ROCKY MOUNTAIN
JQURNAL OF MATHEMATICS
Volume 6, Number 2, Spring 1976

THE BRAUER GROUP OF A RING MODULO AN IDEAL
F.R. DEMEYER

Let R be a commutative ring. Let B(R) be the Brauer group of R as
defined in [2]. If I is an ideal of R the natural homomorphism from
R to R/I induces a homomorphism from B(R) to B(R/I). We study this
homomorphism in two contexts. In § 1 we show that if I is a nilpotent
ideal then the homomorphism from B(R) to B(R/I) is an isomorphism.
In §2 we assume R is a local ring and I is its maximal ideal. We
describe the kernel of the homomorphism from B(R) to B(R/I) and then
show this homomorphism is onto if R/I is a number field, the p-adic
completion of a number field, or a function field in one variable over
a finite field. The results of § 1 have been proved by R. Hoobler using
cohomological methods, but our proof is algebra theoretic and uses
Tecent results of E. Ingraham [8]. Professor Ingraham provided part
of the argument used in the proof of Theorem 1. The results of § 2 in-
clude some of those of V. J. Katz [9] who assumed R to be a regular
local domain.

Throughout, our notational conventions will be the same as in [7]
Wwhich contains the definitions of all unexplained terminology.

Section 1. In this section we prove the following theorem.

Tueorem 1. Let I be a nilpotent ideal in the commutative ring R.
Then the natural homomorphism from B(R) to B(R/I) is an isomor-
Phism,

Proor. First show the homomorphism is one to one. Let A be a
Central separable R-algebra with RI® A in the zero class of
B(RII). Then R/II® A= Endpg,(P) for P a finitely generated pro-
Jective faithful R/I-module. We first show there is a finitely generated
Projective faithful R-module P* with R/ ® P* = P. Let P, be a finite-
ly generated projective R/I-module with P& P, = (NI)*. Let 7 be
the corresponding projection of (R/I)* onto P. Then 7 is an idem-
Potent in M,,(R/I), the algebra of n X n matrices over R/I. Moreover,
M»(R/I) = M,(R)/IM,(R) and IM,(R) is nilpotent so there is a pro-
Jection #* in M,(R) mapping onto 7 modulo I° M,(R). Let P*=
7*(R™). Then P* s a finitely generated projective R-module and the
diagram
&_
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commutes where the vertical arrows are natural. Thus P*IP*=P.
By Nakayama’s Lemma (Lemma 1.1.7 of [7]) Anng(P¥) is generated
by an idempotent. Since P is faithful, Anng(P*)C I, so P* is faithful
by the nilpotence of I.

By a theorem of Bass (Corollary 16.2 of [4]) there is a finitely gen
erated projective R/I-module Q with P ® Q free over R/I With Q*

constructed as P* was in the previous paragraph we have
R/I ® Endg(Q*) ® A= (RII ® A) ®g; Endg;(Q)
= Endg(P) ®giENDg;(Q)
= Endg;(P ® Q)
= M,(R/I).

We next assert that since P ® Q is free over R/I, then P* ® Q* i
free over R. Let F be a finitely generated projective R-module with
RI® F free over RII. Note RII® R= F/IF and let : F— FIIF
be the natural map. Then 7 induces the homomorphism ¢ : Endg(F)
— Endg,(F/IF) = M,(RII). Let 1= Y1_,m, where the m; aré
orthogonal projections in M,(R/I) whose images are isomorphic t0
RIL Lift m; to projections 7;* in Endg(F) so that ¢(m;*) = m;. Then
F=@ Y1, m*F). Let P; = n,*(F). The square

with vertical arrows the natural maps commutes so PJ/IP; = R/L. This

yields the diagram
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where 9, and 7, exist by the projectivity of R and P;. nown, 'n, =1
mod I, son, * m, is invertible, P; = R and F is free.

Finally, let B= A ® Endg(Q*). Then B/IB= M,(R/I). Write
1=%'n_ 7*in B, where n;* + IB = n;; the r; are given in the pre-
vious paragraph. Now 7;M,(R/I)r;= R/l so m;* Bm* is a finitely
generated projective R-module with homomorphic image R/I by the
map

TT.‘* B”i*_) 77’."'t Bﬂi*/(ﬂi*Bﬁi*)I-
By the previous paragraph, ;* Br;* = R. Let¢ : B— Homg(Br;*, Br;*)

by ¢(b)[xr*] = b x m;* where we identify R with 7;*Br;*. We get
the diagram

Endg(Br;*)

M. (RIT)

Endg((B/IBr,).

Br* is finitely generated projective over R since 7;* is idempotent and
faithful since m;* Br;* = R. The homomorphism ¢ is 0.e to one on R,
and so, by Theorem 2.3.7 of [7], is one to one. The image of ¢ is a
Centra] separable R-subalgebra of rank n2 Since the bottom arrow is
an isomorphism, the rank of Endg(Bm;*) is n?, so, by Theorem 2.4.3 of
[7], ¢ is an isomorphism. Thus the homomorphism from B(R) to
B(RII) is one to one.

_ Next we show the homomorphism from B(R) to B(R/I) is onto. Let
A be a central separable R/I-algebra. By an earlier paragraph thef_e is
a ﬁnitely generated projective faithful R-module P with P/IP = A as
R-modules. We get the diagram
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A ® AO Endnn(z)

¢
Endg(P),

where ¢(a ® b)[x] = a x b. Identify A with $(A ® R/I) in Endg(A).
and let a, - * *,a, be elements in Endg(P) mapping by ¢ onto the
generators of A LetB be the R-subalgebra of Endg(P) generated by
ay, ***,a,. Then BIN = A, where N= BN ¢~!(0). Let g; € N; then
g € Homg(P, IP). If n is the index of nilpotency of I, then

g galx) =1y iy, =0, ELy, EP.

Thus N is nilpotent of index n. Since B is finitely generated by a1,
‘++,a, as an algebra over R, and since B is an R-subalgebra of
Endg(P) so that every g; satisfies a monic polynomial over R, we have
that B is finitely generated as a module over R. By Theorem 1 of [8]
there is a separable R-subalgebra A of Bwith A + N = B.

We have A is a separable subalgebra of the central separable algebra
Endg(P). Thus Endg(P) is finitely generated and projective as a
module over Z(A) = the center of A. Thus Endg(P) is a progenerator
over Z(A), and for some integer n the sequence Endg(P)™ — Z(A) — 0
is exact and splits over Z(A), and thus over R. We conclude that Z(A)
is projective over R, so A is projective over R. But projective separable
algebras are finitely generated (2.2.1 of [1]), so A is finitely generated
over R. The ideal IA C ker |4, so ¢ induces a homomorphism ¢ : A/IA
— A. Under ¢ the center Z/IZ of A/IA is sent to R/I since A is central
separable over R/I. Thus Z/IZ= R/I® Z|/IZ,. Since I is nilpotent,
idempotents can be lifted modulo IZ so Z= R® Z,, where Z, c
ker ¢|;. This decomposition of Z yields a corresponding decomposition
A= A, @ A,, where A, is central separable over R and A, C ker ola
Thus ¢(A,) = R/II® A, = A, which shows the map from B(R) to
B(R/I) is onto.

Section 2. In this section R is a local ring with maximal ideal m and
residue class field k = R/m. Let Q be a separable closure of R (see p-
99 of [7]), and let S be the collection of those finite separable pro-
jective extensions S of R in Q so that SimS= & ¥ R/m. Let S, 5
€ S,andlet S, - S, be the composite of S, and S in Q. Then S, - Sy/mS:
* 85 is an R-homomorphic image of

Rm® (S, ®8,)=® S Rim.
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Thus S, - S, €S. This demonstrates that S is a directed set under in-
clusion. Let N = lim {S € S}, then N is a locally separable extension
of R in Q. If o € Autg(Q), then o(N)C N since o(S) ES for
each § € S. Thus N is a normal extension of R in () called the maximal
completely split extension of R in ().

Tueorem 2. Let R be a local ring with infinite residue class field
Rim, and let N be the maximal completely split extension of R. Then
the sequence

0— B(N/R)— B(R)— B(R/m)
is exact.

Proor. Let |A| € B(N/R). Then N @ A = Homy(P, P) for a finitely
generated projective N-module P. The proof of proposition 3 in [6]
shows that P is a free N-module. Let x,, - - -, x, be a basis for A over
R Each 1 @ x; is an n X n martix A; over N. Find an element S € §
Containing the n3 elements of N in these matrices. Then S® A=
M.(S) by 1® x,— A. Now Rm@®S®A= (DY Rm)Q@ A=
2 (Rim @ A)= Y M,(R/m), thus Rim ® A is in the zero class of
B(Rim).

Now let |A] € B(R) with R/m ® A in the zero class of B(R/m).
Then R/m ® A= AlmA= M,(RIm). Since R/m is infinite we can
choose a diagonal matrix 6 in M,(R/m) with distinct entries 8; on
the diagonal. Now @ satisfies [[%-, (8; — x) = p(x) which is a
Separable polynomial over R/m. Also, Hlm_@) is a maximal com-
Mutative subalgebra of M,(R/m) since R/m(6) includes all diagonal
Matrices.

Let § € A with 6 mapping to § under the mapping from A to
AmA. LetS=R-1+ R9+ ---+ R\ Since {1,6, - - -, "'} is
2 free basis for an R/m-direct summand of A/mA, Nakayama’s Lemma
(pg. 377 of [2]) implies that {1,6, - - -, 6"~!} is a free set of generators
of S over R which extends to a free set of generators of A over R, so
$is an R-module direct summand of A.

Now we show § is a subring of A by showing 6" € S. Let R be the
Henselization of R and let A = R ® A. Then A/mA = A/mA. Since R
Is Henselian and A/mA is in the zero class of B(R/mR), A is in
the zero class of B(R) as is shown in [3]. Thus A= M,(R), and
disa subring of A By the Cayley-Hamilton Theorem, 4 satisfies a
Monic polynomial of degree n over R. But S is an R direct summand of
4 and 50, since * € R® S, we have 6" € S.

