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In this study, the numerical investigation of thermal effect on band gap dynamical

characteristic for a two-dimensional binary structure composed of aluminum plate

periodically filled with nitrile rubber cylinder is presented. Initially, the band gap of

the binary structure variation trend with increasing temperature is studied by taking

the softening effect of thermal stress into account. A breakthrough is made which

found the band gap being narrower and shifting to lower frequency in thermal envi-

ronment. The complete band gap which in higher frequency is more sensitive to

temperature that it disappears with temperature increasing. Then some new trans-

formed models are created by changing the height of nitrile rubber cylinder from

1mm to 7mm. Simulations show that transformed model can produce a wider band

gap (either flexure or complete band gap). A proper forbidden gap of elastic wave

can be utilized in thermal environment although both flexure and complete band

gaps become narrower with temperature. Besides that, there is a zero-frequency flat

band appearing in the first flexure band, and it becomes broader with temperature

increasing. The band gap width decreases trend in thermal environment, as well

as the wider band gap induced by the transformed model with higher nitrile rub-

ber cylinder is useful for the design and application of phononic crystal structures

in thermal environment. © 2017 Author(s). All article content, except where oth-

erwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). [http://dx.doi.org/10.1063/1.4973723]

I. INTRODUCTION

The unique characteristic of band gap in periodic structures or phononic crystals has attracted

great attention,1–5 because it provides a new solution for reducing vibration and noise in machinery,

aerospace, architecture, transportation and other fields. Since the locally resonant phononic crystal

(in short PC) was proposed in 1993, the band gap frequencies had reduced at least one or two orders

of magnitude lower than that produced by the Bragg scattering mechanism.1 M. Oudich6–8 studied

the locally resonant sonic band gap by using one side and double-sides stubbed PC plate. It was

obtained that the band gap was various with the change of pillars’ height and radius. P. Wang et al.14

investigated the evolution of band gaps in the double-sided PC plate by adjusting the height of stub.

They found that when the double stubs arranged symmetrically on both sides, new bands appeared

and the bands became more flat. About the binary structure, J. C. Hsu9,10 studied the lamb waves in a

cylinder binary plate with two dimensional lattices. They reached that the thickness of plate and the

radius of soft rubber pillars had an obvious influence in the band gap. Generally, there are abundant

researches about how to create a new band gap in previous work. What is worth mentioning is to

take thermal effect into account when PC structures serve in thermal environment, since the impact

of thermal load on the dynamic characteristic and noise reduction properties of structure cannot be

neglected.10–13
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Recently, it starts to receive increasing attention that temperature variation may lead to the shift

in PC band structure. For beginning, a number of studies were focused on the material properties

which are sensitive to temperature such as the longitudinal (transverse) sound velocity, the Young’s

modulus et al.18,19 Besides that, Yao et al.15 found that the effect of thermal load on band gap is

related to lattice form and material components by computing two dimensional PC plate though

supercell-plane-wave-expansion-method. They concluded that thermal can tune the band gap but

didn’t describe the thermal effect qualitatively and quantitatively.

In this study, with the consideration of thermal stress, we present the numerical investigation of

thermal effect on PC structure, which is composed of nitrile rubber cylinder periodically filling in

aluminum plate. Based on the binary structure studied by Hsu et al,10 firstly, we research the band gap

variation trend under the influence of initial thermal stress. As a result, the flexure band gap becomes

narrower under thermal environment and the complete band gap is more sensitive to temperature that

it disappears with temperature increasing. To obtain a proper forbidden band under thermal, then we

create a new model which transform the height of rubber cylinder from 3 to 7mm progressively. The

soft rubber cylinder is distributed symmetrically in the drilled aluminum plate. Corresponding band

structures of the new models show that the band gaps are enlarged as expect. With the increasing of

height, the flexure gap disappears gradually. Meanwhile the complete gap emerges. There are still

apparent forbidden band though both flexure and complete band gaps are narrower under temperature

of 70◦C. Meanwhile, a new phenomenon is detected that a zero-frequency flat band appears in the

first flexure band along with the imposing of thermal stress. The band gap width decreases trend

in temperature and the wider band gap induced by the transformed model can be useful for the PC

structures serving in thermal environment.

II. MODEL AND COMPUTATION THEORY

The PC structure is comprised of aluminum plate filled with nitrile rubber cylinder periodically.

FIG. 1 shows the unit cell that the height of nitrile rubber cylinder h=1mm, the lattice constant

a=10mm, the radius of nitrile rubber r=4mm. About material parameters, the material Young modulus,

density, Poisson’s ratio and thermal expansion coefficient are listed below. The subscripts A and R

are for aluminum and rubber respectively.

