PUBLISHED FOR SISSA BY @ SPRINGER

<Y

RECEIVED: August 16, 2019
ACCEPTED: September 4, 2019
PUBLISHED: October 3, 2019

The B-function of N/ = 1 supersymmetric gauge
theories regularized by higher covariant derivatives as
an integral of double total derivatives

K.V.Stepanyantz

Department of Theoretical Physics, Faculty of Physics, Moscow State University,
119991, Moscow, Russia

E-mail: stepan@m9com.ru

ABSTRACT: For a general N' = 1 supersymmetric gauge theory regularized by higher
covariant derivatives we prove in all orders that the S-function defined in terms of the bare
couplings is given by integrals of double total derivatives with respect to loop momenta.
With the help of the technique used for this proof it is possible to construct a method
for obtaining these loop integrals, which essentially simplifies the calculations. As an
illustration of this method, we find the expression for the three-loop contribution to the
[B-function containing the Yukawa couplings and compare it with the result of the standard
calculations made earlier. Also we briefly discuss, how the structure of the loop integrals for
the S-function considered in this paper can be used for the all-loop perturbative derivation
of the NSVZ relation in the non-Abelian case.

KEYWORDS: Renormalization Regularization and Renormalons, Supersymmetric Gauge
Theory

ARX1v EPRINT: 1908.04108

OPEN AcCCESS, (© The Authors.

Asticle funded by SCOAP?. https://doi.org/10.1007/JHEP10(2019)011


mailto:stepan@m9com.ru
https://arxiv.org/abs/1908.04108
https://doi.org/10.1007/JHEP10(2019)011

Contents
1 Introduction 1

2 N =1 supersymmetric gauge theories: regularization, quantization, and

auxiliary parameters 4

3 Renormalization and RGF's defined in terms of the bare couplings 10

4 The @-function as an integral of double total derivatives 17

4.1 The Slavnov-Taylor identity for the background gauge invariance 17
4.2 Transforming the left hand side of eq. (3.40) with the help of the supergraph

calculation rules 19

4.3 Formal calculation 22

4.4 Integrals of double total derivatives 27

4.5 The role of singularities 32

5 Verification in the lowest orders 34

6 Conclusion 41

A Proof of the identity (4.26) 42

1 Introduction

Ultraviolet divergences in supersymmetric theories are restricted by some non-
renormalization theorems. According to one of them, N' = 4 supersymmetric Yang-Mills
(SYM) theory is finite in all orders [1-4]. Divergencies in N' = 2 theories exist only in
the one-loop approximation [1, 4, 5], so that it is even possible to construct finite N' = 2
supersymmetric theories by choosing a gauge group and a matter representation in such a
way that the one-loop divergencies cancel [6]. All these non-renormalization theorems can
be derived [7, 8] from the equation which relates the S-function of N' =1 supersymmetric
gauge theories with the anomalous dimension of the matter superfields [9-12]

o2 <3CQ ~T(R) + C(R) (7s) (e, A)/?“)
27(1 — Caar/2m) ’

Bla, A) = — (1.1)
where « is the gauge coupling constant and A denotes the Yukawa couplings. Note that
so far we do not specify the definitions of the renormalization group functions (RGFs)
and what couplings are considered as their arguments. Eq. (1.1) called the exact NSVZ
B-function can also be considered as a non-renormalization theorem in addition to the



well-known statement that the superpotential in A/ = 1 supersymmetric theories is not
renormalized [13]. According to one more non-renormalization theorem derived in [14], the
triple ghost-gauge vertices in /' = 1 supersymmetric gauge theories are finite in all orders."
With the help of this non-renormalization theorem the exact NSVZ pS-function can be
equivalently rewritten in a new form [14],

Bla, N) 1

0 = = (802 = T(R) — 2ol X) — 202 (@ N) + C(R) (30) (0 /), (122

which relates the S-function to the anomalous dimensions of the quantum gauge superfield
(vv), of the Faddeev-Popov ghosts (7.), and of the matter superfields ((fyd))ij).

Some NSVZ-like relations can be written for other theories. For example, in theories
with softly broken supersymmetry an analogous equation describes the renormalization of
the gaugino mass [18-20]. Also it is possible to construct the NSVZ-like equations for
the Adler D-function in N/ = 1 SQCD [21, 22] and even for the renormalization of the
Fayet-Iliopoulos term in two-dimensional ' = (0, 2) supersymmetric models [23].

Various derivations of the exact NSVZ S-function involve general arguments based
on the analysis of the instanton contributions [7, 9], anomalies [10, 12, 24], and non-
renormalization of the topological term [25]. However, a direct perturbative verification of
eq. (1.1) in all orders appeared to be a highly non-trivial problem. Even to start solving
this problem, one should first pay attention to some important subtleties related to the
regularization, quantization, and renormalization.

Really, the calculations of quantum corrections made in the DR-scheme (that is with
the help of dimensional reduction [26] supplemented by the modified minimal subtrac-
tions [27]) in refs. [28-32] demonstrate that the NSVZ relation is not valid for this renor-
malization prescription. However, the difference can be explained by the scheme depen-
dence of the NSVZ relation, which is described by the general equations derived in [33, 34].
Namely, it is possible to tune the renormalization scheme in such a way that the NSVZ
equation will take place [28-30].2 It is important that this possibility is highly non-trivial
due to some scheme-independent equations following from the NSVZ relation [34, 36]. Nev-
ertheless, at present there is no general all-loop prescription giving the NSVZ scheme in
the case of using the regularization by dimensional reduction.

The NSVZ renormalization prescription can be naturally formulated in all loops if
N = 1 supersymmetric gauge theories are regularized by the higher covariant derivative
method [37, 38] in the supersymmetric version [39, 40]. The matter is that using of this
regularization reveals the underlying structure of the loop integrals responsible for appear-
ing the NSVZ relation. Namely, in this case the integrals giving the S-function defined in
terms of the bare couplings appear to be integrals of double total derivatives with respect
to loop momenta.? This was first noted in calculating quantum corrections for A' = 1 su-

'In the Landau gauge ¢ — 0 a similar statement was known earlier for the usual (non-supersymmetric)
Yang-Mills theory [15] and for N' =1 SYM formulated in terms of the component fields [16]. In the former
case this statement was explicitly verified by the four-loop calculation in ref. [17].

2A similar result for the Adler D-function can be found in ref. [35].

3Tt is important that for theories regularized by dimensional reduction such a factorization does not take
place, see refs. [41, 42] for the detailed discussion.



persymmetric electrodynamics (SQED) in refs. [43] (the factorization into total derivatives)
and [44] (the factorization into double total derivatives). Subsequently, this structure of
the loop integrals has been confirmed by numerous calculations (see, e.g., refs. [45-53]).
The rigorous all-loop proof for /=1 SQED has been done in [54, 55]. The same method
allowed proving the factorization into integrals of double total derivatives in all orders for
the Alder D-function in N/ =1 SQCD [21, 22] and for the renormalization of the photino
mass in softly broken N' = 1 SQED [56]. For the non-Abelian supersymmetric gauge
theories this will be done in this paper.
The integrals of double total derivatives do not vanish due to the identity

0? 1
Q1 0Q, Q*

where @) is an Euclidean momentum. The §-function reduces the number of loop integra-

= —47%5M(Q), (1.3)

tions by 1, so that in the Abelian case an L-loop contribution to the g-function appears
to be related to an (L — 1)-loop contribution to the anomalous dimension of the matter
superfields. The sum of singularities in the Abelian case was calculated in [54, 55], where it
was expressed in terms of the anomalous dimension of the matter superfields. The relation
between the S-function and the anomalous dimension obtained in this way is nothing else
than the NSVZ equation for RGFs defined in terms of the bare couplings. Thus, at least in
the Abelian case, it naturally appears in the case of using the higher derivative regulariza-
tion. Note that the RGFs defined in terms of the bare couplings are scheme independent
if a regularization is fixed (see, e.g., [57]), so that the NSVZ equation for these RGF's is
valid for an arbitrary renormalization prescription.?

In the non-Abelian case the situation is much more complicated. Eq. (1.1) relates an
L-loop contribution to the S-function to the anomalous dimension of the matter superfields
in all previous orders. That is why it is more probable that it is eq. (1.2) that originally
appears in the perturbative calculations. Moreover, unlike eq. (1.1), eq. (1.2) can be
visualized in the same way as in the Abelian case (see refs. [44, 50]). Namely, starting from
a supergraph without external lines, it is possible to obtain a contribution to the S-function
by attaching two external lines of the background gauge superfield and contributions to the
anomalous dimensions by cutting internal lines. Thus obtained contributions are related
by eq. (1.2).

The similarity between eq. (1.2) and the Abelian NSVZ equation [58, 59] allows suggest-
ing that the factorization of integrals into double total derivatives also produces the NSVZ
equation in the non-Abelian case. This guess was confirmed by numerous calculations in
the lowest loops, see, e.g., [47, 51, 53, 60]. This implies that all higher order corrections to
the S-function (starting from the two-loop approximation) appear from the d-singularities.
Therefore, to derive the NSVZ relation in the non-Abelian case (for RGFs defined in terms
of the bare couplings with the higher covariant derivative regularization), it is necessary
only to sum singular contributions and to prove that they give the sum of the anomalous
dimensions in the right hand side of eq. (1.2). If this is really so, then the NSVZ scheme for

4The NSVZ equation for RGFs defined in terms of the bare couplings is not valid in the case of using
dimensional reduction starting from the three-loop approximation [42].



RGFs defined in terms of the renormalized couplings is given by the so-called HD+MSL
prescription [14] exactly as in the Abelian case [34, 36, 57].> This means that the theory
is regularized by higher covariant derivatives supplemented by the minimal subtractions of
logarithms, when only powers of In A/p are included into the renormalization constants.®

The paper is organized as follows: in section 2 we formulate the theory under consid-
eration in A/ = 1 superspace, regularize it by higher covariant derivatives, and describe the
quantization. Also in this section we introduce some auxiliary constructions, which will
be needed for the investigation of the loop integrals giving the Sg-function. RGFs defined
in terms of the bare couplings are introduced in section 3. In this section we also present
the p-function and the NSVZ relation for it in the form which is mostly convenient for
the analysis. In section 4 we demonstrate that the S-function defined in terms of the bare
couplings is given by integrals of double total derivatives with respect to loop momenta.
Here we also describe the method which allows to construct these integrals in a simple
way. This method is applied for calculating the three-loop contribution to the g-function
containing the Yukawa couplings in section 5. In particular, we demonstrate that the
result exactly coincides with the one obtained in ref. [53] with the help of the standard
supergraph calculation.

2 N = 1 supersymmetric gauge theories: regularization, quantization,
and auxiliary parameters

It is convenient to describe NV = 1 supersymmetric gauge theories using N'' = 1 superspace
with the coordinates (z*, ), where 6 is an auxiliary anticommuting Majorana spinor. In
this case N' = 1 supersymmetry of the theory is manifest. Moreover, it becomes possible
to perform the quantization and calculate quantum corrections in a manifestly N = 1
supersymmetric way [64—66]. At the classical level the considered theory in the massless
limit is described by the action

1 1 . .
Sclassical = @Re tr / d*z 2O WeW, + 1 / dzd*0 ¢* (e?V)I p;
1 ..
+ (6/\Uk/d4a; d20 ¢z¢]¢k +C.C.) , (2.1)

where V is the Hermitian gauge superfield and ¢; are the chiral matter superfields in a rep-
resentation R of a gauge group G which is assumed to be simple. In the classical theory (2.1)
the supersymmetric gauge superfield strength is defined as W, = D? (e_QVDaem/) /8. The
gauge coupling constant is defined as o = €2/4r, and the Yukawa couplings are denoted
by A% Note that at the classical level we do not distinguish between bare and renor-
malized couplings. This difference is essential in the quantum theory. Below, considering
the quantum theory, we will denote the bare couplings by ag = 6(2) /4w and )\f)j k, while the
renormalized couplings will be denoted by o and \¥.

SHD+MSL prescription also gives the NSVZ-like schemes for the Adler D-function [52] and for the
renormalization of the photino mass in softly broken N' =1 SQED [61].

6This NSVZ scheme is not unique [62]. For example, in N/ = 1 SQED the on-shell scheme is also
NSVZ [63].



Below ¢t and T are the generators of the fundamental representation and the repre-
sentation R, respectively. These sets of generators satisfy the conditions

tr(TATP) = T(R) 64B; T4, TP) = ifABOTC. (2.2)

We will always assume that tr(74) = 0. Also we will use the notation
(TATY) 7 = C(R);  fACPFBOP = 0u64B; 1 =dimG = 644, (2.3)

so that C(Adj)aP = Cy0%. (The generators of the adjoint representation are expressed in
terms of the structure constants as (dej)BC = i fABC )
Under the condition

XA XR (A, T 4 NI, =0 (2.4)
the theory (2.1) is invariant under the gauge transformations
bi — (el pj; eV e ATV A (so that W, — eAWae™), (2.5)

parameterized by a Lie algebra valued chiral superfield A.

