors

The distribution of PhotoWeb errors, Az shown in Fig. 7 has a
clearly non-Gaussian shape. It consist of a high and narrow peak
and tails extending well above what we expect from the exponential
decline of the Gaussian function. The narrow and degenerate nature
of the peaks in P(z)wep results in either producing a very small
redshift error when the galaxy is assigned to its correct cosmic
structure, or a large redshift estimate when the galaxy is assigned
to cosmic structures on the opposite sides of the adjacent voids to
the structures where the galaxy is truly located. Note that we are
assuming that P(z)photo is Gaussian, which although is reasonable
for the galaxy sample used in our analysis, it is in general not the case
(see Section 2.3). A more complex P(Z)phoro Will affect the shape of
the distribution of PhotoWeb errors, possibly introducing biases. We
model the distribution of PhotoWeb errors into two components, one
reflecting the small-scale errors from correctly assigned galaxies
and another component describing the errors coming from assigning
the galaxy to opposite cosmic structures:

F(x) = F(x)s + F(x), @)

where x is the redshift error Az and F(x)s, F(x), are the contribu-
tions from small and large scales, respectively. Small-scale errors
can be assumed to be Gaussian originating from uncertainties in
the density estimation and non-linear processes such as peculiar
velocities. Large-scale errors, on the other hand, originate from the
discrete intermittent sampling of the cosmic web (see Fig. 4). An
illuminating analogy is the intersection of a LoS with a Voronoi
cellular distribution. The LoS will intersect the faces, edges and
nodes of Voronoi cells (Icke & van de Weygaert 1991). The inter-
secting points will be separated by the empty spaces of Voronoi
cells (van de Weygaert 1991, 1994), see also van de Weygaert
(2003). The LoS of target galaxies will intersect the cosmic struc-
tures at any position producing a roughly constant error distribution
which is then weighted by the semi-Gaussian probability distribu-
tion of the photo-z estimation. For simplicity we assume a Gaussian
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Photo-z

Figure 6. Galaxy distribution from PhotoWeb, photo-z and spectroscopic redshifts. We show galaxies in a 10 Mpc-thick slice across the SDSS survey.
The bottom-left panel shows the galaxy positions from spectroscopic redshifts without FoG compression. The top-left panel shows the photo-z positions.
The top-right panel shows the PhotoWeb positions. The distribution of galaxies from PhotoWeb follow the cosmic web delineated by the spectroscopic
reference sample. Note that the distribution of galaxies from photo-z show barely any feature. The PhotoWeb positions are highly biased, there are no galaxies
inside the voids and the cosmic structures have very sharp boundaries. There is also a lack of filaments aligned with the LoS as a result of the FoG compression
used to derive the density field. Nevertheless the PhotoWeb positions are sticking. This diagram highlights the unique potential of PhotoWeb for small-scale

environmental studies.

distribution for both small-scale and large-scale errors. The total
PhotoWeb error is then modelled as

F(x) = Ae™*" /%% 4 Be=/%1 (8)

The best fit to the distribution in Fig. 9 (normalized to 1) gives
A=1,0,=0.0007, B=0.08 and o) = 0.0109593. The small-
scale dispersion in the redshift error corresponds to a physical scale
of ~2.5 Mpc, which is consistent with being originated from noise at
the scale of cosmic structures such as walls, filaments and clusters,
where most of the LoS intersect the cosmic web (Aragén-Calvo, van
de Weygaert & Jones 2010a). The large-scale redshift error disper-
sion is closer to the value of the mean redshift error in the photo-z
estimates used as input for PhotoWeb o o0, ~ 0.02. Note that this

two-component model is not strictly correct since the large-scale
component F(x), also contributes to small-scale errors (near the
mean) from correctly assigned galaxies but nevertheless, it serves
as areference to compare the contribution of small- and large-scale
erTors.

3.3.2 Mean redshift errors

An important quantity for cosmological studies is the mean redshift
measured inside redshift bins. Even though photometric redshifts
have large individual errors, their aggregate values approach the
mean redshift inside a given redshift bin. Typical mean redshift
errors from photo-z are of the order of 0.001-0.01 (Carliles et al.
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2010; Rahman etal. 2015). However, the large dispersion in P(z)pnoto
effectively acts like a smoothing (which may not be Gaussian or
even isotropic as assumed here, see Section 2.3) and prevents us
from resolving features in the redshift distribution at scales smaller
than the typical redshift uncertainties, which for the SDSS photo-z
sample is ~0.01-0.02.

