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Abstract: The Berezin calculus is important to quantum mechanics (creation-
annihilation operators) and operator theory (Toeplitz operators). We study the basic
Berezin transform (linking the contravariant and covariant symbol) for all bounded
symmetric domains, and express it in terms of invariant differential operators.

0. Introduction

There are two equivalent ways to define the Wick calculus of operators on R™: the
first one is based on creation and annihilation operators, a generalization of which
constitutes a basic tool in quantum field theory. It is the alternative definition, based
on reproducing kernel function theory, that leads to the generalization first defined
and studied by Berezin [B1].

The Berezin calculus is of interest to theoretical physicists in that it constitutes
a canonical quantization procedure associated with a fairly general class of phase
spaces. Also, recent physics literature has shown much interest for coherent states,
and Perelomov’s book [P1] devotes a chapter to Berezin’s theory. The operators
obtained (also known as Toeplitz operators) generate some of the most interesting
geometrically-structured C*-algebras [BBCZ, Ul]. Beyond applications to operator
theory and partial differential equations [U8], Berezin operators are used in C*-
algebraic index theory and in deformation quantization of symmetric spaces [CGR,
BLU].

Let M be a measure space, and let H be a closed subspace of L?(M), with
orthogonal projection E:L*(M) — H. Then, given any bounded function f on M,
the Berezin operator with contravariant symbol f is the linear operator o™(f) on H
given by

o (f)h = E(fh). 0.1)
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Assuming that E has a reproducing kernel E(z, w) on M x M and denoting as e,, the

coherent state at w € M characterized by e, (z) = E(z,w)/ E(w,w)'/?, one defines
the covariant symbol ¢(A) of any bounded operator A on H by

o(A) (w) == (e,, | Ae,,) 0.2)

so that the maps ¢ and o™ are, in a suitable sense, adjoint to each other. The Berezin
transform, whose computation for a certain class of M’s constitutes the main purpose
of the present paper, is the map oo™ from symbols to symbols.

The Wick calculus is the specialization that corresponds to M = C" = {z + ¢,
z € R", £ € R"} with the measure " - exp —wo(|z|? + |¢|*) dx d€, and to the (Segal-
Bargmann) realization of H as the image of L2(R"™, dx) under some isometry. Then
as is well-known, one has in this case

* _ _ L
oo = exp ( o A, (0.3)

where A is the standard (non-negative) Laplacian on M = R?".

We shall be interested here in the case when M is a complex symmetric domain of
the non-compact type, and /J = H, is the so-called A-Bergman space of holomorphic
functions on M. In view of the existence of a semi-simple transitive group G of
isometries of M, and of the associated (projective) representation of G' in H,, a
complete characterization of the Berezin map oo* is possible: the problem is to
express it, in the spectral-theoretic sense, as an explicit function of the “generalized
Laplacians” A, ..., A, that generate the (commutative) algebra of G-invariant
differential operators on M. At least formally, some answer was given by Berezin
himself [B2], for the case of classical domains only, and in terms depending on the
classification: however, no proof was given. We give a complete statement and proof,
valid for the exceptional domains as well as for the classical ones, and independent
of the classification. Our basic tool, the theory of Jordan algebras, permits a unified
description of the domains themselves and turns out to be exactly what is needed
for a complete description of N-invariant eigenfunctions. Then, the proof can be
completed with the help of Harish-Chandra’s spherical functions and of Fourier
transformation theory [H1]: however, going beyond formal arguments in the spectral-
theoretic treatment (not attempted by Berezin) depends on a number of inequalities
of a geometric nature which are not quite trivial. The end of the paper is concerned
with topics involving the possible limits of the theory as A goes to infinity (cf. also
[BLU]). The authors wish to thank the Mittag-Leffler Institute in Stockholm, where
this work was initiated, for its hospitality in the Fall of 1990.

1. The Berezin Quantization

The Berezin-Wick quantization [B1] is based on reproducing kernel functions. Let
M be a smooth manifold, endowed with a smooth positive measure y. Consider the
Lebesgue space

LY M) := LM, dy) (1.1)

with the inner product (conjugate-linear in the first variable)

(h|k):= /f—lfz—)k(Z)du(Z). 1.2)

M
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Let H be a closed subspace of LMD, consisting of continuous functions on M
that do not all vanish at any single point of M. Consider the orthogonal projection
E:L*(M) — H. Now suppose that H has a reproducing kernel with respect to dy.
This means that there exists a (necessarily unique) continuous function

(z,w) — E(z,w) (1.3)
on M x M such that for every w € M, the function £, defined by

B, (2) = E(z,w) (1.4)
belongs to H, and the identity

(B, | h) = hw) (1.5)
holds for all w € M and h € H. In particular, F(z,w) = E(w, z) and we have

E,w) =B, (1.6)
for the norm || - || on the Hilbert space L?(M). Since (1.6) is strictly positive by an

assumption on H made above, we may define the “coherent state” e, as
E,(2) E(z, w)

WO T, T Fw ) 7
and consider the measure
dpg(w) := E(w, w)du(w) (1.8)
on M. For hy, h, € LA(M), let
(hyh3) b= hy(hy | h) (b € LX(M)) (1.9)

be the associated rank 1 operator. The importance of reproducing kernel functions
lies in the consequences of the following:

1.10 Lemma. There exists a weak integral decomposition

E= /EwE;‘jdu(w) = /ewej;duo(w). (1.11)
M M
Proof. By definition, we have to show that

k1D =[] BBy | dutw) = [h]en) e, [ Ddpow)  (1.12)

M M

for all h,k € L?*(M). This follows from (1.5) and (1.7) if h,k € H. If h or k is
orthogonal to H, then both sides of (1.12) vanish. Q.E.D.

1.13 Definition. For every f € L°(M), the bounded operator o*(f) on H defined
by
o*(Yh = E(fh) (he H) (1.14)

is called the Toeplitz operator with symbol f, or the Berezin operator with contravari-
ant symbol f. For any bounded operator A on H, the bounded function o(A) on M
defined by

trace A(E,ET)

o(A)(z) = trace E_E*

= trace A(e,e)) = (e, | Ae,) (1.15)



566 A. Unterberger, H. Upmeier

is called the Berezin covariant symbol of A. The Berezin transform is the map oo™

from L=(M) to L>®(M), i.e.
(o™ ) (2) = (e, | (0" (He,) = (e, | fe,). (1.16)

1.17 Lemma. For f € L™°(M), there is a weak integral decomposition

a*(f)=/f(w)Eij}du(w):/f(w)ewej;d,uo(w). (1.18)
M M

Proof. For h,k € H, one may write

(k| o* (k) = (k| EGFh) = (k| fh) = / F(@) f(w) h(w) dyu(w)

M

= / (k] B,) f) (E,, | hyduw). QED.
M

1.19 Proposition. Let £*(H) be the Hilbert space of all Hilbert-Schmidt operators
on H. Then the transformations o and o* map %°*(H) into L*(M,duy) (resp.,
L*(M, dug) into Z2(H)) and are adjoint to each other. Moreover, the Berezin
transform extends as an integral operator on L*(M,du,) with operator norm < 1
and kernel

_ |E(Z,’LU)|2 - 2
K(Z,UJ) = m = |(€z | Gw)l . (120)

Proof. If f € L*®(M) and z € M, one has

0o () (2) = (e, | o™ (f)e,) = / Fw) ey | € dito(w)
M

according to Lemma 1.17. Since Lemma 1.10 implies
[ 1w e = .2 =1 (121

for all z, the operator oo™, initially defined on L°° (M), extends as a bounded operator
on LA(M,dpp), with norm < 1. If f € L®(M) N L'(M, dy,), Lemma 1.17 shows
that the operator o (f) is trace-class with a trace-norm < || f{ p1(as 4u,)- Also, for any
bounded operator A, one may write

trace(A™ - o*(f)) = trace (A* / flw) ewefuduo(w)>
M
= /f(w) trace(A* e, ) dpg(w) = /f(w) (e, | A%e,,) dug(w)
7] M

— [ @ frdw) = [ T fwydugtu). (122
M

M
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If A = o™*(f), this identity, together with the Cauchy-Schwarz inequality and the part
already proven of the present proposition, implies that

AP, 2, = THA*A) = / Fw) o™ (F) (W) dpro(w) < 112 2gas g -
M

Thus the map o* extends as a bounded map (with norm < 1) from L*(M, dy,) into
F?(H). That o and ¢* are formally adjoint to each other follows from (1.22) again,
which proves also that o is bounded from .Z2(H) to L*(M,dyu,). Q.E.D.

The basic examples of Berezin quantization come from connected complex
manifolds M, endowed with a strictly positive smooth measure p on M. Then

HY(M) = H*(M,dy) := {h € L*(M,du): h holomorphic} (1.23)

is a closed subspace of L*(M) which has a reproducing kernel E(z, w) if one assumes
that, for each z € M, there exists h € H?(M) with h(z) # 0. It is well-known [U2,
P2] that under a slightly stronger non-degeneracy assumption M is naturally endowed
with a Kdhler structure with associated symplectic form

w= — dlog B(z,7), (1.24)
2

where 0 and & are the Dolbeault differentiation operators.