To quantize the theory (2.1), it is also necessary to take into account that the quantum
gauge superfield is renormalized in a nonlinear way [67-69] (see also refs. [70, 71]). The
necessity of this nonlinear renormalization has been demonstrated by explicit calculations
in refs. [72, 73]. Moreover, the two-loop calculation of the Faddeev-Popov ghost anomalous
dimension in [74] showed that without this nonlinear renormalization the renormalization
group equations are not satisfied. Thus, it is really needed for quantum calculations. To
take into account the nonlinear renormalization, following ref. [68], we substitute the gauge
superfield V' by the function F(V') in the action functional. Moreover, it is necessary to
replace e and A by the bare couplings eg and Ag, respectively.

For obtaining a manifestly gauge invariant effective action we will use the background
field method [75-77] formulated in N/ = 1 superspace [1, 64]. A distinctive feature of the
background field method in the supersymmetric case is the nonlinear background-quantum
splitting which in the considered case can be implemented by the substitution

Q2F(V) 2F(V) 2V (2.6)

— €

where in the right hand side V' and V are the quantum and background gauge superfields,
respectively.” In this case the quantum gauge superfield satisfies the constrain V*+ =
fZVV 2V
e eV,
Due to the background-quantum splitting the gauge invariance produces two different
types of gauge transformations. Under the background gauge symmetry the superfields of
the theory change as

eV e AT Ve A, Ve ATvedT bi — ()T ;. (2.7)

"The standard form of the background quantum splitting is > (") — e 27 (V) 22
gauge superfield being defined by the equation e?V = e e,

, the background
However, after the change of variables
V= e Ve in the generating functional we arrive to eq. (2.6).



This invariance remains unbroken at the quantum level and becomes a manifest symmetry
of the effective action. Alternatively, the quantum gauge invariance

2F(V) _, e—A+€2f(V)62V6—A€—2V; VSV b — (eA)ijqu (2.8)

e
is broken by the gauge fixing procedure. It is convenient to introduce the background
supersymmetric covariant derivatives V, and V; and the gauge supersymmetric covariant
derivatives V, and V; defined by the equations

V.=V4=Dyg; Vi=e?YDye 2V, Vs = e2f(v)62VDae*2Ve*2F(V). (2.9)

Note that for the purposes of this paper it is more convenient to use a different represen-
tation for them in comparison with refs. [74, 78]. In the representation (2.9) the covariant
derivatives V, and Vg should act on a function X which changes as X — e=A" X In this
case they transform in the same way under both background and quantum transforma-
tions. This is also valid for the background covariant derivatives V4 and Vg, but only in
the case of the background gauge transformations.

If we use the background field method and take into account the nonlinear renormal-
ization of the quantum gauge superfield, then the gauge superfield strength is defined as

W, = é[ﬁ (e*2V€*2f(V) D, (62]:(V)€2V>)

— 16—2V§2 (672}'(V)Va62]-'(\/)> 2V L w,, (2.10)

co

where )
W, = gDQ (e_QVDaeQV) . (2.11)

Below we will also need some auxiliary parameters. The coordinate-independent com-
plex parameter g describes the continuous deformation of the original theory (corresponding
to g = 1) into the theory in which quantum superfields interact only with the background
gauge superfield (corresponding to g — 0). This parameter is introduced by making
the substitutions

ag — 99" ap; )\éjk — g)\éjk; Noijk = 9" Noijk- (2.12)

Then, it is easy to see that an L-loop contribution to the two-point Green function of the
background gauge superfield is proportional to (gg*)“1.

Also we introduce the auxiliary chiral superfield® g(z,6). It is added to g in such a
way that all quantum corrections containing g will actually depend on the (coordinate-

dependent) combination
g=9+8g (2.13)

while the background gauge invariance remains unbroken. Various parts of the total action
containing the superfield g are written below, see egs. (2.19), (2.20), and (2.22).

8Note that coordinate-dependent auxiliary parameters were also used in refs. [25, 79-81].



Now, let us include the parameters g and g into the classical action. For this purpose
we write all terms containing the quantum gauge superfield as integrals over d*z d*0 = d®x
with the help of eq. (2.10). After this we modify the result by introducing the auxiliary
parameters in the following way:

1 6 1 8
Sclassical — M*C%Retr/d xWaWa — 86(2)Retr/d T gg*

% [ éefo(V) vae2F (V)2 (672]—'(V)Va62]-'(v)> 422V W2V~ 2F(V)y 27 (V)

1 : . 1/ i
+ / B¢ (P VeV p; + E(Ao’k / dbz g pipj i —|—c.c.>, (2.14)

where the integration measures are

1 _
/de = /d4x d*0,; /de = /d4x a0, = —2/d6xD2. (2.15)

Note that we do not include the superfield g in the first term of eq. (2.14), which does not
contain the quantum gauge superfield V. This allows to avoid breaking of the background
gauge invariance (2.7). However, the action (2.14) is invariant under the quantum gauge
transformations (2.8) only if g = 0 (but for an arbitrary value of the coordinate independent
parameter g). Nevertheless, it is not important, because the parameter g is auxiliary and
actually we are interested only in the cases when g = 0,1 and g = 0.

The most important ingredient needed for deriving the NSVZ S-function for RGFs de-
fined in terms of the bare couplings is the higher covariant derivative regularization [37, 38].
In this paper we will use the version similar to the one considered in ref. [78] with some
modifications appearing due to the presence of the auxiliary parameters and the function
F (V). To regularize a theory by higher covariant derivatives, at the first step, it is nec-
essary to add a higher derivative term Sj to its action. As a result, propagators will
contain higher degrees of momenta that, in turn, leads to the finiteness of the regularized
theory beyond the one-loop approximation [82]. In the case g = 0 the regularized action
Sreg = S 4 Sp invariant under both background and quantum gauge transformations can
be constructed as

1 =202
Sreg = QRetr/d% we (e’QVe’ZF(V)> R <_V V2 > (eﬂ(v)ew) W,
g=0 299*60 Adj 16A Adj Adj

L[ 8 i VAV or) ov) g Lo vijk [ 6
+4/d zd (F (— e ) AW ) ¢]+6(9A0 /d xqﬁlgb]cbk—i—c.c.),
(2.16)

where the higher derivative regulators R(z) and F(x) are functions rapidly growing at
infinity which satisfy the conditions R(0) = F'(0) = 1. In eq. (2.16) and below the subscript
Adj means that

(fot AX+HX2+.0) |V = foV + AIX Y]+ B IX Y]+ (2.17)

(In particular, this equation implies that (eX)Ade = eXYe™X.) The superfield g should
be included into the regularized action in such a way that the background gauge invariance



remains unbroken. This can be done similarly to constructing the action (2.14). However,
it is more difficult due to the presence of the function R(z). We present this function in
the form

R(z) =1+ ar(z), where r(z) = R(:UQ)J_l = Zrkarkfl. (2.18)
k=1

Then the regularized action can be written as

1 1 1 1
Sreg = 2Retr/d6xW“Wa—|—2Retr/d8x |:_7e—2.7:(V)Va62]-'(V)€2VWa
29g*eg e gg*l 4

1 _ VQ
—ov_ L orw)yga 2F(V)S2 (L—2F(V) 2F(V) a( -2V _—2F(V)
xe Y e OV (PN W) e (Ve V) e

V2v? 2F(V) 2V | - VEVEN ar) av)
7‘< 16A2>Adj<e e )AdjWa}+4/d o) (F( 16A2>6 e )Z bj

41 </\3j’“ / d61:g¢¢¢j¢k+c.c.> : (2.19)

6
It is important that this action is invariant under the background gauge transformations,
but the quantum gauge invariance exists only for g = 0. In this case the action (2.19) is
reduced to eq. (2.16). Moreover, all terms containing the quantum superfields depend on
auxiliary parameters only in the combination g = g + g. (The first term, which depends
on the constant g and does not depend on the superfield g, contains only the background
gauge superfield.)

To obtain a manifestly gauge invariant effective action, it is necessary to use a gauge
fixing term invariant under the background transformations (2.7). Taking into account
that a higher derivative regulator should be also inserted into this term [78], the gauge
fixing action can be chosen as

1 1 Vv2iv? 1=
Sy =———tr | Bz VV_K|—— ~V2V. 2.20
A TN / Y g ( 16A2 ) g 9 (2:20)

Certainly, the quantization procedure also requires to introduce the Faddeev-Popov action.
The Faddeev-Popov ghosts and the corresponding antighosts in the supersymmetric case
are described by the chiral superfields ¢ and &, respectively. The action for them obtained
in a standard way takes the form
Srp = 1/d8x w (e?Vee 2V + é*)A
2 VB v=rw)

In the case of using the background superfield method it is also necessary to take into

account the Nielsen-Kallosh ghost action

1 1 V2iv? 1
SNK = Qtr/deb"’* <K <V V2 )62V> -b
2eg g 16A Adj 9

1 8, pt VEV2N v
— 2tr/d xb <K <— T6A2 )€ » b. (2.22)




Here the Nielsen-Kallosh ghosts b are chiral anticommuting superfields in the adjoint rep-
resentation, which interact only with the background gauge superfield. The arrow points
out that the parameters g and ey can be excluded from the Nielsen-Kallosh action by the
change of variables b — eggb; b™ — epg*b™ in the generating functional. (It is easy to see
that the corresponding determinant is equal to 1.)

After the gauge fixing procedure the quantum gauge transformations (2.8) are no
longer a symmetry of the total action (that, in particular includes the gauge fixing term
and ghosts). The total action is invariant under the BRST transformations [83, 84]. In
N = 1 superspace the BRST transformations have been formulated in ref. [67]. For the
theory considered in this paper the BRST invariance is a symmetry of the action only in
the case g = 0, but for an arbitrary value of the coordinate independent parameter g.

As we mentioned above, the one-loop divergences cannot be regularized by adding
the higher derivative term to the action. For this purpose it is necessary to supplement
the higher derivative method by the Pauli-Villars regularization which is introduced by
inserting the Pauli-Villars determinants into the generating functional [85]. According to
refs. [78, 86], to cancel the one-loop divergences appearing in supersymmetric gauge the-
ories, one should introduce three chiral Pauli-Villars superfields ¢, with ¢ = 1,2, 3 in the
adjoint representation of the gauge group, and chiral superfields ®; in a certain represen-
tation Rpy which admits a gauge invariant mass term. The superfields ¢, cancel one-loop
divergences coming from the loops of the quantum gauge superfield, of the Faddeev-Popov
ghosts and of the Nielsen-Kallosh ghosts. The superfields ®; cancel the one-loop diver-
gences coming from the matter loop. This occurs if the generating functional is defined as

7 = / DuDet(PV, M)~ 'Det(PV, M)° exp {z'(Sreg+sgf+spp+SNK+SSOMC€S) } (2.23)

where Dy denotes the measure of the functional integration and ¢ = T(R)/T(Rpy). The
sources are included into”

Sumces = [ 1V 4 ([ (6, + 30 430t vee). 224)
The Pauli-Villars determinants are constructed as

Det(PV, M,)" ! = /D(pl Dy D3 exp(iS,); Det(PV,M)™! = /DCD exp(iSs),
(2.25)

where

Sp= % / T {W{A [(R(_ ?;X; ) €2F(V)€2V> Adj(pl} e [(eQF(V)eZV)AdjW} A

—i—(p;A[(e2f(V)e2V)Adj¢3}A}—i—(iMw/de <(8014)2+(<P2A)2+(<p§4)2)+c.c); (2.26)

L[ s i VAV oru) ov g Lorii [ g6
So=7 [ d207 (F (- )P MV ) o4 (1M [ d20:04cc. (2.27)

2

In this paper we present the quantum gauge superfield in the form V = V4¢4 (or V= VATA for the
terms with matter superfields).



and MJ7% M =M 25g . (We assume that the representation Rpy is chosen in such a way that
this condition can be satisfied. For example, it is possible to use the adjoint representation.)
To obtain a regularized theory with a single dimensionful parameter, it is necessary to
require that the Pauli-Villars masses M, and M should be proportional to the parameter A,

M, = aA; M = aA. (2.28)
It is important that we consider a regularization for which a, and a do not depend on cou-
plings.
The effective action is standardly defined as the Legendre transform of the generating
functional W = —iln Z for connected Green functions,
F[V7 ‘/7 ¢i7 C, E] =W - Ssources 5 (229)
sources — fields
where the sources should be expressed in terms of (super)fields from the equations
ow A ow ow A w4
JJA 5 =9 §ATe 554 = ¢ (2:30)

3 Renormalization and RGFs defined in terms of the bare couplings

In this section we present the g-function defined in terms of the bare couplings in a form
which is the most convenient for proving the factorization of the corresponding loop in-
tegrals into integrals of double total derivatives. This factorization is an important step
towards constructing the all-loop perturbative derivation of the exact NSVZ S-function.
That is why in this section we also rewrite the NSVZ relation (1.2) in such a form that can
be used as a starting point of this derivation.

