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Abstract

In this paper, we evaluate b(I'(Z,)). Our main result is, we give
maximum value of b(I'(Z,,)) is 0.99999999796427626489236243072661,
where n is any positive integer upto fiftieth million.
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1 Introduction

Let R be a commutative ring and let Z(R) be its set of zero-divisors. We
associate a graph I'(R) to R with vertices Z(R)* = Z(R) — {0}, the set of
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non-zero zero divisors of R and for distinct x,y € Z(R)*, the vertices x and
y are adjacent if and only if xy = 0. Throughout this paper, consider the
commutative ring R as Z,, and zero divisor graph I'(R) as I'(Z,,). The binding
number of I'(Z,,), denoted by b(I'(Z,)) is defined by, I'(Z,) = {'J\gﬁ‘g)', where
S CV(IZ,)), S # ¢,N(S) # V(I'(Z,))} which satisfies the following condi-
tions; (i) N(S)US =V (I'(Z,)) (i) N(S)NS = ¢ (iti) d(u) < d(v) foru € S
and v € N(S) (iv) no two vertices in S are adjacent. For notation and graph
theory terminology, we generally follow [1,2,3, 5, 6].

2 Binding Number of a Zero Divisor Graph

Lemma 2.1 [4] A graph T'(Z,) has a domination set iff T'(Z,) is connected
and n is a composite number.

Theorem 2.2 For any prime p>2, then b(I'(Zy,)) = .

Proof: The vertex set of I'(Zy,) is {2,4,6,...2(p — 1),p}. Using theorem
(4.4) in [4], T'(Zsp) is a star graph Ky,—1. Let S be a non-empty subset of
the vertex set V(I'(Zy,)), then for any x € S, such that d(z) < d(y), where
y € V— 5. Clearly, all the vertices are of minimum degree except p, then
S =1{2,4,6,...2(p— 1)}, that is |S| = p — 1 and the neighbourhood of the set
S =N(S) and [N(S)| =p— (p—1) = 1. Hence, b(I'(Zy)) = XN — L

S| p—1°

Theorem 2.3 For any prime p, b(I'(Z,2)) = jﬁ.

Proof: The vertex set of I'(Zay) is {p,2p, 3p, ...p(p—1)}. Any two vertices
in b(I'(Z,2)) are adjacent. Clearly, b(I'(Z,2)) is a complete graph namely K, _;.
Let S be a non-empty mazimun subset of b(I'(Z,2)) then {p,2p,3p,...p(p —
2)} € S implies |S| = p — 2 and the neighbourhood of the set S contains only
one point {p(p — 1)} that is [N(S)| = 1. Clearly, b(I'(Z,2)) = % = zﬁ'

Theorem 2.4 If p and q are distinct prime numbers with p < q, then
b(F<qu)) = ﬁ'

Proof: The proof is by the method of induction on p and q. The vertex
set of I'(Z,qg) s {p,2p,3p, ...,p(¢ — 1),4,2q,3q, ..., (p — 1)q}. Let S and N(S)
be the minimum degree set and the neighbourhood of S respectively.

Case(i): Let p=2, q is any prime > 2.

Using theorem (2.1), b(I'(Zy,)) = q%l = q%}.

Case(ii): Let p =3, q is any prime > 3.

The vertex set of I'(Zs,) is {3,6,9,....,3(¢—1),q,2q}. Let u=q and v = 2q
be two vertices in I'(Zs,) with mazimum degree then there exist any other vertex
w # q and w # 2q in I'(Zs,) such that w is adjacent to both u and v. That is,

uw =vw = 0. But uv # 0. Therefore u and v are non-adjacent vertices. Then
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the vertex set V(I'(Zs,)) can be partitioned into two parts S and N(S) such that
S ={3,6,9,....3(¢g—1)} and N(S) = {u,v} = {q,2q}. Clearly|S| =q—1 and
IN(S)| =2, then |V(I'(Z3))| = |S|+|N(S)| = ¢q—1+4+2 = g+ 1. Note that the
vertices in the set S have the smallest degree compared to the set N(S). Clearly,
any two vertices in S are non-adjacent. Moreover V(I'(Zs,)) = S UN(S) and
SNN(S) =¢ and d(u) < d(v) for allu € S and v € N(S).

