THE AUTOMORPHISM GROUP OF A
FINITE METACYCLIC p-GROUP
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ABsTRACT. In this paper it is shown that if G is a finite non-
Abelian metacyclic p-group, p#2, then the order of G divides the
order of the automorphism group of G.

It is well known that if G is a finite noncyclic Abelian p-group of
order greater than p?, then the order IGI of G divides the order of the
automorphism group A(G) of G. This result has recently been ex-
tended to other classes of finite p-groups [1], [6]. We recall that a
group G is said to be metacyclic if G possesses a cyclic normal subgroup
K such that G/K is also cyclic. The purpose of this paper is to show
that | G| divides | 4(G)| if G is a finite noncyclic metacyclic p-group
of order greater than p?, p#2.

The following notation is used: G is a finite p-group where p is a
prime; class G denotes the nilpotency class of G; G, is the nth ele-
ment in the descending central series of G; Z(G) denotes the center of
G (or Z, if no ambiguity is possible); H =G means H is a subgroup of
G, [G:H] denotes the index of H in G and H<G means that H is
normal in G. If x, y&G, then |x| denotes the order of x, (x, y)
=x"!y~lxy and (x, y) is the subgroup generated by x and y; more
generally, if S is a subset of G, then (S) is the subgroup generated
by S; P(G)=(x?:x&G) and Q,,.(G)=<xEG:Ix| =p™). I(G) denotes
the group of inner automorphisms of G; I is the identity subgroup of
A(G); if SLA(G), C(S) is the centralizer of Sin 4(G) and N(S) is the
normalizer of S in 4(G).

Before proving the main theorem of the paper, we will establish a
number of preliminary results.

LeMMA 1. Let m and n be positive integers. If p#2, then

(i) (1+p™)*"=1 mod p**™ and

(i) (14pm)?" =(14p™m1) mod pr+=.

ProoF. (i) Since 14+pm=1 mod p™, (1+p™)?" =17" mod p*+= [4,
Lemma 3.2 (iv) ].

(ii) Part (ii) is proved by induction on #n. The straightforward but
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computational induction proof also uses [4, Lemma 3.2 (iv)], the
binomial theorem and the fact that p=2. []

LeEmMMA 2. Let K <G and let a &G be such that G/K ={aK) is cyclic
of order p. If es2a?" €Q,(Z), then the mapping 0(a, K, a*™) defined by
a’ki(a, K, a*™) =ai®™DE, where 0<j<p® and REK, is an aulo-
morphism of G of order |a| /p™ which fixes K elementwise.

Proor. Let 0(a, K, a?™) =0. If g, hEG, then g=a%k; and h=a%k,,
where 0 =7, 7. <p™ and ky, k& K. If kia®» =a%k;, where k& K, then
gh=djl+j2k3k2 =afa+'1’"k3k2, with j1'+‘j2 =j3+7’P", Oéja <p" and r=0, 1.
Consequently,

gh = @@ ™D gr"gr ™M b,
= gUstreM P™HDE B,

= g™+ Dgir"gip b,
Since a?" & Z, we see that
ghe = afl(l’m+1)klaf2(ﬂm+l)k2 — gBIzG.

Hence 0 is an endomorphism of G.

Clearly 0 fixes K elementwise and since af =a!**", § is onto and
hence an automorphism. Let |a| =p*. Since af*=a"+™" for each
positive integer , we see by Lemma 1 that a6?” " =g while a6?”" #a.
Hence |68] =p—= [0

The definition of a regular p-group and the basic properties of such
groups are well known and may be found in any standard group
theory text (see for example [2]); these will be used without reference
throughout the rest of the paper. The next preliminary result that we
will establish is that metacyclic p-groups, p #2, are regular.

LeMMA 3. Let G be a p-group, p#=2. If G, is cyclic, then G is regular.

Proor. If ghEG, let H={g, h). Then (gh)?=grhrcd where
cEP(H,) and dEH, [3]. Since H: is cyclic and H, is a proper sub-
group of Hy, it follows that ¢d =f? where fE H,. Hence G is regular. []

COROLLARY 1. If G is a metacyclic p-group, p #2, then G is regular.