To find the S-function defined in terms of the bare couplings, we consider the two-
point Green function of the background gauge superfield. Note that in our conventions
the term “two-point” in particular means that the auxiliary superfield g is set to 0, but
the dependence on the parameter g is kept. It is easy to see that the considered Green
function depends on g, ag, Ao, and Aj only via the combinations gg*ag and gg*)\éj k)\f;mnp.
(For simplicity, below we will denote the latter one by gg*AoAj.) Really, in the case g =0
the total action depends on gg*ag, gho and g*Aj. However, the numbers of Ao and \j in
any supergraph contributing to the considered Green function are equal. Therefore, the
Yukawa couplings enter it only in the combination gg*AgAj. Similar arguments also work
for the two-point Green functions of the quantum gauge superfield, of the Faddeev-Popov
ghosts, and for the two-point Green function gb*iqu of the matter superfields. Below we
will use the notation

p=l9l* = g9, (3.1)
so that the above mentioned two-point Green functions actually depend on pag and pAgA.

Due to the background gauge invariance the two-point Green function of the back-
ground gauge superfield is transversal and (in the massless limit) can be written as

@2 1 d'p 2 1 «
FV - —&Ttl‘/ (27’()4 d HV(_p79)a HI/QV(pva)d (paOa p)\())\(]a A/p)7 (32)

~10 -



where the supersymmetric transversal projection operator is defined by the equation

D*D?D, D*D? Dy,
H1/2 = — 882 = — 882 . (33)

With the help of the Slavnov-Taylor identities [87, 88] (and some other similar equa-
tions) it is possible to prove that quantum corrections to the two-point Green function of
the quantum gauge superfield are also transversal,

@ 2 _ 1 d'q 4,4 2 A \
Iy =S¢ —4€3p/(27r)4d OV (—q,0)0°IL1 5V (g, 0) Gv (pawo, proAy, AJq).  (3.4)

Also we will need the two-point Green functions of the Faddeev-Popov ghosts and of the
matter superfields,

1 d4 * =% *
M = [ ot 00 (M a.0)(0.0) + 4 (~.6)c*(0,6)) Gelpan, pAoNs, A/

4 ) (2m)4
(3.5)
4
) = i / (%4 d'0 ¢ (—q,0)0i(a,0)(Gy) (pao, PAoAG: A/q). (3.6)

Renormalized couplings «, A and the renormalization constants Zy, Z, (Z¢)ij are
defined by requiring finiteness of the functions d—!, Z‘%GV, Z.G., and (Z¢)ij(G¢)jk ex-
pressed in terms of v and X in the limit A — oco. Note that due to the non-renormalization
of the superpotential [13] the renormalized Yukawa couplings are related to the bare ones

e (VE),(VE), (V) o1

Similarly, due to the non-renormalization of the triple ghost-gauge vertices [14] the renor-

by the equation

malization constants can be chosen in such a way that
Z7V2Z.72 =1, whete  Zo= aﬁ (3.8)
0
We will always assume that the renormalization constants satisfy eqs. (3.7) and (3.8).
(Certainly the renormalization constants are not uniquely defined [89], and these constrains
partially fix an arbitrariness in choosing a subtraction scheme.)

It is important that in the non-Abelian case the quantum gauge superfield is renormal-
ized in a nonlinear way [67-69]. The non-linear renormalization can be realized as a linear
renormalization of an infinite set of parameters. For example, in the lowest approximation
it is possible to present the function F (V') in the form

F(V) =V +8yo GABL tr(ViB) tr(VE) tr (VD) t4 + ... (3.9)
where 79 is a new bare parameter and
GABOD = f(fAKLfBLMfCMNfDNK + permutations of B, C, and D). (3.10)

1
6
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Then, the result for the nonlinear renormalization obtained in [72, 73] can be equivalently
written in the form

a A

where £ is the renormalized gauge parameter and k; is a finite constant which appears
due to the arbitrariness in choosing a subtraction scheme. The explicit calculation of
ref. [74] demonstrated that the renormalization group equations cannot be satisfied without
introducing the parameter yo (or, possibly, implementing the nonlinear renormalization by
some different way). Certainly, in higher orders an infinite set of parameters similar to
yo is needed. All these parameters are similar to the gauge fixing parameter &y, because
by a proper change of variables in the generating functional it is possible to prove that
a nonlinear renormalization is equivalent to a nonlinear change of a gauge [67]. That is
why below we will include the gauge fixing parameter and the parameters of the nonlinear
renormalization inside the function F (V') into a single set

Yo = (80, Y05 - - -)- (3.12)

The corresponding renormalized values will be denoted by Y = (§,v,...).

We believe that the NSVZ relation is valid for RGFs defined in terms of the bare
couplings in the case of using the higher covariant derivative regularization. These RGF's
are defined by the equations

Blpao, phoro, Yo) = Cfi(fr?/({) a7)\7Y:const,
dlnZ
W (pao, pProrg, Yo) = — d?n/\v Oé,)\y:cons‘c;
dln Z,.
Ye(pao, pAodg, Yo) = — dlrllli a,)\,Yzconst;
' d(In Zy);?
(79)i? (pao, pAoAg, Yo) = _(dnlrj\) a,\,Y =const )

and do not depend on a renormalization prescription for a fixed regularization [57]. It is easy
to see that RGF's defined in terms of the bare couplings can be obtained by differentiating
the corresponding Green functions. For example, the g-function defined in terms of the
bare couplings can be constructed by differentiating the quantum corrections in the two-
point Green function of the background gauge superfield in the limit of the vanishing

external momentum,

dliA(d_l - (gg*)_laal)

Note that the term 1/(gg*ag) appears in the function d~! in the tree approximation and

B(pao, pAoAy, Yo
_ Blpag sl o). (3.14)
Py

a,\,Y =const; p—0

corresponds to the first term in eq. (2.19). The limit p — 0 is needed for removing
terms proportional to (p/ A)k , where k is a positive integer. The equality follows from the
finiteness of the function d~! expressed in terms of the renormalized couplings.
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It is well known that for g = 1 the S-function can be presented as the series

2
* Q * *
B, AoAy, Yo) = ?051 + O0(a, a3 AoNG) = Brtoop(@0) + O, ad Ao y), (3.15)

where the (Yp-independent) coefficient

B = —%(3(12 - T(R)) (3.16)

is obtained by calculating the one-loop contribution to the S-function. (For the considered
regularization the details of this calculation can be found in [78].) For g # 1 it is easy
to see that the L-loop contribution to the §-function is proportional to (gg"‘)L+1 = phktl,
Therefore, the dependence of the expression 5(pag, pAoAy, Yo)/ ,02043 on p is described by a

function f(p) = fo+ fip+ f2p*+... If we consider g and g* as independent variables, then

62f(P) _ 82f(gg*> kel % 1R\ d df
990g ~ dgog 99 9+ e = <pdp) : (3.17)
Consequently,
1 p
dp *f(p) _ pipy
/ ) /dp 9900 — f(1) = £(0), (3.18)
0 0

where +0 means that p # 0, but p — 0. Taking into account that the limit p — 0 corre-
sponds to the theory in which quantum superfields interact only with the background gauge
superfield, so that nontrivial quantum corrections exist only in the one-loop approximation,

we obtain
1 p
dp % [ Blpao, proXs, Yo)\  Blao, ANy, Yo)  Biatoop(o)
L [ ap ! = . — Poonl07 - (3.19)
p dg 0g* prag o ot
+0 0

Therefore, the S-function defined in terms of the bare couplings (for the original theory
which corresponds to g = 1) can be calculated with the help of the equation

Blao, MoAs, Yo)  Bidoop(@o)

= 3.20
e , (3.20)
rdp 8 d
P 1 «\—1 1
—1—/ /d — (d — (99 o ) .
P 89 ag* dln A ( ) 0 a,\,Y =const; p—0
+0 0

Due to the finiteness of the functions Z‘Q/GV, Z.G., and (Z¢) j(G¢)jk the anomalous

i
dimensions of the quantum superfields can also be related to the corresponding Green
functions by the equations

1dln GV

W (pao, pAoAs, Yo) = o ; (3.21)
2 dlnA a,\,Y =const; ¢—0
dln G,

Ye(pao, proAg, Yo) = ; (3.22)
dlnA a,\,Y =const; ¢—0

. . d(InGy ij
(78),” (o0, PAoAG, Yo) = w (3.23)
a,\,Y =const; ¢g—0
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In the one-loop order these anomalous dimensions contain terms proportional to g and
AoAG (the latter ones appear only in (’Y«ﬁ)ij)?

'Y(pOéO, p)‘Oa YVO) = O(Oéo, )\OAS)7 (324)

and the terms corresponding to the L-loop approximation are proportional to (gg*)L = pL.

Using this fact, from the identity (3.18) we obtain

lppldp 89 9g* 7(p0507 p/\O)‘Oa Yb) = ’)’(040,)\0)\0,%)~ (3'25)

This implies that for deriving the NSVZ relation (1.2) it is sufficient to prove that

0? d -1
d*l o * —1 92
ag 89* dlnA( (gg ) “o ) a,\,Y =const; pHO (3 6)
1 o2 d : 4
R .J ?
271' (99 39 dln A (202 In G + 02 In GV C(R)Z ( n G¢)j ) a,\,Y =const; ¢—0 .

Eq. (1.2) is obtained by applying the operator

1 d p
/ a / dp (3.27)
+0 P +0

to this equation with the help of egs. (3.14) and (3.21) — (3.23).

In eq. (3.26) the derivative with respect to In A is very important, because it removes
infrared divergences which could appear in the limit of the vanishing external momentum.
Explicit loop calculations (e.g., in refs. [51, 53]) demonstrate that loop integrals written
without d/d In A are not well defined, while after the differentiation all bad terms disappear.

The derivatives with respect to g and ¢* are not so important and can be excluded
from eq. (3.26). Certainly, in this case it is necessary to add the constant corresponding to
the one-loop contribution,

dliA(d_l - (99*)_10‘51)

+1 d
o dlnA

_ 3G -T(®) ;WT(R> (3.28)

a,\,Y =const; p—0

<202 IIIG + 02 In GV — *C(R)Z’j(ln G¢)ji>

a,\,Y =const; ¢—0

For g = 1 this identity was first suggested in ref. [14]. However, for deriving the NSVZ
relation in all loops it is more preferable to use eq. (3.26).

The left hand side of eq. (3.26) can be constructed starting from the expression for the
two-point Green function of background gauge superfield (3.2). To extract the function
d~1, it is convenient to make the formal substitution

VA S 004, where 0% =00, 0%0,. (3.29)
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A

In this equation v** are slow varying functions of the space-time coordinates which tend to

0 only at a very large scale R — co. For example, it is possible to choose
vA(X) = vl exp ( —(x)? /2R2), (3.30)
A

where vl = const and X# = (z%,iz") are the Euclidean coordinates. The corresponding
Euclidean momenta are denoted by P* = (p?, —ip"). In this case

vA(P) = / A X v (X) exp(iX"P,) = (27)2 R4 exp ( — (PM)2R? /2). (3.31)

From eq. (3.31) we see that v (P) is essentially different from 0 only in a small region
of the size 1/R — 0. This implies that substituting the functions (3.30) into eq. (3.2)
we automatically obtain the limit P — 0 (or, equivalently, p — 0), which is needed for
constructing RGF's defined in terms of the bare couplings.

Let us consider quantum corrections encoded in the expression
AT =T — Siotal, (3.32)

where Siota1 includes the usual action, the gauge fixing term, and the ghost actions. (Cer-
tainly, the terms proportional to A~*, where k is a positive integer, should be omitted).
Then we consider a part of AI' corresponding to the two-point Green function of the back-
ground gauge superfield. Performing the Wick rotation and making the substitution (3.29),
after some transformations, in the limit R — co we obtain

dAFg) V4 d 1 s\—1 —1
din A T on dlnA(d - (99) " aq") »
a,\,Y=const; V=04 p=

21 p*a?d ’ '

where we have introduced the notation

Vi = / dix (v = —i / X (vh? = —i / éjf; vA(=P) v (P). (3.34)

Evidently, V4 ~ R* — co. For example, if the functions v are chosen in the form (3.30),

then V4 = —im?(v{')?R*. Thus, we see that the substitution (3.29) allows extracting the
[B-function defined in terms of the bare couplings from the considered part of the effective
action in the case of using the higher covariant derivative regularization. (In the case of
using the dimensional reduction one should be much more careful, see [41, 42] for details.)