Aluminum: EA = 77.6GPa, ρA = 2730kg/m3, µA = 0.352, αA = 2.32 × 10−5/K

Nitrile rubber: ER = 1.2 × 10−2GPa, ρR = 1300kg/m3, µR = 0.47, αR = 1.96 × 10−4/K

FIG. 2 shows the transformed model which the height of nitrile rubber is changed and the height h= 3,

5, 7mm are studied respectively. The soft rubber cylinder is filled in aluminum plate and distributed

symmetrically along z-axis direction in the drilled aluminum plate.

Finite element method is one of the effective ways to compute the band structure of PC with

complex topology. In this paper, all the numerical analysis are implemented by using finite element

software Comsol Multiphysics. Since the PC structure is formed by a periodic array of unit cells,

only one cell is considered in our computation. Therefore the periodic boundary conditions are used

for the interfaces between the nearest unit cells. According to the Bloch theorem, the displacement

fields of the unit cell obey the equation (1) as the follow condition:10

ui(x + a, y + a)= ui(x, y) exp(ikxa + ikya) (1)

where kx and ky are the components of the Bloch wave vectors in the x and y directions respectively.

FIG. 1. Geometry parameters of the unit cell.
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FIG. 2. The unit cell with different height of nitrile rubber cylinder.

The band structure computation with temperature is different from the usual and can be separated

to two steps. In the first step, a static analysis is applied to compute the interior thermal stress of the

unit cell. In this study, we are focusing on the thermal stress affecting the band structure of PC, and

all the material’s behavior is set as the liner elastic for simplicity. Here a spring support is imposed on

one point of the cell in order to limit the rigid body displacement but does not constrain the thermal

deformation as well not change the eigen frequency of the unit. The spring support together with the

periodic boundaries is applied to the cell in both steps. In step two, the thermal stress components are

imposed to the unit cell as an initial stress. The imposed stress is not initial values in the mathematical

sense, but rather a contribution to the constitutive relation. Then a regular band structure computation

is conducted.

When the structure suffers from the thermal, it will induce a reduction in stiffness which

is reflected in material’s properties variation and thermal stress.16 Furthermore, in terms of the

macrostructure, when the body is subjected to external loads, the real deformation and stress

fields show large gradients because of the heterogeneities.20 Those factors may result in multiple

affects to the structure. Here, only the thermal stress is taken into account. Based on the clas-

sical theory of liner thermoelasticity, the components of the strain tensor due to the temperature

change can be written as equation (2),22 which the thermal strain is introduced following the equa-

tion (3):21

εij = ε
e
ij
+ ε

th
ij

(2)

ε
th
ij
= [εx εy εz γxy γyz γxz]

T
th = α(T − Tref )δij (3)

where εe
ij

denotes the elastic strain and εth
ij

stands for the thermal strain, T is the actual temperature,

and Tref is the reference temperature, α is the coefficient of thermal expansion, δij is Kronecker delta.

According to the stress-strain relations from Hooke’s law, the stress expression can be obtained

from equation (2). The in-plane stress tensor is expressed in equation (4):22

σij =
E

1 − µ2

[

Dε
e
ij
− α (1 + µ)

(

T − Tref

)

δij

]

(4)

where µ is the Poisson’s ratio of material, D is denoted as

[

1 µ 0

µ 1 0

0 0
1 - µ

2

]

.

Considering that the thickness of PC plate is much less than its size in-plane. Further, the

structure expansion along z-axis will not induce thermal stress in uniform temperature fields for

its free boundary condition, so that the thermoelasticity problem of PC plate can be regarded as the
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plane stress state. The stress-displacement relations obey the equation (5):22

σx =
E

1 − µ2

[(

∂u

∂x
+ µ
∂v

∂y

)

− α (1 + µ)
(

T − Tref

)

]

σy =
E

1 − µ2

[(

∂v

∂y
+ µ
∂u

∂x

)

− α (1 + µ)
(

T − Tref

)

]

σxy =
E

2 (1 + µ)

(

∂u

∂y
+

∂v

∂x

)

(5)

where u and v are the in-plane displacement components caused by temperate variation, E and µ are

the young’s modulus and the Poisson’s ratio of two materials respectively.

Theoretically, there are two reasons inducing the thermal stress: on the one hand, the thermal stress

will produce in-plane by the result of the different thermal expansion coefficient of two materials.