Then, b(I'(Zsp)) = “ﬁg?” = qf—l = 1;:_1’ where p =3 and q > 3.

Case(iii): Let p < q.

The vertex set of I'(Z,,) is {p, 2p, 3p, ...,p(¢—1),q, 2q, 3q, ..., (p—1)q}. Using
the above cases, the vertex set V(I'(Z,,)) can be partitioned into two parts S and
N(S) which implies that the vertex p, multiples of p are in S and q, multiples
of ¢ are in N(S). Clearly, every vertices in S are non-adjacent which holds for
N(S). Then, |V(I'(Zy,))| = |S|+|IN(S)|=p—1+q¢—1=p+q—2. That is
S ={p,2p,..,p(¢g—1)} and N(S) ={q,2q,..,(p — 1)q}. Clearly, d(u) < d(v)
where u € S and v € N(S). We note that, every vertez in S are adjacent to

all the vertices in N(S). Using all the above cases, b(I'(Z,,)) = % = Iq’:—}.

Theorem 2.5 For any graph T'(Zyn), where n > 2 is a positive integer then,

n—4

a) If n is even, b(I'(Zyn)) = 2n_1;22é:20 i
22 ) .2 241

b . . 2”7_1(2"7_1_21.270 21)—1

) If nis odd, b(T'(Zyn)) = ——445 :
AR DI

Proof: The vertex set of T'(Zan) is {2,4,.,2(2" ' = 1)} and |V(T'(Zan))|
= 2"=1 — 1. The proof is by the method of induction on n.

Case(a): When n is even.

Subcase(i): Let n = 4. The vertex set of I'(Zs1) is {2,4,6,8,10, 12, 14}.
Let S be a vertex subset of V such that d(u) < d(v), whereu € S andv € N(S5).
Let P be a set of all pendant vertices in T'(Zy1). Clearly, P = {2,6,10, 14} with
d(u) =1, for allu € P. It seems that P C S. Let v =2""1 =21 =8 and
w = 2*—2 be any other vertex in ['(Zy1) then vw = 8 x (24 —2) = 112. Clearly,
21 must divides 112. Thus, the vertex v is adjacent to all vertices in T'(Zys)
which implies v = 8 € N(S). Let x =4 and y = 12 be the remaining vertices
i V such that xv = yv = 0. That is, z,y and v are adjacent vertices. Clearly,
eitherx =4 € S ory =12 € S. Suppose, x,y € S, we get a contradiction to
our definition that no two vertices in S are adjacent. Finally we conclude that
S ={2,4,6,10,14} or S = {2,6,10,12,14} and N(S) = {8,12} or N(S) =
{4, 8}, respectively. That is |S| = 5 and |[N(S)| = 2. Clearly, V(I'(Zs1)) =
SUN(S) and SN N(S) = ¢. Since, degree of any vertex in S is less than or
equal to degree of any vertex in N(S) and |[N(S)| = V(F(Zg4))—|§|4: 7-5=2.

4 AL 4 AL
_ NI 2 2471122 Ei:zo 21 217122 Ei:zo 2t-2
Then, b(F(ZQ4)) =TS T T —22120 - =24/2(20)420
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_on-l_o% E;TO 212
2% Zj 2041

Subcase(it): Let n = 6.

The vertex set of I'(Zas) is {2,4,6, ....,62}. That is |V (I'(Zy))| = 31. Let S
be a vertex subset of V such that d(u) < d(v), where u € S and v € N(S). Let
P be the set of all pendant vertices in T'(Zys). Clearly, P = {2,6, ..., (2° — 2)}
with d(u) = 1, for all w € P. It seems that P C S. Using subcase (i), let
v=2""1=20"1=32 and w = 2° — 2 be any other vertex in T'(Zys) such that
2% must divides vw = 32 x (26 —2) = 1984. Thus, the vertez v is adjacent to all
the vertices in T'(Zys) which implies v = 32 € N(S). Similarly, 2* and 3 x 2*
are adjacent to all the vertices in I'(Zys) except P, then {16,48} € N(S).

