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THE BASIC LAPLACIAN OF A RIEMANNIAN FOLIATION

By EFToN Park and KEN RICHARDSON

Abstract. We study the basic Laplacian on Riemannian foliations by writing the basic Laplacian in
terms of the orthogonal projection from square-integrable forms to basic square-integrable forms.
Using a geometric interpretation of this projection, we relate the ordinary Laplacian to the basic
Laplacian. Among other results, we show the existence of the basic heat kernel and establish
estimates for the eigenvalues of the basic Laplacian.

Introduction. Let M be acompact oriented manifold and let 7 be atransver-
sally oriented foliation on M. A foliation F is a Riemannian foliation if there
exists a Riemannian metric on M with the property that the distance from one
leaf of F to another is locally constant; such a metric is caled a bundle-like
metric for F. Associated to F are the space of basic forms:

£(M) = Q5(M, F) = {w € Q*(M): i(X)w = 0,i(X)dw =0 for dl X € [(TF)},

where i(X) is the interior product with the vector field X and '(TF) denotes
the sections of the distribution TF associated to F. The exterior derivative d
maps basic forms to basic forms; let dg denote d restricted to Qg(M). The basic
Laplacian is the operator Ag = dgég + dégds on basic forms, where ég is the
adjoint of dg on Qj(M). The analytic and geometric properties of this operator
have been studied by severa researchers. In [5], the basic Laplacian was studied
as an operator on basic functions (i.e., functions that are constant on leaves of
F), and the author proved the existence of the heat kernel in this case. In [13],
the existence of the heat kernel on basic forms was proved for the case where
the mean curvature form of the foliation is basic. There are also “basic” Hodge
theorems, for example [6] and [10]. However, the proof of the Hodge theorem
in [6] does not yield various estimates that are important in applications, while
the theorem proved in [10] has the same restriction as the results in [13], namely
that the authors require the mean curvature form to be basic.

In this paper, we study the basic Laplacian on forms, without any restriction
on the mean curvature. We prove the existence and uniqueness of the heat kernel
for Ag on forms for any Riemannian foliation, and we write down an explicit
formula for the heat kernel. We also present a proof of the Hodge theorem for
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1250 EFTON PARK AND KEN RICHARDSON

basic forms that is similar to the proof in [10] and does not require basic mean
curvature.

We have used several techniques in obtaining our results. The main new
idea in our work is in taking a Hilbert space approach to the study of the basic
Laplacian. It follows easily from the theory of operators on Hilbert space that the
adjoint 6g of dg can be expressed as 6g = P6, where ¢ is the adjoint of d and P
is the orthogonal projection of the Hilbert space L2(Q*(M)) of all L2-forms on M
to the Hilbert subspace LE(Q*(M)) spanned by the smooth basic forms on M. We
show that this projection, which we call the basic projection, can be computed
in terms of geometric data, and this is a crucial fact in the proofs of our results.
We also employ two techniques that have been used by other researchers in this
area. First, we study the Riemannian foliation F by lifting it to a transversely
parallelizable foliation F on the oriented orthonormal transverse frame bundle M
of (M, F). Second, we use a device that is aso used in [10]: we show that Ag is
the restriction to basic forms of a (hon-selfadjoint) elliptic operator on all forms.
This is an important technical point, because the space of basic forms is not the
set of al sections of any vector bundle, and therefore the usual theory of elliptic
operators does not apply directly to Ag.

This paper is organized as follows. In Section 1, we first define the basic pro-
jection for the transversely parallelizable foliation (M, }A‘), and give a geometric
formulafor it. We then use the basic projection on (I\7I , .7?) to define the basic pro-
jection P for the origina foliation (M, F). We prove that P maps smooth forms
to smooth forms and maps basic forms to themselves. We aso record several
formulas that express how P acts on specific kinds of forms.

In Section 2, we examine relationships among the basic projection P, the
exterior derivative d and its adjoint ¢, and the basic Hodge star operator. We
give an explicit formula for the commutator [P, 6], and by taking adjoints aso
get a formula for [P,d]. From these formulas we show that on basic forms,
the basic Laplacian can be written as Ag = A + ed + de, where A is the usual
Laplacian on M and ¢ is an order zero map from the space of basic formsto its
perpendicular space. The expression on the right-hand side makes sense for all
forms and therefore gives us a strongly elliptic operator A on Q*(M) that equals
Ag when restricted to basic forms.

In Section 3, we give a new proof of the Hodge decomposition theorem for
basic forms. We prove the existence and unigueness of the heat kernel K,'g(t, X, Y)
of the basic Laplacian on k-forms, and we prove that K(t, x,y) = PXPyKﬁ* (t,%,y),
where P and Py are the basic projections in the x and y variables, respectively,
and where Kg* (t,Xx,y) is the heat kernel of A*. From this we get a basic Green's
operator Gg that is related to the Green's operator G of A* by the formula

Gs = PG. We also obtain an estimate for the growth of the eigenvalues of
the basic Laplacian. Suppose the space of basic k-forms is infinite-dimensional.

Let A§* < ABK < \BK < ... pe the eigenvalues of Ag, and let /\g'k < APk <
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A% < -+ bethe eigenvalues of A = A — €. We prove that AP > x™ for dll j,
which implies that there exists a positive constant C such that )\J-B"‘ > Cj?/" for
largej.

In Section 4, we consider special cases of our results. We first look at the
basic Laplacian on functions, and show the formulas for the various Laplacians
we construct in Section 2 simplify in this case. Next, let {AJ-A} be the nonde-
creasing sequence of eigenvalues of A on smooth functions, and let {)\jB} be the
nondecreasing sequence of eigenvalues of Ag on smooth basic functions. Then
when the space of smooth basic functions is infinite-dimensional, we prove that
AP > A8 for al j, and therefore g (e8) < tr2(e™®) for t > 0. We aso
apply our results to Riemannian foliations where the mean curvature form is
basic; this is the situation studied in [10] and [13]. Under this hypothesis, we
obtain the following results. We show that the basic Laplacian and the ordinary
Laplacian (as well as the other Laplacians we define in Section 2) coincide as
operators on smooth basic functions. We then prove that the spectrum of Ag as
an operator on basic functions is contained in the spectrum of A as an operator
on functions (also proved in [10]) and that the heat kernel Kg(t,X,y) of Ag on
basic functions equals PxPyKa(t, X, y), where Ka(t,x,y) is the heat kernel of A
on functions. Let {)\jA'k} be the nondecreasing sequence of eigenvalues of A on
smooth k-forms QK, and et {AJ-B"(} be the nondecreasing sequence of eigenvalues
of Ag on smooth basic k-forms Q'é. For k = 1, we prove that when the space
of smooth basic 1-forms is infinite-dimensional, /\jB'l > )\jA'l for all j, and hence
trLZ(le)(e*‘AB) < trizquy(e ™) for t > 0. If k> 1 and the space of smooth basic

k-forms is infinite-dimensional, we show that AP > A — maxxem{ (o, ¢o)x}
where ¢q is aform defined in Section 2 that comes from Rummler’s formula, and
where (', )x denotes the pointwise inner product of forms at a point x in M. Fi-
nally, we show that when the foliation has codimension 1 and the space of smooth
basic 1-forms is infinite-dimensional, /\jB'k > /\jA'k — maxxem{(Pk — K, Pk — K)x};
this last inequality does not require that the mean curvature be basic.