Let v: M — N be a biholomorphic mapping between two complex connected
manifolds M and N; assume that du (resp. dv) is a given smooth strictly positive
measure on M (resp. V) and that there exists a non-vanishing holomorphic function
@ on M such that |¢|?du = y*dv. Then, if any of the two spaces H*(M, dy) and
H?*(N, dv) satisfies the non-degeneracy conditions that permit to construct a Kihler
metric, so does the other. Moreover, the map h — ¢ - (h o) i1s an isometry from
H*(N,dv) onto H*(M, dy), and the reproducing kernels By and E,; of these two
spaces, with respect to dv and du respectively, are linked by

Ep(z,w) = @(2) Ey (v, yw)p(w) . (1.25)
Also, for every z € M,
(Y dvg) (2) = En(vz,v2) |9(2)|* dps(z)

= oo 201D

F(o2) dpg(z) = dpig(2) .

It follows that the measure du, on M, as well as the Kéhler metric on M built from
dy, is invariant under the group G of all biholomorphic transformations v of M that
*

satisfy the property that the (Radon-Nikodym) derivative i

is the square of the

modulus of some holomorphic function. In the case when G acts on M ftransitively,
dy, is a constant times the measure on M associated with its Kahler structure. Besides
acting on M, G has a natural action on H*(M, du), namely the one that associates
to v~! € G the transformation

Uy Hh:=(hoy) ¢ (1.26)

with the notations above and N = M. However, this is only a projective representation
in general, i.e. a representation up to constant factors of modulus 1 since only |2,
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not ¢, depends solely on ~. The Berezin quantization is covariant under these two
actions of G: as a consequence, the Berezin map oo™ : L2(M, dpg) — L*(M, dpg)
commutes with the action of G on M.

1.27 Example. Let M = C™ and fix a constant ¢ > 0. Consider the probability
measure

dp,(2) = g e AV (2, (1.28)
where dV denotes the standard Lebesgue measure on C”. Then the Segal-Bargmann
space

H*C™) := H*(C",dp,) (1.29)
is a closed subspace of L2(C™,dp o)» With inner product
()= [ Gk du (o). (130)
Ccn

For any fixed w € C", we have

g”/e_”'lz—“"de(z) =1,
C’n

since dV (z) is translation invariant. This implies

2 D - TOZ + W
ewg}wi :/‘ewgz-w|2dug(z)=(eﬂgz w|e o w)g.
Ccn
By polarization it follows that the reproducing kernel of (1.29) is given by
E(z,w) = E, (2) = €™ ¥ (1.31)

and

e, () =emem e 2 " (1.32)

o

is the coherent state at w. Comparing (1.28) and (1.31), we can see that the measure
dui has the form
dptg = E (z,2)dp,(2) = ¢"dV(2) . (1.33)

By (1.31), the symplectic form associated with the Kihler structure on C™ under
consideration is

T = 1 t
o= gl = £0( 3 55) = % S 105, = B 1
J

J

if z = x + €. Note that dy, is exactly the measure associated with the symplectic
form w and that the standard interpretation of o' is that of Planck’s constant. The
associated Berezin quantization is just the Wick calculus: more precisely the covariant
(resp. contravariant, when it exists) symbol of an operator, evaluated at z, is just its
Wick (resp. anti-Wick) symbol, evaluated at Z. By Proposition 1.19 and (1.32), the
“Wick transform” o ga;" has the integral kernel

7rgz~1De7'rgw~2

KQ(Z’w) = enez Z gmow - W =e

—mo|z—w}?
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with respect to (1.33). This implies (0.3). Since e~mel=l® ig invariant under the group
U(n) (acting on C™ in a linear way) and since, for all w € C", the function

2 emelil gmmel—ul® g the square of the modulus of some entire function, the
measure dp, as well as the Kéhler structure of C™ is invariant under the group
generated by U(n) and by translations; also, the Berezin quantization is covariant
under the natural actions of this group on C™ and HZ(C”). As is well-known, to get
a true (not projective) representation, one has to substitute the Heisenberg group for
the group of translations.

1.33 Example. 1Let M be a domain in C™, endowed with the Lebesgue measure
dV. Assume that M is equivalent to a bounded domain under a biholomorphic
transformation. Then the Bergman space

H*(M) = H*(M,dV) (1.34)

is a closed subspace of L*(M,dV) with a reproducing “Bergman” kernel Ey(z,w).
The associated quantization (1.18) is called the Bergman-Toeplitz quantization. It is
covariant under the natural actions of the group G of all biholomorphic transformations
of M; this time one has a true representation. If v:M — N is a biholomorphic
mapping between domains M and N in C”, the invariance property (1.25) becomes

Det 0v(z) Ey (72, yw)Det 0v(w) = E,(z, w) (1.35)

for all z,w € M. Here O+ denotes the complex derivative.

2. Invariant Differential Operators on Symmetric Domains

The bounded symmetric domains (Cartain domains) are the most studied class of
Kihler manifolds (of non-compact type). In one complex dimension, every Riemann
surface of genus > 2 is the quotient of the unit disk (the only bounded symmetric
domain in €) by a discrete group of Moebius transformations. In higher dimensions
there is no such “uniformization theorem” but the characterization of Kéhier manifolds
covered by symmetric domains is one of the most active areas in modern differential
geometry [Y1].

As explained in the introduction, our main result (Theorem 3.43) is an explicit
formula expressing the Berezin transform (1.16), for any symmetric domain, in terms
of invariant differential operators (generalized Laplacians). For the proof we need
detailed information about the joint spectral behavior of those (commuting) operators.

In general let M = G/K be a non-compact symmetric space of rank r and
consider the algebra Diff(M)C of all (scalar) differential operators D on M which
are invariant under the natural action of G:

D(fogy=(Df)og

for all f € #;™(M) and g € G. It is known [H2] that Diff(M )¢ is a polynomial
algebra
Diff(M)¢ = R[4, ..., A,]

in 7 algebraically independent commuting operators A, ..., A, (called “generalized
Laplacians”, since one of the generators can be chosen as the Laplace-Beltrami
operator A;,). Let g = # @ . denote the Cartan decomposition of the Lie algebra g
of GG, with # the Lie algebra of K. Let a C » be a maximal abelian subspace. The
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dimension of a coincides with the rank of M. Let a* denote the real dual space of a.
For o € a¥, put

9, :={Be€glABl=a(d)- BYA€ qa}.

If a # 0 and g, # {0}, then « is called a real root of g relative to a and g, is the
corresponding root space. We have the root decompositon

g=a®~® Z g, (direct sum), 2.1)
acd

where X' C a* is the set of real roots and » = {B € #:[A, B] = 0 VA € a}. For each
a € X, the number m, = dim g, is called the multiplicity of « (note the difference
with the complex root decomposition of g€, where every root has multiplicity one).
Let 2, denote the positive roots, with respect to some ordering. Then we have the
Iwasawa decomposition g = . © a @ £ (cf. [H2; p. 26]) where

A=Y g, (2.2)

aeXy

The convex open subset a, = {A € a:a(A) > 0 Vo € X} is called the Weyl
chamber. We put

g::% > maa. (2.3)

acty

Now consider the associated Iwasawa decomposition G = N AK of G [H2]. Denoting
the base point of M by o, define M := A-o0 C M. Then every z € M can
be written uniquely as z = n -a, n € N, a € M. Since this decomposition has
certain transversality properties [H2] one can define the N-radial part (also called
orispherical radial part) of D € Diff(M)® to be the differential operator D on M
determined by

Df:=mf) (2.4)

for all N-invariant functions f € Z,°°(M). Here f denotes the restriction of f to M.
In contrast to the (similarly defined) K -radial parts which are rather complicated

the N-radial parts have a simple description: Fix a basis 4,, ..., A, of a. Then every
a € M has the form
azexp(thAj) -0, 2.5)
J
where the “coordinates” ¢, ..., ¢, € R are uniquely determined. By [K1; Theorem 1],
every N-radial part D, for D € Diff(M)®, has constant coefficients when expressed
in terms of ¢, ..., t,. More precisely [K1; Theorem 2], we have
- 0 0
D=gq|— - R T , 2.6
q(atl Qly b 8t7. Qr) ( )

where ¢ is any polynomial invariant under the Weyl group W and g, := o(4 ,) for
1 < j <. The operator D € Diff(M)® satisfying (2.6) is uniquely determined by ¢
and will be denoted by D = D,.

Using the Iwasawa decomposition of G, we define a smooth function /: G — a by
putting g = nexp(l(g))k for every g € G. Now let o € a* ® C be a complex-valued
linear form on a. Then

A%(g - 0) = e 2.7
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defines an N-invariant smooth function A*:M — C since l(ngk) = I(g) for all
n € N and k € K. On D, A® has the values

A“(exp <thAj) ‘o> = Hetﬁo‘(AJ) = Hetﬂai (2.8)
j J 7

since [(exp A) = A for all A € «. Here a; = a(Aj). By [H3; Lemma 5.15 and (35)],
we have

bae = gloy, — 0y, .., o, — p,) A% 2.9)

for all D e Diff(M)®.