Let U be a vertex subset of V with U = {4,12,20, ..., (25 — 4)}. Clearly, no
two vertices in U is adjacent and every vertex in U are adjacent to {16, 32,48}.
It seems that d(U) < d(N(S)) which implies that U C S.

Let W =V — (PUUUN(S)) = {8,24,40,56} be a vertex subset of V.
Finally, the vertices in W make a complete subgraph, namely K4 and all the
vertices in W are adjacents to N(S). Using theorem (2.4), any one of the vertex
m W isin S. Otherwise, if any two vertices in W belongs to S, then we get a
contradiction that no two vertices are adjacent in S. Hence, |S| = |P|+ |U|+
any one vertex in W = 25 and [N(S)| = V(T (ng)) |S| = 31— 25 = 6. Then,

HO(Z)) = WO _ o _ 2ot ST oer o ad 5
2223(21+20)+

|S] 25 24+23+20
2! 222 242Z 2
2y 2o 2+1

Subcase(iii): Let n > 6 is even.
The vertex set of T(Zgn) is {2,4,....,2(2" ' = 1)} and |V (T'(Zan))| = 2771 —
1. Since P is a pendant vertex set with |P| = 2"2. Using above cases, |S| =
25 (20 + +2——1) +20 =928y 20 2Z+1 and |N(S)| = V(I'(Zy)) —

S| = 2nl 125y 2 9 1 —on- 1—22320 2 2. Then,
on—1 22 Z 2 2i_9

b(T(Zyn)) = |N‘L(q|)| - = i where n s even.
=0

, where n=06.

Case(b): When n is odd.
Subcase(i): Let n = 3. The vertex set of I'(Zys) is {2,4,6}. Let S be
a vertex subset of V and let P be the set of all pendant vertices in I'(Za3).
Clearly, P = {2,6} with d(u) = 1, for all u € P. It seems that P C S. Let
= 6 and w = 2 be any other vertex in I'(Zys) then vw = 0. Thus, the
vertex v is adjacent to all the vertices in T'(Zys) which implies v =4 € N(S).
Let x = 2 and y = 6 be the remaining vertices in V such that xv = yv = 0
and vy # 0. Finally we conclude that S = {2 6} and N(S )3— {4}. Hence,

b(T(Zys)) = NN —

1

3-1 T oi 3
‘ 1 Pl 2 Zi:o 2 (2 Zz —0 2)-1
5] 2 '

23— 1>/2(20) 2.720 oi
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Subcase(it): Let n = 5.

The vertex set of I'(Zys) is {2,4,...,30}. Let P be the set of all pendant
vertices in I'(Zys). Clearly, P = {2,6,...,30} with d(u) = 1. It seems that
P CS. Letv =16 and w = 2 be any other vertex in I'(Zys) then vw =
32 = 0. Clearly, 2° must divides 32. Thus, the vertex v is adjacent to all
vertices in I'(Zys) which implies v = 16 € N(S). Let U be a vertex subset
of V- with U = {4,8,12,20,24,28}. Since, U has a induced subgraph K 4.
Clearly, d(4) = d(12) = d(20) = d(28) < d(8) = d(24) implies that the vertices
8,24 € N(S) and the remaining vertices belongs to S. Therefore the set S =
(2,4,6,10,12, 14, 18, 20, 22, 26,28, 30} with S| = 12 and |N(S)| = 3. Then,

MN%m:W“'éfﬂ“lzlxaw_f%ﬁ%zzmq

S| 12 22(21420) - (65-1)/2(21420)
n—1 n—1 n—3 .
277 (272 =) 2 29)—1
= (n_ 2,;150 ) , where n = 5.
2z Ei:QO 2

Subcase(iii): Let n > 5 is any odd number
The vertex set of T'(Zan) is {2,4,....,2"! 2(2” '— 1)} and V(T (ZQn))’
2" T—1. Usmg the above subcases, \S\ =27 (20 + 2 ") =

TG 2 and IN(S)| = VI(Ze) — 18] = 20 =1 -2 E%T—

27(2”7‘1 ~ U290 — 1. Then, b(I'(Zan)) = lN\fﬂ)' _ e —Zﬁ% 2)-1
272 Zi:QO 2
Theorem 2.6 If p > 4 is any prime, then (I'(Zy,)) = ﬁ.