On the other hand, in view of homogenization theory, two joined cells must still fit together in

their common deformed state. In mechanical terms, this means that when passing from a cell to

the next one, the stress vector is continuous together with the strains are compatible.20 The identical

deformation among the nearest cells may also lead to the thermal stress when temperature is changed.

This statement is supported by that stress state of the periodic boundary condition is the same as the

in-plane displacement constraint situation in Comsol static analysis.

Based on the applying of periodic conditions, the in-plane displacement of the unit cell is con-

straint by the surrounding cells in infinite PC plate. Here the stress can be simplified as equation

(6):

σx = −
Eα

(

T − Tref

)

1 − µ

σy = −
Eα

(

T − Tref

)

1 − µ
σxy = 0

(6)

Integral equation (6) along the thickness of PC plate, the in-plane stress of per unit area can be

obtained, which is known as the membrane force as equation (7) shows:

Nx = −
Eαh

(

T − Tref

)

1 − µ

Nx = −
Eαh

(

T − Tref

)

1 − µ
Nxy = 0

(7)

where h is the thickness of plate.

As a consequence, theσx,σy,σxy of two models are presented in FIG. 3. By a comparison among

the six thermal stress components, it is verified that σz, σxz, σyz are much smaller than in-plane stress

and those maximums even no more than three percent of the peaks ofσx together withσy. That means

the equivalent of converting the PC plate analysis to the plane-stress state is reasonable. Note that

the normal stress along x, y directions is larger than the σxy component and is dominant in thermal

stress components. Simultaneously, there is an interesting phenomenon that two pairs of tension

and compressive stresses occur in the interface of two materials in shear stress contour, though most

area’s stress is nearly to zero. The reason is that the shear strain caused by different thermal expansion

appearing in the junction of two materials, while it equals to zero in isotropic material. Obviously,

the height of nitrile rubber has almost no effect in the distribution of in-plane stress.

The membrane forces which are induced by temperature variation can be obtained by static

analysis. Then the thermal stress matrix will be defined for plate model as equation (8) as follow:17

[Kσ]=
∑

i

∫
Ai

[G]T

[

Nx Nxy

Nxy Ny

]

[G] dA (8)
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FIG. 3. The thermal stress distribution of two models in 70◦C(unit: MPa).

where [Kσ] is the stress stiffness matrix produced by thermal stress, [G] is the strain-displacement

matrix, Nx, Ny and Nxy are the static membrane forces respectively, and Ai is the area of the ith element.

After that, the thermal stress components are added as an initial stress to the eigen frequency

analysis in step two. Consequently the dynamic stiffness matrix of structure with membrane forces

can be expressed as equation (9):17

(

[K +Kσ] − ω2 [M]
)

{U} = {0} (9)

where [K] is the conventional stiffness matrix, ω is the angular frequency, [M] is the mass matrix,

{U} is the amplitude vector of nodal degree of freedom.

Here it is necessary to note that the effect of the additional stress matrix varies from different

stress state. When the stress is in tensile state, it turns to positive and enlarges the structure stiffness.

When the stress state is compressive, the additional matrix changes to soften the original stiffness.

It is obvious that the thermal stress is in compressive state for the present problem and it takes a

side-effect on the structures stiffness, which makes the frequencies shift to lower region. For the PC

structure, it causes a drift of band gaps.

In our computation, the thermal expansion coefficients are treated as constants because the

temperature is not too high. And the reference temperature is 293.15K, for it is close to the room

temperature, in which the thermal stress is zero. As for the mesh generation, the free quadrangle mesh

is chosen in the upper surface of the model. Then the sweep operation is taken to mesh the whole

geometry. The finer size is chosen so as to maintain a balance between the computation accuracy and

work time.

III. NUMERICAL RESULTS AND ANALYSIS

In analyzing the thermal influence in band gap, band structure of the cell in changing temperature

is computed. FIG. 4 shows the band structure of unit cell in room temperature. There are two obvious

gaps, in which the frequency range from 2817.3 to 3104.5Hz is a flexure band gap, and the frequency

range from 8405 to 8771.2 is a complete bandgap. FIG. 5 shows the flexure modal of point A and

point B, and the vibration modal of point C and point D of the corresponding point shown in FIG. 4.

The locally resonant modal in flat band illustrates that natural frequency is equal in all direction. Note

that the vibration displacement of the cell is mainly focused in nitrile rubber when it is in locally

resonant modal. Consequently, the vibration will be limited in the elastic stubs?? when the frequency

is during the gaps.