We will now give an explicit construction for the N-invariant eigenfunctions A% in
case M has a classical root system (type A, C, D, B, BC). This includes all hermitian
symmetric spaces (even the two exceptional ones). It is well-known [L1] that, besides
the Lie-theoretic approach, these spaces M can also be described in Jordan algebraic
terms. Let X be a real Jordan algebra [BK] with product = o y and unit element e,
satisfying the “formally-real” condition 2 4+ ¢?> = 0 = 2 = y = 0. Basic examples
are the space X = . (K) of all self-adjoint (r x r)-matrices x over K = R, C or
H (quaternions), with the anti-commutator product z o y := (zy + yx)/2, and the
“spin factors” X = R!"™ of all vectors = (zg, y, - .., ,,) = (Ty, 2'), with product
zoy=(xyyy+ ' -y, x0y + yox’). The open subset

:= {z?:2 € X invertible} (2.10)

is a convex cone. For the matrix algebras, A is the cone of positive definite matrices,
whereas for the spin factor A is the forward light cone. The linear automorphism

group
GL(A) := {P € GL(X): P(A) = A} (2.11)

is transitive on A. GL(A) is a reductive Lie group, whose Lie algebra
gl(A) = {M € gl(X): exp(tM) € GL(A)Vt € R} (2.12)

has the commutator bracket [M, N] :== MN — NM. By [U3, U4] the Lie algebra
g, = gl(A) has a Cartan decomposition g, = #£4 @24, #, is the Lie algebra
of O(A) := {P € GL(A):Pe = e} and ., = {M_:xz € X} consists of all
multiplication operators

My=zoy (2.13)

T

on X. For z,y € X define an element of g, by putting

r0y =M, +[M, My]. (2.14)

roy

Assuming from now on that A is an irreducible symmetric cone, we have the Peirce
decomposition

®
X = Z X, (2.15)
1<e<j<r
induced by a maximal orthogonal system ¢, ..., e, of idempotents in X [BK]. Here
b6, +86.
Xij:Xﬂ:{meX:ekox=—zk—2—Jﬁxf0rlSkér}- (2.16)
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2.17 Proposition. The Lie algebra g 4 has a decomposition

@
8=, 8;®m, (2.18)
1<4, j<r
where
g,; = {zoe,1v € X} (2.19)
and
m={Meg,:Me,=0V1<k<r}. (2.20)

Proof. By (2.14), we have g,, C g,. According to the next Proposition 2.23, the
spaces g, form a direct sum. Now let M € g, be arbitrary. Applying the Peirce
composition rules [L2] to (the derivation and multiplication part of) M, it follows
that Me; =} x,; with x,, € X,;. Then

AZ=Zx“D€i+ZZZL‘ikD€i €g,
i ik

satisfies
Ae, =z;; + 2ijk/2 = Me;
Gk
for all 7, showing that A — M € ... Q.E.D.
The subspace

a:= Z 9 (2.21)
of ., is maximal abelian, with basis M, , ..., M, . Let Mji denote the dual basis
of a*, i.e.

Mfz M, = 6;; (Kronecker symbol). (2.22)

2.23 Proposition. The splitting (2.18) is the real root decomposition of g, relative to
a. More precisely, g, is the root space for

SO M) ). (2.24)
Proof. Putting {xyz} := (x0y) 2, the Jordan triple identity [L1; (2.8)] gives
[zoy,uovl=xolyuw} — {uvz} oy (2.25)
for all z,y,u,v € X. For every z € X; we have
[e;oe,z0e] = {e;ex}ne, —xn{eee} = n%mmei

and

1
le,0e,z0¢;] = {e,ex}me, —zn{ee e} = Seae.

Since [e;, 0e,x0e;] =0 for k ¢ {4, }, the assertion follows. Q.E.D.
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Choose an ordering of the roots such that

®
=)l 8 (2.26)
1<
is the nilpotent part of the Iwasawa decomposition g, = », ¢ a ®£,. Then the Weyl
chamber is given by

r
a, = {X:tjMeJ:tl <... <tr}.
j=1

Put G, := GL(A)°, K, := O(A)° (identity components) and consider the Iwasawa
decompositon
G,=N,AK, (2.27)

associated with (2.26), where A := exp(a). There exists a unique K ,-invariant inner
product (| ) on the tangent space T,(A) =~ such that the vectors Mel, ooy M, are
orthonormal. Let ¢, ..., ¢, denote the corresponding coordinates on a, and endow A
with the induced G ,-invariant Riemannian metric. One can show that A = G /K,
is a Riemannian symmetric space (of type A,._| X A,), with symmetry at e € A given
by z — z~! (Jordan algebra inverse). With this structure, A is called a symmetric
cone. One can show [L2] that

a=dimX;; (i<j) (2.28)

is independent of ¢ < j and of the choice of ¢, ..., e,. It is called the characteristic
multiplicity of A. By Proposition 2.23 we have

_a | 4. Q . #
o=75 ) ML -M)=7% @j-r—DM
J

i<j
and the Weyl group W, consists of all permutations of ¢, ..., ¢_. Hence (2.6) implies
that the N ,-radial parts of D € Diff(4)“4 are given by
- a a 0 a J a
D=q¢gl—+-0r-1),—+-0-3),..., — +-(1 - 22
q(atl N TGRS et (G R i r>>, (2.29)

where g is any symmetric polynomial.
The explicit description of the N ,-invariant eigenfunctions A%, a € o ® C,
defined in (2.7), is based on the existence of the Jordan algebra determinant

AX -R (2.30)
which is a polynomial of degree r uniquely determined by “Cramer’s rule”
d, A
-1 = __ng &y (€ X invertible)
and the normalization A(e) = 1. Using the decomposition (2.15) consider the
subalgebra
X, = Z X, (A<i<n (2.31)

1<i<s<
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of X. This algebra has rank [ and unit element e, 4. .. + ;. Define polynomials A,
on X by putting
Az) = Ax,(Pz),

where P;: X — X, is the orthogonal projection and A x, 1s the determinant of X;.

Given any complex vector a = (¢, ..., &,) € C” put
A (x) = Ax)M 7o AT LA () (2.32)
for all x € A. (Note that A,, ..., A, are positive on A.)

2.33 Propesition. For any o € C", the function (2.32) is an N j-invariant joint
eigenfunction for all D € Diff(A)%4. More precisely, we have

DAa=q<a1+%(r—l), a2+%(r—3),...,ar+%(1—r)>~Ao‘, (2.34)

where q is the symmetric polynomial associated with D via (2.29), and a is the
characteristic multiplity (2.28).

Proof. 1t was shown in [US5, KS2] that the polynomials A, ..., A, and hence the
functions A® are invariant under the group N,. Since e =e, 4 ... + e,, we have

exp (Zt]M€]> ce= Zexp(tJMeJ) ey = Z emej ;
J 7 3
and obtain
A% (exp (thMeJ) -e) = Aa<Zetjej)
J J

— (etl)a1~a2 (et1+t2)a2~a3 o (et1+...+t'r')a7v

— etla|+t2(12+...+t7~a7«

Hence A® coincides with the function (2.7) corresponding to the linear form

S oM 2.35)
J

Now the assertion follows from (2.9). Q.E.D.

We will now consider the hermitian symmetric spaces of non-compact type. These
spaces have both a bounded (Harish-Chandra) realization {H2] and an unbounded
realization as a “Siegel domain” over a symmetric cone A [L1, KU]. It is more
convenient to work in the unbounded realization, and we first consider the special
case of “tube domains” (Siegel domains of the first kind).