Fig. 10 shows the truncated mean of the redshift errors com-
puted in several redshift bins. PhotoWeb is sensitive to biases in the
photo-z estimation that affect P(z)pnoo and may be impossible to
separate from P(z)gen and P(z)geo (equation 1). The SDSS photo-z
catalogue used here has systematically higher estimations at low
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redshift (z < 0.05) and as far as z ~ 0.1 as shown in Fig. 5. In order
to correct for this effect we ignore errors larger than two standard
deviations of the respective error distribution (see Section 3.3 and
Fig. 7). The mean truncated PhotoWeb redshift errors are practically
indistinguishable from the spectroscopic redshifts with values in the
range Az ~ 1075-107*. These values are more than one order of
magnitude smaller compared to photo-z estimates computed using
only colour information (our reference sample) and even photo-z
estimates reported in the literature after including galaxy correlation
information Az = 0.001-0.01 (Rahman et al. 2015). Note, however
that the mean errors were computed from the truncated distribution,
this assumes that we have access to unbiased photo-z estimates
which, given the recent advances in photo-z techniques is feasible.

4 CONCLUSIONS AND FUTURE WORK

The method presented here, PhotoWeb, offers an unparalleled accu-
racy in redshift estimation by combining the broad unique peak in
the probability distribution obtained from photo-z estimations with
the narrow but degenerated solutions given by the cosmic structures
in the galaxy distribution. The current implementation of PhotoWeb
demonstrates the constraining power of the cosmic web on galaxy
positions along the LoS, achieving redshift errors of the order to
Az ~ 0.0007 and mean redshifts of the order of ~1075.

By using PhotoWeb we can increase the number of galaxies with
accurate redshifts in SDSS from ~10° in the spectroscopic sample
to ~5 x 10° (including galaxies with small photo-z uncertainty).
This factor of 5 can be further increased as better photo-z estimates
become available. This unprecedented galaxy sampling will allow
environmental studies of galaxy formation and evolution previously
unfeasible with either spectroscopic or photometric redshifts.

The major limitation of PhotoWeb (in its current implementa-
tion) is the fraction of catastrophic errors occurring when a galaxy
is assigned to a different cosmic structure where it belongs. We
note that this fraction is essentially equal to the one derived from
photo-z. When PhotoWeb succeeds in identifying the galaxy’s host
structure it does so superbly. When it fails it does so in a similar
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degree as photo-z. This is in part due to the fact that when photo-z
fails catastrophically there is no way PhotoWeb can identify the
correct cosmic structure. The error in the peak of P(z)pnow as well
as its dispersion must be of the order of the typical void size for
PhotoWeb to succeed. A major challenge is then the reduction of the
fraction of galaxies erroneously assigned to nearby cosmic struc-
tures. This may seem an impossible task without the use of better
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photometric redshifts but there is in fact more information available
that we have not yet exploited in PhotoWeb. In particular angular
correlations, galaxy colour and morphology, used as a prior, and
can play a significant role in further constraining P(z),noto- Galaxies
populate the cosmic web following well-known patterns such as the
colour and morphology—density relation (Dressler 1980). Our lack
of knowledge on the underlying physical process does not prevent
the use of these empirical relations to constrain galaxy locations
along the LoS.

4.1 Future improvements

In the present implementation of PhotoWeb, we use a spectroscopic
sample to derive P(z)den and P(z)geo. However, for surveys with a
large number of narrow-band filters, where the photo-z estimates
have an uncertainty of less than a few megaparsecs it may be possible
to use the photo-z sample as the reference and apply PhotoWeb
iteratively. This is possible because walls, filaments and clusters are
located at the boundaries of voids, and voids are relatively easy to
identify as local minima in the density field.

The density field used in this work was computed in a regular
cubic grid. A polar grid is an alternative option which has some
desirable features like a natural degrading of spatial resolution with
increasing distance, providing some compensation for the galaxy
selection function and a better fit to the survey geometry. We will
explore this possibility in a forthcoming paper.

The current implementation of PhotoWeb only takes advantage
of the spatial coherence of the cosmic web. However, galaxies also
present clustering based on their colour and morphology. The distri-
bution of galaxies has a well-known colour segregation, red early-
type galaxies tend to populate high-density regions while blue late-
type avoid them and are mostly found in the intermediate- and
low-density regions (Dressler 1980). We can use this information
to further constrain the location of a galaxy on the LoS. For in-
stance if the target galaxy is classified as late-type and is blue
(u — r < 2.2) then high-density regions in the LoS density field will
be assigned a low probability. The simplest way to do this would
be to separate galaxies in colour bins and compute density fields
for each colour bin separately but this would significantly reduce
the number of available galaxies to reconstruct the density field.
Instead we can weight each galaxy according to their colour and
compute two separate density fields with enhanced red/blue galaxy
populations as

Pred = (U —1)p, if u—r>22 )

Poie = (r —u) p, if u—r <22, (10)

where pred, Poie are the colour-weighted density estimations and
p is the original density estimate at the position of the galaxy
computed with the DTFE.