Differentiating eq. (3.33) with respect to the parameters g and g* and multiplying the
result by the factor 27 /V,, we obtain the left hand side of eq. (3.26). In turn, the derivatives
with respect to the coordinate-independent parameters g and ¢g* can be expressed in terms
of the derivatives with respect to the chiral superfield g and the antichiral superfield g*,
respectively. Really, all terms in the action containing quantum superfields depend only
on the combinations g and g*, see egs. (2.19), (2.20), (2.21), and (2.22). The only term
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which depends on g and ¢* in a different way is the first term in eq. (2.19), but it does not
affect quantum corrections and does not enter AI'. Therefore, it is possible to relate the
derivatives of AI' with respect to g and g* to the derivatives with respect to g and g*,
O*AT §2AT
" = / d62’1 d652 _— ,
99 09* 4= 08:,08%, | 4—g

/ d5z = / d*z d0,. (3.36)

Thus, to derive the NSVZ relation, it is sufficient to prove the identity

(3.35)

where

52 dryy 2 gATY
/ %2 dz ———— — Y __9 v (3.37)
5gz1 552 dln A a, A\, Y = const; 8.9 89* dln A a, A\, Y = const;
V =0%;g=0 V =0%;g=0
Vv, 02 d 1 , .
A9 20y Gy + Coln Gy — ~C(R) (InGly) ,
472 0g dg* dIn A ( 2 Gy r ( ) ( ! ¢)J ) a,\,Y =const; g—0

where I‘g) denotes a part of I' which is quadratic in the background gauge superfield and

does not contain the other superfields except for g. Note that writing eq. (3.37) we took

into account that Sg) is independent of g, see eq. (2.19). It is evident that

1 6T
Fg) _ /dsdengCAVB

5 7 SvasvE (3.38)

fields=0; g#0
Note that here we do not set the auxiliary external superfields g and g* to 0, because
eq. (3.37) contains the derivatives with respect to these superfields. In this paper we will
consider only N = 1 supersymmetric gauge theories with a simple gauge group. In this case
it is easy to see that any invariant tensor 145 should be proportional to §45.'° Therefore,
for simple gauge groups
6T 1 62T
- = 04—

A5V B 5y 0
VOV lperds—oigro 7 OVa 0V

. (3.39)
fields=0; g#0

With the help of egs. (3.38) and (3.39) for a simple gauge group it is possible to rewrite
eq. (3.37) in the form mostly convenient for proving, namely,

d 5T
Y dInAég, 6gt,0VASVA

/ B dby dz d (%), (vP)s (6, (vP)

(3.40)

a, \,Y = const;
fields=0; g=0

Vv, 92 d

=272 9900 dInA _ J
37 5y din k(202 MGet Cor Gy — C(R)? (nGy) )

i
J

a,\,Y =const; ¢g—0 .
According to the above discussion, for the theory regularized by higher covariant derivatives
this equation is equivalent to the NSVZ relations (1.1) and (1.2) for RGFs defined in terms
of the bare couplings. Below we will prove that the left hand side of eq. (3.40) is given by
integrals of double total derivatives.

0The considered invariant tensor satisfies the equation [T;;‘dj,l] = 0, so that it commutes with all
generators of the adjoint representation. For a simple group the adjoint representation is irreducible.
Therefore, 145 should be proportional to dp.
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4 The B-function as an integral of double total derivatives

4.1 The Slavnov-Taylor identity for the background gauge invariance

The background gauge invariance is a manifest symmetry of the theory under considera-
tion (even in the presence of the auxiliary superfield g). At the quantum level symmetries
are encoded in the Slavnov-Taylor identities [87, 88]. The Slavnov-Taylor identity cor-
responding to the background gauge transformations constructed in this section is a very
important ingredient for the all-loop proof of the factorization into double total derivatives.
This identity is derived by standard methods, namely, it is necessary to make the change
of variables

_A+ + _ _ _
V—)eAVeA; c— edee A; ¢ — e‘ce A;

¢i — ()i ¢ O; — (e”)7 0y 0o — g (4.1)
in the functional integral (2.23), which does not change the generating functional Z. This

change of variables coincides with the background gauge transformations of the quantum
superfields. Due to the background gauge invariance, the total gauge fixed action

Stotal - Sreg + ng + SFP + SNK (42)

and the Pauli-Villars determinants remain unchanged if the background gauge superfield
is also modified as

eV e AT eV A (4.3)

However, the source term Sgources transforms nontrivially. This implies that in the linear
order in A the invariance of the generating functional W = —iIn Z under the change of
variables (4.1) can be expressed by the equation

/ deang/lB - < / Az JASVA + [ / &z (ji&bi + jAsCA +5§55A) +c.c.}>, (4.4)

where the variations of various superfields under the infinitesimal background gauge trans-

formations are written as'!

|4 |4
v (V) a1 )

= (CA— AT [V, A+ [V, A7) + O(V?)
SV =—[AT, V], d¢i=Al¢;;  dc=[A;  dc=[Ad, (4.5)
with A = A4t4 and A/ = A4(T4);7. The angular brackets denote
(B) = % / Dy BDet(PV, M,) ' Det(PV, M) exp {1 (Stotal + Ssources) } (4.6)

where B is a function(al) depending on the superfields of the theory.

"The expression for §V = §V Pt? is obtained in the standard way from the identity 0 = §[V, e*V].
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Rewriting eq. (4.4) in terms of (super)fields, we obtain the equation which expresses
the manifest background gauge invariance of the effective action,

oT o7 o7 oT
8 ‘rB B B =B —_
/df”<5 sve O (5VB>+</ (5@5@ 5 o 5B>+CC>_O‘
(4.7)

It is important that in this equation (super)fields are not set to 0, so that this equation

encodes an infinite set of identities relating Green functions of the theory. That is why we
will call it the generating Slavnov-Taylor identity.

Considering A and AT as independent variables and differentiating eq. (4.7) with
respect to A4 we obtain

52
2{[(1—Z2V>Adj}3,456‘£9} 9:(T )c?gi
or

or 3
+CC(T£dj)BC§C7B + CC(T,fdj)BC&fB =0, (4.8)

where the matrix [f(X)aqj] 45 is defined by the equation
F(X) g (#Y ) =t [F(X) agi) 45 Y7 (4.9)

Expressing the generators of the adjoint representation in terms of the structure con-
stants it is possible to rewrite the generating Slavnov-Taylor identity (4.7) corresponding
to the background gauge symmetry in the form

D*OAT =0, (4.10)
where the operator 04 is given by the expression
A 2V 1) ) D? 0
o L S _o _.pABC Y B O
(1 — e—2V>Adj] o OV 2¢J( R Shi AT R e
D? 0
ABC B

4.11
—if 42° 5 (4.11)

To verify eq. (4.10), it is necessary to take into account that a derivative with respect to a
chiral superfield is also chiral and use the identity
D?D?

BT ——0 =20 (4.12)

valid for an arbitrary chiral superfield ¢.
It is important that due to eq. (4.10) the effective action satisfies the equation

O“T = DO, (4.13)
where . 5 =
~ DD D*Dy\ =
A a a A
0= — . 4.14
O < 1602~ Ro? )O (414)
This can be verified with the help of the equality
D?D*  D2D?
b= e T 1602 (4.15)

and the generating Slavnov-Taylor identity (4.10).
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4.2 Transforming the left hand side of eq. (3.40) with the help of the super-
graph calculation rules

An important observation is that the second derivative of the effective action with respect

to the background superfield V' in eq. (3.40) can be obtained by applying the operator

(OA) (OA) to I', where x and y denote the points of the superspace. Really, in the lowest
T Yy

orders in V' the operator O4 can be written as

N ) ) )
04 = SUA zfABCVB—5 = +0(V?)
D? S5 D? 565 D? 5§
=~ 32T 5 e e i e (4.16)

Therefore, taking into account that f44¢ = 0, after the differentiation we see that

82T Aa
Asy A = (O )
5‘/17 5‘121 fields=0; g#0

fields=0; g0
— (o), (0"),((01),(00),7)

Note that here all fields (including the background gauge superfield V') should be set to 0,
but the auxiliary superfield parameter g remains arbitrary. To derive the last equality, it

(4.17)

fields=0; g#0

is necessary to use eq. (4.13) and the identity

[(0Y),. (0%),]

which can be easily verified. The minus sign in the last expression in eq. (4.17) appears

=0 4.18
fields=0 ’ ( )

after anticommuting the Grassmannian odd expressions (Di’)y and (Of)x.

Substituting the expression (4.17) into the left hand side of eq. (3.40) we see that
due to the presence of the supersymmetric covariant derivatives (Da)m(Di’)y the overall
degree of explicitly written #-s decreases by 2. (Certainly, 6-s are also present inside the
supersymmetric covariant derivatives entering expressions for various supergraphs, but it
is the explicitly written 6-s that we are interested in.) Integrating by parts with respect to
the above mentioned derivatives it is possible to rewrite the left hand side of eq. (3.40) in
the form

LHS of eq. (3.40) = —4 / Bz d®y dbz d%z, (%00 P),

_ d 52 _ _
x (620°07), TENTIRT ((ogﬁ)x(og‘)yr)
21 29

(4.19)

fields=0; g=0

This expression can be presented as a sum of certain one particle irreducible (1PI) super-
graphs, because the effective action is the generating functional for 1PI Green functions
(see, e.g., [90]). Therefore, it can be calculated using the tools of the perturbation theory,
which include standard rules for working with supergraphs. Note that the external lines
in the superdiagrams contributing to the expression (4.19) are attached to the points z, y,
z1, and z9 and correspond to («925%3) (QzébvB)y, 1, and 1, respectively.

)
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Evidently, any two points of an 1PI graph can be connected by a chain of vertices and
propagators. This allows to shift v? in an arbitrary point of the supergraph, because addi-
tional terms produced by such shifts are suppressed by powers of 1/R. Really, propagators
contain derivatives with respect to the superspace coordinates acting on 5§y. Certainly, v?
commutes with 9/00* and 0/00* due to the independence of 6. As for the derivatives with
respect to the space-time coordinates z#, the shifting of v from the superspace point 1 to
the point 2 is made according to the procedure

(UB)1(8#)15§2 = (8#)1 ((UB)15§2) - (a#UB)1 0ty = (UB)Q(a#)l(S?? +O(1/R),  (4.20)

where we took into account that the space-time derivatives of v® are proportional to
powers of 1/R, see, e.g., eq. (3.30). (To be exact, the dimensionless parameter in this case
is 1/(AR).) Certainly, the terms proportional to 1/R can be omitted in the limit R — oo,
which is actually equivalent to the limit p — 0 in equations like eq. (3.14). Below we will
always ignore them.
With the help of equations like (4.20) we can shift v to an arbitrary point of the
supergraph. Let us shift both v? in eq. (4.19) to the point 21,
(vB)x(vB)y — (vP)? . (4.21)

z1

Note that in this case the usual coordinates z# on which v® depends should be replaced
by the chiral coordinates y* = x* + i0%(y"),%0) to obtain a manifestly supersymmetric
expression. Certainly, this is possible, because the difference is proportional to powers
of 1/R and vanishes in the limit R — oo. ‘

Also it is possible to prove that #% and 6° in eq. (4.19) can be shifted in an arbitrary
point. Really, let us consider a supergraph contributing to the expression (4.19). It is
calculated according to the well-known algorithm (see, e.g., [65]), the result being given
by an integral over the full superspace.'”> The integral over the full superspace includes
integration over d*f and does not vanish only if the integrand contains * = 6262. Note
that new 6-s cannot be produced in calculating the supergraphs, in spite of their presence
inside the supersymmetric covariant derivatives. Therefore, any supergraph with 6-s on
external lines does not vanish only if it contains at least two right components 6, and two
left components ;. The expression (4.19) is quadratic in #, which can be shifted along a
pass consisting of vertices and propagators using equations like

2792 2792 2792 2792
(07), 258, = DIL((87),58) +001) — DI((0),5%) = (1), . (422)
Here O(1) denotes terms which do not contain §. They appear when the covariant deriva-
tives are commuted with 6-s with the help of the identity {6%, D;} = (53. The arrow in
eq. (4.22) points that we omit them, because these terms do not contribute to eq. (4.19).