This work can be viewed as an extension of the spectral analysis of Rie-
mannian submersions; see, for example, [12], [2], [15], and [8]. We should also
mention some important results that are not directly related to our work. In [1],
the author showed that the basic component of the mean curvature form (in our
terminology, the projection of the mean curvature form) is closed and defines a
class in basic cohomology that is independent of the choice of bundle-like metric.
Furthermore, any representative of this cohomology class can be realized as the
projection of the mean curvature form of some bundle-like metric. In [3], the au-
thor proves that for any Riemannian foliation on a compact manifold, there exists
a bundle-like metric for which the mean curvature form is basic. These results
can be used to study topological aspects of Riemannian foliations by capitaliz-
ing on the wealth of literature concerning foliations with basic mean curvature.
In our work, we are interested in fixing a bundle-like metric and studying the
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relationship between the Riemannian geometry of the manifold and the trans-
verse geometry of the foliation. Other researchers have been interested in these
geometric aspects as well ([14]).

Acknowledgments. We would like to thank Robin Forman and Philippe Ton-
deur for helpful discussions.

1. Thebasic projection. Throughout this paper, M will be a closed, oriented
Riemannian manifold, and F will be atransversally oriented Riemannian foliation
on M. Let Q*(M) be the space of smooth forms on M, and let Qg(M) be the
space of smooth basic forms. The exterior derivative d restricts to a map dg from

5(M) to itself, and we wish to write down the formal adjoint of dg.

Suppose Q*(M) is endowed with the usual L2-inner product ( , ) induced
from the metric on M, and let L2(Q*(M)) be the completion of Q*(M). Let
L2(Qg(M)) be the closed subspace of L2(Q*(M)) spanned by Qi(M), let Pg be
the orthogonal projection on L2(Q*(M)) with range L?(Q5(M)), and let § be the
formal adjoint of d. Then for any two smooth basic forms « and g3,

(, Peéf) = (Pev,603) = (e, 6) = (da, B) = (dgev, ),

so Pgé is the Hilbert space adjoint ég of dg (strictly speaking, when working
with unbounded operators, one must explicitly specify their domains. However,
we are ultimately only interested in smooth forms, and the domains of each of
these operators include the appropriate smooth forms).

While the Hilbert space approach provides a simple formula for ég, this
formulais not very useful from a geometric point of view. For example, it is not
a al obvious that 6g maps smooth basic forms to smooth basic forms. For this
reason, it is desirable to have another way to compute 6g. We accomplish this
by demonstrating that the projection Pg can be computed in terms of geometric
data.

Let TF be the p-dimensional subdistribution of TM corresponding to F, and
let NF be the orthogonal distribution to T. Let M be the oriented orthonormal
transverse frame bundle of (M, F), and let = be the natural projection 7 M — M.
The manifold M isa principal SO(q)-bundle over M, where q is the codimension
of F. Associated to F is the lifted foliation  on M. The lifted foliation is
transversely paralelizable, and the closures of its leaves are the fibers of a fiber
bundle mg: M — W. (See [11] for details.)) We let F denote the foliation of M
by leaf closures of F.

Endow M with the metric gy + 0s0(g), Where gy is the (lifted) metric from
M on vectors in the manifold directions, and gso(q) is a normalized left-invariant
metric on the fibers.

Let C3°(M) denote the space of smooth basic functions on M. We define a
map A from C>°(M) to functions on M by averaging along the leaves of . More
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precisely, let f be a smooth function on M, and choose X in M. Let Ly be the leaf
of F containing X, and let w be any form on M which restricts to the volume
form on the tangent spaces of leaves of F near L. Define Af(X) by

JRICEC
Ly .

/L w(u)

Since the leaf Ly is compact, the integrals above converge. The function Af is
necessarily basic, because it is constant along the leaves. It is aso clear that A
is the identity on basic functions, since basic functions are constant on the leaf
closures. Furthermore, suppose that f; is a smooth basic function on M and fo
is any smooth function on M. Then A( f1fo) = f1A(f,). One of the most crucial
properties of A is:

Af(R) =

ProrosiTion 1.1. A maps smooth functions to smooth basic functions.

Proof. The preceding remarks show that A maps smooth functions to ba-
sic functions, so we need only verify that A maps smooth functions to smooth
functions.

We begin by describing the coordinates that we will use to evauate the
integrals. The leaves of F are closed submanifolds of I\7I, and all of the leaves are
isometric to one another. Given aleaf L of F, there exists a tubular neighborhood
of L that is a union of leaves of F and is diffeomorphic to L x U, where U is an
e-ball transverse to L (see [11]).

Fix a point in M. Let L be the leaf of F containing that point, and choose a
coordinate atlas for L. Let z be any point in a tubular neighborhood T of L, and
write z in coordinates (X, y). Here y is the point of intersection of U and the leaf
of F that contains z, and x represents the local coordinates of the unique point in
the leaf L that is closest to z. Since there is no leaf holonomy, the y-coordinates
are globally well-defined on the tubular neighborhood. Let ¢/ be a finite simple
open cover of T, and let ® be a smooth, finite partition of unity subordinate to
U. Let p be the dimension of Z. Then, for any f € C*(M) and (x,y) € T,

> 2 oY) fuy)wu(xy)

UeU ped JRY

Z Z = ¢(X! y) wu (X1 y)

Uel éco JRY

Af(xy) = Af(y) =

Here the U subscripts denote composition with the inverse of the coordinate chart
on U. Observe that al of the functions in the integrands are smooth, bounded
functions, al of whose derivatives are also smooth and bounded. Furthermore, the
support of each integrand is compact. By the Lebesgue dominated convergence
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theorem, the expression above is continuous in y, and we can differentiate under
the integral with respect to any of the y coordinates. Similarly, al of the y-
coordinate derivatives of Af are continuous iny. Thus A maps smooth functions
to smooth basic functions, as desired. O

Let 7* denote the pullback map induced by 7=: M — M. This extends to a
bounded linear operator from L2(Q*(M)) to L2(Q*(M)) that we will also denote
by 7*; note that the asterisk does not denote adjoint here. Let n: L2(Q*(M)) —
L2(Q*(M)) be the adjoint of 7*.

LEmmA 1.2. The map =* is an isometry from L2(Q*(M)) to L2(Q*(M)), and
thus nm* is the identity on L2(Q*(M)).

Proof. We have chosen the metric on M so that the induced measure on M
is a product of the measures on M and SO(q). Thus the volume form dV on M
is the product of the volume form dyp. on SO(qg) and the volume form dV on M.
Let (, ) denote the pointwise inner product of forms defined in the usua way
(see, for example [3]) and fix a measureable section s M — M. Then for « in
L2(Q*(M)),

(ma, mar) = /m(ﬂ*a,ﬁ*a)a\\/
= /M /SD(q) <7r*a (s(X) u), 7 (S(X) u)) dp(u) dV(x)
- [ /So(q) (@) .atrE®w) ) diwdve
= [ @09.a09) /So( dja(u) AV(X)
Q)

= /M (@ (¥, a () V() = (o, a).