Let G be a regular p-group. An extremely useful class of automor-
phisms of G is constructed in

LEMMA 4. Let K <G and let a &G be such that G/K = (aK) is cyclic of
order p. If xCQ.(Z(K)), then the mapping ¢(a, K, x) defined by
a’kp(a, K, x) = (ax)’k, where 0<j<p" and kEK, is an automorphism
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of G under which K is elementwise fixed. Furthermore, |¢>(a, K, x)[
Z 14

ProoF. Since G is regular and x€Q,(Z(K)), (ax)?"=a*". Hence
¢(a, K, x) =¢ is an automorphism of G which leaves K elementwise
fixed [5]. Since ag®=ax", it follows that |¢| =|x|. O

THEOREM. If p#2 and G is a noncyclic metacyclic p-group of order
greater than p*, then | G| divides | A(G)|.

ProoF. We may assume that G is non-Abelian; indeed by R.
Faudree’s result [1], we may assume that class G> 2. Choose a, bEG
such that H=(b) and G/H = {aH) is cyclic of order k. Let G,=(b")
where [ is a power of p. We may assume that (a, b) =b'. Furthermore,
|6G:| =1 and since class G>2, |aG:| =k. Let |4 =m. Then xamEZ
for each x &G and since (bY)* = (a*, b) =e, we see that m <k. Further-
more, since class G>2, it is also true that I<m. Let k=7/ and let
a*=(b")* where 1 <s=m.

We note that I(G) =(I,, I;) and hence that |I(G)| =m? Also if
0 € I(G) and g, hEG are such that go = gh, then k& (b') =G..

To complete the proof we will consider four cases; in each case we
will construct a subgroup S of 4(G) such that f S| =kim= [ Gi .

Casel.s=r.

Let c=b—*"a. Then (c, b) =b, |¢| =k, G=(b, ¢) and HN\(c)=E. Let
K ={c, b). Then K<«G and G/K=(bK) is cyclic of order /. Also
¢c""EZ(K) and |c™""| =kl/m=1. Choose ¢t such that |cmt/| =1 and
let x=cm/". Then ¢(b, K, x)=¢CA(G), |¢| =I. Furthermore,
G/H={cH) is cyclic of order k and 0(c, H, c™) =0& A(G) with order
k/m. Since m>1, it follows that ¢ & C(({#)). Hence, if S= (¢, 0, I(G)),
then | S| = kim.

Case I1. 1<s<r, k/s=m.

Letd=a""'*b. Then (a, d) =b}, Idl =Ilszm,G={a,d)and HN{(d)=E.
Let L={(a, b*). Then LG and G/L=(bL)=(dL) is cyclic of order I.
Finally, if M ={(d, b*), then M <G and G/M ={(aM) is cyclic of order
E/s. We note that (d™/%, b') =e and that |dm/*| =kl/m2k/s. If we
choose u such that |d""“”| =k/s and let y=dm™*/!, then ¢(a, M, y)
=¢EA(G) and |$| =k/s. Furthermore, since Is<im, 6(d, L, d~)
=0E A(G) with order Is/m. Since k/s Zm, it follows that ¢ & C({9)).
Thus if S=(@, 8, I(G)), | S| =kim.

Case 111. 1<s<r, k/s>m, Is<k/s.

Since k/s>m, (d, b')=e. Thus d&EU,(Z(M)) and ¢(a, M, d)=¢
€ A(G) with order Is. If R= (¢, I(G)), then IRI =Ism?. Furthermore,
since |a| =km/s, 0(a, M, a™)=0EA(G) and |6 =k/s. Since
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0EN((p)), if S=(0, R), then | S| =|R|-[S:R]. By Lemma 1, [S:R]
=|amM| =k/ms. Hence | S| =kim.

Case IV. 1<s<r, k/s>m, Is>k/s.
Choose v such that Is=Fkv/s. Then d*EQ;,(Z(M)) and ¢(a, M, d¥)
=¢CA(G) with order k/s. Also 0(d, L, d™)=0CA(G), |6| =is/m
and 0E N((¢)). Finally, letting S= (¢, 8, I(G)), we see that | S| =kim
and the proof of the theorem is complete. []
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