The complexification Z = X @i X of a real Jordan algebra X has a Jordan triple
product

{zlz*zz} = (z; 0 250 2y — (2, 025)0 2* + (z 0 2%)o Z (2.36)

obtained by combining the (complexified) Jordan algebra product z, o 2z, and the
involution (x + i€)* := x — i€ of Z. Let A be the symmetric cone of X. The half-
space

H:=AdiX ={2€Z:242"c A} (2.37)
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is called a tube domain with real base A. The group Aut(/7) of all biholomorphic
automorphisms of [T is transitive since it contains GL(A) and the translations

zw z4+16 (€ X). (2.38)
Aut(I7) is a semi-simple Lie group, whose Lie algebra g = aut(/7) consists of all

completely integrable holomorphic vector fields h(z) o on /I, with commutator
bracket
0 0 0
Mz) =, k(z) =— | = (Oh(z) - k(z) — Ok(2) - h(2)) =— . (2.39)
0z 0z 0z
Here 0 denotes the complex derivative. Identifying M € gl(Z) with the vector field
d
Mz 55 we see that g 4, endowed with the commutator (2.39), becomes a subalgebra

g
of g. The vector field z P € g, induces a gradation g = g! © ¢g° @ g~!, with
z

19]
A — . —_— =
g —{AEQ.{Z(,)Z,A] )\A}.Wehave

.0 _ ) 9]
glz{zggzzgeX}, gO:gA, g lz{z{zgz}ézzﬁeX}, (2.40)
where { } denotes the Jordan triple product (2.36). One can show [KU} that g~ ! is

the conjugate of g' under the automorphism z — z~'. By [KU, L1], the Lie algebra
g has a Cartan decompositon g = # @ ., where

%,
K:%A@{i(é-—{zfz})a:feX}

is the Lie algebra of Aut (IT) := {g € Aut(Il): g - e = e), and

. d
7= D {%(5 + {z&2}) 5, ¢ € X} ‘
The subspace a C ., defined in (2.21) is still maximal abelian in .. Consider the
Peirce decompositon (2.15).
2.41 Proposition. The Lie algebra g has a decomposition
g=> g, ®> o) g @, (2.42)
(Y] 2% i<y

where
| R I 0 . X
gz] - Zg '6_2; 'g € 27 )
0 0
g, =qT0e; 5:5 € X”. , (2.43)
- ) 0
gwl = {z{zﬁz} gzﬁ € X”} .
Proof. By (2.40) and Proposition 2.17, the subspaces (2.43) belong to g. In view of

the Peirce decomposition (2.15), it is clear that g*! are spanned by the respective
subspaces. For g°, apply (2.40) and Proposition 2.17. Q.E.D.
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2.44 Propositon. The splitting (2.42) is the real root decomposition of g relative to
a. More precisely, we have

@{) G?;l is the root space for ﬁ:% (Mfi + ij) @ <9,
(ii) g?j is the root space for % (ij - M:—;) i # ).
Proof. Let i < j and £ € X,,. Then (2.39) implies

] 8 Sty 0
Mo ] = el g =T e

and, similarly, by the Jordan triple identity (2.25),

(62 5 M, | = (eeiea) + (st aeer)} - {62 o0 o

o b +0 0
= {z{e,el}z} 3= ——k—z——ji {z€2} 5

This proves (i). For (ii), apply Proposition 2.23. Q.E.D.

Choose an ordering of the roots such that

a=Y gl ®> o) =g ®ny (2.45)

i<y i<j

is the nilpotent part of the Iwasawa decomposition g = » @ a & #. Then the Weyl
chamber is given by

.
a+:{thMeJ:O<t1<...<tr}. (2.46)
j=1

Put G := Au(I1)°, K = Aut (I Y0 (identity components) and consider the Iwasawa
decomposition
G=NAK 2.47)

associated with (2.45), where A := exp(a). There exists a unique K-invariant inner
product (| ) on the tangent space T, (II) = » such that the vectors Mel, ooy M, are
orthonormal. Let ¢, ..., t, denote the corresponding coordinates on a, and endow
IT with the induced G-invariant hermitian metric. One can show that IT = G/K is a
hermitian symmetric space (of type C or D), with symmetry at e € A C II given by
z — 2z~ ! (Jordan algebra inverse). With this structure, IT is called a symmetric tube
domain. By Proposition 2.44, we have

a 1 # # 1 # # 1 #
2 <Z g (ME, = Mo+ 5 O+ M2 )45 3 Mz,

-y G + G- 1)) Mt (2.48)

2

S
i

and the Weyl group W consists of all signed permutations

@y oo ) = Etyys - srtg(r))
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with e, € {£1} and o € .7 (symmetric group). Hence (2.29) implies that the N-radial
parts of D € Diff(IT)¢ are given by

. 15} 1 0 1 a 0 1 a
D=q( -2, 2 -2 2 Ce 2.4
q(@tl 7o, 2 2 a2 a2t ))’ (2:49)

where ¢ is any even symmetric polynomial (i.e., a symmetric polynomial in
2, ..., 1)

2.50 Example. Let Ay be the Laplace-Beltrami operator on the Riemannian manifold
1I. By {H2; Proposition II. 3.8], its N-radial part is given by

. B, 2 ) & 8
An=>\gr—9) ~29=2\z 225 )
J J J J J J
where
— oM b a 1
0, =« e])—§+-2-(.7— ).

It follows that A, corresponds to the even symmetric polynomial
— 2 2
=2.6-26
J J
Thus Ay = Q, — Y %, where Q, € Diff(II)“ corresponds to the polynomial
J

g, := >, t2. For r = 1 we have g, = 3.and hence Ay = Q) — 3.

J
By (2.45), N is generated by N, and the translations (2.38). It follows that for
every « € C”, the functions

A%(z) = A%*Rez) 2.51)

on IT are N-invariant and correspond to the linear form (2.35) in o* ©@ C. Therefore
(2.9) implies

2.52 Proposition. For every a € C", the function (2.51) is a joint eigenfunction for
all D e Diff(IT)¢. More precisely, we have

1 a

DA% = —
A q(ozl 575

a
30T 5 Ty O

(r — 1)) A%, (2.53)

where q is the even symmetric polynomial associated with D via (2.49).

2.54 Example. Consider the forward light cone

Ay = Ag, 2y, . z,) € R™ Mgy > (Jad +.. + 22}

of dimension n + 1 > 3, which is a symmetric cone of rank 2. We have a = n —1 in
this case. The tube domain I7 is best realized in C"*! by mapping X onto R x iR"™.
Consider the orthogonal idempotents

I 2 _ 1 1
61.—(5,5,0,...,()), 62—€1-<§,—§,07...,0).
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Then the unit element is e = e; + e, = (1,0, ..., 0). The normalized inner product
on C"*lis (z|w) =2z - = 23 z,w,. With these conventions, we have for the
complexified minors J

2,(2)=(z]e) =22-e, = 2y — iz, A2(2)=Z~Z:sz2.
J

For vectors = = (4,42, ..., iz,) € X we obtain
A(x) = zy —i(iz,) = gy + 7, (2.55)
and
Ay(x) = b+ (@3> + .. + (2, = af — 22 — ... — 12 (2.56)

Now let o € C? and write o = (ay, o). By (2.55) and (2.56),
A%x) = Af(x)*1 T2 Ay (x)*? = (1, + :cl)‘ll'az(a:é - x% — a2y

By (2.53), every D € Diff(J1)® satisfies
o 1 n
DA -——q(al—i,a2~—2—>Aa,

where ¢ is the associated even symmeftric polynomial. In particular, for ¢(t) =
2

24— n°+1
n? n? n—1 n+1
t? — Y 3 — —4—) yields DA® = a,(a, —n) | @y + — -

We finally discuss the general case of Siegel domains of the second kind. Consider
a complex vector space Z = U @ V such that U = X @ +X is the complexification
of a formally-real Jordan algebra X with unit element e and symmetric cone A, and
let &:V x V — U be a sesqui-linear mapping (linear in the firsts variable, antilinear
in the second) such that ®(v;, v,)* = P(v,,v,) and $(v, v) belongs to the closure of

A for all v, v;,v, € V. Assume also that (v, v) £ 0 whenever v # 0. Then

we obtain DA” = (a,(c; — 1) + a,(a, — 1)) A%, whereas ¢(t) =

A,

IT = II(A,®) := {(u,v) €U & V:u+u* — dv,v) € A} (2.57)

is called the Siegel domain associated with A and &. For the special case V' = {0},
we have Z = U and IT becomes the tube domain with real base A. It can be shown
[L.1] that any symmetric domain equivalent with a bounded domain of C™ admits such
a realization I as a Siegel domain (of tube type if V = {0}, of type B or BC if
V # {0}). Then Z carries a Jordan triple product {z,2™z,} generalizing (2.36) which
is anti-linear in 2z and symmetric bilinear in (z), 2,) such that z; o z, 1= {z€*2,}
defines a Jordan algebra on Z (which is non-unital if V' # {0}). In terms of this
product, the geodesic symmetry around the base point e € A C II has the form
[L1; Proposition 10.12] S(u,v) = (u™!, —u~! o v) for all (u,v) € I C U ® V. The
symmetries at the other points of /1 can be computed from this via a transitive group
of affine transformations of I/, generated by GL(A) and the “quasi-translations”

&b, b) )

(u,v) — <u+ia+¢(b,v)+—,v+b

> (2.58)

wherea €t X and bec V.
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The holomorphic automorphism group Aut(JI) of I is a semi-simple Lie group,
whose Lie algebra g = aut(/T) endowed with the commutator bracket (2.39), has a
canonical gradation g = g' ® g'/2 ® g° @ g~'/2 @ g~ induced by the vector field

0
= * — = e —_ —
= {ee Z}Bz + ~ €8
via g* 1= {A € g:[J, Al = NA}. We have
_ L 9. 12 w1y 0.
_{zgaz.gex}, g ——{(ﬁ+2{eﬂ z})az.ﬂeV}, (2.59)
0_ x4 0
g —l@{{ze z} az.meX} (2.60)

and

g /2= {(2{56 2} + {26* z})~—— 8 e V}
(2.61)

= {i{zé‘z}%:geX}.