Therefore 7* is an isometry from L2(Q*(M)) to L2(Q*(M)), and the desired
property of its adjoint n follows. O

Remark. If f isasmooth function on M, for each x € M, nf(X) is the average
of f on #—1(x). Similarly, there is a geometric interpretation of 1 on forms.
Because we do not need these facts in this paper, we will not dwell on them
here.

Lemma 1.3. Let f be a smooth function on M, and let dV be the volume form

on M. Then
/Afa\\/z/AAfJ\\/.
M M
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Proof. Let 7 = {Ty,..., Tk} be afinite open cover of M by tubular neigh-
borhoods of leaves of F. Let ®g = {¢1,...,¢k} be a basic partition of unity
subordinate to 7. (To construct such a partition of unity, smply apply A to the
functions in any partition of unity subordinate to 7.) Let O; be a finite open
cover of T; by simple open sets, and let W; = {¢y|U € O;} be a partition of
unity subordinate to O;. If dV is the volume form on M, it can be written locally
as dV = w A v, where v is a transverse volume form which does not depend
on the leaf coordinates and w is a form which restricts to the volume form of
the leaves of F (see [17]). Let p and q be the dimension and codimension of the
foliation 7, respectively. Then

/Ade/
M

S [ a0 [ ot ) w14

Ti€eT UEO;

> [ Ay (

T,€O;

S5 [ [ vuley) ) ()l )

T,€T UEO;

/AAf av.
M

In the above calculation, the U subscripts denote composition with the inverse
of the coordinate chart on U, the i subscripts denote the composition with the
inverse of the transverse ball coordinate chart on the tubular neighborhood T;,
and we use the absolute value signs to avoid orientation issues. O

> /REW(X,V) |WU(va)|> li(y)|

UeQ;

Let L?(M) and L§(M) be the completions of C>*(M) and Cg°(M), respectively.
We define L?(M) and L3(M) in a similar fashion.

Lemma 1.4. The map A extends to a projection on L2(M).

Proof. It is clear from the definition of A that A%f = Af for f € C(M). Next,
for f; and f, in C>*(M),

(Al ) = /m (AfD)f dV = /ﬁA((Afl) f) dV = /m (Af)(AfR) AV,

where the second equality is a consequence of Lemma 1.3 and the third equal-
ity follows from the comments preceding Proposition 1.1. Therefore (Af1,f;) =
(Af1, Af), and by symmetry, (Afq, Afy) = (fq, Af2). Hence A is formally self-
adjoint. Then for any smooth f,

[IAF||? = (AF, Af) = (A%, ) = (Af,f) < ||AF]| -] T,
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whence [|Af[| < [|f|[. Thus A is a bounded operator, and therefore extends
continuously to a projection on L2(M). O

Definition. The basic projection on functions is the linear map P: C>*(M) —
Cg°(M) defined by P = nAr*.

It is not immediately apparent that Im(P) C Cg°(M), but the following propo-
sition will address this. We now investigate the relationship between P and the
Hilbert space projection Pg.

ProrosiTion 1.5. We have the following:

(1) Foranyf € C(M)and X € M, Ar*f(X) = the average of f over the leaf
closure containing = (X).

(2) Foranyf e L2(M), Ar*f € Im(r*).
(8) P maps smooth functions to smooth basic functions.

(49 Foranyf € C(M) and x € M, Pf(x) = the average of f over the leaf
closure containing x.

(5 Foranyf e C(M), [, faVv=[,PfdV.

Proof. Choose x € M, and let K be the closure of the leaf of F that contains
x. Choose any X € 71(x), and let K be the leaf of F containing X. As shown
in [11], K is a principal subbundle of 7—1(K) over K whose structure group is a
compact Lie subgroup H of SO(q).

Let {\1,.. ., Ar, Ar+d, - - - As Edy - -+, Bk, Eet, - - -, Eq} be abasis of NF at &,
chosen asfollows. First, let {A1,..., Ar, Ars1, ..., As} be an orthonormal basis of
the tangent space to the fiber of M with the property that the vectors Ar41, . . ., As
span the tangent space of the component of K N 7~1(x) which contains X. This
latter set of vectors can be viewed as a basis of the Lie algebra hy of Hg, where
Ho denotes the connected component of the identity in H. We remark that if H
is afinite group, Ho is trivial, and r = s. Next, we require that {Ej,...,Eq} be
an orthogona set of horizontal vectors such that {r.Ej,. .., 7.Ex}, respectively
{m«Exs1, ..., mEq}, restricts to an orthonormal basis of NK, respectively TK N
NF, a w(X) = X.

We can extend all of these vectors in the basis to be foliate vector fields
on M which are global sections of NF, by choosing the fundamental fields as-
sociated to the vectors tangent to the fibers and the basic fields associated to
the {E}. (See [11] for details.) On 7~ (K), the basic fields are twisted by the
S0O(q) action on the fibers and parallel along the leaves. For simplicity, we will
use the same notation for the extended vector fields as the vectors at X. Observe
that the properties stated in the previous paragraph remain true for the vector
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fields adong K. Specifically, {\1,..., Ar, Ar+1, - . ., As} forms an orthonormal ba-
sis of the tangent space to each fiber, Ar+1,...,As Span the tangent space of
each component of K N w—X(y) for al y € K, and {m, (E1(X),. .., 7« (Ex(X)},
respectively {7 (Exs1(X), ..., 7 (Eq(X))}, restricts to an orthonormal basis of
NK, respectively TK NN, at each point 7 (X) of K. The above facts follow from
the properties of bundle-like metrics and the induced adapted connection on M.
(Again, see [11].)

Fix a global measureable section F of K over K which is smooth off a set
of measure zero in K. Then we can describe a point y of K with (not necessarily
smooth) coordinates (h,u) € H x K, where u = n(y) and Fyh =y. The fibers are
transverse to the span of the {E;}, and the distribution spanned by A 41,..., Asis
clearly involutive. Recall that E* is the 1-form defined by E*(V) = (E;, V) for al
V eTM, ze M. Theform CI\g A+ AN A By A+ AE: A x| restricts
to the volume form of K, where y £ is the characteristic form of the foliation F.
The characteristic form restricts to the volume form of the leaves of F and is
locally given by Vi A --- A \% where {V1,...,V,p} isaloca orthonormal basis
for TF. (See[17].) The positive number C depends only on the norms of the E;
and the angle between KN« ~1(X) and the span of {Exs1,...,Eq}. Because the E
are parallel along the leaves and SO(q) acts on M by isometries, C is a constant
on K. Note that \,; A ... A \; restricts to the volume form of each component
of #=(u) N K for u € K. The volume of this set is independent of u, because
the transverse metric on M takes pairs of foliate vector fields to basic functions,
which are constant on K. Let Ry 7 'K — 71K denote right multiplication
by h € H. For eech h € H and X € K, {(R0)+Ex+1(%), ..., (Rn)<Eq(®)} is an
oriented orthonormal frame for the distribution spanned by {Ey.1,...,Eq}. Let
vk = (B2 (X)) A. . . (mEq(X)) . By construction, thisform on K iswell-defined
independent of X € 7—1(x) and is the transversal volume form of the restriction
of the foliation F to K. Thus the pullback of this form is a function of u alone.
From the comments above, we see that C|\j,q A ... A AT vk Ay F| restricts
to the volume form of K, for some constant C.

