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ABSTRACT. We consider the problem of finding positive solutions of
Au + M+ u? = 0 in a bounded, smooth domain € in R®, under zero
Dirichlet boundary conditions. Here ¢ is a number close to the critical
exponent 5 and 0 < A < A1. We analyze the role of Green’s function of
A+ in the presence of solutions exhibiting single and multiple bubbling
behavior at one point of the domain when either ¢ or A are regarded as
parameters. As a special case of our results, we find that if \* < X < Ay,
where \* is the Brezis-Nirenberg number, i.e. the smallest value of \ for
which least energy solutions for ¢ = 5 exist, then this problem is solvable
if ¢ > 5 and g — 5 is sufficiently small.

RESUME. Nous considérons le probléme de I’existence de solutions posi-
tives de Au+Au+u? = 0 dans un domaine borné, régulier Q de R?, avec
conditions de Dirichlet nulles au bord. Ici ¢ est un nombre proche de
I'exposant critique 5 et 0 < A < A;. Nous analysons le réle de la fonction
de Green A + )\ en présence de solutions qui exhibent un comportement
de type simple bulle ou bulle multiple quand soit g, soit A sont considérés
comme parametres. Comme cas particulier de nos résultats, nous trou-
vons que si A¥ < A < A1, ou \* est le nombre de Brezis-Nirenberg, i.e.
la plus petite valeur de A pour laquelle des solutions d’énergie minimale
pour ¢ = 5 existent, alors le probléme posséde des solutions si ¢ > 5 et
si ¢ — 5 est suffisamment petit.

1. INTRODUCTION

Let Q C R3 be a bounded domain with smooth boundary. This paper
deals with construction of solutions to the boundary value problem

Au+ u+ui=0 inQ.
u>0 inQ, (1.1)
u=~0 on 0f).

Integrating the equation against a first eigenfunction of the Laplacian yields
that a necessary condition for solvability of (1.1) is A < A1. On the other
hand, if 1 < ¢ < 5 and 0 < A < A1, a solution may be found as follows. Let
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us consider the Rayleigh quotient

Vul?2 =\ ul?
Qaw) = V=Moo oy oy, )
(fo lulr1) 7
and set
S)\ = inf Q)\(u) .
u€Hg(2)\{0}

The constant S is achieved thanks to compactness of Sobolev embedding
if ¢ < 5, and a suitable scalar multiple of it turns out to be a solution of
(1.1). The case ¢ > 5 is considerably more delicate: for ¢ = 5 compactness
of the embedding is lost while for ¢ > 5 there is no such embedding. This
obstruction is not just technical for the solvability question, but essential.
Pohozaev [19] showed that if €2 is strictly star-shaped then no solution of
(1.1) exists if A < 0 and ¢ > 5. Let Sy be the best constant in the critical
Sobolev embedding,

Jrs [Vul?
ueChEN\(0} (S [ul®)!/?
Let us consider ¢ = 5 in (1.2) and the number

A =inf{A >0 : S\ < Sp}. (1.3)

So =

In the well-known paper [5], Brezis and Nirenberg established that 0 < A\* < Ay
and, as a consequence, that Sy is achieved for \* < A < Ay, hence (1.1) is
solvable in this range. When € is a ball they find that \* = A\;/4 and that
no solution exists for A < \*.

Let us assume now that ¢ > 5. In this case Sobolev embedding fails and
the quantity S may only be interpreted as zero. Thus, no direct variational
approach applies to find existence of solutions. Consequences of the analysis
of this paper are the following existence and multiplicity results for Problem
(1.1) in the super-critical regime when ¢ is sufficiently close to 5.

Theorem 1. (a) Assume that \* < X\ < A1, where \* is the number given
by (1.3). Then there exists a number q1 > 5 such that Problem (1.1) is
solvable for any q € (5,q1).

(b) Assume that Q2 is a ball and that \* = \1/4 < X\ < A\1. Then, given
k > 1 there exists a number qi > 5 such that Problem (1.1) has at least k
radial solutions for any q € (5,qx).