S is separable over R since SN mS = § M mA, and thus S/mS =

R/m(e), which is separable over R/m. Let S* be the commutant of
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S of A; by Theorem 4.3 of [7], S* is a finitely generated projective R-
algebra, and the commutant in A of $* is S. But $* M mA is a two-
sided ideal in S*, so, by Corollary 3.2 of [2], there is an ideal M of S
with MS* = §* M mA. But MS* N $* = M = (S* N mA) N S = m$,
so M = mS and $* = mS* + S. By Nakayama’s Lemma, $* = §, so by
Theorem 5.5 of [7], S ®g A is in the zero class of B(S). Observe that
S € S since S/mS = R/m(8) = @& Y, Rim. This proves the theorem.

If R/m is a finite field then B(R/m) is trivial so the natural map from
B(R) to B(R/m) is onto and every element of B(R) is in the kernel
Our last theorem gives another condition under which the homomor-
phism from B(R) to B(R/m) is onto.

Tueorem 3. Let R be a local ring with maximal ideal m and residu¢
class field k = Rim. Assume that every element of B(k) of order p™ for
p a prime is split by an extension k(e) of k where € is a p"-th root 0
unity. Then the homomorphism B(R)— B(k) is onto.

Proor. Every element in B(k) is a product of elements of prime
power order. Thus it suffices to show that each such element is in the
image of the map from B(R) to B(k). Let |A| be a class in B(k) of order
p™, p a prime. Then A~ A(k(¢e), H, B), where € is a primitive pr-th
root of 1, H = Gal(k(e)/k), and B € Z2(H, k(€)*).

Case 1. pisodd.

In this case H is cyclic. Let S = R(e), where € is a primitive p"-th
root of 1 over R. Then § is a Galois extension of R with cyclic Galois
group G. Moreover, S/mS = k(e) ® - - - @ k() is a Galois extension
of k with group G. Note S/mS splits |A|, so |A| = |A(S/mS, G, p)|, where
if G = (o), then one can choose p so that

o L+ j<o((a))
pla, o) {&i+j§o«wxﬁ€k

Let [A(S, G, @)| be in B(R), where

o fLi+j<o((o))
a(’,o’) {a, itjZo(o)),aERat m=a.

Then clearly, |A(S, G, a)| maps onto |A].

Case2. p = 2.

Subcase 1. V=1 E kand V=1 € R. In this case choose ¢, S as i?
Case 1, then H, G are cyclic and one proceeds as in Case 1.

Subcase 2. V-1 & k.

In this case k(e) and R(e) have the same rank over k, R, respectivelY’
so R(e)/mR(e) = k(e), and R(e) is a local ring. By proceeding as in the
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proof of Theorem 53.3 of [5], one can, by adjoining roots of poly-
nomials of the form x2* — @ to k(e), write a 2-cocycle B on an exten-
sion K of k(e) with Galois group H over k with the values of B in roots
of unity and |A| = |A(K, H, B)|. Because R(e) and k(e) both have a
Primitive 2"-th root of 1, one can construct by Kummer’s Theory (p.
130 of [7]) an extension N of R(e) obtained by adjoining roots of
polynomials of the form x** — a to R(e), where a + m = a, N/mN
=K, and Gal(N/R) = H. Consider A(N, H,B), where B has the
same root of unity values as B. Clearly |A(N, H, )| maps into
Ak, A, B)| = |A].

Subcase 3. V=1 € k,but V=1 € R.

In this case |A| = |A(k(e), H, a) where H is cyclic. Also R(e) is a
Normal separable extension of R with Galois group G= C, X C,
(where C, is the cyclic group of order n and n = 2k). Moreover,

R(e)imR(e) = [k(e) ® - - @ k(e)] @ [kie) D - D k(e)]
=N®N

is a Galois extension of R/m with Galois group G, where N is
identified with either term in square brackets. Write G = (o) X (7)
with g2=¢, 7n=¢. Then N= {(a,a) |« EN}= (NQ N)® is a
Galois extension of k with cyclic Galois group (r), and A is split by N.
Thus A = |A(N, (r), B)|, where
o JL itj<n
Aw) = {a, i+jZn aEk

Exactly as in Theorem 8.15E of [1], we have A= |A(N® N, G, 8)|,
Where

L, j+i<n
g j+1l=Zn

B(o'ti, a*tt) = {

Let [A(R(e), G, a)| be an element in B(R) with a given by

i JL o jtI<n
oo'rotr) {a, jtl=ZnaERa+m=a.
Again, |A| is the image of |[A(R(e), G, a)|. This completes the proof.

The hypothesis of Theorem 3 is satisfied by algebraic number fields,
function fields in one variable over finite fields, and p-adic completions
of number fields. We thus have the following theorem.
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TueoReM 4. Let R be a local ring with maximal ideal m and residue
class field RIm = k. Let N be the maximal completely split extension
of R. If k is an algebraic number field, a function field in one variable
over a finite field, or the p-adic completion of a number field, then the
sequence

0— B(N/R)— B(R)— B(R/m)—0
is exact.
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