Let hy be the identity element of H, and choose elements hy, ... hy, of H so
that H is the digjoint union of the left cosets hyHg, hoHog, . . ., hmHo. Then for any
continuous function f on M,

/_W*f
Ar*f(X) = <K
/_ 1
K

m
/K </H (B, W) CIT L A - - A AZ(iD, u)|) I e (U) A 7y (U)
>\,

] il ([, Gt A xh.w]) =) A 7 )
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Ji

) /K;:: (/HO [Arsa A - A Ag(hih, u)|> | v (U) A Ty (U)]

m
=1

(/H F(U) [\g A - A SRR, u)|> I 1 (U) A T ()

/K ™ Vol (hiHo)f (u) |71 (U) A 7y #(U)]
_ i=1

/K ZVOl(hiHo)W*I/K(U) AT xF(U)]
i=1

[ mVOIHO () () A xr ()

/K mVol (Ho)|vk (U) A x#(U)]

) /K F(U) [k (U) A A (U)|
[ 1@ A )
K

= the average of f over K.

We have used the fact that |eft multiplication by a group element is an isometry on
H. We remark that the integral over Hg does not appear in the above calculation
if Ho is trivial. Thus the proof of (1) is complete. (1) implies that (2) is true
for continuous functions, since (1) implies that Ar*f(X) depends only on 7 (X).
Since 7* is an isometry, its range is closed, and therefore (2) is true for al f in
L2(M). Statement (4) immediately follows from (1) and (2). To prove (3), take
f € C>(M). Proposition 1.1 implies that Ar*f € C*(M), which by (2) can be
written in the form 7*g for some smooth function g on M. Lemma 1.2 then yields
Pf = nAr*f = g € C*(M). Statement (4) implies that Pf is constant on each
leaf closure and hence basic, and therefore (3) is proved. To prove (5), let f be
a continuous function on M. Then

/de:/Aﬂ*fd\Alz/AAw*fd\A/
M M M

= [wwarnav= [ partav= [ prav,
M M M

where first and fourth equality follow because dV is the product of the volume
formson M and SO(q), and because the volume of SO(q) is 1. The second equality
is a consequence of Lemma 1.3, while the third equality follows from (2) and
Lemma 1.2. Finally, the last equality above just involves the definition of P. O

ProrosiTioN 1.6. Let f be a smooth function on M. Then Pf = Pgf.

Proof. First, P = nAr* extends to a bounded linear operator P on L?(M), since
it is the composition of maps with this property. Second, P is an idempotent; i.e.,
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P? = P. To show this, it suffices to show that P is the identity on basic functions.
Given a function f € Cg°(M), 7*f is basic on I\7I, because the leaf closures of
M cover the leaf closures of M. Then Ar*f = 7*f, because A is the identity on
basic functions upstairs. Thus Pf = nAr*f = na*f = f. Third, P is sdf-adjoint;
this follows immediately from the proof of Lemma 1.4 and the formula for the
adjoint of a composition of operators. Hence P is a Hilbert space projection on
L2(M), and is therefore completely determined by its range. But it is evident
that the range of P (restricted to smooth functions) is the space of smooth basic
functions on M, and therefore the range of the extension of P is L3(M). This is
precisely the range of the operator Pg restricted to L?(M), so (the extension of)
P and Pg agree on L?(M), from whence the desired result follows. O

In light of Proposition 1.6, we will henceforth denote both the operators P
and Pg by just P.

We now extend the domain of the projection P to include forms. First, we
extend the map A to a map on forms. We will use the notation of the proof
of Proposition 1.5. Because Fis transversely parallelizable, the basic forms are
precisely the forms which take sets of foliate vector fields to basic functions. It
follows that the space of smooth basic forms on M is a free module over C’(M),
generated by the one-forms w1 = A3,... ,ws = A\§,ws+1 = E7, ..., wsr = E and
the various wedge products of these forms. Thus we can write any smooth basic
form on M uniquely as leﬁwh where | = {iy,...,ik} (k < s+I) isamulti-index,

fi isbasic, and wy = wi, A --- A wj,. Observe that the basis {w) } is orthonormal.
We now define the map A: Q*(M) — Q3(M). Given any smooth form « €
Q*(M), define

Aa= 3" A((wn) wi,
|

where the A inside the summation is the functional studied earlier in this section,
and (, ) isthe pointwise inner product of forms. This definition is independent
of the choice of orthonorma basis {w,}. To see this, let {} be any other
orthonormal basis. Then v = 5" Mjwj, for some orthogonal matrix M,; of basic
functions, and

S A ) = > Al Migws)) Mikwk
i

1,J,K

> A(Mig (v, wg)) Mikwk
I IK

> Ao, wn)) MisMikwk = > Ao, w3)) wy.

1,J,K J

The calculation above used the remarks preceding Proposition 1.1.
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Lemma 1.7. We have the following:

(1) A maps smooth forms to smooth basic forms.

(2) Aistheidentity on smooth basic forms.

(3) For all smooth forms a and smooth basic forms 3, A(8 A @) = 8 A A(a).
(4) For all smooth forms o and smooth basic forms 3, (Aa, 8) = A((a, ).
(5) Aisformally self-adjoint.

(6) A extendsto a projection on L2 (Q*(I\7I)).

(7) For anyform~y € Q*(M), Ar*y € Im 7*.

Proof. (1) through (4) follow from the definition of A and the corresponding
facts for the map A on functions. Observe that for any «, ¢ € Q*(M),

<Aa,¢)=/ﬁ(Aa,¢)a\\/=/mA(Aa,¢)a\\/=/m(Aa,,z«ﬁ) av.

The second equality follows from Lemma 1.3, and the third equality follows from
(4) above. Items (5) and (6) follow from the above observation and an argument
analogous to the proof of Lemma 1.4. Now, in the definition of A, the forms wj
could be replaced by Ry'w, for a fixed g € SO(q), because right multiplication is
an isometry of M which maps leaves to leaves. Also, note that a form o on M
is the pullback of aform on M if and only if, in alocal triviaization, the form
does not depend on the fiber coordinates. Such forms are characterized by the
following two properties: (1) For any vector A tangent to a fiber in M, i(A\)a = 0.
(2) For any g € 0(9), Ry = a. Suppose that « is such a form, and consider
the form Aa. By the definition of A, the first property is satisfied by the form
Aa. Fix g € SO(q). Then

RyAa = Y RFA((er,w1)) Ry'wy
|
- ;A«Rg*a,Rg*wl)) Ry wi
= ZA ((a, Rg*w|>> Rg*L,L)| = AO(.
|
Therefore, the second property is satisfied by the form Aa, so Ax € Im7*; this
proves (7). O

Definition. The basic projection on forms is the linear map P: Q*(M) —
&(M) defined by P = nAr*.
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Note that we have used the same symbol that we use for the basic projection
on functions. Again, it is not immediately clear that P maps smooth forms to
smooth basic forms. We have:

Lemma 1.8. P maps smooth forms to smooth basic forms, and for every a. €
Q*(M), Pa = Pga.