Really, the original expression is quadratic in 6, so that the contributions of O(1) terms

are no more than linear in f-s. This implies that they are removed by the final integration
over d*f.

12Note that even the vertices corresponding to the points z1 and z» can be presented as integrals over
the full superspace, although the integrands in this case are nonlocal.
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Thus, we see that §-s in supergraphs contributing to eq. (4.19) can be shifted in an
arbitrary way using equations like (4.22). This allows shifting % and #° from the points z
and y to the point zo, ' '

(9“)x(9b)y — (6 6°) (4.23)

2"
After this, we use the identity
. » o . _ o 1 - 1 L
b b 2 b 2
)., )., - TaGy = —(), ()., - a€ =2 (@), -0, = L), %G (29)
(Here we essentially use that both #-s are placed into a single point z3.) As a result, we
obtain that after the shifts (4.21) and (4.23) the considered expression is written as

2
21

LHS of eq. (3.40) = —2/d8w dyd®z d°z (§2)Z2 (”B)

< (6), (67), (074, (08), 1)
=y dInA 6g,, bgz, 2\Faly

Note that due to the antichirality of #% this expression remains manifestly supersymmetric.

(4.25)

fields=0; g=0

The right components 6 cannot be shifted in an arbitrary way, because the consid-
ered expression is quartic in 6, (here we count only the degree of the right components).
However, in this case it is possible to use a special identity derived in ref. [55]. Let us
consider an 1PI supergraph contributing to the expression (4.25) and construct two passes
connecting the point = with z; and the point z; with y, see figure 1. The corresponding
sequences of vertices and propagators we will denote by A and B, respectively. Actually,
A and B are products of the expressions in which various derivatives (namely, 9, Dq, D,
and 1/0?) act on superspace d-functions. Then according to ref. [55]

02AB0% + 2(—1)PATPE0° A% BO, — 02A6* B — AG?BH* = O(9), (4.26)

where (—1)PX is the Grassmannian parity of an expression X, and O(f) denotes terms
which are no more than linear in #. For completeness, we also present the proof of this
identity in appendix A. (The point x is on the left of each term, the point y is on the right,
and the point z; is between A and B.)

Evidently, the O(f) terms in eq. (4.26) do not contribute to eq. (4.25), because the
integral over d*@ which remains after the calculation of the supergraph removes them.
Therefore, with the help of eq. (4.26) the left hand side of eq. (3.40) can be rewritten in
the form

LHS of eq. (3.40) = —2/d8m d®y d®z; d°z (92)21 (UB)2 (92)22 (4.27)

21

2
(004 ), = 200.600,) g5 ((079),(04),7)

where we take into account that all propagators are Grassmannian even. This expression

)

fields=0; g=0

can be equivalently expressed in terms of the operator 04 as

) / Prdydz &% (07), ("), (7)., (0°0):(0:), + 0°).(0%05), (4.28)

zZ1

. d 8 Ay (A
+ 2(91)0 )x(ebga)y> mw((OA)m(OA)yF)

fields=0; g=0
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Figure 1. The points z, z1, and y of a supergraph can be connected by a pass which consists of
the gauge, matter, and ghost propagators. A corresponds to its part connecting the points z and
z1, and B corresponds to the part connecting the points z; and y.

To see this, it is necessary to use the identity
(04, (0%, = —(Dé)x(Dd)y(O?)x(Of)yF, (4.29)

which follows from egs. (4.13) and (4.18), and integrate by parts with respect to the deriva-
tives (D), and (D?),. With the help of eq. (4.17) the expression (4.28) can be presented
in the form

LHS of eq. (3.40) = —2 / dPrdiyd®z d°% (6°) (uB)il (6%), ((92éd)x(§d)y (4.30)

_. _ _. . d 54F
a 27. (DG (). b & d
T 092(0%0a)y = (8°(")a"06),. (" (e ed)y) dIn A dg, 082, 6VAVA | i om0
where we also took the identity
(7)a () = 26267 (4.31)

into account. Eq. (4.30) is a convenient starting point for presenting the left hand side of
eq. (3.40) in the form of an integral of double total derivatives. This will be made in the
next section.

4.3 Formal calculation

Numerous explicit calculations of the [S-function reveal that it is given by integrals of
double total derivatives in the momentum space for both the Abelian [44, 50] and non-
Abelian [47-49, 51, 53] N/ = 1 supersymmetric theories regularized by higher covariant
derivatives. In the Abelian case this factorization into integrals of double total derivatives
has been proved in all orders in refs. [54, 55]. For generalizing this result to the non-Abelian
case we consider the left hand side of eq. (3.40) related to 3/a3 by the equation

Vi 9* ([ B(pao, ProN; Yo)
7 dg0g* p*ai

LHS of eq. (3.40) = (4.32)

(where p = gg*) and present it in the form (4.30). Below we will demonstrate that it is
given by integrals of double total derivatives in the momentum space in all orders.
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An important observation is that the expression (4.30) formally vanishes as a con-
sequence of the Slavnov-Taylor identity (4.7). In fact, it is not true because of singular
contributions, which will be discussed in section 4.5. However, first, we describe the for-
mal calculation.

As a starting point we consider the Slavnov-Taylor identity (4.7) in which we set the
superfields V, ¢;, ¢, and & to 0. However, the auxiliary superfields remain arbitrary.
This gives the equation

=0. (4.33)

quantum fields=0

oT
8 A

x

Its left hand side is a functional of the background gauge superfield V' and the auxiliary
external superfields g and g*. Next, we differentiate eq. (4.33) with respect to V;JB and,
after this, set the background gauge superfield to 0. Then using eq. (4.5) we obtain

6T
Pz (AP + (AD)") a1 =0, (4.34)
/ ‘ ’ 5‘/11 6‘/1’ quantum fields=0, V=0
where we also took into account that (even for g # 0)
or
SyA =0; (4.35)
Y lquantum fields=0, V=0
621 1 82T
B A C C
6% 6‘/1 quantum fields=0, V=0 " 5‘/34 5‘/:” quantum fields=0, V=0

These equations follow from the group theory considerations. Really, if we take into ac-
count that the auxiliary superfield g is gauge invariant, then the expressions in eqs. (4.35)
and (4.36) are proportional to tensors invariant under the gauge group G. However, there
are no invariant tensors with a single index A, and the expression in the left hand side
of eq. (4.35) vanishes. (Let us recall that in the case under consideration all generators
are traceless.) In this paper we assume that the gauge group is simple, so that the only
invariant tensor with two indices A and B is d4p. This immediately gives eq. (4.36).
Let us choose the parameter A in egs. (4.1) and (4.3) in the form

A =By, B, AT = 989,48, (4.37)

aB

where €7 is a coordinate independent anticommuting parameter. This implies that AP =

€B0,. Substituting these parameters into eq. (4.34) and differentiating with respect to

£4B  we obtain the equation

/d% (62) T =0 (4.38)
4z sVASVA o ’
0 Y o T lquantum fields=0, V=0

the left hand side of which being a functional of the auxiliary superfield g. Therefore, it
is possible to differentiate with respect to g and g*, so that the part of eq. (4.30) obtained
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from the second term in the round brackets vanishes. The part obtained from the first
term vanishes due to the same reason. This implies that

Z1

LHS of eq. (3.40) =2 / v d®y Sz d°% (67) (vF)2 (07) (4.39)

. . d 4T
a/u\.b ¢ d
X (9 ('7 )a Qb)z(g ('Yu)c Hd)y dln A (5g21(5g’22(5‘/;’45v;j4 ﬁeldszo.gzo.

The similar arguments can be used for this expression (which corresponds to the third
term in the round brackets in eq. (4.30)). In this case it is necessary to choose the superfield
A as

A= iaftBy“; At = —iaftB(y“)*, (4.40)
where af are real coordinate-independent parameters. Therefore, AP = iafy“, where the
chiral coordinates y* and the antichiral coordinates (y*)* are defined as

yH = xt 4 i0% (1) 00y, (y")* =t — i0%(yH)00, (4.41)
respectively. In this case from eq. (4.34) for arbitrary g we formally'® obtain the identity
8 Na(~u\.b 52F
d°x (0 (’)/ )[1 eb)zW — (formally) — 0. (442)
Y T Iquantum fields=0, V=0

Consequently, the expression (4.39) seems to vanish. This implies (see egs. (3.19)
and (4.32)) that all higher order corrections to the -function vanish and the g-function is
completely defined by the one-loop approximation. Certainly, it is not true. The matter is
that the above calculation was made formally and something very important was missed.

The origin of the incorrect result can be found analyzing the explicit calculations made
with the higher covariant derivative regularization [45-47, 50-53]. They demonstrate that
all integrals giving the S-function are integrals of double total derivatives in the momentum
space, and that all loop corrections come from §-singularities. Below in section 4.4 we will
see that the integrals of (double) total derivatives appear due to the presence of x* in
eq. (4.40). These total derivatives produce singular contributions which were ignored in
the formal calculation. Note that eq. (4.37) does not contain x*, so that the momentum
total derivatives do not appear in the first two terms of eq. (4.30). This implies that the
higher (L > 2) loop corrections to the S-function are completely determined by the third
term inside the round brackets in eq. (4.30). It is this term that produces the double total
derivatives in the momentum space. To derive this fact in section 4.4, here we relate this
term with the second variation of the functional integral giving the effective action under
the change of variables corresponding to the background gauge transformations.

Let us set all quantum superfields to 0. Then the effective action will depend only on
the external superfields V' and g. Taking into account that (at least, in the perturbation
theory) the vanishing of the quantum (super)fields corresponds to the vanishing of the
sources, we obtain

r =—ilnZ , (4.43)

quantum fields=0 sources=0

where Z is given by the functional integral (2.23).

13This identity is not actually valid, because the parameter A too rapidly grows at infinity.
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Similarly to the derivation of the Slavnov-Taylor identity in section 4.1, we perform
the change of variables (4.1) in this functional integral, but the parameter A will be chosen
in the form (4.40). Let us denote the variation of the effective action under the background
gauge transformations of the quantum superfields by d,. (This variation does not include
the transformation of the background gauge superfield V'.) Taking into account that the
generating functional (4.43) remains the same after the considered change of variables,
while the total action is invariant under the background gauge transformation, we obtain
the equation similar to eq. (4.7),

or

=57 — 8 A
0 6a quantum fields=0 /d yéa% 5‘/;/A

, (4.44)

quantum fields=0

which is certainly a mere consequence of the Slavnov-Taylor identity. (Note that the back-
ground superfield V' and the external superfield g are not so far set to 0.) Differentiating
eq. (4.44) with respect to af gives

0= &ngar quantum ficlds=0 i/dgy {yu Kl—‘ef—?")Adth (4.45)
+(y")" [(M‘/eﬂ/)Adj]AB}y 56124

The derivative of the effective action with respect to V4 entering this equation can be

quantum fields=0

presented as the functional integral

: (4.46)

quantum fields=0

(5F o 5Stota1 (554;; 55(1)
ovA quantum fields=0 N < svA * v A C<(5VA ><I>>

where the angular brackets are defined by eq. (4.6) and we also introduced the notation
(B)g = Det(PV, M) / D® B exp(iSs). (4.47)

In this functional integral it is possible to perform again the change of variables (4.1) with
the parameter A = ibf tByt. After this change of variables we set the background gauge
superfield V' to 0. As a result, we obtain the identity

2 - -
= B gaB 0"

7

0 =, oo
8 N A

0

fields=0
_. 0 = /08 68, 6.

o 8 &0y d total Y ¢

= /d y(a ("")e ed)y 8b”35b< 5VyB + 5‘/;13 C<5VyB><1>>

As usual, the subscript “fields = 0” means that the superfields V, ¢;, ¢, ¢, and V are

fields=0

(4.48)

fields=0

set to 0, while the chiral superfield g can take arbitrary values. The symbol &, denotes
the variation under the transformations (4.1) of the quantum superfields parameterized by
A= ibftAy“, the background gauge superfield V' being fixed.