Proof: The proof is by the method of induction on p. Let P, S, N(S) be
the pendant set, minimum degree set, neighbourhood of S, respectivily.

Case(i): Let p =5.

The vertex set of I'(Zy) is {2,4,..,2(10 — 1),5,10, 15} with |V (I'(Zy))|=
11. Clearly, the vertex v = 2p = 10 is adjacent to all the vertices in V (I'(Zs))
except 5 and 15, then 10 € N(S). Let x = 4 and y = 24, then 96 is not divisible
by 20 which implies x and y are non adjacent vertices. Then, the pendant set
P ={2,6, 14,18} with degree of any vertex in P is 1 and P C S.

Let U = {4,8,12,16} be the vertex subset of V(I'(Zy)). Clearly no two
vertices in U are adjacent. That is 20 does not divide 32(= 4 x 8). But, the
vertices in U are adjacent to the vertices 5,10, and 15 with d(4) = d(8) =
d(12) = d(16) < d(5) = d(15). Clearly, U C S and the vertices 5,15 € N(S)
then N(S) = {5,10,15}. C’learly, |S| |P| 4+ |U|l =444 =8 . Hence,

b(['(Zy)) = uv'g‘g)\ = % = 2X572 = —2(p v, where p = 5.
Case(ii): Letp =17
The vertex set of I'(Zag) is {2,4,..,2(14 — 1), 7,14, 21}. Clearly, the vertex

v =2p = 14 is adjacent to all the vertzces in V(I'(Zas)) except 7 and 21, then
14 € N(5). Let x = 6 and y = 18 then 108 is not divisible by 28 which implz'es x
and y are non adjacent vertices. Then, the pendant set P = {2,6,10,18,22,26}
with degree of any vertex in P is 1 and P C S.
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Let U = {4,8,12,16, 20,24} be a vertezx subset of V(I'(Zy)). Clearly no two
vertices in U 1is adjacent. But, the vertices in U are adjacent to the vertices
7,14, and 21. Clearly, U C S and the vertices 7,21 € N(S) then N(S) =
{7,14,21}. Then, |S| = |P\—|—|U| =646 =12. Hence

b(I'(Zy)) = “ﬁg?” =3 =3_= W’ where p =T.
Case(iii): Letp > 7
The vertex set of I'(Zy,) is {2,4, ....... ,2(2p — 1), p, 2p, 3p} with |V(I'(Z4y))|

= 2p+ 1. Since,the vertex v = 2p is adjacent to all the vertices in V(I'(Zyy))
except p and 3p, then v = 2p € N(S). Let P be the pendant vertex set and
using above cases, P = {2,6,....,2(p—2),2(p+2),...,2(2p — 1)}. Similarly,
Let U = {4,....,4(p — 1)}. Since, no two vertices in U are adjacent. But, the
vertices in U are adjacent to the vertices p,2p and 3p. Clearly, U C S and the
vertices p,3p € N(S) then |[N(S)| = 3. Hence, |S| = |[V(I'(Zy,))| — |N(5)| =
2p+1—-3=2(p—1). Thus,

b(I'(Zyy)) = “\\Tél)' = 2X2_2 = 2(;’_1), where p is any prime > 4.

Theorem 2.7 InT'(Zg,) , b(I'(Zs,)) = 4(p7 17 where p is any prime > 8.

Proof: Since, the vertex set of I'(Zsy,) is {2, ...,2(4p — 1), p, 2p, .., Tp} with
\V(I'(Zsp))| = 4p + 3. Using theorem (2.6), N( ) = {p,2p,3p,..,7p} and
IN(S)| =7. Hence, |S| = |V(I'(Zsp))| = IN(S)| =4p+3—T=4(p—1). Then,

b(I'(Zsp)) = \J\?gf)\ = 4(p7_1), where p is any prime > 8.