Proof. Lemma 1.7 shows that Ar*a = 7*~ for some v € Q*(M) such that
7*v is basic. The definition of a basic form in terms of interior products implies
that -y is basic. By Lemma 1.2, Pa = v € Qg(M). The proof of Proposition 1.6
can easily be modified to show that Pa = Pga. O

Lemma 1.9. If g € Q*(M) isbasic, then 7*/ isbasic.

Proof. For a given point in M, pick a smple open neighborhood U over
which M is trivial, and choose coordinates (X, . ..,%p,Y1,.-.,Yq) On U, where
the x coordinates are in the leaf directions and the y coordinates are in transverse
directions. On U, 3 is alinear combination of forms f dyj, A dyj, ... A dy;, where
the function f is independent of the x-coordinates. Then on 7~(U) = U x SO(q),
7* 3 isalinear combination of forms with the same local expression, and therefore
7*3 is basic. m|

ProposiTion 1.10. P isthe unique linear map from Q*(M) to Qg(M) such that
(Pa, B8) = P(a, B) for every smooth form « and basic form 3.

Proof. We first show that P sdtisfies the statement. If 3 € Qg(M), 73 €
Qg(M) by Lemma 1.9. Then

™ (nAr*a, )
(Ar*a, 7 3)
= A(r*a, ™ 3)
= Ar*(a, 3),

7*(Pa, 3)

where the second equality follows from Lemma 1.7. If we apply 7 to both sides
of the equation above, we have (Pa, 5) = P(«a, 5). Suppose ancther map Q has
this property. Then (Qoa — Pa, 3) = 0 for any smooth form o and every basic
form 5. Since P and Q must map to basic forms, we conclude that P = Q. O

ProposiTion 1.11. If v € Q*(M) and 5 € Qg(M), then P(5 A ) = B A P(«).
Proof. We have the following string of equalities.

™ (PBAa) = Ar*(BA ) by Lemma 1.7
A(m*B A T*a)

B A Ar*a by Lemmas 1.7, 1.9
™6 A m*nAr*a by Lemma 1.7
(8 N Pa).
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To complete the proof, apply n to both sides. m]

2. Thebasic Laplacian. In Section 1, we showed that the adjoint 6g of the
restriction dg of the exterior derivative to Qg(M) is given by the formula ég = Pé,
where 6 is the formal adjoint of d on L2(Q*(M)). In this section, we find ég in
terms of geometrically computable quantities.

We use the notation of Section 1. Let n be the dimension of M, and let p
be the rank of TF. Recal that y £ is the characteristic form of the foliation,
which is defined in [17] and introduced in the proof of Proposition 1.5. Let
x QK(M) — Q" P—K(M) be the pointwise operator defined by

w7y = (= DPOPR 4 (4 A x£) for al v € QXM),

where x is the Hodge star operator. The operator * maps basic forms to basic
forms, and it has the property that *3 = x3 A xr for a basic form 3 (See [17]
for details). It is also elementary to show that for any k-form « and any basic
k-form 3, B A xa = (3, a)v, where v is the transversa volume form and ( , )
is the pointwise inner product of forms. Next, let W denote the vector space of
smooth forms w with the property that at each point of M and for al vectors
v tangent to the leaves of F, i(v)w = 0, where i(v) denotes the interior product
with the vector v. If « isak-form in W and 3 is a basic k-form, then we have
in addition that o A %3 = 5 A xa. Also, for any a € W, ¥2a = (— D)KPKq,

Lemma 2.1. P commutes with x.

Proof. Let v be any smooth k-form. Using the pointwise metric (,), we can
decompose v as vy = W + +!, where ¥V € W and v is orthogonal to W. Then
we have that ¥y = 0 and Py = 0, using the definitions. It clearly suffices to
show that P commutes with * on smooth basic k-forms for each k. If there are
no basic k-forms, then Pxy = xP~y = 0. Otherwise, for any basic k-form /3,

(3, *Py)v = (/B,;Pfyw) v
= B APy
(= D05 AP
P ((—1)"(”*9*“) B A VW) by Proposition 1.11
P (ﬁ, ;’yw> v
= (ﬂ, PIWW) v by Proposition 1.10
= (8,Py)v. O

The mean curvature form « of the foliation is defined at each point x of M
to be the dual of the mean curvature vector 31, (Vg Ei)L of the leaf containing
X. Here {Ej,...,Ep} is aloca orthonormal basis of TF, V is the Levi-Civita
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connection on M, and | denotes projection onto NF. Rummler’s formula states
that dyr = —k A xF + @0, Where g is a (p + 1)-form with the property that
i(v1)...i(vp)po = O for any set {v;} of p vectorsin TF. Thisimplies that if « is
abasic (n—p— 1)-form, a A ¢ = 0. (See [16] and [17].)

ProrosiTion 2.2. If 3 isa basic k-form,
688 = (— DOPEDTR(d — (Pr)A) 3.

Remark. When & is basic, this formula reduces to Theorem 12.10 in [17].

Proof. Let v be any basic (k — 1)-form, and let 5 be any basic k-form. Then

W.6) = [ dynss= [ dyaTs AN
= (=0 [ Y AdGEBAX)
= (=D [ 3 A (@B AxE+(— DPEB A dv)
= (=D [ 3 A (@B AXE+ (= DPHEB A (A + o))

= (=0 [ 3 A (@B AxE+ (DB AR A )
+(=D"P Y AKB Ao

= (=D [ FAEEBAxE = KATBAXA (= DMKy ATE Ao
Since v A *f3 isabasic (n — p — 1)-form, its wedge product with g is 0. Thus,
(W7.8) = (=1 [ A (@58 = A 5B A x)
= (- 1)k+(k—1)(nfk+1)/ 7 A #2((d7B — Kk AFB) A XF)
M
= (- 1)k+(kf1)(nfk+1)+p(n7pf(nfp7k+l))/ A *(;(d;ﬁ) _ ;(K A ;ﬁ))
M
= (= 1Pk / 5 A # (% (d78) — ¥ (5 A FB))
M
= (= 1)-PleDH / (7,7 (d76) — ¥ (x A 76))dV.
M

Now, using item (5) of Proposition 1.5, we can apply P to the integrand of the
last integral.

(dy, B) = (= pln-Pled /M P(y, (d«B) — x (r A %B))dV
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= (= 1P / (7, Px (d%B) — Px (s A 58))dV
M

= (= )-PkeD /M (7.7 (A=) — #((Pr) A 7)) V.