Let us transform the right hand side of this expression taking into account that the
total action (4.2) and the Pauli-Villars actions S, and Sg (given by egs. (2.26) and (2.27),
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respectively) are invariant under the background gauge transformations. Due to the back-
ground gauge invariance

J

8 A
5b+/d x 0V (5VA

)Stotal7 0, ® = 0, (449)
where 0,V is given by eq. (4.5). From eq. (4.49) it is possible to obtain the identities

0 S A ) 5Stotal,go,<1>
a8 (5b+/d ToVa 5VA) 5V,P

= 0. (4.50)
V=0

They can be derived by commuting the derivative with respect to VyB to the left, if we
take into account that it commutes with &, and use the equation

[65 ) 5}
B L
b7 VAT VP Ly,

= |—iqy” L + (y")* L g 0
= Yy {1 g Y 1=V ) ] OV 6V,P

which is valid because f44¢ = 0.
The operator &, in eq. (4.48) acts on the expression inside the angular brackets and on

=0 (4.51)
V=0

the actions Siotal, Sy, and Sg in the exponents. Eqgs. (4.49) and (4.50) allow expressing the
result in terms of the derivatives with respect to the background gauge superfield. From
the other side, the derivative of the angular brackets with respect to V also acts on the
expression inside these brackets and on the actions in the exponents. This implies that

J < 0 < 0 8 A g 8 ne d
elds=0
0Stotal . 05, 6Se
—c (4.52)
< Vg ovp <5VtyB> ‘I’> fields=0
_ 0 8 8 A 0 Ne(~u\.d or
= b /d xd°y &V, VA (0 (v")e Hd)y 5VgB o

The expression 6,V entering this equation is given by eq. (4.5). Differentiating it with
respect to bf and setting the background gauge superfield to 0, we obtain
i
=—-(y - 04 = (0% (+")a"s) 017 4.53
vo = 3 W, (0°(v")a"0s),, (4.53)

Therefore, taking into account eq. (4.44), we see that the formal calculation gives

_. _ 5°r
a b ¢ d
/ &z d®y (8 (vu)a"0) , (0°(1*)e0a), SVAGVA| — (formally)
02 - =
= ——=——= 0p0. =0. (4.54)
B 9,B
9= day, fields=0
(Note that in this expression we do not set the external superfield g to 0.) However, in what
follows we will see that the first equality is not true, because doing the formal calculation

we ignore singular contributions. These singular contributions will be discussed below.
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If we apply the operator
d 6 65 (p2 B\2 (p2 52
QdmA/d a5 (09, 0), (P 5y 5

(4.55)

to the left hand side of eq. (4.54) and, after this, set the auxiliary external superfield g to
0, then we obtain the expression (4.39),
LHS of eq. (3.40) — (formally) — 2 ——— / d®z1 d°z,

2 B\2 (p2 0
X (9 )zl (U )zl (0 )22 5g215g§2 ab,u,B 6@3 5b5 r

= 0. (4.56)
fields=0; g=0

According to this equation all higher order corrections to the g-function vanish. Certainly,
it is not true. As we have already mentioned above, such a result appears, because singular
contributions were missed in the formal calculation described above.

Although from eq. (4.56) we obtain the same (incorrect) formal result as from eq. (4.42),
eq. (4.56) will be very useful below, because it allows explaining the factorization of the
loop integrals giving the S-function into integrals of double total derivatives.

4.4 Integrals of double total derivatives

Although the calculation described in the previous section is formal, it allows explaining
why the p-function (defined in terms of the bare couplings with the higher derivative
regularization) is given by integral of double total derivatives in the momentum space.
This can be done starting from eq. (4.56). Its left hand side is related to the S-function by
eq. (4.32). In this section we present the right hand side of eq. (4.56) as a sum of integrals
of double total derivatives and formulate a prescription for constructing these integrals.

Let 7 denotes the whole set of superfields of the theory, where the index I corresponds
to quantum numbers with respect to the gauge group, and j! are the corresponding sources.
In the momentum representation the propagators can be presented in the form

2 4
2105(316)1587«1)2 _ Shultz)= /(;lﬂk)‘lexp (= iha (a5 = 28) ) Prs(h, 01— 03),
(4.57)
where Zj is the generating functional for the free theory.

Let us make the change of the integration variables (4.1) with the parameter A given
by eq. (4.40) in the generating functional Z with the sources and the background gauge
superfield set to 0. Although under this change of variables the generating functional
remains invariant, the propagators and vertices transform nontrivially. Really, if Sy and
Sint are the quadratic part of the action and the interaction, respectively, then

Z=7 = / D¢’ exp <z (S2l¢'] + Sins¢']) )

= exp (iSmt [¢' (o — —i6/87)] ) /Dw exp (isz [¢' ()] + i - j) (4.58)

J=0
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(The corresponding Jacobian does not depend on the superfields of the theory and can be
omitted.) The new vertices obtained from Sint[¢’(p)] are evidently different from the old
ones coming from Sin[p]. The new propagators

1 527}

P;(1,2) = —— )
IJ( ’ ) Zé 5(]'1)15(]'J)2 =0

, where Z| = /D(pexp <1'5’2 [gp’(gp)] —|—i<p-j), (4.59)
are also different from the old ones.

Now, let us try to understand how the evident equality Z = Z’ appears at the level
of superdiagrams. For this purpose we write the transformation (4.1) with the parame-
ter (4.40) and concentrate on the terms linear in z#,

w1 = o zap[—i—iaﬁx“(TA)[‘]LpJ—i—..., (4.60)

where (T4);7 are the generators of the gauge group in a relevant representation, and the
terms which do not explicitly depend on z* are denoted by dots.'* Then the propagator
changes as

5 . d*k )
0aPrs(1,2) = —zaf}/ (2m)* eXp ( — 1k (x(f - :):‘2)‘))

« (xf; (T K Preg(k, 01 — 0) + 2 (T4 /5 Pryc (., 61 — 02)) ... (460)

Next, we note that both the quadratic part of the action and all vertices are invariant under
the global gauge transformations dp; = ia(T4) 1”@, where o # o (x,0) are the real
parameters. This implies that the propagators should be proportional to tensors invariant
under the gauge group transformations,

(T4 Pry+ (T4) % P = 0. (4.62)

Using this equation it is possible to demonstrate that in the momentum representation the
change of the propagator (4.61) is related to its derivative with respect to the momentum,

_ 0
8aPrs(k, 01 — 02) = —a/ (T ™ a5 Pica (k01— ) + .. (4.63)
17

Next, let us proceed to the interaction vertices. An m-point vertex can be formally
written in the form

8 . yrlilz...1 .
/d x VA2ein(gy xo, .o, xp; 01,09, .. .,0y)

X ((ph(xl,el) g0[2(a?2,92)...g01n(:cn,9n)> s (4.64)

Tl =x2=...=1;
01 =0=...=60

“Note that if the sources are not set to 0, then Z' = [ Dy exp(iS[¢'] + iy - j) = Z[j'], where j'7 =
gt — ia;‘x“ (T*) ;757 +. .. In this case the arguments of the effective action change as @5 = §W/5j! — ¢} =
wr + iaf}x“(TA)IJgoJ + ... This implies that the considered change of the integration variables actually
generates the transformation Sa.
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where the operator VIilz2In contains various derivatives D,, D¢, and 0Oy Certainly, it can
also have Lorentz indices which have been omitted in the above expression. The invariance
of the vertex under the above mentioned global gauge transformations leads to the identity

VKIQ...In (TA)Kll + VllK...In (TA)KIQ 4.+ Vh[g...K(TA)KIn —0. (465)

To rewrite the vertex (4.64) in the momentum representation, we present all superfields
entering it as

4
o1 (3,0) = / (i:; exp (—ikoz®) o1 (k. 0). (4.66)

Then after some transformations the considered vertex takes the form

dk d*k Ak -
4 1 2 n IIs...1, .
/d 0 / )i @i @ 1% (ki kg, ... kn;01,02,...,0,)

X (SOIl (k1,61) o1,(k2,02) ... o1, (kn, 9n)>

4.67
01=0s..=0,=0 ( )

where the operator

Vlllz.--ln(kl’ k27 e k‘n, 91’ 927 . ,971)

= /d4$ Vit (g go 201,02, ..., 0,) exp ( — zZ(kzz)a(azl)a>
i=1

T1=T2...=Tp==1

= (2m)2 0% (ky + ko + . A k) WHEIn () ko o K 01,609, ..,6,) (4.68)

contains derivatives with respect to #-s and the d-function responsible for the four-

momentum conservation,

Y+ kY +. .+ k=0 (4.69)

Under the change of the integration variables (4.60) in the generating functional (2.23)

the vertex transforms as

S VI zdn () ko o kns 01,0, .., 00)

0 -
= —CLHA <(TA)K118]€/1LVK12"'I" (kl, koy,... kn; 01,09, ..., Qn)
+ (TA)KI2%VHK~J”(1<:1,1€2,...,kn;el,eQ,...,en) T
ok}
0 -
+(TA)KInthf%-f((k;l,kg,...,kn;el,az,...,en)>+..., (4.70)

where the last dots correspond to the terms which were not written explicitly in eq. (4.60).
Using eq. (4.65) it is possible to rewrite this expression in the form

0 0\
(" (G~ )V B OB )
1 2
0 0

H(TA) e (W _ W)VIIIQ'“K(M,/{Q, o k61,0, .. .,9n)) +... (471)
1 n
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Then with the help of eq. (4.68) we obtain

S VI n(fey ko o k01,00, ,0,) = —(20)2 6% (ky + ko + ...+ kn)

x ak4 <(TA)K1262MWIIK'”I"(—I€Q — o —kpy ko, k01,02, ,0,) + .
2
0
+(TA)KInWWM?~-K(—k2 — =k ko, ks 01,0, .,en)) ... (472)

Next, it is necessary to note a resemblance between eq. (4.69) and eq. (4.65). In eq. (4.65)
each generator actually corresponds to a propagator coming from the considered vertex
exactly as momenta in eq. (4.69). This implies that such equations appear in pairs. Say, if
the considered vertex is placed inside a certain graph in which the momentum k% can be

expressed in terms of k%, ..., kf, then
Ky — cskb + ...+ cokls (4.73)
(TA)KIQVIleg...In — CS(TA)KI?)VIIIQK”.IH + ...+ Cn(TA)KI"VhI2IS"'K7 (474)

where ¢, ...c, are some numerical coefficients. In this case d,V/112In will be propor-
tional to

9
oKL

0 0
LD[K...I, A In

P
A I3
(%) ke ( tes Ok

KT
0

= (T4 Wt e <k2 Seskd .+ cnk;) ¥
3

>W111213...K

n (TA)Kfna‘ZuWhMB---K (/.cg N ST cnk;). (4.75)
n

Thus, the variations 6, of vertices inside a supergraph contain only derivatives with respect

to independent momenta.

It is well known that due to the momentum conservation in each vertex (encoded in
equations like eq. (4.69)) in an L loop graph without external lines only L momenta are
independent. (In our case this is also true, because the momenta of all external lines vanish.)
Therefore, we can mark L propagators whose momenta are considered as independent
parameters, see figure 2 (which corresponds to the case L = 3). Then, using the resemblance
between eq. (4.69) and eq. (4.65), it is possible to construct L independent structures in
which the generators correspond to certain propagators, e.g., to the propagators whose
momenta we consider as independent parameters. Any graph in which 74 stands on a
certain propagator can be expressed in terms of these structures.

Let us consider a closed loop, consisting of vertices and propagators, which includes
one of the independent momenta, say, k*. Then according to egs. (4.63), (4.72) and (4.75),
from the terms containing the derivative 0/0k* we obtain the contribution to the first
variation of the considered supergraph given by an integral of a total derivative

Ak 0
AmA
T / 9 (4.76)
" (2m)* Ok,
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l,u / q“

d*k  df  dq 5
/ (2m)* (2m)* (2m)*
k

——aA/ dik dl d'q [ o
R (2m)r (2m)t (2m)t ) o 8k“ (9q”
TAdj

Figure 2. This figure illustrates how the total derivatives in the momentum space appear as a
result of the variable change (4.60). Propagators with independent momenta k*, I*, and ¢" are
depicted by the bold lines. Note that the integrations over the loop momenta are written explicitly
and (in this figure) are not included into the supergraph.

where the generator T4 should be inserted on the propagator with the momentum k*.
This is graphically illustrated in figure 2.

The second variation is calculated similarly.

Thus, we have a prescription, how to find integrals of double total derivatives which
contribute to the g-function. The starting point is the expression

d 52T

_a [ 6, 6 (p2 B (0%,
T A d Zld 22 (9 )z1 (’U ) (0 )Z2 5gz15g§2 fields=0; g=0 '

21

(4.77)

First, we consider a certain L loop supergraph contributing to it and (in an arbitrary way)
mark L propagators with the (Euclidean) momenta Q! considered as independent. Let
a; be the indices corresponding to their beginnings. Next, it is necessary to calculate the
supergraph using the standard rules. The result includes a coefficient which contains cou-
plings and some group factors. This coefficient should be replaced by a certain differential
operator which is obtained by calculating the “second variation” of the expression Hl s
where (52; comes from the marked propagators, formally setting

0
5(0%) = (TM) 0, == 4.78
(3%) = (T o (479)
In other words, we make the replacement
Hab — Z IT ok @*)a, (T )albliu o (4.79)
k=1 ikl 0Qy, 0Q .
Next, one should multiply the result by the factor
2
_ T 4.80
o (4.80)
where the sign “—”" appears, because
9 9 = — o 9 . (4.81)

oql dqr,  OQY 9Qy,
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Finally, it is necessary to rewrite the result in terms of p = g¢* and perform the integration

1 d 1
/ a / dp. (4.82)
+0 g +0

The expression obtained according to the algorithm described above coincides with a
contribution to 4/ad coming from the sum of all superdiagrams which are obtained from
the original vacuum supergraphs by attaching two external lines of the background gauge
superfield in all possible ways.