Theorem 2.8 In I'(Zyn,) where p is any prime > 2" and n is any positive

integer, then b(I'(Zgny)) = 271#(;}71)'

Proof: The vertex set of T'(Zany) is {2, ..,2(2"'p — 1), p, 2p, ..., (2"

—Lp
with |V (T'(Zanp))| = 2" Ip4 2771 = 1. Usmg theorems (2.6) and (2.7), N(S5)
| -

I ==

{p,2p, ....... (2" — D)p} then |N(S)| = (2" — 1). Then, |S| = |V(I'(Zanyp))
IN(S)|=2""1p+2n 1 —1—-(2"-1) = 2"’;(]9 —1).
N n_
Hence, b(I'(Zyn,)) = G = 52755

7
—1

Theorem 2.9 For any prime p > 3, b(I'(Z3n)) = —

Proof: The vertex set of I'(Z3n) is {3,6....,3(3" 1 — ) nd V(T'(Zsn))| =
3"=Y — 1.The proof is by the method of mductzon

Case(i): Let n = 4.

The vertex set of I'(Zg1) is {3,6,..78} and |V(I'(Zs1))| = 26. Let S be
the vertex subset of V' and N(S) be the neibourhood of S such that d(u) <
d(v) where u € S and v € N(S). Let x = 27 ;y = 54 and u = 3 then
ur = uy = 0. This implies that the vertices 27 and 54 are adjacent to all the
remaining vertices of I'(Zg1). Clearly. 27,54 € N(S). Consider another vertex
set X ={9,18,36,45,63,72} which is the next marimum degree compared to
the vertices 27,54. Let uw = 18 and v = 72 then wv s divided by 81 that
1s u and v are adjacent. Since, X has a subgraph Kg implies that any five

C.O
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vertices € N(S). Thus, N(S) = {9, 18,
[V(I'(Zs1))| = IN(S)| = 19. Hence, b(I'(Zg

Case(ii): Let n =5.

The vertex set of T'(Zaasz) is {3,6,..240} and |V (I'(Zas3))| = 80. Using
case(i), the vertex set X = {81, 162} Since, the vertices in X has highest
degree then X € N(S). The vertex set Y = {27,54,108, 135,189,216} is the
next maximum degree compared to the verter set X. Let u = 27 and v = 216 in
Y then uv is divided by 243 that is w and v are adjacent. Using case(i), any five
vertices in 'Y belongs to N(S). Thus, N(S) = {27,54, 81,108, 135,162, 189}.
Then |S| = |V(I'(Zas3))| — |N(S)| =80 — 7 = 73.

Hence, b(I'(Za3)) = |N‘$)| =L =55 =35

Case(iii): Let n > 5.

In general, V(T'(Z3n)) is {3,6,..,3(3""1 — 1)} and |V (TI'(Z3n))| = 377 — 1.
Clearly, N(S) = {1.3772,2.3"72 .. 7.3"72} then |S| = |V(I'(Z3n))| — |[N(S)| =

3"t —1—7=3"" =8 Hence, b(T'(Zass)) = N = 55—

27,36, 45, 54, 63, 72}. Then, \S\
) = el 1

IS 1

7
3418 3"18

QO

3 Main Result

The value of the binding number of I'(Z,,) for some positive integer n forms an
inequalities that I'(Z,,) < I'(Zy,) < I'(Zs,) < I'(Z,,) where p and ¢ are any
distinct primes with p < ¢ and I'(Zsn) < I'(Zan) < I'(Zgny,) < I'(Z,,) where n
is any positive integer > 2. Using the above two inequalities, we conclude that
the maximum value of the binding number is I'(Z,,). Since b(I'(Z,,)) = 2%}.
That is the numerator is greater when compared to the other prime number
with respect to the denominator. The last two twin prime numbers of fiftieth
million are p = 982451579 and ¢ = 982451581. The maximum value of the
(I(Z,)) is 0.99999999796427626489236243072661 for some positive integer n

upto fiftieth million.
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