Here we have used Propositions 1.10 and 1.11 and Lemma 2.1. Since the above
is true for al v € Q§(M), the proposition is proved. m]

CoroLLARY 2.3. If Bisabasic k-form, then
688 = (- DO PED A+ (Pr).) B,

where the symbol 1 denotestheinterior product.

Proof. Let 5 be a basic k-form and « be a basic (k — 1)-form. By Proposi-
tion 2.2, it suffices to show that ( — 1)"PEDX((Pr) A (3)) = (Pr)J0.

(o, % (P&) A xB3))dV = a A * (x (Pk) A x[3))

a A x(x((Pc) A xB)) A xr

(— )Pk DK=D oy A (PR) A *B A xF
= (= 1)(=P=k k=D A (Pr) A %3

— ( o l)(n_p_k+l)(k_1)+k_1(|3/£) AaA *ﬁ

— (_ l)(n—p—k+1)(k—1)+k—1 ((PK) A Oé,ﬁ) )

Because the interior product is by definition the pointwise adjoint of the wedge
product and because (n—p — k+1)(k—1)+k—1 = (n— p)(k+ 1) mod 2, the
result follows. ]

ProrosiTioN 2.4. The following operator eguation holds:
P§ = 6P+ (Pk — k)ao P+ (— 1)P(pou)(x#A) o P.

Proof. Let o be a (k — 1)-form and let 5 be a k-form. Then («, 6Pg3) =
(da, P33), and since Pg3 is basic, we can use the first six lines of the calculation
in the proof of Proposition 2.2 to get

(,6PB) = (— l)k/Ma/\(d;P/B/\Xf— K AFPB A xF)
+ (= D" P Ko AXPB A 0o

- (—1)"/ a A (d5PB A X — (PR) ATPB A xr )
M
+a APk — k) AFPBA xr+ (= DN PRPy A g A XPS.
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The first term in the integral can be simplified using manipulations similar to
those in the proof of Proposition 2.2 to give

(,6PB) = /M o A %65PB
+ (= DX A (P — k) A %PB + (= DX A o A %(PB A Y 5)
=ULaA*%H$W—&yaAPR—MA*W3
+ (= DMP D A g A x(xF A PP)
=<m%%ﬂ{—ﬂFmHmWAaAQWM—@Awm

+ (= 1)k DOk k(P /M a A2 (0o A +(xF A PB)).

For an r-form v and an s-form w, y_w = (— 1) =9 4 (4 A xw) by a straight-
forward calculation. Using this formula, the above expression simplifies to

(o, 6PB)Y = (a, 68PB) — (a, (P — K)IPB) — (— D)P{av, pos (xF A PB)).
Thus, we have
6P=06gP — (Pk — k)uoP —(— 1)p(9004) (xgN) o P.

Noting that 6g = P6 and solving for PSP, we obtain the desired result, except that
the left-hand side of the equation is POP. Since Qg(M) is an invariant subspace
for d, PdP = dP, and thus PéP = Pé. O

CoROLLARY 2.5. dP =Pd +Po ((Px — k)A) + (— 1)PP o (x#1) (¢oh).
Proof. Take adjoints in Proposition 2.4. O

We write the formula in Proposition 2.4 as P6 = 6P + ¢P, where ¢ = (Px —
k)a+ (— DP(po2)(x#AN). Note that ¢ is a ot order operator that maps Qg(M)
into Qi(M)*; to see this, apply P to both sides of the operator equation for PsP,
and observe that ¢ is a pointwise operator. Hence PeP = Pe*P = 0.

Now we can find a formula for the basic Laplacian in terms of d and 6. The
basic Laplacian is the map Ag: Qg(M) — Qg(M) defined by Ag = 6gd + dép.
Using Proposition 2.4 and the fact that Q§(M) is an invariant subspace for d, we
have, for al g € Qg(M),

Agf = (Péd+dPo)s = (P6Pd + dPSP) 5
= (6P +eP)d+d (6P +€P)) 5
= (6+e)d+d(6+e)p
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= (6d+dé +ed+de) 3
= (A+ed+de) 5.

In summary:

THeoreM 2.6. Thebasic Laplacian Ag, asa map on Qi (M), satisfiesthe equa-
tion

A = A+ ed + de,
where ¢ isa 0t order operator mapping Q5(M) to Qi(M)* defined by

€ = (Pr — K)a+ (= DP(pon)(xFN)-
THEOREM 2.7.

AgP = AP = PA* = PAP,

whereA = A+ed+de, A* = A+8¢* +¢*6 istheadjoint of A, and A = A — e*e. (The
operator ¢ is defined in the previous theorem.)

Proof. The first equality is Theorem 2.6. Since PAgP = AgP = ZP, this
operator is self-adjoint. By taking adjoints, the second equality follows. Next, we
observe that

AP = PAP=P(A+ed+de)P

= PAP + PedP + PdeP

= PAP + PePdP + (dP — Pe*) eP by Corollary 2.5
= PAP — Pe*eP = PAP.

The last line follows from the fact that PeP = 0. O

Observe that A and A* are strongly elliptic operators on L2 (Q*(M)), and that
A is (essentially) self-adjoint on L? (Q*(M)).

3. The spectrum of Ag and the basic heat kernel. In this section, we use
the formulas from Section 2 to prove results concerning the spectrum of Ag. Let
Qf§ be the space of smooth basic k-forms on M, and let L2 (Qf) be its Hilbert
space completion.

ProrosiTioN 3.1. There exists a complete orthonormal basis of L2 (Q‘é) con-
sisting of smooth eigenforms of Ag, and the eigenspaces of Ag are finite dimen-
sional.

Proof. Note that Ag is a positive, symmetric operator on Qf c L? (Q‘é). The
Friedrichs extension L of Ag +1 is a self-adjoint operator, which by definition is
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the adjoint of Ag +1 restricted to the domain D = DN Hy, where D is the domain
of (Ag +1)*, and H1 is the Sobolev space H; (Q'g) ([19]). L has a lower bound

of 1 and is thus injective, so L~! exists as a bounded map from L2 (Q{g) into D.
By Rellich’s lemma, the inclusion of Hy into L? (Q'é) is compact, so the operator
L1 L2 (Q'é) — L2 (Q'g) is a compact self-adjoint operator. Thus there exists

a complete orthonormal basis of L? (Q'é) consisting of eigenforms of L~1, and

these eigenspaces are finite dimensional. If « is an eigenform with eigenvalue A,
then for each 3 € QX,

(A ) = (LauB) = (@, L78) = (o @B+ D [55)

<a, <E+ I) ‘,; ﬁ> by Theorem 2.6
- <<Z+I>a,ﬁ>,

where A = A + de + ed, as in the last section. The operator A is second-order, so
it maps Hy (Q‘é) toH 4 (Q‘é). Since the L?-inner product is a nondegenerate
pairingon H_; (Q'g) x Hy (Q'g) and since Q isdensein Hy (Q'é), the preceding
computation shows that

(E—x1+1)a=0.

Elliptic regularity implies that « is smooth, and the equality above implies that
« is an eigenform of A (and hence Ag ) with eigenvalue A~ — 1. Thus the
A-eigenspaces of L are contained in the (A1 — 1)-eigenspaces of Ag. It is eas-
ily shown that eigenforms for Ag must likewise be eigenforms for L, so these
eigenspaces are equal. O

We now give a new proof of the de Rham-Hodge decomposition of basic
forms. In [10], the authors showed that if an rth order smooth differential operator
L: Q*(M) — Q*(M) which maps Qg(M) to itself has the property that L* — €
leaves Qg (M) invariant for some (r — l)th order operator € mapping Qg(M) into

5(M)*, then

Q5(M) = ALgQL(M) & ker Ag,

where A g is the operator LL* + L*L — €L — Le restricted to Qg(M). In addition,
this decomposition is the intersection of the decomposition

Q*(M) = (LL* +L*L — éL — L) Q*(M) & ker (LL* +L*L — éL — L¥¢)
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with Qg(M). If welet L = d and € = —e and use the fact that imAg = imdg®im g,
we obtain the following:

THeorReEM 3.2. Let F be a transversally oriented Riemannian foliation on a
closed, oriented manifold. Then ker Ag is finite dimensional, and we have the fol-
lowing orthogonal decomposition:

QK =imdg @ imég @ ker Ag.

Thisis the intersection of the decomposition QK = A* (Qk) & ker A| ok with Q.
Let E)(L) denote the A-eigenspace of the operator L.

ProPosITION 3.3. Ej (8g) = Ex () N QE(M). The spectrum of Ag is contained
in the real spectrum of A. The basic projection P maps E, (A*) into E) (Ag).

Proof. Suppose that « is an eigenform of Ag with eigenvalue \. Then Aa =
Aga = Ao by Theorem 2.6. Next, suppose that 3 is an eigenform of A* with
eigenvalue ;. Then uPg = PA*3 = AgPJ3 by Theorem 2.7, so that either P3 =0
or Pg is an eigenform of Ag with eigenvalue 1. The conclusion follows from
these two observations. m|

We have no reason to expect that P maps E, (A*) onto E, (Ag). Also, observe
that Proposition 3.3 implies that if A is not in the spectrum of Ag, then P maps
E\ (A*) to 0.

CLet 0 < AgN < AP < ABK < ... be the eigenvalues of Ag on Q, and et
Aok < \BK < \OK < . bethe eigenvalues of A = A — e*e on Q.

ProposiTion 3.4. If QY isinfinite-dimensional, then AP* > \2¥ for all j > 0.
Thus for large j there is a positive constant C such that )\jB'k > Cj?/", where
n=dmM.

Proof. The operator A is self-adj oint and elliptic and thus has smooth eigen-
forms. Observe that we can define /\jA'k using the Rayleigh quotient:

_ Ao, o Ao, o
A= supinf u < sup inf u
veok @€V (a, ) veak D‘(ffp\(/! (a, )
codimV <j codimV<j
. <ZPO¢, Pa> ) <PEPO(, a>
= sup inf —%*= sup inf
veak o€ (@) veak o2&V (o, @)
codimV<j aTra codimV <j amra
. AgPao, .. {Day
= sup inf (BgPaa) sup inf (Beava) AP,
veak gV (o, @) veak @€V (a, @)

codim V<j codim V<j
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Because A is a selfadjoint second-order elliptic operator on Q*(M), for large |
there is a C > 0 such that \™ > Cj?/". (See, for example, [7].) O

We now define the basic heat kernel KK(t,x,y) on k-forms (that is, the fun-
damental solution to the basic heat equation). The basic heat kernel Ké(t,x, y) is
a double form of bidegree (k,k) on M x M for each t > 0 that is basic on each
factor (i.e. PxKE(t, x,y) = PyKE(t, x,y) = KK(t,x,y) € QE(M) @ QK(M) ) and is a
solution to the system

(% +AB,x) KE(t,x, ) 0 fort>0

lim /M y K(tx,y) A +B(y)

B(x) for al basic k-forms .

If such a basic heat kernel exists, it can be used to solve the following initial
value problem. Given [ € QK(M), consider the system

(% * AB> X =0, litg 5% = o).

The solution is given by 4(t,X) = J, KK(t, %, y) A *Bo(Yy). We show that K§(t, X, y)
exists and is unique and give two different expressions for it.

Let A* = A+ 6¢* + €8 as in Section 2. There is a unique fundamental
solution K»E*(t,x,y) for the heat operator & + A* acting on QX(M) ([9]). Let
Py L2(Q*(M))®L2 (Q*(M)) — L2 (Q5(M)) ® L2 (Q*(M)) be the basic projection
on the first factor, and define Py: L2(Q*(M)) ® L2(Q*(M)) — L2(Q*(M)) ®
L2 (Q3(M)) similarly.

THeorem 3.5. The basic heat kernel K(t, x,y) exists and is a smooth double
formon M x M that depends smoothly on t. It is unique and satisfies

KE(t,x,y) = PXPng* txy) = e Nlaj(x) ® a(y),
=1

where 0 < A1 < A < --- are the eigenvalues of Ag corresponding to the or-
thonormal basis of eigenforms {a1(x), az(x), . . .}. (If Q¥(M) isfinite dimensional,
the sumisfinite.)

Proof. The form K»E* (t,x,y) is the unique solution to the system

0 fort>0

(% + E;) Kﬁ*(t,x, y)

; k
Jlim " KZ- (L%, Y) A xa(y)

a(X) for al k-forms a.
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Applying the operator PxPy to both sides of the first equation above, we obtain

(ZPxPy + PPy ) KE (t,%,Y)
(2PxPy + B PPy ) KK (t,%,Y)

0 fort>0, and
0 by Theorem 2.7.

This implies that PxPyKﬁ* (t,%x,y) solves the basic heat equation for t > 0. From
the initial condition satisfied by Kg* (t,%,y), we get

i, KE€x ) A s = lim [ (KE.@x9).009), 0 =509

t—0*
for all smooth basic forms 3; the y subscript denotes the pointwise inner product

on the second term in the tensor product. By Proposition 1.5, we can apply Py
to the integrand without changing the integral, so

509 = lim /M Py (K.t x).600) vy or

B(x) = lim / (PyKK*(t,x,y),ﬂ(y)) dV, by Proposition 1.10.
t=0" /iy A y

Applying Py to both sides of the above equation, we obtain

B = lim MypX (Png*(t,x,y),ﬁ(y))yolvy

t—0*

: k
lim " (PPYKE (1, y)ﬁ()/))y dvy

lim / PP/KE (t,%,Y) A +A(Y).
t—0* My A

In the above calculation, we used the fact that 5 is basic. Fubini’s Theorem
allows us to move Py inside the integral, since we are integrating over a compact
set and the functions involved are all bounded. Thus PxPyK»E* (t,x,y) satisfies
the definition of the basic heat kernel. Since Py and Py map smooth forms to
smooth forms, the smoothness of PXPyK»E* (t,x,y) follows from the smoothness

of Kg* (t, X, ).