Below in section 5 we will verify this algorithm for some particular examples.

4.5 The role of singularities

From the discussion of the previous section we can conclude that in the case of using the
higher derivative regularization the integrals giving the S-function are integrals of double
total derivatives. This agrees with the results of explicit calculations which also reveal that
all higher order corrections to the S-function originate from singularities of the momentum
integrals. Actually it is the contributions of the singularities that have been missed in the
formal calculation of section 4.3. Let us demonstrate, how they appear, by considering

the integral

_ d4Q 0 0 f(QQ) - d4Q i @ NPT
I_/(27r)48Q# Q. [ 0?2 ] = 2/ (2m)1 07 [Q4 (F(Q1) =@ (QY)| (4.83)

as a simple example. In eq. (4.83) Q, denotes the Euclidean momentum, and f(Q?) is a
nonsingular function which rapidly tends to 0 in the limit Q% — oo.

If we calculate the integral (4.83) formally, then it vanishes, because it is an integral
of a total derivative. Actually, using the divergence theorem, we reduce the integral under
consideration to the integral over the infinitely large sphere S3. in the momentum space.
Evidently, the result is equal to 0, because the function f vanishes on this sphere,

I — (formally) — b }1{ as @
Y 8t

e (@) -@r@)) =0 (4.84)

S3

oo

where dS,, is the integration measure on S3.. Actually, in section 4.3 we made a similar
calculation. However, the result obtained in eq. (4.84) is evidently incorrect due to a
singularity of the integrand at Q* = 0.

To correct the above calculation, it is necessary to surround the singularity by a sphere
S3 of an infinitely small radius ¢ (with the inward-pointing normal) and take into account
the integral over this sphere,

= fas. o (1@ - Q@) - 5§18, 0 (1Q) - @r'@)

_@ @ 8 H Q4
RES 53
1 1 ) 1
= o1 5 05 (1@ - Q@) = 510) (45)
5
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Let us visualize this result by reobtaining it in a different way. First, we note that
defining the integral I we actually do not distinguish between the expression (4.83) and
the integral

d*Q Q" 0
[=-2 i oo (F@Y) - Q2(@?). 4.86
[ o o o (1@ - @@ (4:36)
However, it is possible to introduce the operator @/8Q* which is similar to 9/90Q", but,
by definition, the integral of it is always reduced to the integral over the sphere S3 only.
Moreover, we assume that this operator is commuted with Q*/Q* in the integrand with
the help of the identity

o Q' 8 (@) . ..
[aczu’ 624] = aqn <Q4> =@ (457)

In terms of the operator 8/9Q" the considered integral is defined as

iQ Q" @
=/ oy o 00

Then, if we integrate by parts taking into account vanishing of the integral of a total

(£(@% - @2r(@Y). (4.89)

derivative and eq. (4.87), we obtain

1= [ S DT (1@ - @) - o () (1@ - @ @) )
2 d4Q 4 2 2 ¢l M2 1
—0+ar [ ES8Q(£(@) - Q) = 1z fO) (4:80)

From this equation we see that the integral I is determined by a contribution of the

d-singularity.
Note that in the coordinate representation

d*Q 0%a
=—T # = 4.
/(27r)4 80100, 1 Tr [xu, [az ,a]] 0, (4.90)
where a is a certain function, while
d4 2
/ (2;)24 (%ﬁ({?QM = —iTr [z, [2#,a]] — singularities = —singularities. (4.91)

Such a structure of loop integrals appears in the Abelian case (see, e.g., [54]). In the non-
Abelian case the structure analogous to (4.90) is the right hand side of eq. (4.56), while its
left hand side is an analog of the expression (4.91). Therefore, it becomes clear that making
the calculations formally in the previous section we ignored the §-singularities. Thus, to
make the calculation properly, it is necessary to take into account singular contributions,
which generate all terms containing the anomalous dimensions in the NSVZ equation (1.2)
for RGFs defined in terms of the bare couplings. We hope to describe how to sum these
singularities in a future publications.
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D

Figure 3. Graphs generating terms containing the Yukawa couplings in the three-loop S-function.
We point out independent momenta and indices corresponding to beginnings of the respective
propagators using the same notations as in the calculation described in the text.

5 Verification in the lowest orders

To confirm the correctness of the general arguments presented above, it is desirable to ver-
ify them by explicit calculations in the lowest orders. In section 4.4 we have formulated the
prescription, how to construct integrals of double total derivatives which appear in calcu-
lating the S-function in the case of using the higher covariant derivative regularization. For
obtaining these integrals one usually calculates a set of superdiagrams which are obtained
from a given graph by attaching two external lines of the background gauge superfield in all
possible ways. For example, in ref. [51] this has been done for the three-loop contributions
quartic in the Yukawa couplings. All three-loop terms containing the Yukawa couplings
have been subsequently found in ref. [53]. (Both these calculations were made in the Feyn-
man gauge { = 1 for the higher derivative regulator K = R.) Unfortunately, at present no
other three-loop contributions to the S-function are known in the case of using the higher
covariant derivative regularization. Nevertheless, the results of refs. [51, 53] allow verifying
the general argumentation of the present paper by comparing the algorithm described in
section 4.4 with the result of the standard calculation.

A part of the three-loop S-function which contains the Yukawa couplings originates
from the supergraphs presented in figure 3. Within the standard technique used in refs. [51,
53] they generate large sets of superdiagrams with two external lines corresponding to the
background gauge superfield which have to be calculated. However, now it is possible
to derive the result for their sums by a different (and much simpler) way. Namely, we
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should calculate the (specially modified) superdiagrams without external lines and, after
this, follow the algorithm described in section 4.4. Here we describe this calculation for
the graph (1) in details and present the similar results for the remaining graphs (2) — (5).

As a starting point we find the contribution of the graph (1) to the expression (4.77).
Due to the derivatives with respect to the superfields g and g* and subsequent integrations,
two vertices in this graph take the form

i 1 * = D2 L xp kM kN
Ak / 02 0% (v didjér and & \opmn / d%% 02 ¢*P* ™M ™™, (5.1)

1
6

Then, after some standard calculations, for the contribution of the supergraph (1) (in the
Euclidean space after the Wick rotation) we obtain

1
Ajis .
Vit QPFQK?Fi(Q + K)?Fg

2 g
graph(l) = - Vs )\gjk

d /d4Q K
37 dnA J (

2m)4 (27 (52)

Note that although here the superfield g is set to 0, the coordinate independent parameter
g can in general be present in the Yukawa vertices and gauge propagators. However, the
graph (1) appears to be independent on g and, therefore, on p = gg*.

According to the prescription described in section 4.4 for obtaining the contribution
to the p-function, at the first step, it is necessary to replace the factor )\éj k)\& ik (which in
the original graph comes from the expression )\gj k)\(*}pmn or 5;-” 0) by a certain differential
operator acting on the integrand in eq. (5.2). To construct this operator, we consider the
propagators with the independent momenta K* and Q. Let they are proportional to 5;-”
and 07, respectively. Then, we construct the second “variation” formally replacing

7)) T (53)
This operation changes the Yukawa coupling dependent factor in eq. (5.2) as
/\éjkASijk — )\éjk)‘&mk(TA)jmi + /\éjk/\&'jn(TA)kni
OKH oQH
N N CR) ™+ N N ()™ 5
+ A X5 C(R)R" 09 (5.4)

" aQraq,

Replacing the factor )\éj k)\z‘]i ik in eq. (5.2) by this operator and taking into account that the
Euclidean momenta K* and Q* enter the integrand of eq. (5.2) symmetrically, we obtain
the expression

4 d d'Q d*K | ijk\. A\ mpAy n O 0 1

3V dlnA/(27r)4 (2m)4 Ao A (T3 (T oQr 8Ku(Q2FQK2FK(Q+K)2FQ+K)
4 d d'Q d'K \ijk.. , 00 1

3V | G e OO s a0 (gmraarior )¢9
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To simplify it, we use two identities. The first one,
ik y L ijk
NG N (T4 ™ (T )" = 52 Ao (R)&', (5.6)

follows from eq. (2.4), while the second one,

/ d4Q dK 0 0 1
dln A (2m)* 0QH 0K, \ Q?FoK?Fk(Q + K)*Fo1k

d4Q IK 99 1
/ (57
2 dln A 2m)1 Q" 9Q, \ Q2 FoK*Fr(Q + K)2Fo x

can be verified by direct differentiating after some changes of integration variables in the
resulting integrals. Then the expression under consideration takes the form

d4Q d4K ik o 0 1
Vi oA / 10 MO (B Q" 9Q,, (Q?FQKQFK(Q+K)2FQ+K>' (58)

To find the contribution to the function B(ag, AN, Yo)/a3, it is necessary to multiply this

expression by —2m/rV, and apply the operator

1 d p
P
— [ dp 5.9
/5] 59
+0 +0

to the result. For the graph (1) this integration gives the factor 1, because the expression
for this graph does not depend on p. Therefore,

B or d / d*Q d*K i o 0
Al =)= -—= J
! <ag> r dlnA ) (2m) (27r)4A MO (B 9Q,, 9Qr

1

' <Q2FQK2FK(Q + K)2FQ+K> ’ (5.10)
This result exactly coincides with the one derived in ref. [51] by direct summation of
the superdiagrams contributing to the two-point Green function of the background gauge
superfield. Certainly, the calculation described here is much simpler, because we had
to calculate the only superdiagram without external lines. The agreement of the results
confirms the correctness of the general arguments presented in this paper. However, it
is desirable to verify also the three-loop results corresponding to the graphs (2) — (5) in
figure 3. As in refs. [51, 53] we will use the Feynman gauge, so that in what follows the
parameter &y is set to 1 and the higher derivative regulator K is chosen equal to R.

Calculating the supergraph (2) in figure 3 we should take into account that 62 and 62
can appear in different points. This produces a set of subgraphs presented in the curly
brackets in figure 4. However, all these subgraphs differ only in the numeric coefficients.
Really, they are quartic in 6-s, so that these #-s can be shifted to an arbitrary point of the
supergraph. (Terms with lower degrees of 6, which can appear after such shifts, evidently
vanish due to the integration over d*f.) For example, it is possible to shift 6-s as it is
shown in the right hand side of figure 4.
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2 \p o ‘ﬁ @l ;

G-17
‘ ‘ :

Figure 4. Subgraphs of the supergraph (2) correspond to different positions of #2 and §2. However,

the sum of them is effectively reduced to a single supergraph in which #* can be placed in an arbitrary
point and g = g* = 1.

The result for their sum (in the Euclidean space after the Wick rotation) can be

written as
d4Q d*L d*K " 1
h(2) =1 EANTENS o (T8 ;TP Y —
grap ( ) 6V4 gg dl A / 27'(') (2 ) Olmn( ) ( )k KQRKLQFL
CQPFQ+ K)QFQ+K(Q L)QFQ L@+ K —L)*Fgik-1’ ‘
where, following ref. [53], we use the notation
F —F
N(Q,K,L)=L*Fg xFo x_1—Q? <(Q+K)2—L2>FQ+K‘LM (5.12)

~(Q-DP((Q+K—L)~I*) Forx (e o 6 + QX(Q- 1)
Fotx—F Foixk—1—Fo-1
(P @Rt -+ K-17) (5 5) ((Qﬁ—L)L(g—LV) '

As earlier, we should replace the factor )\” k S (T2);™(TB),™ by a relevant differential

operator. For constructing this differential operator we again mark the propagators with

the independent momenta @, L, and K, see figure 3. The beginnings of the lines which
denote them correspond to the indices m, ¢, and B. They refer to the representations R
(in which the matter superfields lie), R, and Adj, respectively. Then, the calculation of the
first “variation” gives

9
oQH
- iAéjkASimn(TB)jmfABC (Tc)kn

A N (T2) ™ (TP = AT N (TP (TP) ;™ (TP (5.13)

0
OK#’

_ \Pikyx A\ i(mB\ m B ni
A0 )‘Oimn(T )P (T )] (T )k OLH

where we take into account that T}‘g = —(TA)t (with T4 being the generators of the

representation R) and (dej) = —ifABC The second “variation” is calculated in a

BC

151f we consider an L loop supergraph without external lines contributing to the effective action, then
the terms which do not contain the derivatives of g and g* are proportional to (gg*)“~'. Therefore, the

corresponding contribution to the expression (4.77) is obtained by inserting a factor (L — 1)?6* to an
arbitrary point of the supergraph containing the integration over the full superspace, see figure 4 as an
illustration. (The numerical coefficient should be calculated before the insertion of 6%.)
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similar way. After some (rather non-trivial) transformations involving eq. (2.4) we obtain
that the differential operator for the considered graph has the form

N N (T2); ™ (T )" = (S8 Nt (CUR?) =N N O (R) ™ C(R),")

2
L0 ( 0, 2 , 90
OLM\OLr " QH koQr 0Q,

L ks L0 9D
et () e

1 gk y *
) =5 N (C(R)?)