Furthermore, we research the variation trend of band structure in thermal environment. The

changes of band gaps with temperature are plotted in FIG. 6. Computation results show that both the

complete band gap and the flexure band gap become narrower with temperature. It can be found that

the start and stop frequency of both gaps drift to lower frequency as temperature increase. Note that

the complete band gap which at higher frequency is more sensitive to thermal that it disappears at
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FIG. 4. Band structure of two dimensional binary unit cell at room temperature.

FIG. 5. The vibration modal of the corresponding point (A, B, C, D) denoted in FIG. 4.

FIG. 6. Flexure and complete band gap variation trend with temperature.

70◦C. Those simulation results mean that the thermal stress of components should be considered in

design, for the temperature variation has a deep impact on both the flexure and complete band gaps.

To obtain proper forbidden gap of elastic wave in thermal environment, we alter the height of

rubber cylinder. FIG. 7, FIG. 8, and FIG. 11 show the corresponding band structures of h=3, 5, 7mm

respectively. It can be see that band gaps are different from various nitrile rubber cylinder height.

Apparently, the band gaps (either flexure or complete band gap) of transformed model are wider than

which induced by initial model. Besides that, the flexure gap disappears gradually and the complete

gap emerges.

With considering of thermal stress, all the bands are shifted to lower frequency in FIG. 7(b),

FIG. 8(b), and FIG. 11(b). Even though flexure or complete band gaps of the binary cell become

narrower under thermal environment, these band gaps are still available for the structure’s vibration

and noise reduction at the temperature of 70 ◦C. To have a direct view of the created model’s vibration,

the modals of point A, B, C, D which marked on the band structure of 5mm are shown in FIG. 9. It is

obvious that the vibration mainly focuses on soft rubber. With the height of rubber cylinder increasing,

the wider band gap induced by the transformed model can overwhelm the softening impact of thermal

stress. Therefore, a proper band gap will appear in thermal environment.

It is notable that there is a wide range of wave vector near the Γ point corresponding to zero

frequency in the lowest flexure band in temperature of 70◦C in FIG. 7(b), FIG. 8(b), and FIG. 11(b).

To understand this new phenomenon, we present the evolution of the zero-frequency flat band with

temperature of 30◦C and 50◦C in FIG. 10. (a) and (b). The calculation object is the transformed
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FIG. 7. Comparison of the band structures at room temperature and at 70◦C while h=3mm.

FIG. 8. Comparison of the band structures at room temperature and at 70◦C while h=5mm.

FIG. 9. The vibration modal of the corresponding point denoted in FIG. 8. (a).

model with h=5mm. It is found that: (i) with temperature rising, the band gap moves to lower

frequency since the structural vibration characteristics are affected by softening effect of the thermal

stress on stiffness.23 (ii) the width of flat band in the first flexure band is increased obviously with

the temperature of 30◦C, 50◦C,70◦C, which corresponds to an increasing additional stress soften

stiffness. (iii) except the emergence of zero-frequency flat band, the group velocity of the first flexure

band increases with temperature, in which the definition of group velocity:24

vg =
dω

dK
(10)

where ω is the frequency of elastic wave, K is the wave vector.

FIG. 10. The flat band in the lowest flexlure band varies with different thermal stress state while h=5mm.
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FIG. 11. Comparison of the band structure at room temperature and at 70◦C while h=7mm.

As a result, based on the regular about the height of nitrile rubber effecting on band structure and

its decrease trend in thermal environment, we can tune the band gap width and location by adjusting

the height of nitrile rubber cylinder to obtain a proper gap in thermal environment.

IV. CONCLUSIONS AND OUTLOOK

In this paper, the influence of thermal stress on band gap variation trend and the band structure of

created model is studied numerically. The regular of band gaps being narrower in thermal environment

is obtained for the first time by taking thermal stress into consideration. Simulations show that the start

and stop frequency of both flexure and complete band gaps shift to lower frequency as temperature

increase. Moreover, the band gap (either flexure or complete band gap) is enlarged by changing the

height of nitrile rubber. A proper band gap can be obtained in thermal environment via the research

of the created model. The emergence of zero-frequency flat band in the first flexure band is fresh and

deserved to further study.

As a new type of vibration and noise reduction material, acoustic metamaterial has a vast appli-

cation prospect in engineering fields. Meanwhile, it is urgent to figure out its mechanic features so

as to adapt multi physical environment. The regular of band gap width decreasing in thermal envi-

ronment, as well as the wider band gap induced by the new model are helpful for PC structure to

work in thermal environment. Ultimately, it is an inevitable challenge to take a further study about

the deformation behavior of PC structure in thermal environment from both the macro and micro

view.
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