Photometric redshift estimation methods are all based on a map-
ping between the observed properties of galaxies and some known
model. The mapping is usually straightforward and applicable to
the galaxy sample. However, as early examples of redshift esti-
mation have shown it is possible, at least in some cases, to use
extra information to further constrain the location of a galaxy, for
instance by looking at signs of interaction with a companion of
known redshift, or by comparing the colour/morphology of the
galaxy with the galaxies along its LoS to, say, discard massive lu-
minous elliptical galaxies from the centres of voids. These are, so
far, anecdotical cases but nothing prevents us from envisioning a
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general framework in which every possible piece of information is
used to estimate accurate redshifts Budavari (2009). For instance,
angular cross-correlations also add strong constraints to the posi-
tion of a galaxy and therefore to its estimated redshift. This may
help resolve some of the degeneracies that produce catastrophic
errors when a galaxy is assigned to an incorrect LSS. Our long-
term plan is to include all the information available to constraint
the position of a galaxy along the LoS. We currently do not have
the technology to include all available information in an automated
way, however, new advances in image processing, machine learning
and automated pattern recognition can enable this kind of analysis
in the near future.
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Figure Al. Delaunay-based structure reconstruction. The left-hand panels show the Delaunay tessellation (top) and reconstructed density field (bottom)
corresponding to the biased particle distribution in an N-body simulation. Central panels show the corresponding Delaunay tessellation and density field after
a hole has been cut from the original particle distribution. The hole is indicated by the horizontal shaded area crossing the top panels. By sampling the density
field inside the hole with new particles matching the mean number density outside the hole we are able to reconstruct to a remarkable degree the original

density field.

APPENDIX A: DELAUNAY-BASED
STRUCTURE RECONSTRUCTION

The Delaunay tessellation not only is able to compute density es-
timates and interpolate their value at any point but it can also in-
terpolate anisotropic features in the galaxy distribution. Fig. Al
shows the reconstruction of the (2D) density field from a particle
distribution before and after particles have been removed to form a
hole. The Delaunay tessellation interpolates the space in-between
the hole joining and reconstructing the filament previously truncated
by the hole. We exploit this property of the Delaunay tessellation
to interpolate the space between galaxies in sparsely sampled spec-
troscopic surveys and reconstruct the underlying density field. It
is important to note that the Delaunay tessellation interpolates the
density field in a linear fashion. This limits its application to linear
features. However, as long as the spectroscopic sampling used to
construct the tessellation can sample the features we want to re-
construct, i.e. if its mean intergalaxy separation is smaller than the
typical scale of the cosmic structures, then the linear interpolation
is a good approximation.

APPENDIX B: SQL QUERY

The spectroscopic and photometric redshifts were obtained using
the SDSS CASJOBS service with the following query:
SELECT s.ra, s.dec,s.z, p.z,p.zErr,
p.absMagl,p.absMagR, p.absMagG, p.absMagU
FROM Photoz AS p
JOIN SpecPhoto as s
ON p.0ObjID = s.0bjID
WHERE
p.z BETWEEN 0 and 0.15
AND p.nnIsInside = 1
AND p.nnCount > 95
AND p.zErr BETWEEN O AND 0.02

From this master catalogue we generated subsamples as needed.
The photometric redshift catalogue from Csabai et al. (2007) was
queried in the same way as above but without performing the JOIN
with the spectroscopic sample. The spectroscopic galaxy catalogue
used to generate density fields was produced using the following
query:

SELECT p.ObjID, p.ra, p.dec, s.z, s.zErr,
s.zConf,

S.cxX, s.cy, s.cz,
p.dered_u, p.dered_g, p.dered_r,
p.isoPhi_u, p.isoPhi_g, p.isoPhi_r,
pP.1SOA_u, p.isoB_u, p.isoA_g, p.isoB_g,
p.petroR50_u, p.petroR90_u, p.petroR50_g,
p.petroMag_u,p.petroMag_g,p.petroMag_r, ...
p.petroRad_u,p.petroRad_g,p.petroRad_r, ...
s.specclass,
s.eClass
INTO myDB.galaxies_dr9
FROM SpecObj AS s,
PhotoObj AS p
WHERE s.SpecObjID = p.SpecObjID