While the result of Part (a) resembles that by Brezis and Nirenberg when
q = b, in reality the solution we find has a very different nature: it blows up
as q | 5 developing a single bubble around a certain point inside the domain.
The other solutions predicted by Part (b) blow-up only at the origin but
exhibit multiple bubbling. Let us make this terminology somewhat more
precise. By a blowing-up solution for (1.1) near the critical exponent we
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mean an unbounded sequence of solutions w, of (1.1) for A = \,, bounded,
and ¢ = ¢, — 5. Setting

M, =a"! mMax y, = a_lun(acn) — 400

with a > 0 to be chosen, we see then that the scaled function

vn(y) = Mrjl Up (T, + ]\4;(%71)/2 Y),

satisfies
Avy + o8+ M, @D, v, =0
in the expanding domain §2,, = T(anfl)ﬂ(Q — x). Assuming for instance

that z,, stays away from the boundary of €, elliptic regularity implies that
locally over compacts around the origin, v,, converges up to subsequences to
a positive solution of

Aw+w® =0
in entire space, with w(0) = maxw = «. It is known, see [8], that for the
convenient choice ov = 3'/4, this solution is explicitly given by

31/4
w(z) = —m——=.
V1t |z?
which corresponds precisely to an extremal of the Sobolev constant Sp, see
[2, 24]. Coming back to the original variable, we expect then that “near z,,”
the behavior of u,(y) can be approximated as

34 M,
B V1t Mgl —zp]?

Since the convergence in expanded variables is only local over compacts, it
is not clear how far from x,, the approximation (1.4) holds true, even if only
one maximum point z,, exists. We say that the solution u,(x) is a single
bubble if (1.4) holds with o(1) — 0 uniformly in €.

The solution predicted by Part (a) of Theorem 1 has this property around
a point of the domain that will be precised below, while those of Part (b)
have the form of a “tower” of single bubbles centered at the origin. As we
shall see, radial symmetry is not needed for the presence of these solutions:
just symmetry with respect to the three coordinate planes around one point
of the domain suffices.

un(y) (1+0(1)). (1.4)

The results of [6] concerning asymptotic analysis of radial solutions in
a ball when the exponent approaches critical from below, suggest that the
object ruling the location of blowing-up in single-bubble solutions of (1.1)
is Robin’s function gy defined as follows. Let A < A; and consider Green’s
function G\ (x,y), solution for any given x € 2 of

—AyG)\—)\G)\ = I, y e,

Gi(z,y) =0 y € 0fN.
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Let Hy(z,y) =T'(y —x) — Gx(x,y) with I'(2) = #M, be its regular part. In
other words, H)(x,y) can be defined as the unique solution of the problem

AyHy+ M Hy, =AT(z—-y) yeQ,

Hy =T(z—vy) y € 0Q.
Let us consider Robin’s function of G, defined as

gr(x) = Hy(z, 7).

It turns out that gy (x) is a smooth function (we provide a proof of this fact
in the appendix) which goes to 400 as = approaches 9. Its minimum value
is not necessarily positive. In fact this number is strictly decreasing in A. It
is strictly positive when A is close to 0 and approaches —oco as A T A1. It
is suggested in [6] and recently proven by Druet in [14] that the number \*
given by (1.3) can be characterized as

A =sup{A >0 : mﬂing)\ > 0}. (1.5)

Besides, it is shown in [14] that least energy solutions u ) for A | A\* constitute
a single-bubble with blowing-up near the set where g,, attains its minimum
value zero.

We consider here the role of non-trivial critical values of gy in existence
of solutions of (1.1). In fact their role is intimate, not only in the criti-
cal case ¢ = 5 and in the sub-critical ¢ = 5 — . More interesting, their
connection with solvability of (1.1) for powers above critical is found. In
fact a phenomenon apparently unknown even in the case of the ball is es-
tablished, which puts in evidence an amusing duality between the sub and
super-critical cases.

The meaning we give of a non-trivial critical value of g is as follows:
Let D be an open subset of 2 with smooth boundary. We recall that g
links non-trivially in D at critical level Gy relative to B and By if B and
By are closed subsets of D with B connected and By C B such that the
following conditions hold: if we set I' = {® € C(B,D) : ®|p, = Id}, then

sup ga(y) < Gx = inf sup gr(2(y)), (1.6)
y€ By o€l yeB

and for all y € 0D such that g)(y) = G, there exists a vector 7, tangent to
0D at y such that

Vr(y) -y #0. (1.7)

Under these conditions a critical point y € D of g, with g\(7) = G exists,
as a standard deformation argument involving the negative gradient flow of
gx shows. Condition (1.6) is a general way of describing a change of topology
in the level sets {g) < ¢} in D taking place at ¢ = Gy, while (1.7) prevents
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criticality at this level collapsing into the boundary. It is easy to check that
the above conditions hold if

inf gx(z) < inf r), or su z) > su T),
Inf gx(2) < inf gx(2) xeggx( ) me@%g)\( )

namely the case of (possibly degenerate) local minimum or maximum points
of gx. The level Gy may be taken in these cases respectively as that of the
minimum and the maximum of gy in D. These hold also if gy is C'-close to a
function with a non-degenerate critical point in D. We call Gy a non-trivial
critical level of gy in D.

Theorem 2. Let us assume that there is a set D where gy has a non-trivial
critical level Gy .

(a) