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The Bipolaron in the Strong Coupling Limit

Tadahiro Miyao* and Herbert Spohn

Abstract. The bipolaron are two electrons coupled to the elastic deformations
of an ionic crystal. We study this system in the Frohlich approximation. If the
Coulomb repulsion dominates, the lowest energy states are two well separated
polarons. Otherwise the electrons form a bound pair. We prove the validity of
the Pekar—Tomasevich energy functional in the strong coupling limit, yielding
estimates on the coupling parameters for which the binding energy is strictly
positive. Under the condition of a strictly positive binding energy we prove
the existence of a ground state at fixed total momentum P, provided P is not
too large.

1. Introduction

The polaron is an electron coupled to the elastic deformations of an ionic crys-
tal. We rely here on the approximation proposed by H. Fréhlich [6], where the
phonons are represented as a Bose field over R?, the dispersion relation is constant,
w(k) = wp, and the coupling function is proportional to 1/|k| in wave number space.
The Hilbert space of the polaron is then H = L?(R3) ® §(L?(R3)) with F(L?(R?))
the bosonic Fock space and the hamiltonian is given by

1 dk
H,=—-_A, @1+ Va /

p =l @I VAN | o ey
with \g = (2\/2#)1/2. Here A, is the Laplacian, Nt is the number operator, and
a(k),a(k)* are the bosonic annihilation and creation operators with commutation
relations

[ei’” ® a(k) + e~ @ a(k)*] F1e N

[a(k),a(k')*] =6k — k), [a(k),a(k)] = 0= [a(k)*,a(k)"].

(The complete definition of Hy, will be recalled in the subsequent section.) We
use units in which A = 1,wg = 1, and the bare mass of the electron m, = 1.
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Since the coupling function is pure power, the only parameter in the model is the
dimensionless coupling constant /.

The bipolaron, the subject of our paper, consists of two electrons coupled
to the elastic deformations of an ionic crystal. The Hilbert space is then H =
L*(R%) ® §(L?*(R?)) and, in the Frohlich approximation, the hamiltonian reads

_ 1 dk ikoa, —ik-a; %
Hyp = Z {_2Azj®ﬂ+\/a)\0/ua3 (2m)*2|k| [e ®a(k) +e ® a(k) ]}

j=1,2
T T J U TS
|21 — @2

T € R3, j = 1,2, are the coordinates of the two electrons. The electrons are spin-
less and no statistics is imposed. In addition to the interaction with the phonons,
the electrons repel each other through a static Coulomb interaction, which is pro-
portional to e2. Since /« is proportional to e, the strength of the Coulomb repul-
sion is written as aU with U a second dimensionless coupling parameter U > 0.
As explained in [4], e.g., U > +/2 in the Frohlich approximation. For the purpose
of our study, we regard «,U as independent parameters, o > 0,U > 0.

The phonons induce an effective attraction between the electrons which com-
petes with the Coulomb repulsion. If the latter dominates we expect the low energy
states of H}, to consist of two far apart polarons, while if the coupling to the phonon
field dominates the electrons should form a bound pair. More precisely, let Ep, (o)
and Eyp(a,U) be the lowest energy of H, and Hyyp, respectively. We define the
bipolaron binding energy as

Epin(a,U) = 2Ey(a) — Epp(a,U).

One basic problem is then to characterize in the quadrant of couplings (o,U) a
domain with Fyi, = 0 (two widely separated polarons) and a domain with Ey;, > 0
(bound pair).

If o is small, one could use iterative techniques in the spirit of [1], see also
[10,11], to approach the issue of a strictly positive binding energy. In this paper
we investigate the strong coupling regime, o — oo.

We first establish that I, is a properly defined self-adjoint operator and that,
for E,(a) = infspec(H,), one has limy—.o Fp(a)/a? = ¢, with ¢, a constant
defined as the minimum of the Pekar functional. (Numerically, one finds ¢, =
—0.1085... [19].) The strong coupling limit has been studied before by Donsker
and Varadhan [5], using functional integration, and by Lieb and Thomas [15, 16]
based on operator techniques. In fact, we slightly improve their results. In [5,15,16]
the authors consider a suitable cutoff version of H, with ground state energy
E®)(a), k denoting the ultraviolet cutoff. They define E(a) = lim,_,o E")(a)
and prove that lim,— F(a)/a? = ¢,. Secondly we consider the bipolaron and
establish that in the strong coupling limit its ground state energy is given through
minimizing the Pekar—Tomasevich functional [22], see [27] for a review. An analysis



Vol. 8 (2007) The Bipolaron in the Strong Coupling Limit 1335

of the Pekar—Tomasevich variational problem yields an information on the binding
energy for large a.

From our investigaton of the strong coupling limit it is a small step to study
the existence of a ground state for the bipolaron at constant total momentum P
following the strategy developed in [17]. We will prove that, if Epi, > 0, then Hy,,
at total momentum P has a ground state, provided P is not too large (specified
quantitatively).

The bipolaron is a very well studied system, both experimentally and theo-
retically. We refer to [27] for a survey and to [12] for a listing of theoretical inves-
tigations. Spectral properties of the Frohlich polaron are investigated in [20,29].

The paper is organized as follows: Section 3 deals with the strong coupling
limit @ — oo and Section 4 with the existence of a ground state. In the Appen-
dices A and B removal of the ultraviolet cutoff and self-adjointness are discussed.
In Appendix C it is established that the bipolaron hamiltonian is bounded from
below and in Appendix D a localization estimate is proved.

2. Main results

In general we denote the inner product and the norm of a Hilbert space b by

(-,-)p and || - ||y respectively. If there is no danger of confusion, then we omit the

subscript h in (-,-)y and || - ||. For a linear operator T on a Hilbert space, we

denote its domain by dom(T"). For a self-adjoint operator A on a Hilbert space,

we denote its spectrum (resp. essential spectrum) by spec(A) (resp. ess. spec(A)).
Let b be a Hilbert space. The Fock space over § is defined by

3(h) = @520 @,

where ®7h means the n-fold symmetric tensor product of h with the convention
®@% = C. The vector Q =19 0@ --- € F(h) is called the Fock vacuum.

We denote by a(f) the annihilation operator on F(h) with test vector f € b
[24, Sect. X.7]. By definition, a(f) is densely defined, closed, and antilinear in f.
The adjoint a(f)* is the adjoint of a(f) and called the creation operator. We
frequently write a(f)# to denote either a(f) or a(f)*. Creation and annihilation
operators satisfy the canonical commutation relations

[a(f),al9)"] = (f.9nD,  [a(f),alg)] = 0= [a(f)",alg)"]

on the finite particle subspace

Foh) = |J {e=vo@p1® - €§(b) |pn =0, forn>m},

m=1

where 1 denotes the identity operator. In the case of h = L?(IR3), we often use the
symbolic notation for the annihilation and creation operator by the kernel:

a(f) = [ dkf(k)*a(k), a(f)"= [ dkf(k)a(k)".

R3 R3
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We introduce a further important subspace of §(h). Let s be a subspace of . We
define

Fan(s) = Lin{a(f1)*...a(fn)*Q, Q| f1,...,fn €5, nEN},

where Lin{---} means the linear span of the set {---}. If s is dense in b, so is

Stin(s) in F(h).
Let b be a contraction operator from b1 to ho, i.e., ||b]] < 1. The linear
operator I'(b) : §(h1) — §(h2) is defined by

L) [ @b =@"b

with the convention ®°b = 1.
For a densely defined closable operator c on h, dI'(c) : F(h) — F(h) is defined
by

dl'(c) | &'dom(c) =Y 1®---® ¢ @---®1
() (c) ; %

and
dl'(c)2 =0
where ® means the algebraic tensor product. Here in the j-th summand c is at the
j-th entry. Clearly dT'(c) is closable and we denote its closure by the same symbol.
As a typical example, the number operator Nt is given by Ny = dI'(1).
The bipolaron Hamiltonian with an ultraviolet cutoff x > 0 is defined as

1 dk ‘ ,
Hb K - Aw@ ]1+ \/Oé)\ / elk':ﬂj R a k + e—lk~itj® a k *
’ j—ZLz{ 2 * Jiki<n (27T)3/2|k|[ (k) (k) }
ot ® 1+ 1® Nt
|951 —$2|

with o, U > 0. This linear operator acts in the Hilbert space L?(R®, dz; ® dzs) ®
F(L%(R?)). By the bound

la(f)#(Ne + )72 < || £ (1)

and the Kato—Rellich theorem, it is easy to see that, for all 0 < x < oo and
0 < a < 00, Hyp,, is self-adjoint on the domain of the self-adjoint operator Ly, =
— Zj:1,2 Ay, @14+ 1® Nt, bounded from below, and essentially self-adjoint on any
core for Ly,. We note that Hyyp, , strongly commutes with the total momentum
operator

Pt = =iV, @ 1 -1V, @ 1+ 1® P, (2)

where Pr = (d['(k1),dD'(k2),dI(ks)), that is to say, '@ P Hy, o C Hy,, cel¢ ot
for all a € R3.
Let (xy,x.) be the center of mass coordinates defined by

xr1 + T2
2

Ty =21 — T2, Tc=
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and let Uc be the unitary operator from L?(R®, dz; ® dzg) to L?(RS, dz, ® dx.)
given by

Ucf) (e, xe) = f (;,; + “;x _ 3;)

for f(x1,22) € L?(R®, dzy ® dzz). We introduce a unitary operator U by
U= (Fo @ D) (U 1),
where F,_ is the Fourier transformation with respect to z., i.e.,
(Fa )P, 2r) = (27")_3/2 da. e—izc~Pf($r, Zc)
R3
for f(zy,2.) € L*(R® dx, ® dz.). The unitary operator & induces the identifica-

tion L*(R%, dr ® dzg) @ §(L23(R?)) with fﬂgz L2(R3,dz,) ® §(L3(R3)) dP, that is
concretely written as

(u(p)(n) (Pa Ly, kllv R kn)

= (27)73/2 | dzge T (PEio ki) p() (mc 4 a;r’xc e
R3

for ¢ = @5 4™ € L2(RS,dx; ® dao) @ F(L?(R?)). Tt is easily shown that

,kl,...,kn)

S2]
UP U™ = PdP.
R3
Hence the unitary operator U provides the direct integral decomposition of
L?(RS,dz; ® dza) @ §(L?(R3)) with respect to the value of the total momentum.
Since Hyp,,; strongly commutes with Piot, U Hpp, cU* is decomposable and
can be represented by the fiber direct integral
®

UHyp U™ = H.(P)dP,
]R3
where
1 9 alU
Hy(P)= ,(P-1@P)" — A, @1+ | @1+ 1® Ng
dk k- xy

2 A
T2Va O/Wq (2m)3/2[k] ©7 2

By the Kato—Rellich’s theorem, H (P) is self-adjoint on dom(—A,, ® 1)Ndom(1®
P?)Ndom(1® Ny) for all kK < oo and a < 0o, and bounded from below. Further,
H,(P) is essentially self-adjoint on any core for the self-adjoint operator

L=-A, @1+1® P +1® N;. (4)

® [a(k) + a(k)*] . (3)

We state our main results. Our first result concerns the existence of the
limiting Hamiltonians. Namely, we remove the ultraviolet cutoff from Hyp ,, and
H,(P). No energy renormalization is required.
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Theorem 2.1.

(i) For all a < 0o and U < oo, there exists a self-adjoint operator Hyp that is
bounded from below such that Hyp . converges to Hyy, in the strong resolvent
sense as Kk — 00.

(ii) For all o < 0o, U < 00 and P € R3, there exists a self-adjoint operator H(P)
that is bounded from below such that H,(P) converges to H(P) in the strong
resolvent sense as Kk — o0.

(iii) UHppU* is decomposable and

®
UHp U = H(P)dP. (5)
R3
Let Hj, ;. be the Hamiltonian for a single polaron with the ultraviolet cutoff &,

1 dk
Hpm = _2Aw ® 1+ \/04)\0/

ik-x —ik-x *
k k
kj<n (27)3/2[K| {e ®alk) +e ®alk) }

+ 1® N¢.

The linear operator Hy,  acts in the Hilbert space L?(R?) ® §(L?(R?)). Moreover,
forall 0 < k < co and 0 < o < 00, Hp , is self-adjoint on the domain of the
self-adjoint operator L, = —A, ® 1+ 1® N¢, bounded from below, and essentially
self-adjoint on any core for L. In a way similar to the proof of Theorem 2.1 (i),
we can show the following.

Proposition 2.2. For any coupling o, there exists a self-adjoint operator Hp,
bounded from below, such that Hy . converges to Hy in the strong resolvent sense
as K — 00.

Let
Eyp, = infspec(Hyp), FEp =infspec(Hyp).
The binding energy Epi, is defined by
Bin = 2E, — Eyp .

In order to display the dependence on o and U, we also denote the binding energy
by Epin(a, U).
We introduce the Pekar energy functional by

o) = [arVaptf = ) [ away PO ©)

for € W*(R?), where W*(R?) is the space of functions on R such that || V| 2(ge)
and ||¢||z2(rey are finite. For U > 0, the Pekar—Tomasevich energy functional is
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defined by

1 1
60 = [ dordea [V plor,aa) P+, [ dordes [Veyp(on,az)

2
+U/d$1d$1 |<p($1,$2)|

|z1 — 22|
1 / lp(@1, 22) Plo(y1, y2)?
— dxidzody; dy 7
Vo, 2, | dodmdndi T "
for p € WL(RE).
Theorem 2.3. Let
¢p = inf {&,(¢) | € WHRY), ol 2qus) = 1} (8)
enp(U) = inf {£5(0) | 0 € WH(E®), [lpll ey = 1} 9)
For any Coulomb strength U > 0,
. Ebin(aa U)
QILH;O 02 = 2¢p — erp(U).

The Pekar energy functional is studied in [13]. In a separate work [18] we
investigate the Pekar—Tomasevich energy functional and quote only
Theorem 2.4 ([18]).
(i) For all U > 0, 2¢p, — cpp(U) > 0. Moreover, 2¢, — cpp(U) is monotone
decreasing, conver and continuous in U.
(ii) Let U. = sup{U € [0,00) | 2¢, — cbp(U) > 0}. Then v/2 < U..
Remark 2.5. If o(x1,22) = ¢o(x1)po(xr2) with ¢o the minimizer of £,(-), up to
translation, then ng (¢) = 2¢p. Theorem 2.4 asserts that the energy is lowered
through correlations. Numerically one uses trial functions [28] or variational ac-
tions [4]. On this basis the value for U, is approximately (1.1)v/2.

Returning to finite a we characterize the existence of the ground state for
H(P) in terms of the binding energy in the following way.

Theorem 2.6. For all P, coupling strength a and Coulomb strength U, one has

2
inf ess. spec(H (P)) — inf spec(H (P)) > min {1, Eyin } — Z .

Thus, if Evin > 0, then H(P) has a ground state provided
|P| < 2min {1, /Epin} .

Combining both theorems yields a domain of coupling parameters and P for
which H(P) has a ground state.

Corollary 2.7. Suppose that the strength U of the Coulomb interaction satisfies
U < U.. Then, there exists an . such that, for any a > ac, H(P) has a ground
state for |P| < 2.
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3. Strong coupling limit

3.1. The Pekar variational problem

In this subsection we summarize properties of the Pekar—Tomasevich energy func-
tional. They are proven in [18].

Lemma 3.1.

(i) There exists a constant A, > —oo such that for all o € WHR3) with
ol L2@sy = 1 the bound E,(p) > A, holds. Hence, ¢, > —oc.

(ii) There exists a constant Ap, > —oo such that for all ¢ € WY(R) with
llellz2mey = 1 the bound 5bUp(<p) > Aypp holds. Hence, cpp(U) > —o0.

Lemma 3.2.

(i) cp = inf {&;(¢) | ¢ € C°(R?), [[@ll ey = 1}
(ii) epp(U) =inf {pr )| € C5°(RY), Il L2rey = 1} for all U > 0.

Lemma 3.3. ¢, (U) is continuous in U > 0.

3.2. Infinimum of spectrum for o — oo

Lemma 3.4. For all a > 0 and Coulomb strength U, we have the following.
(i) Ep < cpa?
(11) Ebp S Cbp(U)OZQ.

Proof. (i) We will apply the variational principle. Let ¢ € C§°(R3) with
llellLigsy = 1. Set

P = i [ e el

We choose &€ = ¢ ® U as a trial function, where

T = exp {m /WSK |dkk| [~ ia(k)a(k) + ip(k)a(k)’] } Q

with A = y/a\g. By the standard calculation, we have

: (k)
(& B =, [ Vgt =30 [ ak 0

1/ 2 2/ |P(k)|2
E, . < dz |Vep(x)|? — A dk .
p 2 | ( )| | <n |k|2

Here E, , is the ground state energy for Hy .. Taking the limit Kk — oo, we have
E, < dz |V, - [ dk
, [ x19uete / |/c|2
1 2
\/ - yl

| 2

Thus
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by Proposition B.1 (ii). Here we use the following fact [14]:
fw)atk) _ 1 / Fa)g(y)
dk = dady 10
R3 k2 47 R3 JR3 | - y| ( )

for f,g € LS/3(R3), where f(k) = (2m)3/2 Jgs dze™* f(z). Finally we remark
that, by the scaling argument and Lemma 3.2 (i), we get

. 1
wt {5 [astVaptop- 5, [asay PO e o), ol -1}

=cpa’.
(ii) The proof of (ii) is almost same as (i). Our choice of the trial function is

=9V, ¢eCR®) with [¢|r2@s) =1,

Ik<n |K]
p(k) = p1(k) + p2(k),

U= exp {i/\ /k dk [— ip(k)a(k) + ip(k)a(k)*] } QO with A =+a),

1 —ik-x
p1(k) = (2m)3/2 /dxldxge "2 p(an, w2)|?
1 —ik-x
pa2(k) = (27T)3/2 /dxldx2e g 1|(,0(CC1,:E2)|2.
Then, we get
2 2
<§apr),{€> = pr(@) + aU/dZEldﬂjz |§0($1,$2)| _ AQ/ dk' |p(k‘.2)|
|21 — 22| |k| < k

with Thp(p) = § [ dzidas [Va, o(zr,22)]? + 3 [ deidas [Va, o(@1, 22)[?. Accord-
ingly, by Proposition B.1 (i), we obtain that

(a1, z2)[” 2/ |p(k)|?
By, <1 U [ drid -2 | dk
bp > bp(@)"‘a / L1dT2 |21 — 22| k2
Let pi(k;z1) == (2m) 32 [dwoe 72 |p(21,22) 2. Then, by Fubini’s theorem and (10),

o1(k;x k;
)\Q/dk |'°1]iz)| —)\Z/dfvldyl/dk 2 1;2”( v)

1 2 2
— )\2/d$1dy1 < /dx2dy2|go(x17x2)| |30(y17y2)| )
4T |z — yol

2 2
= — @ /d$1d$2dy1dy2 |<p(x1,x2)| |80(y1,y2)|
V2 |72 — o

Calculating the other terms contained in A? [ dk |p(k)|?/k? by the similar way, we
obtain

k 2 e T1,T 2 , 2
)2 / a5 ’ /dxld@dyldygw(l 2) (v, )|

ij=1,2 i = ;]
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Now the assertion follows from Lemma 3.2 (ii) and the scaling argument. O

Lemma 3.5.
(i) Ep > cpa? + O(a”/?).
(i) Fpp > cop((1 — c1a™V2)(1 — caa™V2)U)a? + O(a”/5), where ¢y and co are
positive constants.

Proof. The assertion (i) has been proven in [15,16], essentially. Although the au-
thors consider a finite volume model, their arguments are still valid in our case.
More precisely, first we apply the methods in [15,16] to Hy, ., and obtain the bound

Epr>cpa®+0 (a9/5)

for sufficiently large x. The important point is that the error term O(a/®) is
independent of k. Now taking the limit Kk — oo, we have the desired result by
Proposition B.1 (ii). The details of the argument are provided in Appendix C. As
for (ii), one can extend the proof of (i) to the bipolaron Hamiltonian Hy,p, ,, with
some slight modifications. For the convenience of the reader, we give a sketch of
the proof in Appendix C. (]

Proof of Theorem 2.3. By Lemma 3.4 and 3.5, we have
2cp0% — cpp ((1 - cla_l/5) (1- 620_1/5)U) o? + (’)((19/5) > 2E, — By
> 2c,0% — cpp(U)a? + 0(a”?) .
Taking Lemma 3.3 into consideration, we get

E in\&,
lim = ° (0, U)

a— 00 O[2

= 2¢p — cpp(U). O

4. Existence of a ground state

4.1. Properties of the ground state energy

Let Eyp,. and Ep . be the ground state energy for Hyp . and Hp . respectively.
Further we denote inf spec(H,(P)), resp. infspec(H(P)), by E.(P), resp. E(P).

Proposition 4.1. For all o,U > 0 and k < 0o, the following holds.
(i) E.(P) < E.(0) + P?/4 for all P.

(ii) E.(0) < E.(P) for all P.

(111> EN(O) = Ebp,ﬁ'

Proof. These are well-known relations. However, for the reader’s convenience, we
give a proof.

(i) Let T be the time reversal operator which is defined by complex con-
jugation the wave function, reversing all phonon momenta. 7" is antiunitary and
TH,(P)T = H,(—P). Thus we conclude that

Bu(~P) = E(P). (11)
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Let F(P) := E,(P) — P%/4. Since (¢, [H.(P) — P%/4]y) is linear in P, F is
concave. Moreover, by (11), F(—P) = F(P). Thus,
P P 1 1
— —_ > —_ = .
F(0) F<2 2)2F(P)+2F( P)=F(P)
(ii) Let
K(P) = i(P —1® P)?

and

alU

H=-A, @1+
||

@1+ 1® Nt

—|—2\/o<)\0/ dk k-,

e @mp2 g © ol Fa(k)]

Then, H,(P) = K(P)+H, where + means the form sum. We consider the Schro-
dinger representation L?(Q,du) of the Fock space F(L?(R3)), where du is the
Gaussian measure with mean 0 and covariance 1/2. Let 9 be the unitary operator
which gives the natural identification from L?(R3) @ §(L?(R?)) onto L2(R3® x
Q, dz,®du). We note that Je~"9* is positivity preserving, see, e.g., [2]. Moreover,
since

o t(Pi—1®P: ;)? /4 _ /d,uc()\) MEIOP) =123,

where ji¢ is the Gaussian measure with mean zero and variance t /2, and 9e~* % 9*
is positivity preserving (see, e.g., [26]), we get

[e (P 1O P | < / duc(N) [ge" Moy )

= / dug (V) de M9 g)
< ﬂe—tn®ng/419*|<p| .

(Here we use the following fact: if A is positivity preserving, then |Ap| < A|p|.)
Therefore we conclude that

[9e TP g | < 9e O ¥ || . (12)

Let T, = (e tE(P)/ne=tH/nyn By the Trotter product formula, lim, s T}, (P) =
e tHP) On the other hand, by the positivity preserving property for e tHy*
and (12), we get |91, (P)¥* | < 9T, (0)9*|p|. Taking the limit n — oo, we arrive
at [e = (P)y9*p| < e=tHx(0)|p| which implies that

<<p,19€’tH“(P)19*so> < <|s0|,19€’tH“(0)19*|s0|> : (13)

Now we can derive (iii) from the above inequality.
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(iii) To show E\(0) > Eyp, . is easy. To prove the converse, we just note that,
by (ii),

<‘P,pr,;{§0> = /dP<(u<p)(P)vHK(P)(u(p)(P)>L2(R3)®g(L2(R3))

2
> [APEP| U P2 oo 2
> Eq(0)]]?. O
4.2. Properties of the ionization energy
We introduce the ionization energy X, (P) by

S.(P) = 1i inf H.(P)p) .
(P) = Jim_  pinf oy (9 He(P)e)

where D = {¢ € dom(H(P)) | ¢(z) = 0 if |z.| < R}.
Proposition 4.2. For all a,U > 0 and k < oo, the following holds.

(i) Ex(P) > £4(0) for all P.
(i) ¥x(0) = 2B x.

Remark 4.3. We can apply similar arguments in [8] to our model and see that
¥.(0) = 2E, .. However the above inequality in (ii) is enough for our purpose.

Proof. (i) We consider the Schrodinger representation introduced in the previous
subsection. By (13), we have

1 _ _ N 1 CH(H.(0)— N
. <<p, (]1_ Yo tH(P)=Ex(0)) 9 )<p> > 7j<|(p|7 (]1_ Yo t(H:(0)=Ex(0) g )|¢|>> 0

for all > 0. By taking the limit ¢ \, 0, we can conclude that if ¢ € dom (9| H, (P)|'/?
¥*), then |¢| € dom(9|H,(0)*/29*) and

(¢, 0H(P)9* ) > (||, 0H,(0)9*|]) (14)
as an inequality of forms. Let
Sna(P) = inf { (0, Ha(P)g) | ¢ € dom(|HL(P)?),
loll =1 and @(z,) =0 if |a| < R}. (15)
Then, by (14), we get

Sre(P) > Sr.k(0). (16)
Since, by Lemma 4.4 below, limpg oo Xz (P) = 2.(P), we conclude the desired
assertion.
(ii) Let

% (Hup) = Jim_inf { (0, Hop.u0) | 0 € dom(Hup.p), o]l = 1

and @(z1,z2) =0 if |x1—x2|<R}.
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The inequality X, (P) > X(Hypp,) has been essentially proven in [7]. Namely as-
sume that there exists Py such that X,(FPy) < X(Hpp,k). Then there exists an
R > 0 such that ¥, r(Py) < Er(Hpp,x), where

Sr.a(P) = int { (¢, Ho(P)¢) | ¢ € Dr, llpll = 1},
Sr(Hup) = inf { (0, Hopip) |9 € dom(Hup ), 0] =1 and (a1,22) =0
if |$1 —ZIJQ| < R}

Set Yr = Xr(Hup,x) — Lk, r(Po) > 0. There exists a ¢ € Dg so that |¢|| =1 and
(0, Ho(Po)y) < Br(Hbp,x) —vr/2. Since (p, H.(P)p) is continuous in P, there is
a 0 > 0 such that, for all P with |P — Py| < 6, (¢, H.(P)y) < Zr(Hpp,x) — Yr/4.
Choose f € C§°(R?) as suppf C {P € R3||P — Py| < 4} with ||[f]| = 1 and
define ¢y = f x ¢ for ¢ € Dg with ||¢|| = 1. Then we have (¢, UHpp U ) <
Yr(Hpp,x) — Yr/4. Notice that (U*ps)(z1,22) = 0 if |21 — 22| < R. Hence one
arrives at X gp(Hpp,rx) < Lr(Hbp,x) — Yr/4 which means a contradiction.

On the other hand, for ¢ € dom(Hyyp, ) such that ||| =1 and ¢(z1,22) =0
if [x1 — 2] < R, we have that, by (16),

<(p7pr,K<p> = /dP<(u<p)(P),HK(P)(U@)(P)>L2(R3)®S(L2(R3))

< 2
> /dPERJC(P)H(Z/{(p)(P)||L2(R3)®5(L2(R3))
2 iR,K(O) )
which implies ¥(Hpp ) > Xx(0) by Lemma 4.4 below. Hence we obtain that
2x(0) = X(Hop,x)-
Let ¢ be the smooth nonnegative function on R3, identically one outside the

ball of radius 2 and vanishing inside the unit ball. Set ¢g(z1,22) = ¢(|r1 —22|/R).
By Lemma D.1, we have that

<Q§R§Oa pr,rz&’R‘P> > 2Ep,fc||¢7)R<p||2 + O(l) 3

where O(1) is the error term satisfying |O(1)| < G(R)({¢, Hop.x®) + bll¢[|?) with
G(R) vanishing as R — oo, and some positive constant b > Eyp, .. Choose ¢ €
dom(Hyp ;) with [|¢|| = 1 and ¢(z) = 0 if |z1 — 22| < 2R. (Note that ¢rp = ¢.)
Then, by the above inequality, we have that (1 + G(R))Xaor(Hpp,x) > 2Ep x —
bG(R). Taking R — oo, we conclude that 3(Hypp, ) > 2E; . O

Lemma 4.4. Let X ,.(P) be given by (15). Then,

Jim Spn(P)=3.(P).

Proof. 1t is clear that fJR),{(P) < ¥R x(P) which implies limp_ f]R),{(P) <
Y. (P). We will prove the converse. Fix R for a while. For arbitrary € > 0, there
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exists ¢ € dom(|H,(P)|'/?) such that |¢|| = 1, ¢(z;) = 0 if x, < R and

- €
<<)O)HR(P)()0> < ER,K(P) + 2 .
For this ¢, there exists a sequence {p,} C dom(H,(P)) such that |¢,] = 1,
lim, . || — ¥l = 0 and

€

<§On;Hrc(P)<Pn> < <‘P7HK(P)90> + )

for all sufficiently large n. Let x and x be the two localization functions with
X2+ x% = 1, x is identically one on the unit ball and vanishing outside the ball
of radius 2. We introduce xgr(z;) = x(22,/R) and Ygr(z:) = ¥(2x:/R). Then,
since Xrpn € dom(H(P)) and (Yren)(xr) =0 if |z,| < R/2, we get, by the IMS
localization formula, that
<‘PnaHﬂ(P)<Pn> = <‘anXRHK(P)XR<Pn> + <‘anXRHK(P)>ZR<Pn>
- <80n7 (vw,~XR)280n> - <80na (Vzrfo)Z%J
_ C
> Be(Plxngall® + Sayo s Plixnel = o,
where C is a positive constant independent of n and . Combining these results,
we arrive at

_ C _ ¢
Ex(P)|xrenll® + Zrja(P)IXaenl® = py < Zra(P)+c.

First, we take n — oo. Notice that s-lim,, . Xr¢Yrn = 0 and s-lim,, oo Xrn = ®.
Hence,
C -
Yrj2x(P) — 2 < YRrk(P)+e.

Since ¢ is arbitrary, we have that Xg/s . (P) — C/R? < Yr.«(P). Next, we take
R — o0, then we get the desired result. O

4.3. Existence of a ground state under the ultraviolet cutoff
We define the binding energy with the ultraviolet cutoff x by

Ebin,ﬁ = 2Ep,/1 - Ebp,ﬁ .
We remark that, by Proposition B.1, lim, . Ebin,x = Ebin. In this subsection, we
will prove the following proposition.
Proposition 4.5.
P2
4
Remark 4.6. Since the phonon dispersion relation is constant, we can not apply

the method developed in [3,9,17] directly. The main purpose of this subsection is
to show how to overcome this difficulty.

inf ess. spec(H, (P)) — Ex(P) > min{l, Eyin .} — (17)

Before we enter the proof, we note the following.
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Proof of Theorem 2.6. The assertion directly follows from Proposition 4.5, B.1
and B.2. ]

Let j; and j2 be two smooth localization functions so that j? + j2 = 1 and j;
is supported in a ball of radius L. We introduce a linear operator j from L?(R3)
to L2(R3) @ L2(R%) by

Jf = n(=iVi)f ® j2(=iVi) f
for f € L?(R3). Note that j*j = 1. Let U be the unitary operator from §(L?(R3)®
L2(R%) to S(L2(R®)) ® F(L2(R)) defined by
Ua(fr ® g1)" - a(fn @ gn)"Q = [a(f)" @ T+ 1@ a(g1)"] -+
[a(f)* @1+ 1®a(gn)]Q2®Q,UQ =02 Q.

We set
I(j) = UT() : F(L*(R?)) — F(L*(R?)) @ F(L*(R?)).

Then f‘(j) is also isometry and we have the following localization formula in a
similar way to [17], see also [9, Lemma A.1]. (We also remark that essential idea
here was first established in [3].)

Lemma 4.7. Let H®(P) be the self-adjoint operator on L?*(R?) @ F(L*(R?)) ®
F(L2(R?)) defined by
alU

1
4(P—]1®Pf®]1—]1®]1®Pf)2+ (—Azr+ |

+ 1N @1+ 1®1® Nt

dk k-xy
2v/aA
e O/kgn (27)3/2|k| oo 2

)ete1

® [a(k) + a(k)*] @ 1.

(i) Let x be a smooth nonnegative function on R® that is compactly supported.
Then, for p € C5°(R?)@Fan(C5° (R?)),

(xe, He(P)xp) = (L) xp. HZ(P)L(j)xp) + oL () ,
where or,(p) is the error term which satisfies

oL ()| < o(LO) (IIH(P)ell* + lloll) -

Here 61,(L°) is a function of L does not depend on ¢ and vanishes as L — co.
(i) Let Ax(P) = E.(0) — E.(P) + 1. For ¢ € dom(HZ(P)),

(o HE(P)p) = (0. [Ex(P) + (1= P)Ax(P)] ),

where Pq is the orthogonal projection onto L*(R3) @ F(L*(R?)) @ Q.
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Let ¢ and ¢ be smooth nonnegative functions with ¢ 4+ ¢ = 1, ¢ iden-
tically one on the unit ball, and vanishing outside the ball of radius 2. Define
ér(z;) = ¢(x,/R) and ¢r(r,) = ¢(2,/R). It is not hard to see that, for ¥ €
C5° (R*)&Fan (C5° (R)),

(U, Ho(P)¥) = (¢r¥, Ho(P)orY) + (orY, Hs(P)dRY)
— (¥, (Va,0r)*V) — (¥, (Va, 0r)*T) . (18)
By Proposition 4.2, we get
(6rY, Ho(P)prY) > Sy r(P)||6rY|?
> 2. (P)|or¥|* + 6(R") | ¥
> %,(0)[lor P> + (R |||
> 2Ep o[l orP[* + 6(R°)[|¥]*, (19)
where X r(P) = infoep,, p=1(¢; He(P)p). On the other hand, by Lemma 4.7
and the fact | Podr @ T())¥| = ||¢r @ T'(j1(—=iVi))¥||, we obtain
($rY, Ho(P)or¥) > (En(P) + Au(P))l¢r Y
— Au(P)llor @ T (1 (=iVi) ¥ + (L) W%, py » (20)

where ||¢[|4 = [[Ap|? + ||¢]|? for a self-adjoint operator A. To summarize, by
combining (18), (19), (20) and the facts A, (P) >1— P%/4 and 2E,, ,, — E.(P) >
FEin,s — P? /4 which follow from Proposition 4.1 (i), we have the following.

Lemma 4.8. For ¥ € dom(H(P)),
P2
(0, H,(P)) 2 (B(P) + minf B} = T, ) 07

= Ag(P)llor @ T (j1(=iVi))¥[* + oD 7 py,  (21)
where o(1) is the error term vanishing uniformly in ¥ as both L, R — 0.
We set
R, ={keR®||kl <k}, RS, ={keR®||kl>«}
for each k > 0. It is well-known that there exists a unitary operator Vj; such that
VoS (L*(RY)) = §(L*(RL,)) @ F(L*(RL,)) (22)
Vea(f)Vi =a(f<x) @ 1+ 1® a(f>x) (23)

with f<. = xuf and fsr = (1 — xx)f. (Here xx(k) =1 for |k| < &, xx(k) =0
otherwise.) We also note that, for a multiplication operator h by the function h(k),

Vedl'(h)V,E = dl'(h<x) @ 1+ 1@ dL(hsy)
In particular,

VoN{V = Ne, @ 1+ 1® N>, (24)
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where N<,, and N, are the number operators on F(L*(R%,)) and F(L3(R2,)),
respectively. For notational simplicity, we denote the unitary operator 1®V,, acting
in L2(R?) ® §(L*(R3)) by the symbol V. Let H,, = L?(R?) ® §(L*(RZ,)). Then,
we can easily see that -

VL (®Y) © §(LX(R?)) = H, @ §(L2(RL,)

=H.oP [HR ® (®F LQ(]R?;N))}
n=1

:Hﬁ@éLgym(R; XX RLH),(25)
n=1 ~ ~ -

n

where L2 (Rin X - x R3 'HK) is the H,.-valued symmetric L2-space on
-

sym >K)
~ -

R3, x --- x R3,. Under the natural identification (25), the Hamiltonian H,(P)
~ -

~

n
can be identified as

ViH(P)V;
o) @ "
:HSK(P)@@ / HS){ P— kj +n| dky---dky, |, (26)
n=1 [kl kn|>K j=1
where
1 2 alU
HSN(P):ZL(P_]I@’PﬂSn) + —Azr‘Flml @14+ 1® N<,
dk k-,

W / ® [a(k) + a(k)*]

cos
k< (2m)3/2 K] 2

which is acting in H,, and P <, = f\k\q dk ka(k)*a(k). We note that, by the
Kato-Rellich theorem, H<, (P) is self-adjoint on dom(—A,, @ 1)Ndom(1® sz,gn) N
dom(1l ® N<,) for all P. Therefore, by the closed graph theorem, there exists a
positive constant C' such that

[(=As, @1+ 1® P2, +1® N<)o|| < C(|H<x(P)ol + |l¢l]) (27)
for ¢ € dom(—A,, ® 1) Ndom(1® P?,) Ndom(1® N<y).
Lemma 4.9. Let Cy(P) = E.(P) + min{1, Evin s} — P?/4.
inf ess. spec (H<(P)) > C(P).
Proof. By Lemma 4.8, we get
(¥, H<w(P)) 2 Cu(P)[Y]* = Ax(P)llor @ T(j1(=iVk)) Vi @ Qs?
+o(W)[Yll., (p) (28)
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for ¢ € dom(H<,(P)), where Qs is the Fock vacuum in F(L?*(R2,)). By Weyl’s
criterion, for any A € ess.spec(H<y(P)), there is a normalized sequence {¢,} C
dom(H<,(P)) such that w-lim, .o ¥, = 0 and lim, .o [|(H<x(P) — N, || = 0.
Then, by (28),

(s He(PYhn) > Cua(P) = Ax(P)||ér @ T (j1 (—iV)) Vit ® Q||
+ o) ¢l (p) - (29)
We remark that, by (27),
(Vitn ® Qs 1@ NtV b @ Qsie) = (hn, 1@ Ne<gthn) < C < 00,

where C' is a positive constant independent of n. From this, it follows that

|0r ® (1 — xar (Ne))T (1 (—iVr)) Vit @ Qs || < C(;\I/}St' . (30)

Let 1 be a continuous positive function on R3 that is identically one on the unit
ball, and vanishing outside the ball of radius 2. Set n,,(k) = n(k/x). We note that

Vn*¢n ® Q>)~c = ]ILQ(R?’) ® F(Tln)v,:¢n ® Q>/~c (31)
for all n € N. Hence, we obtain
[6r © xar (V)T (j1(=iV)) Vi @ Q|
<( A, + 1)Y2 @ xar (NOT (1 (—1V5)) V.t @ Qs k,
(~As, + 1726} & xar (NOT (1 (—iV0)) D) Vit © D)

It is not hard to check that, by (27),

[(=Aa, + 12 @ X (NOT (1 (—1V1)) Vi o © Q||
< Const. (Y, (Hx(P) + 1)ty ) -

The right hand side of this inequality is uniformly bounded in n. Furthermore,
(=Ag, +1) 71202 @x s (N)T' (51 (—iV1))T (9, ) is a compact operator which implies

s lim (A, + 1)7Y2¢2% @ xar (N;)T (1 (V)T (M) Vit ® Qe = 0.

n—oo

From these facts, one concludes that
lim {|gr @ T (j1(=iVe))Viitn @ skl =0
and, by (29),
A > Cu(P) +o(1)(\ +1). (32)

Taking L — oo and R — oo, we obtain the desired result. O
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Proof of Proposition 4.5. By (26), we have
inf ess. spec(H,(P)) = min { inf ess. spec(H<,(P)), T(P)} , (33)

where

n>1ky,... . kn€RE

7(P) = inf inf inf spec | H<x (P - Z kj> +n

j=1
First, we show that
7(P) > E;(0)+ 1. (34)

Since
<V;-c*f ® Q>m HN(P)V:f ® Q>N> = <f7 HSH(P)f> )
we have that
E,.(P) < inf spec(H<,(P))
for all P. Combining this with Proposition 4.1 (iii), we can check (34).
From Proposition 4.1 (i), Lemma 4.9 and (34), it follows that

P2
inf ess. spec(H,(P)) — Ex(P) > min{min{l,Ebin,,{}— A ,E,{(O)—E,{(P)—i—l}
p? p?
> i in{l, & in,k f 71 -
mln{mln{, bin, ks } A 4}
PQ
= min{l,Ebin,,{}— 4 O

Appendix A. Self-adjointness, fiber decomposition

A.1. Proof of Theorem 2.1 (i)

The basic idea of the proof is due to Nelson [21]. Let K < k, and let the linear
operator T; k be given by

Tex =Y / dk Br (k) [€%% @ a(k) — e % @ a(k)*]
j=1,2 [k|<r
with Jax
alo
where xx (k) = 1 for |k| < K, xx(k) = 0 otherwise. T, x is a skew symmetric
operator. We denote the closure of T}, x by the same symbol. Then T}, k is a skew-

adjoint operator: T} - = —T}; k. The unitary operator Uy, x = el=x is called the
Gross transformation. We can easily observe that

U xp; @WU; x =p; @ 1= Ay k(15) — Ak (75)" (35)

Uk 1® a(k)U; = 1@ a(k) + > Brc(k)xa(k)e % @1, (36)

7j=1,2



1352 T. Miyao and H. Spohn Ann. Henri Poincaré

where
Ausc@) = [ dbkB(R)e*= @ ah)
|k|<r
and we use the symbol p; = —iV,, (j = 1,2). Using these formulae one gets
Us,ic Hop o Up o = H (37)
on C§°(R%)®Fsn(L%(R?)), where
b 1 1 .
H/-c,pK = j§2{ - 2Aj & ]1+ 9 ( — 2pj 'Am}{(ﬁj) — 2AH7K({EJ‘) Py
+ A i (1) + A i (1) + 245 1 (7)" - A k(7))
1 : .
+ \/a)\o/ dk e @ a(k) + e %% @ a(k)* }
k< (2m)3/2[k| ( )

+ 1@ Nt + Vi x(z1 —22) @ 1+ QU1+ E, i, (38)

|21 — 22
2\/04)\0 ik (s —1s
Vi - = dk k)? k ik (@ 1))7
s e+ e
Bk = —2aA3/ dk . ! ) -
K<lkl<w  (2m)3(1+Kk?/2)[K]|

Notice that E, g is finite even for Kk = oo. H:})K is closable and we denote its
closure by the same symbol.

Proposition A.1. For any o < oo, U < 00,k < 00 and K, H:})K is self-adjoint on
dom(Lyp), essentially self-adjoint on any core for Ly, and bounded from below.
Moreover

Us i Hop nUfs i = H .
Proof. By the inequality (1), and

la(f)*alg)* el < 8ILfllgll| (Ne + Dl

one can check that
b
[H. el < C([Lupell + lell) ¢ € dom(Ly,y)

with some positive constant C' < co. (Note that the finiteness of x is crucial here.)
From this we have

| Hop,xUs, k0|l = ”U:,KprwUn,K‘PH < C(|Lvpell + llell) (39)
for ¢ € C°(R®)&Fan (C5° (R?)). Since dom(Hyp ) = dom(Lyyp), we have

| LopUs, 0l < C (I Lupll + 12l) s ¢ € O (RY)&Fan (CS°(R?))
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by the closed graph theorem and (39). Thus we conclude that U, xdom(Ly,) C
dom(Lypyp). Similarly U} pdom(Lyp) € dom(Lyyp) and hence domUy, x Hop s Uy 1) =
dom(Uy K LvpU; ®) = dom(pr) dom(Hyp ). Since

UNKHbPHUnKSO HHKSO

for all ¢ € C§°(R®)@F5n(C5°(R?)), we conclude that U} i Hup « Uy x = H};pK as
an operator equality. O

The quadratic form

By k (o, %) = Z { —(p; @ M, Ay i (x)0) — (Ax k(z), pj @ )
j=1.2
1

9 <AN,K(xj)2507 ¢>

oo Asclz) ) +

+ <A,{ K (@5)p, Ax K(xj)1/’>}
+ <<P,H1K¢ + (o, Vi, (11 — 32) @ M)
+{% |x1 . x2| ® ]11/)> + B k{p,1) (40)

is well defined on dom(L 1/2) x dom(L 1/2) for all K < co and K, where
ik-mj —ik-x; *
Hig =Vado Y / (2r 3/2|k|{ ®a(k)+e ®a(k)}.
Py <k (
Lemma A.2. For all € > 0, there is a 0 < C. g < 0o such that
|Brx(,9)| < (AC(K)? +4C(K) + )|y el|* + Coclll®  (41)

for all k < oo, where
ald
= J el = e
Proof. First we note that, for ¢ € dom(Lyp),
Ip; @ Tpl| < [|(Lup + 1) 2]|, (42)

| A,k (z5) el < CUE) | (Lnp + 1) 20| (43)

by (1). From these inequalities, it follows that
[(pisp: Anic( (@) )9)| < CUOI(Lnp + 1) 2,
(0, A i (25)*0)| < CE || (L + )27

On the other hand, for any €; > 0, we have

4
[, Hixep)| < exll(Lup + 1) 20]> + ‘) Ca(K)l?
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by (1), where Co(K) = a} f\k\ngk/(2ﬂ-)3|k|2' Moreover,

2\/(1)\0

|<tp,VR,K(3}1 —Z2) ® ]1<P>} < Q/dl€ {5K(k)2 + (27)3/2|k|

=: 2C5(K) | #|®

|5K<k>|} ol

and, for any €2 > 0, there exists b, > 0 such that

Ua 2 12 ,
, 1L < L b .
‘<<p |z1 — 22| @ <p>‘ < &l bp oll” + be, [l
Combining these results, we obtain the desired assertion. O

Choose K sufficiently large as 4C(K)? + 4C(K) < 1. Then, by Lemma A.2
and the KLMN theorem (see, e.g., [23]), for k < oo, there exists a unique self-

adjoint operator H:}}; such that
bp’ 1/2 1/2
<s0,HK}’K<p> = <Lbf) o, Ly} s0> + By, ik (¢, 0) -
For k < oo, by Proposition A.1, we have
bp/ _ bp __ *
HK,K - HK,K - UH7KHbP7NUR,K .
From this fact, it is natural to denote H :3 /K as H(Eop) K-

Lemma A.3.
im By (¢, ) = Boo (0, 0)

uniformly on any set of ¢ in dom(Lll){)z) for which ||L11)£2<p|| + |l¢|l is bounded.

Proof. By the similar argument in the proof of Lemma A.2; we have

| Brie (9. 9) = Boo i (9, 9)| < 4(C(k) +20(K)C(x)) || (Lup + 1)
+(2C3(5) + oo, — Bx xcl) 0%, (44)

where C'(k) (resp. C3(k)) is C(K) (resp. C5(K)) with K replaced by x. O

Applying [23, Theorem VIII. 25], we immediately obtain the following.

Proposition A.4. For K satisfying 4C(K)?+4C(K) < 1, H};pK converges to HEOP)K
as k — 00 in the norm resolvent sense.

Proof of Theorem 2.1 (i). Since U, g converges to U x strongly, we have the
desired assertion by Proposition A.4. O
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A.2. Proof of Theorem 2.1 (ii) and (iii)

Let H:})K be the Hamiltonian given by (38). It is not hard to see that Z/{H:’F’KU*
is also decomposable and

52}
UHD U = /R ] H,P (P)dP.

On C§°(R?)®Fan (CS°(R?)), we can represent U-C:f)K(P) as follows,

1
I(P)= (P~ 1®F)*
—Am,.®]1+|o;U|®]1+]1®Nf
: 1 o
(=1 —; _ X _q\j—1r
+j;2{ {( WY1V @ 1+ (P 11®Pf)] A ((-1) 2)
T\t L 1
— Ax i ((—1)]—1“;) .[(_1)1 Y—iv, )@ 1+ 2(P—]l@Pf)}
1 . T\ 2 1 . T\ *2
_ 1)1t _q\j—1*r
+ oA (( b 2) T oA (( Q) 2)
1T\ i1
e (075 e (0 |
dk k-
—|—2\/a)\/ cos "' @ [a(k) + a(k)*
 Jrexe 22 o @ otk +al®)]
+ Vn,K(xr) ® 1 + EmK . (45)

The symmetric operator H:pK (P) is now defined by the right hand side of (45).
Clearly this operator is closable and we denote its closure by the same symbol.

Proposition A.5. For all k < oo, K < 00, a < oo and P € R3, H:,pK(P) is self-
adjoint on dom(—A,, ® 1) Ndom(1® P?) Ndom(1 ® N¢), essentially self-adjoint
on any core for the self-adjoint operator L defined by (4). Moreover,

e
bp 4 g b
UHPD U = /R HY(P)dP. (46)
Proof. In the proof of Propsotion A.1, we have proved that dom(Uy,x LbpU); ) =
dom(Lyp). Thus, by the closed graph theorem, there is a constant C' such that
U, LopUs e 2ll* + lloll* < C (I Lol + lll|)

for all ¢ € dom(Ly,p). Choose ¢ as Uy = 1, @1 with ¢ € C§°(R*)@Fan(C5° (R?))
and

T = ng/QXMn(P) ) (47)
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with M, (P) = {k € R®||k; — P;| < ,} , j = 1,2,3}, where xg is the characteristic
function for the set S. Then, we get that

[, Ak R s LW 0l < (/ Al (KL (k) + ||w||2> ,
where
L(P) = i(P— 1@ P)? — Ay, @ 1+ 1® Ng

and

WK,K = eXp{ Z /dk ﬁK(k) |:eik-(—1)jflrr/2 ® a(k)_e—ik'(—l)jflrr/Z ® a(k*)} } )
j=1,2

Note here that we have used the following facts:

@
Z/IUmKZ/{*:/ Wy kdP, (48)
R3

S5}
ULppld* = / L(P)dP.
RS

Taking the limit n — oo, we get
¥ 2
W,k LYW k0|2 + 1912 < C([[LPY9||” + [[]]) -

Since C§°(R3)@Fan(C5°(R3)) is a core for L(P), we can extend this inequality
to dom(L(P)) = dom(—A,, ® 1) Ndom(1 ® P?) Ndom(1l ® N¢). Thus, we have
Wi, xkdom(L(P)) € dom(L(P)) for all P. Similarly W rdom(L(P)) C dom(L(P))
and we conclude that

dom (W, x He(P)W, i) = dom (W, x L(P) k) = dom(L(P)).
Since
Wi H(PYW, ¢ = H,"e (P) (49)

on C5°(R*)&Fan(C5° (R?)), we arrive at Wi, g He(P)W): o = HE?K(P) as an op-
erator equality. Thus, H:,pK(P) is self-adjoint on dom(L(P)). To show (46) is an
easy exercise. O

Lemma A.6. MH:&KU* is decomposable and can be represented as
b ©
LlH(XEKZ/{* = /RS HOOP’K(P)dP.

Moreover, for a.e. P, H:’pK(P) converges to HEOP,K(P) in the norm resolvent sense
as kK — 0.

This is a direct consequence of the following abstract theory.
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Lemma A.7. Let A, (n € N) and A be self-adjoint operators on a Hilbert space
fl\e; hdu(m). Suppose that A, is decomposable for alln € N, i.e., A, = f;‘; A

du(m). Suppose that A, converges to A in the norm resolvent sense as n — 0.
Then,

(i) A is also decomposable Hence we can represent A as the fiber direct integral

A= [3; Alm) du(m),
(ii) For p-a.e. m, A,(m) converges to A(m) in the norm resolvent sense as
n — oo.

Proof. (i) A, is decomposable if and only if e*4» F = Fet4n for all t € R and
F € L>(M,dp). Taking n — oo, we arrive at e*4F = Fe*4 which means that A
is decomposable and can be written as A = f;‘; A(m) du(m).

(ii) For p-a.e. m, we obtain that

[(An(m) +1) " = (Am) +1) 7| < A+ 1) = (A+D) 7 =0 (n—o0).O

We note that Lemma A.6 guarantees the existence of the limiting Hamiltonian
ﬁ::op i (P) only for a.e. P. To prove the existence of the limiting Hamiltonian for
all 15, we need more technical preparations.

Let BEK(@, 1) be the quadratic form on dom(L(P)'/?) x dom(L(P)'/?) de-
fined by

o) =) { - <[(—1)j1(—ivrr) @1

j—l 2

(P ]1®Pf)} AN»K((_l)j_leT)w>

2
< D e [(—W’1<—ivw,.)®ﬂ+;(P—ﬂ®Pf>}w>
(v AKK(< 1>j1§f)2w>+;<Aﬁ,K(< DY) )

ty
(a5 ()Y
< dk k-
+ (e,

2\/a)\o k‘<K(7T)3/2|k|COS ) ®[a(k)+a(k)*]w>

U
k(z) @ Ip) + <<p, f; | ® 11w> + Bk {p, 1) (50)

for K < k < 0.
Lemma A.8. (i) For all e > 0, there is a C. g > 0 such that
1BY k(¢,9) < (4C(K)? +4C(K) + &) | L(P)20* + Ce x|l 0]l
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lim B« (¢,0) = BY, k(9,)

uniformly on any set of ¢ in dom(L(P)Y?) for which |L(P)"?¢|]? + ||¢||?
s bounded.

Proof. (i) Let n, be the vector defined by (47). Choose ¢ as Up = 1, ® ¢ with
¥ € dom(L(0)'/?). Then we have

By k(p. ) = /

8 AP 1, (P)*BY 1 (1,)

where By, i is the quadratic form given by (40). By Lemma A.2, we get

[ aPu (PP BL )
< (1C(K +4C(K) +2) [ APy (PPILEP) 0] + Coull 01

Taking the limit n — oo, we conclude (i). (Here we use the fact dom(L(0)'/?) =
dom(L(P)/?) for all P.) Similarly we can prove

1BE 4 (1, 00) — BE (0, 90)] < 4(C(r) + 2C(K)C(x))||(L(P) + 1) />0 ||
+ (2C3(k) + | Eso,c — B i) ] (51)

by (44). O

Proof of Theorem 2.1 (ii) and (iii). From Lemma A.8 and the KLMN theorem [24],
it follows that, for sufficiently large K as 4C(K)? + 4C(K) < 1, there exists a

unique self-adjoint operator H:’F}/((P) such that

(0, HP(P)p) = (L(P)?0, L(P)V/2) + BE (0, 0) .

For k < o0, it can be easily shown that H:f}/{(P) = H:})K(P). (From now on, we
also denote H:(E/K (P) by HEOP)K(P).) Moreover, by Lemma A.8, H:})K(P) converges
to H Eop) x (P) in the norm resolvent sense for all P. Since W} ;- converges to W,
strongly, we conclude (ii) by (49)

Finally we show (iii) in Theorem 2.1. Since ﬁ:ﬁK(P) = HEOP,K(P) for a.e. P,
we have that

o ®
/ AP (P)dP = [ H,(P)dP.
R3 ' R3 ’

Noting that the operator equality (48) is valid for kK = oo, we have the desired
assertion. g
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Appendix B. Convergence of the ground state energies and the
bottom of the essential spectrum

Let Eyp,. and Fp , be the ground state energy for Hyp . and Hj . respectively.
Further we denote inf spec(H(P)), resp. inf spec(H(P)), by E.(P), resp. E(P).

Proposition B.1. For all a, U > 0, the following holds.

(i) limnﬂoo Ebp7n = Ebp.
(i) limy oo Bpx = Ep.
(iil) limy o0 Ex(P) = E(P) for all P.

Proof. (i) and (iii) are direct consequences of Lemma A.3 and A.8. (Note that
Evpr = infspec(H:})K) and Ep, = infspec(Hif’K). Also note that E.(P) =
inf spec(H:’pK(P)) and F(P) = inf spec(Hg)’K(P)) for all P.) We can show (ii)
in a similar way. O
Proposition B.2. For all a,U > 0,

lim infess. spec(H, (P)) = inf ess. spec(H(P)). (52)

R— 00

Proof. Let HE?K(P) be the Hamiltonian defined by the form sum L(P)+ Bf; i for
a sufficiently large K, see (50). Notice that (52) is equivalent to

lim_inf ess. spec(H % (P)) = inf ess. spec(HfoliK(P)) (53)

K—00

because W, x Hy(P)W ;- = H:’pK(P) for all kK < co. By Lemma A.8 (i), we have
that, for all k < co and large K,

L(P)+ 1< C(H(P)+1)
where C' is independent of . Combining this with (51), we can conclude that
H5(P) < (14 D) HZ 1 (P) + D ()

and
HP 1o (P) < (14 D(k))H (P) + D(k),

where D(k) is a positive constant satisfying lim,_,, D(x) = 0. By the min-max
principle, we have that

inf ess. spec(H:f’K(P)) < (1+ D(k)) infess. spec(H:(sK(P)) + D(k)
and
inf ess. spec(H:(sK(P)) < (14 D(k)) inf ess. spec(H;pK(P)) + D(k).

Taking the limit £ — oo, we obtain the desired assertion (53). O
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Appendix C. Lower energy bound

The proof of Lemma 3.5 (ii) is a modification of the single polaron case established
in [15]. For more details we refer to [15,16].
Step 1 (Elimination of the hard phonons). Let Z() = (z{", z{" | z{M) and
72® = (7, 7282 78 be given by
Z(.”:\/QA/ dk ®alk), i=1,2, j=1,2,3.
/ 0 K<|k|<r (2m)3/2|k[? (k)

Let D, be the generalized partial differential operator in the variable y. By the
standard calculation, one checks that

S [P 2 - 2] = Hin (54)
i=1,2 j=1,2,3

where we use the symbols ©1 = (211,12, 213), 2 = (x21, T22, T23), and

dk ; .
Hin _ A ik-x; k —ik-x; k * i
Ve Oigz/KSkac (2m)3/2 k| [7* @alk) +e @ alk)]

On the other hand, for arbitrary € > 0

> (o]-iD. 2~ 27])

j=1,2,3 ‘

<2Y(~A, )2 ® H‘PHH(ZG) _ Z(i)*)(pH

1/2
<2(-A.)" ® nw|l{2<% (202 + z<i>z<i>*)¢’>}

2 X ) o
<ell(-A:)"? @ Tp|* + <so, (z<l>*z<l> + Z(”z(z)*)@>
1 a}
em K’

In the last inequality we used that Ej:172,3[Zj('i)a ZJ@*] — a2 qukKK

dk/(2m)3|k|* < al3/27?K. Moreover, by a standard number operator estimate,
we have

4 )k rg (e
<el(-80)" 2 @ gl + (10,20 20) +

i 2 O[)\2
> 20| < pnt 18 Naxell, (55)
7=1,2,3

where N>x = dI'(1 — xx) = [y dka(k)*a(k). Choose e = 4aX3/m? K. To

summarize, combining (54) with (55), we obtain that

8a\? 1 1 1
— (¢, Hingp) < 2K <<p, <—2A11 — 2A12> ® 11<p> + (p, 1® N> o) + L (56)
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Let

Sa\? 1 1 alU
Hie=(1- ) (= AL — A, 1+1® N.
K < 7T2K> ( 2 ! 2 2+|$1—$2|>® T <K

i Z \/a)\O/ dk [eikmi ® a(k) + e—ikmi ® a(k)*],

2V Jexc my2lK

where N g = dl'(xk) = f|k|<K dk a(k)*a(k). Then, by (56),

2
prm - HK = i_O;;\(O (_;Awl - ;Awg) ® ]1+ ]1®NZK +Hint 2 _i )
that is, Hyp,, > Hg — 1/4. From now on, we take K = 8a6/5/\%/7r201 with some
positive ¢; independent of a.

Step 2 (Localization of the electrons). Let Cp(a) = (0,7(3/L)Y/?)% +a c RS
(a € RY). For arbitrary ¢ > 0, take ¥ € C§°(R%)® Fsn(C5°(R3)) with [P = 1
and (¥, Hx¥) < infspec(Hg) + /2. For ¢ € Cg°(CL(0)), set ¢y(x) = ¢(z —y).
A direct calculation leads to

. e 1
/dy (py ¥, Hipy V) < infspec(Hg) + 9 + 5 Z ||ijg0||2.
j=1,2
Consider the Dirichlet Laplacian —Ap for C,(0) and let ¢ be its ground state with
ground state energy 2L. At this point we would like to choose ¢ to be equal to ¢g.

Unfortunately ¢o does not belong to C§°(C(0)). However it can be approximated
by ¢ € C5°(CL(0)) such that 3=, , [[Va,¢[|* < 2L + ¢. Hence

/dy<<py\11, [Hy — inf spec(Hg) — L — €] gpy\Il> <0.

Accordingly there must be a point yo € RS such that {0y, ¥, Hx 0y V) /|0y P <
inf spec(Hg ) + L + € which implies
inf (U, HxW) < infspec(Hg) + L,
VeDy, ||V]=1
where Dy, = C5(CL(y0))® Fan(C5°(R3)). (Here we have used the fact that
0y ¥ € D) Henceforth, we take L = coa®/®. Combining this choice with Step 1,
we arrive at

(U, Hg W) — cp0”/® — L (57)

Ebpm > 4

inf
VeDy, [|[¥]=1
Step 3 (Block decomposition of the phonons). Let P = c3a*/® and, for n =
(n1,m2,n3) € Z3, let Dp(n) = [P — P/2,n P + P/2] x [naP — P/2,nsP +
P/2] x [ngP — P/2,n3P + P/2]. We introduce Ap = {n € Z*| Dp(n) N Bx # 0},
where B = {k € R3||k| < K}. (Recall here that K = 8a%°)\2/n2%c;.) Then
#Ap (the cardinality of Ap)= 4T K?/P3+lower oder = O(a/®). For each n€ Ap,
set
D if D B
B(n) = p(n), 1 p(n) C Bk
Dp(n) N By, if Dp(n) SZ Bk
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and let kp(,) be any fixed point in B(n). Recall the definition of Cr(a) and yo
which are given in Step 2. We write yo as yo = (yo1, Yo2) with yo; € R? (j = 1,2).
For k € B(n) and = = (21,22) € C(yo), noting that z; — yo; € (0,7(3/L)'/?)3,
we have

ikx; _ eikB(n)'fi

_ ‘eik'(ﬂﬁi—yoi) — oikBm) (Ti—yoi) < |k _ kB(n)Hxi _ y0i|

1/2
< 303( 6 > o 3/10
2 C2

Thus, for any 6 > 0, we obtain

Z {(5]1@]\73 (n) + \/Oé)\o Z / 27T 3/2|’1€| [(eik»m _ eikB(n)-am‘) ® a(k)

neAp i=1,2

le

+ (efik-wi _ e*ikB(n)'w'i) ® a(k)*} }

2

Y / dk o b
2 _ el Tg __ el B(n) Ti
20 EZA B(n) (2m)3(K[? ;2( )
S _ 1203 8/5
- 56162

where Np(,,y = dl'(xB(m)) = fB(n) dka(k)*a(k). Take 6 = c4a~/®. From the
above inequality, it follows that, for any ¥ € Dy,

<\I/, HK\IJ> 2 <\If, HK ({kB(n)})\Ij> - 120?))0(9/5/010204 (58)
with
1 1 U
HK({kB(n)}) 2(1—610571/5) (_2Azl_ 2Az2+ @ > ®1

|71 — 22
+ > { )1 ® Np(n)

neEAp

ikp(n) Ti
+ Vo Z/ (2 3/2|k| { BT @ a(k)

i=1,2
+e kBT g a(k)*} } '

An important point here is that the exponential factors e*'#'¥5(m) in the electron-
phonon interaction term contained in H k({kB(n)}) are independent of & within
B(n), because kp(y is fixed. Next we introduce a block annihilation operator
A, (n S Ap) by

a \ 7 dk
( . <2w>3|k|2> sy 2m2k “ )
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Each A, is a normalized boson mode satisfying [An,A:‘Z,] = 0p,n. Moreover it
satisfies that A} A, < Np(,). By this fact, we conclude that, for each ¥ € Dy,

(U, i (R })0) > (0, HEX (k) })T) with

) - 1 1 alU
HK({kB(n)}) =1 -« 1/5) <_2Am1 - 2Ar2 + ER —x2|) ©l

+ Z {(1—04@1/5)11®A;An

neEAp

dk 1/2
+VaX / elhe T @ A,
( Bn) (2w>3|k|2> |

i=1,2

+emkem @ A } '

Therefore, by (58),
(U,Hg V) > <\IijIB(IOCk({'I€B(n)})\Il> — 12650 [ereaen.
Summarizing the results obtained in Step 2 and 3, we get

Eop, > inf sup (0, HEN({kpm})¥) + O(a”?). 59
bp, *@em,||wn:1{k3<f>}< w7 (k) > o %9)

Step 4.

Proof of Lemma 3.5 (ii). As preliminary, we recall some fundamental properties of
coherent states. Let a and a* be the annihilation and creation operators in L?(R),
and |0) be the ground state of the harmonic oscillator: a|0) = 0. For £ € C, a
normalized coherent state for a single oscillator is given by |¢) = 7~/ exp[—}|¢|>+
£a*]|0). We denote the orthogonal projection onto the coherent state |£) by |€)(&].
Then

/dfdf*|£><s|:11, /dgdé*flﬁmza, /dsds*(|f|2—1>|s><£|:a*a, (60)

where the above integral is understood as a weak integral.

For £ = {&n}nenp, &n € C, let [§) = HnGAPT"_l/2 eXp[_;|§n|2 + & A be
a normalized coherent state for block oscillators introduced in Step 3. For any
normalized ¥ € Dy, set We(x) = (§, ¥(x))5(L2(rs)). Note that, since ¥ € Dr, Ve
is in C§°(Cr(yo))- Using (60) for each block oscillator, we have

<@,H§106k({k3(n)})\11> = / nenpd€nds, <\I’57hs({’€3<n>})‘1’5> ,

L2(RS)
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where h¢({kp(n)}) is the Schrodinger operator given by

he({kpm}) = (L= cia”P)ha + Y {(1 —caa” ) (jl? ~ 1)

neAp

1/2
dk S omon e
IRB(n) i *AIRB(n) Ti
+ <L(n) (27T)3|k|2> \/OC)\O E [fne +€ne :|}

i=1,2

with hel = —Ay, /2— A4, /2+aU|z; — 22|71 By completing the square and taking
the supremum over {kg(n)},

sup <x11 hg({/cB(n)})fo>

{kB(n)} L2(R®)
> (1= 10 P)(We, ha W)
B ard / " e (k)2
{kBm)}neAP (1- 040‘71/5) B(n) |k|2||\115||2L2(R6)

—(1- 040471/5)”\115”%2(]RG)#AP )

where pe(k) = (2m)7%2 [ dze ™ *%pe(z) with pe(z) = [po doy [Pe(zr,2)> +
Jgs Ao [We (2, 22)|?. We remark that

. 1pe(kBn)y)]?
inf E / dk
{(kBemy} B(n) |k2]

neAp

N 2 N 2
S/ Ak |p§(7§)| S/ Ak |p§(72€)|
<K k2| R3 |K2|

1 Ue(z1, 22) 2| We(y1, y2)|?
T4 Z /d$1d$2dy1dy2 Ve 2)| | f(yl y2)|
"= |z — yj

by (10). Taking the fact that #Ap = O(a/®) and the above remark into consid-
eration, we have

sup (U, HEK ({kgn 1)U
{km)}< K ({kpm}) >

> / penpd&ndey [ Well72 o [(1 — 1072 (e, ha )

g 2|\ 2
- ) ) / sy 6 72 PIE 20
V2(1 — cqa—1/5) . 21— 35|

+ O(°/%), (61)
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where ¥, = Ve /|| We| L2(rsy. The integrand of the right hand side of the above
inequality is the Pekar—Tomasevich energy functional. Thus

RES of (61) > [ M,enpd&ud€] [ elfaqeey (1~ cia™/%)
x cbp(u — a8y (1 - c4orl/5)U) a2 + O(a?/5)
=(1- cla_l/5)cbp((1 — a1 - 040_1/5)U)02 +0(a"?).
Combining this result with (59), we have that
Epp,i 2 cbp ((1 —ca” o)1~ 04071/5)U)a2 +0(a”?)

for any x > K. (Note that the error term O(a®/®) does not depend on &.) Taking
K — 00, we obtain the desired result. O

Appendix D. Localization formula

In this appendix, we consider the Hamiltonian in configuration space. Namely let
a(x) and a(z)* be the creation and annihilation operators in configuration space.
In this representation, the Hamiltonian Hy,, ,; is written as

j=1,2
alU

+ QU+ 1® Nt,
|z1 — 22|

where
e_ik'(r_y)

R B

|k|<r

Clearly hg(y) is real and hg(y) = ho(y — x).
Let ¥ be the smooth nonnegative function on R3, identically one on the unit
ball, and vanishing outside the ball of radius 2. Set

nle) =1 (y2x> . o(ysw) =X <y;x>
91(y; )

. cr) = ] ;x) = 924:.2) )
Jelyiz) Vo1 (3 2)2 + ga(y; )2 Jonlyi) Vo1 (y; )2 + g2(y; )2

Remark that

and introduce

Jreie)? +jarn(a)? =1 (62)
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for each z € R®. For each 22 € R3, we define a linear operator jg) from L2 (Rg)
to L2(R%) @ L2(R3) by
(5£2F) @) = jr.0lsw2) F(9) @ fo.n (i 22) £ (9)

It is easy to check that jg(gf) is an isometry by (62). Let U be the unitary operator
from F(L*(R3) & L*(R2)) to F(L*(R2)) given by the relation

Va(f @ g)*U* =a(f)* @ 1+ 1®a(g)* .
Now we introduce an isometry operator from L*(R®) @ §(L*(R3)) to L*(R°) ®
S(L2(R)) ® F(L*(R})) by

Uplw) = ur (i),

where x = (21, 22) € RS are the electron coordinates.
Let Hﬁ%N be the Hamiltonian acting in L?(R%) @ F(L*(R?)) ® F(L*(R))
defined by

1 1
H{?p,ﬁ = <—2A11 - 2A12> ® ]13 ® ]13 + 172 ® Nf ® ]lg + 172 ® ]13 ® Nt
Vo [y, ) ©a) © T+ o) 9.3()° © 1)

Vo [y o) ® 5 © )+ hea ()9 15 © o))

Clearly inf spec(Hfi)yH) = 2FE, . Recall the definition of ¢p(71,22) given in the
proof of Proposition 4.2 (ii).

Lemma D.1. For ¢ € dom(Hypp k),
(0, 0rRHbp,x0rP) = (@, Urja(@) orHY,  ORUR/a(2)9) + O(1),
where O(1) is the error term satisfying |O(1)| < G(R)({p, Hop.xp) + bl|p||?) with

G(R) vanishing as R — oo, and some positive constant b > Epp ;.

Proof. The proof is almost in parallel to that of [9, Lemma A.1]. However, for the
convenience of the reader we provide a sketch of the proof. First we investigate
the difference of the electron-phonon interaction terms, namely,

3 én / dy [ (0) © (0) + i (0) @ 6(0)" )6

=12

— Urja(2)*or /RS dy [he, (y) © aly) @ Uz + ha, (y) @ a(y)* © Ug]drUr/a(x)

~Unja(w)"in [y hos(u) © T © ) + hea(4) 1 © o) |l
(63)
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It suffices to show

|[@ra(he))# br — Urja(x)* dra(hae,) ® IdrUg/a(z)] 0| = O(1)  (64)

and

Oralhe,) b Unga(o) o [ ios(0) @ T ) * (o) o] = 010,

where O(1) satisfies O(1) < G(R) (¢, Hop.x@) + bl|@]|2)/? with G(R)" vanishing
as R — o0o. To show (64), note that

Or a(he))* or — Upja(2)*dr @(he,) ® 1z ¢rUR ()

= Urya(2)*or /R3 dy (j1,r/a (Y 22) — 1) he, () @ a(y)* @ Uz GrUp 4 (x)

+ UR/4($)*§£R/ dy jo, rya(y; 22) ha, (y) ® g ® a(y)* GrUR a(x) =: [1+15 .
R?)

The standard number operator estimate leads to

1]l < { sup or(z1,22)%|| [j1,r/4(-, 22) — 1] hz1H} 1122 ® (Nt + 1)'/2g)|.
Z1,T2
Since the number operator Nt is relatively bounded with respect to the Hamil-
tonian Hyp ., we have that Ny < c¢;Hypp + c2 for some positive constant c;
and ¢z, and hence |1z ® (Nt + 1)Y2¢[|2 < c1{p, Hoprp) + ca|lp||?. Noting
the support properties supp(l — ji g/a(-,22)) € {y € R¥ ||y — 22| < R/2} and
suppér C {z = (z1,22) € RS ||z1 — 22| > R}, we have that
- . 2
dr(z1,22)||[J1,r/4 (- s 22) — 1] e, ||

< 4$R($1,$2)/ dy |ha, (y)]?

ly—z2|<R/2and |z1—z2|>R

< 4n(z1,7) / Ay [y (4)?

ly—z1|>R/2

=4¢)R(3}1,$2)/ dY|h0(Y)|2
lY|>R/2
Therefore we can conclude that || I;¢|| = O(1). Similarly,

[1200]] < { sup ¢R(331a332)2||j27R/4('§332)hr1||} 12 ® (N + 1)V
xT1,T2
and

Gr(r, @2)ljn.ra( w2 | < Grlar, 22) / aY |ho(Y)]?
[Y|>R/2
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which imply ||Io¢|| = O(1). To show (65), we apply a similar reasoning and only
remark that

éR(mla332)||j17R/4('§$2)hz2”2 < &R($17$2)/ dY |ho(Y)|?
|Y|>R/4
and
or(z1,22)| 2, rya( 2) — 1]hr2||2 < 4(;5}%(331;332)/ dY |ho(Y)|?.
[Y|>R/4

It is clear that
UR/4($)*(]1L2 QN @z + 172 @ 1z ® Nf)UR/4(gj) =172 ® Nt.
To show that

<(¢07 éR Z (_ij) ® ]lgéR 30>

7j=1,2

- <<Pa Uppa()*ér Y (—As) @ 1 ® ]15¢RUR/4($)<P> =0(1),

j=1,2

one follows the proof of [9, Lemma A.1]. O
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