APPENDIX C: SELECTION
FUNCTION WEIGHTING

In order to take full advantage of all the galaxies in the sample,
we used a magnitude-limited catalogue. This means that the radial
distribution of galaxies must be weighted in order to account for the
decrease in the number density of galaxies with increasing redshift
and produce an isotropic distribution. We used the formula provided
by Efstathiou & Moody (2001) to model the change in the mean
number of galaxies as a function of their redshift as

N(z)dz = A 2% ¥(2)dz, (C1)

MNRAS 454, 463-477 (2015)
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Figure C1. Distribution of galaxies with redshift.
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Figure C2. Mean intergalaxy separation as function of redshift.

where A is a normalization factor that depends on the density of
galaxies, and ¥ (z) is the selection function:

Y =, (&)

where z, is the characteristic redshift of the distribution and g
encodes the slope of the curve. Fig. C1 shows the distribution of
galaxies in the SDSS with redshift and the best fit to equation (C1).

CO.1 Mean intergalaxy separation

Fig. C2 shows the mean intergalaxy separation as a function of
redshift. This plot does not account for small-scale clustering and
so the values are average over the volume. We can estimate the real
intergalaxy distance by considering that galaxies are contained in
approximately 10 per centof the volume, the line in Fig. C2 must

MNRAS 454, 463-477 (2015)

be divided by +/10 ~ 3 giving a mean intergalaxy separation of
0.8-1.6 Mpc on the redshift range z = 0-0.1.

APPENDIX D: FOG COMPRESSION

The peculiar velocities in dense non-linear regions such as clus-
ters produce the so-called FoG and are an important source of
contamination for both the density estimation and the cosmic web
identification. We use a FoG compression algorithm following the
approach of Tegmark et al. (2004) and identify elongated groups
using a Friends of Friends group finder where galaxies are recur-
sively linked to other galaxies within a linking volume defined by
the linking parameter b:

4 1/3
b= (571 figal r,?nk) , (D1)
where 7igy is the mean number density of galaxies and ), is the
linking length. In redshift space, peculiar velocities in clusters give
them an elongated shape along the LoS. Following Huchra & Geller
(1982), we decompose the distance between galaxies i and j into
LoS distance:

Dyi.j = (¢/Ho)(z; + z;)sin(0; ;/2) (D2)
and transversal distance:
D,;j=(c/Ho) |z +zl (D3)

where z;, z; are the redshifts to each galaxy and 0, ; is their angular
separation. Two galaxies are linked if the two following conditions
are satisfied:

Dy, ; < b|\ﬁgal(z)_|/3 (D4)
and
Dy <biiiga(z)”', (D5)

where 7ig,(z) is the mean number density of galaxies as function
of redshift and b, b, are the projected linking lengths. A typical
relation between LoS and transverse linking parametersis by =8b
(Tegmark et al. 2004; Berlind et al. 2006). The elongated groups
are then compressed such that their dispersion along the LoS is
equal to the dispersion in the plane of the sky. Fig. C3 shows the
effect of the FoG compression on the galaxy distribution and on the
underlying density field. One drawback of the FoG compression
is that systematically compresses filaments oriented along the LoS
(Jones et al. 2010).

APPENDIX E: EFFICIENT
WATERSHED-BASED DISTANCE
TRANSFORM COMPUTATION

There are several algorithms for computing distance transforms us-
ing the sampling grid itself as a measure of metric. However, for an
Euclidean metric this operation is O(N?), which makes computing
Euclidean distance transforms in large 3D grids computationally
expensive and even prohibitive. However, we can take advantage
of the space-partitioning property of the watershed transform and
compute distance transforms inside each watershed region inde-
pendently (see also Steinberg et al. 2015 for a similar application
of the Voronoi tessellation for N-body computations). By doing so
we reduce the number of computations from O(N?) to O((N/M)?)
where M is the number of watershed regions in the volume. For
cosmological volumes, such as the SDSS survey we analyse here,
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Original positions

FoG compressed

Figure C3. FoG compression. FoG removal in a slice of 6 degrees of thickness in declination. From the original galaxy distribution we extract the FoG (middle
left) and compress them on the LoS direction (middle right). The final distribution without FoGs is shown in the lower slice.

the large number of watershed regions (voids) makes the brute-force
computation of Euclidean distances feasible. Since each watershed
region can be treated independently this optimization is trivial to
parallelize. In addition to the optimization described above, the
brute-force distance transform computation is done on the GPU us-
ing a cupa code adapted from the GPU-enabled gravitational code
described in Nguyen (2007). If the number of voxels inside a given

watershed region exceeds the available memory in the GPU we split
the watershed region into smaller blocks and process them indepen-
dently. Finally, the partial computations are combined to find the
minimum distances required in equation (5).

This paper has been typeset from a TX/IATEX file prepared by the author.
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