Then it is necessary to repeat the same algorithm as for the graph (1), namely,
1. replace )\éjkkgimn(TB)jm(TB)k” by the operator (5.14);
2. multiply the result by —27/rVy;
3. apply the operator (5.9).

The three-loop supergraphs are proportional to gg* = p, so that in the considered case the

16
Fdp | 1
0
L dpp=-. 5.15
/p/pp 1 (5.15)
+0 0

Thus, the contribution of the graph (2) to the function 3/aZ takes the form

integration gives

B\ Ar d d*Q d*L d*K | .. i ;0 0 s,
A2<ag) T dlnA ) @n)t(2n)t 2r)d O Aok Ao CoC(R) G 0K, 0Q,
, . . : o ) 0 , :
* iln * imn l * iln
- ()‘OjlnAO (C(R)?) =225 A" C(R)i? C(R)m )8L# (aL“+8Q#> +A5m A" (C(R)?),?
aQH 8Qu KQRKQQFQ(Q+K)2FQ+K(Q+K_L)QFQ+K7L(Q_L)2FQ7LL2FL. '

We see that this result coincides with the one obtained in ref. [53] by the straightforward
calculation of superdiagrams with two external legs of the background gauge superfield.
The expression for the next graph (3) has the form

A N (T7),"(T7),,!

d d*Q d*K d*L
graph(3) = 16V, gg* / @ 2

dlnA | (2m)f (2m)t (2m)1 O
" L(Q,Q+ K) (5.17)
K2RgQ*F(Q + L)?Fo,1.(Q + K)?*Foyk L*FL’ '

2 and the integration gives the factor (L —1)72.

1611 general, an L-loop supergraph is proportional to p¥~
This implies that in the general case to find a contribution to eq. (4.77), it is possible to start with a vacuum
supergraph contributing to the effective action with g = ¢g* = 1 and simply insert #* to an arbitrary point
which contains integration over the full superspace. (Note that the integrations over dSz or d°z in the

Yukawa terms can always be converted to the integrals over the full superspace.)
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where

Fp—F
L(Q,P) = FoFp + 2 —"¢

2
e (FQQ2 + FpP2) +2QP? (?;’:FQ) . (5.18)

Q?

Similar to the previous supergraphs, we replace the factor )\”k)\z‘)”l ( )km (T B)ml by a
differential operator. To obtain this operator, we begin with calculating the first “variation”
of the considered factor,

AN (TB),™(TB) b — AN, (T8), (T8), (T2 P e (5.19)
A N (T7),™(17),,H(T4) P EIT — NN £APC(T€), (7). 55

The second “variation” is constructed by a similar procedure. The result can be written
in the form

i 0 0 0
ijk \ * m l Z ik l ik l
8 [0 DN ik m naa L o 0
XaQ#(@QM 8LM>HO AoimnCR); ™ O 5+ 90 Mo CoC R e o
(5.20)

Proceeding according to the above described algorithm, we find the contribution of the
supergraph (3) to the function 8/a3,

A3<5)_ 8t d dQ d*L d*‘K

0 0 .
)\Olk])\lk’C’gC(R) < — >

o2/ = " rdmA ] @mten)t @)t 1€ KK\ 0K, 0Q,
- .0 0 0 - - g 0 1
* iln * imn l
+ A" (C(R))? 0" <3Qu - aLM> A Ad™ O (R)I C R 5 OL, | K2Ry

X .
Q*F{(Q + L)*Fo11(Q + K)*Fo kL2 Fy,

Note that the last term in eq. (5.20) is not essential, because the corresponding contribution
to B/a? vanishes. (It changes the sign under the sequence of the variable changes L* —
LF — QM Q* — —Q*; K — —K*.) The result (5.21) also coincides with the one obtained
in ref. [53].
The expression for the supergraph (4) is
d4Q d*K d*L
4 (2m)% (2m)4

BY m (B I K(Q, K)
X (T )k (T )m KQRKQzFéLQFL(Q‘FL)ZFQJrL' (5‘22)

graph(4) = —16V1 99" —-— / NN

Here we use the same notation as in ref. [53],

Foix — Fo = 2Q°F) /N 2Q*(Fo.x — Fy)

B R S (Q+K)? - @)

(5.23)
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where the prime and the subscript @ denote the derivative with respect to Q?/A%. The
corresponding operator is exactly the same as for the supergraph (3) and is given by
eq. (5.20). Similarly to the case of the supergraph (3), the last term in this expression does
not contribute to 3/ad, so that

I5; 81 d d*Q d*L d4K Ik 0 0 0
A5 ) = — 5| Aok Ao -
4<ag> rdinA | (2m)t (2m)t (2m)t 0| "0tk C2C(R)? OKr\ 0K, 0Q,
- .0 0 0 - , o 0 1
K. )\zln 2 J _ AEL \Emn iJ ml
+ 07in""0 (C(R) )1 aQ“ <8Qﬂ aLM> + 0jln*0 C(R) C(R) OLM 8[1# KQRK
K(Q, K)
X . 5.24
Q*FRL2FL(Q + L)?Fo4r (5:24)
This result also agrees with the calculation of ref. [53].
The last supergraph (5) is given by the expression
d4Q d4K d*L ik
h G N AN 2
» 1
QQFQ(K + Q)ZFK+QL2FL(K + L)2FK+LK2FI2< '
The first “variation” of the factor )\” k)\gwl)\m”l)\omnk is written as
ijk mnl ijk mnl A 9
A AOzgl)‘ )‘Omnk - )‘ )\Opjl)\ AOmnk (T ) 8@” (526)
ijk mnl A 0 igk y * mnl y * A 0
+ A A0 A Aok (T4) T AN AT N i (T )mpﬁ'

The second “variation” can be found by a similar method, but, to simplify the resulting
expression, it is necessary to involve the identities

>‘Oj >‘0qu)‘0 l)‘Omnk(TA)ip(TA)lq = _5)‘0] AOijp)‘O l)‘OmnkC(R)lp; (5'27)

/\Oj >‘0pjl>‘0 l)‘ank(TA)ip(TA)mq = 1)‘0] )‘Oijp/\O ZAOmnkC(R)lpﬂ (528)

which follow from eq. (2.4). Using these identities and taking into account that the inte-
grand of eq. (5.25) is symmetric in @ and L, we find the required replacement

o 0
Q" Q,,
0o 9 19 9,0 8 )
OK# 0K, ' 20QrdL, 0K oQ,

)\ijk)\oml)\mnl )‘Omnk - 2)‘l]k)‘Opjl)‘mm AOmnkcf(]%) (529)
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Constructing the contribution of the graph (5) to the function 8/ag with the help of this
operator and using the equations

/d4K d4L aQ o0 0
dln A

4 (2m)* 0QH 0L,
1
* KUFLQFQ(Q + K Fqik PFy(L+ K)PFr 0 030
/d4K d4L d‘Q 0 28 0
dln A d2mroQr \TOK, 0Q,
1
% =0, 5.31
KIFLQFQ(Q + K)2Fq < IF1(L + K)2Fp (5:31)
we obtain
B /d4K d4L d4Q iab y * ked y * 9 9 9 9
A5(ag> 7 T 4 (27) A0 Aokan A0 Aojea | g7 0K, 0QrdQ,
. 0 0 1
2)\20,(1)\*' )\cde)\* ]
TR0 Ajaco” Abde 50 5, | K2FEQFo(Q+ K)2Fq x L2y (L+ K)2Fp 1
(5.32)

This expression also agrees with refs. [51, 53].

Thus, we see that the algorithm described in this paper allows reproducing all results
obtained earlier by the direct summation of the superdiagrams with two external lines
of the background gauge superfield. Certainly, this fact can be viewed as an evidence in
favour of the correctness of the general consideration made in this paper.

6 Conclusion

We have proved that for A/ = 1 supersymmetric gauge theories the integrals giving the f-
function defined in terms of the bare couplings are integrals of double total derivatives with
respect to the loop momenta in all orders in the case of using the regularization by higher
covariant derivatives. This fact agrees with the results of numerous explicit calculations in
the lowest orders and generalizes the similar statement for the Abelian case [54, 55]. The
proof of the factorization into double total derivatives is a very important step towards the
all-loop perturbative derivation of the exact NSVZ S-function. This derivation consists of
the following main steps:

1. Using the finiteness of the triple ghost-gauge vertices (which has been demonstrated
in ref. [14]) we rewrite the NSVZ equation in the equivalent form (1.2).

2. The p-function defined in terms of the bare couplings is extracted from the difference
between the effective action and the classical action by the formal substitution (3.29).
Then, using the identity (4.26) and the background gauge invariance, the result is
presented as an integral of a double total derivative in the momentum space. This
integral is reduced to the sum of singular contributions which are given by integrals
of the momentum J-functions. (This has been done in this paper.)
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3. The remaining step is to sum the singular contributions and to prove that they
produce the anomalous dimensions of the quantum superfields in eq. (1.2). Now this
work is in progress.

As a result, we presumably obtain egs. (1.1) and (1.2) for RGFs defined in terms of
the bare couplings in the case of using the higher covariant derivative regularization (in
agreement with the results of explicit multiloop calculations). Due to scheme independence
of these RGFs (for a fixed regularization) this statement is valid for all renormalization
prescriptions.

If the NSVZ relation is really valid for RGFs defined in terms of the bare couplings
for theories regularized by higher covariant derivatives, then the all-order prescription for
constructing the NSVZ scheme for RGFs defined in terms of the renormalized couplings
is HD+MSL. This means using of the higher covariant derivative regularization supple-
mented by minimal subtractions of logarithms, when only powers of In A/ are included
into renormalization constants.

As a by-product of the proof presented in this paper we have obtained a simple method
for constructing the loop integrals contributing to the S-function defined in terms of the
bare couplings. Actually, it is necessary to calculate (a specially modified) supergraphs
without external lines and replace the products of couplings and group factors by a certain
differential operator specially constructed for each supergraph. The result is equal to the
sum of a large number of superdiagrams which are obtained from the original supergraph
by attaching two external lines of the background gauge superfield in all possible ways.
Certainly, this drastically simplifies the calculations.

As an illustration of this method we considered all three-loop contributions containing
the Yukawa couplings and compared the result with the one found by the standard calcu-
lation in refs. [51, 53]. The coincidence of the expressions obtained by both these methods
confirms the correctness of the algorithm proposed in this paper.
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A Proof of the identity (4.26)

For proving the identity (4.26) we commute #-s with the operators A and B using equations
similar to eq. (4.22). It is important that 6,0,0. = 0 (where all #-s are taken in the same
point of the superspace). Therefore,

02ABO* 4 2(—1)PATPE0° A9 BO, — 0> A0> B — A6 BH? (A1)

= 0[[AB, 6%}, 0,} +2(—1)PATPE[9° AY0?(B, 0,} — 6%, [0a, A} }0?B — A[0%,[0,, B}}6,
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where
[X,Y} = XY — (-)xPryx. (A.2)

Anticommuting 6, with supersymmetric covariant derivatives inside A and B we obtain
expressions which do not explicitly depend on 6. This implies that the right hand side of
eq. (A.1) is proportional to the second degree of (explicitly written) #. After commuting
the remaining 62 to the left, the expression (A.1) can be presented as

02 (IIAB,0°},0a} — 2(~1)P [4,0°}[B, 0.} — 0%, [0a, A}}B — AlD", [0 B}}) + O(6)
= 0% (A[[B.60°}, 0.} + [[4.6}, 6.} B + 2(=1)"7 [4,6°}[B.6,} — 2(~1)"?[A,6°} B, 6.}
—[0% 04, A}}B — A[0%, [0a, B}}) +0(8) = 0(0). (A.3)
Thus, we have proved the identity (4.26).
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