Here [ ~ £, consists of all Jordan triple derivations M of Z vanishing at e.
In the non-tube-type setting, we have the complex Peirce decompositions

U= 3 X5, V=3V, 2.62)
1< <j<r 1<5<r
where

Vo= V: Sk 1 < k<
L= qUE {ekekv}—- 5 v <k<rs.

One can show [L1] that
b=dimV; (2.63)

is independent of j. The numbers a (defined in (2.28)) and b are called the
characteristic multiplicities of II.

2.64 Proposition. The Lie algebra g has a decomposition

9—Zg”@291/2@29‘3]@Zgjl/2@2g;jl@w, (2.65)

1<y i, B 1<y

where

o o ={iegeex,f, ol ={@r2seLsey,).
(i1) g?]:{xuezg xeXw},

(iii) g, % = {({zﬁ 2} + 2{ze” ﬁ})w Be V}

= {z’{zfz} 5o€€ Xij} .
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Proof. By (2.59), (2.60), (2.61) and Proposition 2.17, the subspaces (i), (ii), (iii)
belong to g. In view of the Peirce decomposition (2.15) and (2.62), it is clear that

U and g*'/2 are spanned by the respective subspaces. For g°, apply (2.60) and
Proposition 2.17. Q.E.D.

2.66 Proposition. The splitting (2.65) is the root decomposition of g relative to a.
More precisely, we have

1) gi_l is the root space for i% (sz: + M:j) @<,

+1/2

(i) g; is the root space for :‘c% M f] d<jij<n,

and
(iii) g?] is the root space for % (ij — MZZ,) (@ # 7).

Proof. Let 1 <j<randbec V] Then
{e,e" 2} o b +2{eb"z}) p
= ({be*e } +2({{zb% e} ¥ e, } — {{ze¥e, } b e})) %
= ({be" e} + 2{z{be"e,}Te}) 5 = 5 b+ 2{zb"e}) 5,

as follows from the Jordan triple identity (2.25) and the fact that {eb™e,} =
Similarly,

({2b%2} + 2{be* z}) {eke z} —8—
= (2{{ze*e, } b 2} + 2{{ze*e, Y e*b} — {{2b* 2} e¥e,} — 2{{ze¥b}e¥e,}) %

5.
= ({z{be™ e, }* 2} + 2{ze™ {be*e, I ) ;—Z = —%’3 ({2b* 2} + 2{ze*b}) % .

This proves (ii). For (i) and (iii), apply Proposition 2.41 and 2.17, respectively.
QED.
Choose an ordering of the roots such that

=8, @ZGI/Z@ZE% =g 9g¢'? @y 2.67)
i<y i<j

is the nilpotent part of the Iwasawa decomposition g = ~» @ a @ #. Then the Weyl
chamber is still given by (2.47). Consider the associated Iwasawa decomposition

G = NAK (2.68)
of G := Aut(I1)°. By Proposition 2.66 we have

g:%(Z%(M:j—M:Z)—i— (M#+M#> Z M# 22

1<J

=3 (3+5G-neg) M. (2.69)
7
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and the Weyl group W consists of all signed permutations of ¢,, ..., t,. Hence (2.6)
implies that the N-radial parts of D € Diff(I1)© are given by
- 0 b+1 0 b+1 a 7] b+1
D=¢g|\ ———, ————=, ..., ~—— —=(r—1 2.70
<8t1 2 7ot 2 277 o, 2 ( ))’ @2.79)

where ¢ is an even symmetric polynomial. For b = 0, this formula specializes to
(2.49). By (2.67), N is generated by IV, and the quasi-translations (2.58). It follows
that the functions

45(’0,11))

> .71

A%(u,v) = A% (Re(u) -
on IT, for o« € C", are N-invariant and correspond to the linear form (2.35) in a* @ C.
Therefore (2.9) implies

2.72 Proposition. For every o € C7, the function (2.71) is a joint eigenfunction for
all D € Diff(IT)C. More precisely,

b+ 1 b+1 «a b+1
[a 2 _ _ _ o _
DA —q<oz1 5 , 0y 5 2,...,ozr 3 ( 1))

where q is the even symmetric polynomial associated with D via (2.70).

2.73 Lemma. There exists a unique homomorphism
N,A>P— PeGLYV)
satisfying ®(Pv,, Pv,) = Pd(v,,v,) for all v;,v, € V, and
Det P = (Det P)y™2/?™ = A(Pe)™/" . (2.74)

Proof. Since N, A is a simply-connected Lie group [H2; Theorem 5.1}, one can
exponentiate the corresponding facts relative to the Lie subalgebra »., ® a of g,.
By [KU, p. 195], the Lie algebra g satisfies

g’ = Muﬁ—l—MUE:MEgA,MEQl(V),Mé(v,v)
Ju Ov

= $(Mv,v) + (v, Mv) Vv € V}.

. G
In order to show that M is uniquely determined by M, assume Mwv E € g° for
v

some M € gl(V). According to [KU; Corollary 5.3 (iii)], we have {(Mv))a*v,} +
{vla (Mwvy} =0 for all @ € X and v,,v, € V. Therefore M = 0, and M — M
is a well-defined homomorphism from g, to g{(V'), which proves the first part of the
lemma. According to [KU; Theorem 2.5], go contains all commutators

« 4 0 o1 x4, 0 % 5 O « 4 0
3 {za z}g,ﬁgg = {fa z}a—{ﬂa u}%—i—{ﬂa v}%

for all o, 8 € X. Thus Mu = {Ba*u} corresponds to Mv = {fa*v}. Now
let M € », @ a. In case M € »,, we have M € ., by (2.67) and hence
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trace M = trace M = 0. In case M € a, we may assume M = M for some
1 < k < r and obtain

Mzx;; = {eke*xzj} = {eke:xig} = —2“3‘ Lyy
and
"~ * * 5jk
Muv, = {eye™v, } = {epepv, } = N

for all z;; € X, and v; € V. Therefore

trace M = Z

5; +6 -
a %k +Zéjk—l+—(r—1)

1<i<i<r
and
. " 5. b
tace M = S b 28 =~
race Z ) 3
j=1
Since T _ L we obtain trace M = —2 trace M for all M € ., & a.
2n, 2+4a(r—1) B 2n1 A

QED.

3. The Berezin Transform and Invariant Differential Operators

In this section we study the Berezin transform for an arbitrary complex symmetric
domain and express it in terms of canonically chosen invariant differential operators.
We may assume that the domain is irreducible and is given in its realization II as a
Siegel domain (2.57), including the tube domain case (V = {0}) as a special case.
Then A is an irreducible symmetric cone (but is not irreducible as a symmetric space)
in a euclidean Jordan algebra X, U is the complexification of X and &:V xV — U
is a sesqui-linear mapping as described in Sect. 2. We put Z = U @ V, and write
Z,:=U, Z,:=V. We put n, := dim Z, and obtain the genus p of II as

o 2n1 +TL2
o r

, 3.1

where r is the rank of I1. Then n 1= n; +n, = dim; Z. Let dV(z,) be the Lebesgue
measure on Z, associated with the inner product (z, | w,) = (&(z,,w,) | €). Given
any t € A, and any function h holomorphic on Z, such that

/ [h(zp)? e 2 @02 1Dy () < 00,
Zy
one has

_n2
/ e P 2= P2 [ Oh (4 )V (2) = 272 AR) T h(w,) (3.2)

Z
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for every w, € Z,. This follows from the reproducing property of the Segal-Bargmann
kernel (1.31) in the case when ¢ = e, and the general case follows from an application
of Lemma 2.73. In particular, we obtain for all z,,w, € Z,,

/ e Bleg, ) = Blag )= Bwa.2) [ DY () = 272 A(#)Tm2/T 2Pz W) 1D (3 3)
2y
Now let dz and dV(z;) denote the Lebesgue measures on X and Z|, respectively

associated with the euclidean structure of X . For all )\ > % —1and ¢t € A, we have
[F1]

/ e @l t)A(a:)/\—Tld:B = I,(M)AQmt)™, (3.4)
A
where
mor L a
)= @m) 2 H F</\ —5 6= 1)> (3.5)
j=1
is the I'-function of the cone A [F1]. Assuming A > p — 1, consider the measure
Iy _
duy(z,2) =7 #)n Az + zik — D(z,, 22))>‘ PAV(z)dV(z,) (3.6)

on II and the associated A-Bargmann space
H3(IT) := H* (I, dp,) (3.7)

of holomorphic functions on II, with inner product denoted as (h | k), . Let us consider
also, on A x Z,, the measure

_ny
dm(t, z,)) i= e @RI AT dtdV(z,) (3.8)

and the Hilbert space L% (A Z,) consisting of all functions u(t, z,) which are square-
integrable with respect to dm and, for almost all ¢, are holomorphic with respect to z,.