We now rewrite the heat kernel. Let K(t,X,y) = >>%; e‘Aitoz,- (X)®aj(y), where
Aj and o are defined as in the statement of the theorem. Given a nonnegative
integer m, choose a positive integer s so that 2s > m+ 3. The Sobolev embedding
theorem implies that there is a constant C so that

lagllem < € (Bajllz + Jlojllz) = C (A5 +1).



THE BASIC LAPLACIAN OF A RIEMANNIAN FOLIATION 1271

(Recall that by Theorem 2.6, Aaj = Agaj.) Hence for some positive constants C,
and Cs,

oo 2 oo
IKExy)en < Y eNC? (A5 +1)" < 3 e M2C2ct
=1 =1
o0
< C2C2t752e70312/nt/2 < 00

=1

for t > 0. Thus K(t, x,y) is well-defined and smooth for t > 0. Next, it is easy to
check that K(t, x,y) satisfies the definition of the basic heat kernel, using the fact
that {;} forms a complete orthonormal basis of L2 (Q).

To complete the proof, it suffices to show that the basic heat kernel is unique.

Let Kg(t,X,y) be any basic heat kernel. We may write Kg(t,X,y) in the form
>2ij Cij(Mi(¥) @ aj(y) for some functions Cijj(t), again using the fact that {«;}
forms a complete orthonormal basis of L2 (Q'é). Next, consider the initial value
problem

(5:+28) B0 =0, Jim (LX) = a9

Using the existence of Kg(t, X, Y), we can write down the solution:
8t = [ KEGx ) A i) = 3 G,
y i

Using Theorem 2.6, we note that G(t,X) is also a solution to the initial value
problem

0  ~ . _
<& . A> B =0, lim B(tX) = oy(x)
Since this problem has a unique solution in L2(R) ® L2(Q%) ([9]), we conclude
that the coefficients Cjj(t) are uniquely determined. Thus, the basic heat kernel is
unique. m]

Define the basic heat operator &5 on basic k-forms by
b= [ Kt xy) A B
My

We now state some results that follow from the existence and uniqueness of
the basic heat kernel. The proofs of these results are identical to the proofs in
[10], where they were shown for the case in which the mean curvature form is
basic.
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CoRrOLLARY 3.6. Let 3 be a basic k-form. Ast — oo, e‘tAléﬁ cornverges uni-

formly to a form Hgg that is Ag-harmonic.

CoroLLARY 3.7. Theoperator Gg: QF§(M) — QK(M) given by
Ggo = / (€50 — Hga) dtfor o € QM)
0

iswell defined and satisfies
ABGB =1 - HB, GB|kerAB =0.

The equations above uniquely define Gg on Q'é(M).

We call Gg the basic Green’s operator. Using the basic projection, we derive
an alternate expression for the basic Green's operator. Define a Green's operator
G: QM) — QKM) for A* in the following way. Given a € QX(M), write
« = a1 + ay, where ag € kerA and oy € (kerﬁ)l; note that these forms are
smooth by elliptic regularity. By [18], Theorem 4.11, p. 140, there is a unique
form 3 orthogonal to ker A* such that A*3 = ap. Define Ga = 8.

ProposiTioN 3.8. Gg = PG.
Proof. By definition, for al o € Q{(M),

A*Ga = o — Hga.

(The orthogonal projection of a onto the ker A is Hga, because QK(M) Nker A =
ker Ag by Proposition 3.3.) Then

a — Hga = P(a — Hga) = PA*Ga = AgPGa,

where the first equality is true because oo — Hga is basic and the last equality
follows from Theorem 2.7. By definition, PG is the basic Green’s operator. O

4. Applications and special cases. In this section, we prove some results
about the basic Laplacian on functions and the basic Laplacian for foliations with
basic mean curvature form.

First consider Ag on functions. The operator € = (Pk—x)a+(—1)P(¢01) (X FA)
is zero on functions, and the second term is zero on basic 1-forms. Using Theo-
rem 2.7, we immediately obtain the following:

ProposiTiON 4.1. TheoperatorsAg, A, A*, and A havethefollowing expressions
as operators on Cg°(M):

Ag=A=A+ed=A+((Px—r)J)od



THE BASIC LAPLACIAN OF A RIEMANNIAN FOLIATION 1273

A" =A+6e" =AM+ 60 ((Pk— K)A)

A=A
Let {/\JB}, respectively {/\jA}, be the (nondecreasing) sequence of eigenvalues
of Ag on Cg°(M), respectively A on C*>°(M). Proposition 3.4 immediately yields
ProposiTiON 4.2. If Cg°(M) is infinite-dimensional, then /\JB > /\jA for all j.

—tA —tA

Thus, for all t > 0, trLzB (e B) < trp2 (e )

We now apply our results to Riemannian foliations for which the mean cur-

vature form « is basic. Then Px = k, s0 € = ( — 1)P(po4) (x#A), which is zero
on al functions and on basic 1-forms. Proposition 4.1 implies

ProposiTION 4.3. If « isbasic, Ag = A = A* = A = A as operators on C(M).
By this Proposition and Theorem 3.5, we have

CoroLLARY 4.4. Suppose « isbasic, and consider Ag and A as operators on
L3(M) and L2(M), respectively, with heat kernels Kg(t, x, y) and Ka(t, X, y), respec-
tively. Then

spec(Ap) C spec(d)
Kg(t,x,y) = PxPyKA(tv % Y).

Let {\>}, respectively { \*'}, be the nondecreasing sequence of eigenvalues
of Ag on QE(M), respectively A on QY(M). Because ¢ = 0 on basic 1-forms, we
have

PropPosiTION 4.5. If « is basic, A = A on basic 1-forms, and )\jB*l > /\jA’l
if QY(M) is infinite-dimensional. In addition, for all t > 0, tr,, ) (e*‘AB) <

trLZ(Ql) (e*m> .

Consider the operator ¢*¢ when the mean curvature is a basic form. Then
e*e = (x#2) (woN) (ou) (x£A). A calculation shows that for any v € Q' and
we QM (yvoy Aw,w) < (7,7) (w,w) and (v A yow,w) < (7,7) (w,w). Thus, for
any basic k-form g,

{8, 8) < {(xF x7) (P 0) B, 5) = (9o, v0) . F) < max{(o, o)} (5, 5) ;

we have used the fact that the pointwise inner product (xr, x) is identically
1. Therefore, A — maxyem{ (0, vo)x} < Dg as operators on Q5(M). Let {APX},
respectively {AjA"‘}, be the (nondecreasing) sequence of eigenvalues of Ag on
QK (M), respectively A on QX(M). Using Proposition 3.4, we obtain the following:
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ProPosITION 4.6. Suppose « isa basic form. If QK(M) isinfinite-dimensional,
AP > k- max{(o, po)x}-

Observe that for codimension 1 foliations the form g is zero, even when
the mean curvature form is not basic. Thus e simplifiesto € = (Px — k)J. By an
analysis similar to that used for Proposition 4.6, we obtain:

ProposiTION 4.7. For any codimension 1 Riemannianfoliation suchthat Q% (M)
isinfinite-dimensional,

B,1 Al
NN - g(réa,&({(Pn — K, Pk — K)y}.
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