As a consequence of (3.4) with A replaced by A — TL—I—, and of Plancherel’s formula,
one can see that the map u +— u?, with r

n
2

A 1 A—
Wz, ) =2 2Qr) 7 IO\ 2 / e 2t 't)u(t,z2)A(t)Tp dt (3.9)

A

is an isometry from Lﬁol(/l X Z,) into H f\(H ): it is classical but harder to prove [KS1]
that it is onto. Setting, for any w = (w,,w,) € II,

AT
m (2m

A
t =22 ————
E':w( 722) FA()\)I/Z

A(w, 4w — (w,, w,))? (3.10)

A, ng
7Y% - 2m(wf— & t
A(t)2 Ir e m(w] —P(zy,wy) | )’

one can see, as a consequence of (3.3) and (3.9), that &), has norm 1 in L2 (A x Z,):
also,
Awy 4w — Dw,, w)M?uf(w) = € |w), (3.11)



584 A. Unterberger, H. Upmeier

where the inner product is taken in the same Hilbert space; finally, one may write

Apn o ot Ey(zw)
ey (2) = (g) (2) = ———Ex(w,w)l/z ; (3.12)
where
B, (z,w) = A(z; +wf — B2y, wy)) . (3.13)

From this it follows that £, (z,w) is the reproducing kernel of H/z\(H ) and that eg\u is
the normalized coherent state at w. Also, as a consequence of (3.13), one has

(e [ep)a P = 6(z,w)™> (3.14)
with
| Az, + wi — D(2,, w,))]

I =
(zw) Az + 2 = B(zy, )12 A(w, + wf ~ B(w,, w,))1/?

(3.15)

for z = (2, %)), w = (w;,w,) in 1. According to (1.8), we put
A
d/“I’O(Z) =7a " ___I:A()—n

T

Alzy + 2 ~ B2y, ) PdV(z)dV(z).  (3.16)

Note that (3.16) agrees with the measure (3.6), for A = 0, up to a constant factor
depending on \. For A = p, we obtain the “standard” Bergman space, with reproducing
kernel

E(z,w) = A(z; + wf — (2y,w,)) 7. (.17

3.18 Lemma. The function § defined in (3.15) satisfies the “triangle inequality”

(=, w) < 276(z, y) 6y, w)
forall z,w,y € II.

Proof. By Aut(II)-invariance, we may assume y = e. According to (3.15), we have
to show |A(z; +wf — B(zy, wy))| < |A(z; +€)|- | Ale+w])| for all points z = (2, 2,),
w = (w,,w,) in II. Taking the (—p)-th power and using (3.17), we have to show

|En(e, w)| |E(z,e)| < |Eg(z,w)|. (3.19)

Now consider the Cayley transformation ~:§2 — II associated with the bounded
realization {2 of IT [L1]. Then e = v(0) and z = y(z), w = Y(y) for some z,y € (2.
Multiplying both sides of (3.19) by |Det8v(0)|* - |Det 8y(z)| |Det d(y)| and using
the transformation formula (1.35) for the (standard) Bergman kernels, it follows from
the formula Det 9v(0) = 2P7/2 that we have to show

,EQ(Oa y)l ! |E(l(m50)l < 2prlE.Q(x7y)l .

Now the Bergman kernel of {2 is given by E,(z, w) = A(z,w) P, where A:ZxZ —
C is the so-called Jordan triple determinant [L.1]. Since E,(0,y) = 1 = E(z,0) and
| Az, y)] <27 for all z,y € §2, the assertion follows. Q.E.D.

Consider the Berezin calculus f — a;‘( f) associated with H/z\(H Y({for A >p—1).
Since (3.13) is a power of (3.17) and I7 is simply-connected, it follows from (1.25)
and (3.6), that, for any ¢ € Aut(IT), g*du, /du, is the square of the modulus of
some holomorphic function on II. According to Sect. 1, the Berezin calculus is
covariant under some projective representation 7, of G := Aut(II)" on H3(II) (a



Berezin Transform and Invariant Differential Operators 585

continuation of the holomorphic discrete series). In particular, the Berezin transform
0,0 commutes with the action f — fo g of G on symbols. We now need to define
o (f) for certain unbounded symbols: we first define the possible domain of such an
operator.

3.20 Definition. Given A > p— 1 and N > 0, define W/{V as the subspace consisting
of all functions h € H /Z\(H )} such that

A3 5 = / 8o, 2V | | W)y 2 dpg() < oo
7

When N = 0, W/{V coincides as a Hilbert space with H/z\(H ), since Lemma 1.10
implies for all h € H3(II),

(h|hy, = / (2 | by dpig(2) (3.21)
I

The projective representation 7, of G on H(II) acts on the coherent states in the
following way: Given g € GG and z € 11, one has

m(g)e; =0- ¢, (3.22)
for some # € C (with |#] = 1) depending on (g, 2). Since
be,g-2yN <22Né(e, g - €)*V (e, 23"

it is clear that 7, (g) defines a continuous linear automorphism of W for all g. Only
when g € K is w,(g) an isometry.

3.23 Proposition. Given N > 0, assume that A > p — 1 + N. Then (i) the coherent
states ei‘} belong to W){V ; (it) the map f — a;‘ (f), initially defined from L°°(II) to the
space of bounded operators on H/Z\(H ), can be (uniquely) extended as a continuous
map from the Banach space of all symbols [ such that

sup |6(e, )™ f(2)] < o0 (3.24)
zell

to the space Z(W , H3(IT)) consisting of all bounded linear operators from W' to
H f\(H ), (iil) for every f satisfying (3.24), the function

(050X ) = (e} | o¥(Pred), (3.25)

(well-defined in view of (i) and (ii)) is linked to f by the integral equation (independent
of N)

(0307 ) (2) = / 6z, w0)" f(w)dg(w) (3.26)
7

Proof. From Lemma 1.10, one has

12 1€, dugter =1
I7
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for all w € I if A > p — 1. For the coherent state eg\ (at z = e), we obtain

Heé\H%v,,\ = /5(6,2)21\[[(62\ | e)al* dpg(2) = /5(672)21\/—» dpo(2)
big bi¢

which is finite if A — N > p — 1. Thus ¢} € WJ¥ under this assumption. Since W'
is invariant under any ,(g), the assertion (i) follows from (3.22). If f € L),
Lemma 1.17 shows that

k| oX(Hh)y = / F@) (k| €2)5 dug(2)
7

for all b,k € H%(II). Using (3.21), we obtain

1/2

(QENGINES PN [ / @ 2 [ mafduz)) . (327
I

By Definition 3.20, it follows that the left-hand side of (3.27) extends as a sesqui-
linear form of (k, h) € Hf\(ﬂ ) X W/{V if f satisfies (3.24). This proves (ii). In view
of (3.27), the integral link from f to o,0%(f) is a consequence of Proposition 1.19
in case f is a bounded symbol. If A > p~ 1+ N and f satisfies (3.24), both sides of
(3.26) are, for any fixed z € II, continuous linear forms in f. Thus (3.26) holds for
all f in the Banach space determined by (3.24) and all z € II. Q.E.D.

3.28 Lemma. For all points z = (z,, z,) and w = (w,w,) in II, we have
8(z,w) 2 6(5 (2 + 2 — B2y, 2,)), 3 (wy + W] ~ Bwy, w,))) -

Proof. The mapping ¢(z,, z,) := %(z1 + 2 — &(2,, z,)) maps IT onto A C II and

satisfies |4 = id. Now put ia := (2{ — 2;)/2, b := —z, and consider the associated
“quasi-translation” g defined by (2.58). Then g(z) = (p(2),0) and p(g(w)) = p(w).
Since ¢ is G-invariant, it follows that 8(z, w) = 6(g(2), g(w)) = 6(x(2), g(w)). Thus
we have to show 8(x,w) > 8(x, p(w)) for all x € A and w € II. Using (3.15), this
is equivalent to

|A@@ +w)| > Az + % (W +wi — D(w,,w,))) . (3.29)
Write w; =y +in with y € A and n € R™. Then

Az +wi) = Az +y —in)
= APY2 (e — P )
= Al +y) Ale — iPL ).

Here P, := 2M2 — M,, is the so-called quadratic representation operator on

C”1. It satisfies the properties that P;/ 2 preserves A and sends e to x. Since
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|A(e—iP;+1;2n)| > 1 by spectral theory [L1], it follows that |A(z +w{)| > A(z+y).
On the other hand
Az + % (w; + wi — S(w,, w,))) = Az +y— % B(w,, w,))
1/2 1 5—1/2
= AR (e — 2 PR 0wy, w,))
1 5-1/2
= A +y) Ale — 5 Py 1 P(wy, wy))
< Az +y),

since @(w,, w,) lies in the closure of A for all w, € Z,. Combining both inequalities,
we obtain (3.29). Q.E.D.

3.30 Proposition. Let a be a measurable function on A, satisfying

N
la(z)| < 05<e, %) (e A) (3.31)

for some C > 0 and N > 0; assume X\ > p — 1 + N. Then the function
f(2) = a(z, + 2} — &(2,, 2,))
on I1 satisfies (3.24), and one has
(@303 (@) = bz, + 2 — Bz, ),

where b is linked to a through the equations

n

P
e el L Y
r, <)\ - ﬁ) 4
and A \
2 _m
b(z) = ——1% e 2| I)g(s) A(s))\ T ds.
A

Proof. By Lemma 3.28, f satisfies (3.24). Using Proposition 3.23 and (3.26), we
obtain

I'y(N)

X /a(Z:c — P(w,, w,)) A2z — P(w,, wz)))‘“p

(al\aff) =" Az + zf — P(z,, 22))>‘

X | Az + x — i€ — B2y, w,))| " dx dE AV (w) .

Here weput wy =z 4+ i, with{ e X s R, w, € Z, and y = %@(wz, w,) running
through A. Applying (3.4) and Plancherel’s formula, we obtain

/ |A(zy + @ — i€ — D(z,, wz))|-2)‘ d¢§

_ (271_)2)\7‘
- L,0n

22 2ny
/e~4ﬂ'Re(z1+m~d5(z2,w2) | S)A(s) Tr ds.
A
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Thus
(27T)2/\T7T—n
(@203 () = — Az + 2 = Bz, 2))"
I, </\ —~ ;)
« e—zw(zl+zf‘+2y+<1>(w2,wz)—é(zz,wz)vgb(wz,zz) | )
Zax Ax A

2

A— 2A—21
x a(2y) AQRy)*"F A(s) * dV(w,)dsdy.

Using (3.3) to compute the integral with respect to w,, and changing y to g, we
obtain

(2,/T)2)\T-n

- Az, + zik — &(z,, 22))>‘
r,mr, ()\ -~ ;)

(ar03 ) (2) =

% / 6—271’(8 ’ szzT-—‘P(Zz,zz))A(S)ZA_g_n%
AxA
x e 2" 1D () A P ds dy . QED

The function g that acts as an intermediary from o to b has the following
interpretation: By combining the Laplace transform (associated with the cone A)
and the Segal-Bargmann realization of Lz(R"Z), one can construct a Hilbert space
isometry from L%(A x R"2, A(t)~™/" dtdz,) onto HZ(IT). Then, on functions of
t, x,), af( f) is just the operator of multiplication by the function g(?).

3.32 Lemma. Forany | < k <, the k-th minor A, on A satisfies the inequalities
A(x) < Cpble, zy** (3.33)

and
Ay(@)! < Cb(e, x)y R (3.34)

Jorall x € A, where C,. > 0 is independent of x.

Proof. The norm |z| := (z |z)"/? on X is K ,-invariant and thus satisfies |z| <

A(e+ ) for all z € A (use a spectral decomposition of ). Since A(zx) < Ale + x)
(by spectral theory) and A, is k-homogeneous, we have

A@) - Ay(x) < Cy, - Ale + 2)* .

Since
_, Qe+ 1)

6(6,33):2 W,

the first assertion (3.33) follows. Now consider the idempotent ¢ := ¢; +...+¢; and
the associated Peirce decomposition [L.1]

X =X(0)® X, jp(0) ® X(0).
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Then A4, is the determinant function of X,(c). Let AF , denote the determinant
function of X(c), so that A(z+2) = A, (x) Af_k(z) forall z € X;(c) and z € X(c).
For every b € X, ,(c), the endomorphism 2b0e, € g, is nilpotent and satisfies
exp(2boe;) (e, +w) =¢; +w+b+ Pee,
for all w € Xj(c), as follows from the Peirce multiplication rules [L1]. Putting
w = e, — P,e,, we obtain
Ae + b) = A(ey + e, + b) = Alexp(boe)) (e; + w))

since Pye; € A. Now let x = z; + x,, + 2, € A. Then z, + z; € A and

A@) = AP3, (e + P2 2y )

Ti+Tg

= Alz) +29) Ale + Pr Y7 21 9) < Ay + 2g) = A@) A (@),

z1+2g

since P;L/,foxl ;2 € Xip(o). Since there exists § € K, such that A¥ (2) =
A, _,(fz) for all x € A [L1], we obtain from (3.33) and the K ,-invariance of
b

A, (0x)
A(Bzx)
< C - b8e, 02 TR §(e, 0z)* = C - 8(e, )R Q.E.D.

A@) 7 <A @A) =

As a consequence of Lemma 3.32, there exists for each o € C” a constant N > 0
such that

-N
sup Ao‘(x)§<e, f) < 0. (3.35)
z€A 2
For §= (6, ..., 5,) € C" with Re§, > (j — 1) % define
LB =em 7 HF(ﬁj ~2G- 1)) . (3.36)
7=l

Identifying A with (A, ..., A) € C7, (3.36) specializes to (3.5).

3.37 Lemma. For o € C", choose N satisfying (3.35) and let A > p — 1+ N. Then
the function f(z) :== A%(z; + z;k — D(2,, 25)) on II satisfies

FA<a+A* ;) Ty(=6+ )

O\ () = , fs
I, ()\ — ;) Iy
where —& = (—a,., ..., —ay).
Proof. Generalizing (3.4), we have the identity [F1]
_n
/ VAP @) Ay)” T dy = Ti(B) A% (@ms)™") (3.38)

A
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forall 3 € C" withRe 3, > (j — 1) %. With §:=a+ X~ % and for A large enough,
the function g(s) associated with a(x) = A%(z) as in Proposition 3.30 becomes

n
r - —
A(a-l-/\ "

g(s) =
n(x-1)

Choosing 0 € K, with §° = id and fe, = e

> AX(Q2rs) Y.
rejl for all 1 < 7 <r [F1], we have
APs™1y = AP (ps)

for all 3 € C" and s € A and obtain (with the notations of Proposition 3.30)

I (a + A n)

A o k13

o = rn A’ / e ! x)Aa_A(SH)A(S)_TI ds
nor(a-2)

and, since (Jx)~! = A(z~Y),

/e‘(s ! Z)A"‘—’\(s‘l)A(s)—% ds = /e_(s ! “:)A‘S"L’\(t‘)s)A(s);%1 ds
A A

= (—a+N)A"42B2)™h

= Iy(—6+ N A Nz).

This completes the proof when X is large enough, but o, 0% (f) is well-defined under
the sole assumption that A > p — 1 + N: to prove Lemma 3.37 it thus suffices to
show that 0,03 (f), as given by (3.26), extends as a holomorphic function of A for A
complex with Re A > p—1+4N. Now, as a consequence of (3.35) and of Lemma 3.28,
one has | f(w)| < cé(e, w)V for some constant ¢, and using Lemma 3.18 it remains to
be shown that 6(e, w)~2**¥ is summable with respect to djo(w) under the assumption
made on A, this follows from (3.14) and (1.21). Q.E.D.

Now consider the Iwasawa decomposition (2.68) of G. For each v € o ~ R",
define the spherical function

S (g) = / et ko) g,
K

on (; ¥ depends only on the orbit of v under the Weyl group W. Using (2.71), we
may identify ¢” with the K-invariant function

Y’ (2) = / A (k- 2)dk
K

on IT.
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3.39 Proposition. Pur N = 1+ (% — 1) (r+4)+ % and let \ > p— 1+ N. Then

one has forallv = (v, ..., v,) eR",

—1 ~1
, F(il/]+/\—p——2—->r(—’iyj+/\—z—)—2—>

oox@e) =]] o e
P F(—QJ+A——2—>F<gj+,\—T>

1 b
Proof. By (2.69). we have ¢, = = + %(j — 1)+ 5 with %(r = % — 1 and

b= @. By Lemma 3.32,
r

A? = AP AT AL
satisfies |A%(z)] < C-8(e,x) forallz € A, if N =alr+ (@ - D+ ... +2)+
1+a(r—1)+b=]+g(r—1)(r+4)+b. Since A > p— 1 + N, we may apply

Lemma 3.37 with & = ¢ + iv and average over K, since 0,0} commutes with the
action of GG on symbols. By (3.36), we have

—n

-7 n R n a .
Q) 2 FA<01+/\—;>ZHF(Q]—FZV]-F)\—?—E(]—I))
J

, p—1
(i - 25
J

and the other ['-factors can be expressed in a similar way. Q.E.D.

Recall [H2] that the space spanned by the G-translates of ¥ has a natural inner
product: denoting as #,, its (Hilbert-space) completion, one then has the direct integral
decomposition

LX) = / H e 2dv, Ty = / T, le(w)|dv, (3.40)

ot /W at /W
where ¢ is Harish-Chandra’s c-function. 7' is the natural action of G in L*(IT) and
T, is the (irreducible) spherical representation of G in .#,. Given any W-invariant

function F on af ~ ]1§.T, continuous and real-valued, one can define the G-invariant
self-adjoint operator F' on L?(IT) by the formula

Pf= / F@)f lew)|dv, f= / flew) " dv. (3.41)
The domain of F' is defined as the space of functions f such that
JIFOPILIE o2 dv < oc

and F' is bounded if F' is a bounded function. For each k = 1, ..., 7, let Q. €
Diff(IT)¢ be the differential operator associated with the polynomial
Glty, -t ==Y £ (3.42)
j=1
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via (2.70). The direct integral decomposition above diagonalizes simultaneously the
operators @y, ..., Q,:Q, = Ey if F,,(v) = g, (iv). Moreover, since any W-invariant
function of v can be expressed as a function of (g,(iv), ..., ¢.(iv)), it is clear that,
for any bounded TW-invariant continuous function F' on ¥, the bounded operator £'
is, in the spectral-theoretic sense, a function of the (commuting) operators Q.

3.43 Theorem. For A >p—1,1let G, = G,(qy, - .-, q,) be the function, defined and
analytic in a neighborhood of ([0, col)" in C”, characterized by the identity

G)\(ql(i’/)y vy qr(“j))

r F(iuj+/\—7%1>F(—iuJ+A—7—”;—l>
=11 (3.44)

1 1
39 F(gj—l—/\—p-z—)F(—gj-i—/\—pT)

forall v € R", with q,(t) defined in (3.42). Then the Berezin transform c,0 is the
bounded operator on L*(IT) defined in the spectral-theoretic sense as

0')\0':( = G}\(QU (R Qr)a (345)

with Q,, associated with g, via (2.70).

Proof. If A is large enough, the assertion follows from Proposition 3.39, from the
fact that o, 0y commutes with T}, and from the direct integral decomposition (3.40).

1 b p—1
Since % <o <3+ % r— 1)+~ =2 for all §, both sides of (3.44) are still

2 2
defined as bounded operators whenever A > p — 1. For such A, ¢,05 has the kernel
8(z, w)~** with respect to the measure

—1
(e to25)
T

dpo(w):ﬂ_"H —
F()\ . 1)

=1
x Alw + w’f — B(w,, wy))F AV (w))dV (w,)
(cf. (3.16) and (3.36)). Let P be the polynomial in r variables such that

r 1 2
P(gy(iv), ..., g =[] [(A - 1’—5—) + y;]

=1

and consider the differential operator D = P(Q;, ..., &) on II. As a consequence
of the functional equation of the I'-function we obtain

—2xy __ —200+D) . p—1 _ n p—1
D,(6(z, w)™ ) = 6(z,w) "2t g<gj+A— 5 )(A o+t- =" >(3.46)

whenever A is large enough. Here D, is D acting on the z-variable. Since both sides
of (3.46) are analytic in A, for A complex with Re(\) > p — 1, (3.46) remains valid
for real A > p — 1. Using the functional equation of the [-function in the reverse
direction, one may easily extend (3.44)to all A >p—1. QE.D.
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4. Limit and Expansions as A — oo

In the case of the Wick calculus, the Berezin transform is, as recalled in (0.3) the
2

1 2
operator exp (— m A), with A= — Z (5835—2 + 88—52) then, if h € L*(C™,dV)
J J

lies in the domain of expz—— A, one has the strongly convergent expansion (as
o

e =0
1 1 1\* .
o (- 2) =T a) o

k>0

Nothing of the kind, with g replaced by A, can be valid, even formally, for the Berezin
transform characterized by Theorem 3.43, for, as a function of A, the function G, has
an essential singularity at infinity. This forbids to base on the formal inversion of such
a series (as is sometimes done in the physics literature) any claim for the validity of
a “composition formula” for Berezin contravariant or covariant symbols: indeed, if it
is trivial to compute the covariant symbol of the composition of two operators of the
form o ¥(f), there is no going back from the covariant to some contravariant symbol
of the product.

What remains of these formal considerations is the result of an application of
Stirling’s formula for I'(z 4+ 1) to the various factors involved in G,. Indeed, the
unbounded factors essentially cancel out and, using again the Weyl group symmetry
of G, as a function of v, one gets an asymptotic expansion (as remarked by Berezin
[B3] who did not, however, make the meaning of this expansion specific)

GA@Qys -, @)~ D NTFPUQ), -, Q)

E>0

where the P,’s are polynomials: the meaning of it is that if a symbol h € L*(IT)

is such that (I7 Qf =7 yh belongs to L2(IT) whenever S ﬁj is less than some number
depending on k, then the difference

k—1

NIG@Qy, -, Q) =D ATPQy, ., QI h

J=0

lies in a bounded subset of L*(IT) as A — oco. From this one can get an asymptotic
expansion, in powers of A™!, of the covariant symbol of a product o¥(h,)o¥(h,) if
h, and h, have sufficiently many derivatives in L2(IT) in the sense explained above:
only, this is meaningless for fixed A; also, one has to make assumptions about the
contravariant symbols of the two factors whereas the conclusion concerns the much
softer covariant symbol of the product. (In contrast, for the Weyl calculus associated
with the Poincaré half-plane, there is for fixed A an exact (integral) composition
formula [U7] involving only one type of symbol: such a formula does probably
admit generalizations to the higher rank case, depending on generalizations of special
function theory.)

One may also wish to have a look at possible limits as A - oo of the Berezin
quantization: several are possible, among which we shall briefly describe one that is
best associated with the bounded realization (2. It is common knowledge [O1] that
a suitably renormalized version of the measure dyu, on (2 tends, as A — oo, to the
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measure associated with the Segal-Bargmann space H>(C™) recalled in Sect. 1: indeed,
considering the “Jordan triple determinant” A [U4] and the probability measure

R
n(3-5)

on {2, the expansion A(z,z) ~ 1 — |2]2 + o(]z|?) valid for z near O implies that

o p 1/2
A zdlb\((%) Z)——»e_ﬂlzhz

as A — co. This makes it plausible that, under some pair of transformations (one, the
obvious dilatation, acting between the phase spaces, the second one acting between the
Hilbert spaces involved), the Berezin calculus will contract to the Wick calculus: this
is, indeed, the case; let us describe the somewhat subtler Hilbert space transformation
involved.

For any A > p — 1, let H/z\(.Q) be the A-Bergman space defined in (3.7). It
contains the polynomial algebra 9°(Z) as a dense subspace. Under the natural action
of K := GL(§2), 72(Z) has a decomposition

722 =Y"72),
aeNT

where o = (1, ..., o) € N” satisfies o) > ... > o, [S1, U5, KS2]. The K-
invariant inner products on Z%(Z), regarded as a subspace of H3({2) or H*(Z),

Az, 2)) PV (2)

respectively, are proportional for each o € N7, and one can show [FK]

(hk)y = ((N)g (R ] k)y 4.1
for all h, k € *(Z), where
A+ a) - a .
N =2 —=J](r-53 —1> 42
(Mg 0 11 ( 3 G-1b . 4.2)

is the “multi-Pochhammer symbol.” This implies

4.3 Proposition. There exists a Hilbert space isomorphism
A
HY(2) - HYZ)

such that .

V(M)

Fh = h

for every h € P(Z).

As a consequence of Proposition 4.3, we may, for any polynomial f € 9(Z),
consider the commuting diagram

Hi((z) — H*2)
U;(f)l l AdAR) o5 ()

H2() —— HXZ).

7



Berezin Transform and Invariant Differential Operators 595

Here o (f) is the Berezin operator (1.14) with symbol f, and we put Ad(#)T :=
FTH*. On the other hand, we may deform the underlying phase space (2 via the
biholomorphic mapping

2250

Z2— VAz.

The mapping
H(2) — H*(VAR)

hr—»hocp}l

defines a Hilbert space H>(v/A2) of holomorphic functions on v/Af2. For any real-
analytic polynomial f:Z — C there is a commuting diagram

H}(2) —— HYVAQ)
af\(fowx)l l a*(f)
H(2) — HYV/AD)

for the respective Toeplitz operators. In this sense the correct active symbol, as
A— 00,18 fop,.

4.4 Theorem. For every real-analytic polynomial f:7 — C,
lim Ad(F) o3 (f 0 9,) = 0 (f)
is the flat Berezin operator with contravariant symbol f (cf. Example 1.27 with o = 1).

Proof. Write
f= Z f.g; (finite sum),

where f,, g, € 7°(Z). Then the flat Berezin quantized operator satisfies
=) U *g
and a similar relation holds for o¥(f). We may therefore assume that f € (7). We
may even assume that f(z) = (z | b) is linear. Then
oX(f 0 p)h(z) = VAh(2) (2| b).
Now suppose h € #*(Z) for some « € N”. Then [U6] implies
hz) (2| b) € Y 7*<9(Z),
j=1
where we put

atei=(a, .., 0 0o, o),
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provided this multi-index belongs to Nr. Using (4.1) and denoting the (a -+ £,)-
component by a subscript, we obtain

1
7 Ad(F)oX(f o p)) h(2)
1
=7 FoX(f o o) K h(z) = (V) o F(z) (2 | b)
= V() Z B2 (Z [ D)ase,

= /(O Z W)Msj

(WD
=Y h b
j o, (W(2) - (2| D) ae,

(h(2)+ (2 | B e,

1
= — (h(2) - (2| )i, -
It follows that

Jim Ad(FZ) o3 (f © @) h(z)
A
= lim 3 - V2 (h(2) - (2| Bt
i \/)\—E(j—l)—l—aj

=> (M2)- (2| Dare, = h(2) - (z]6) = o (Hh(z). Q.ED.
J
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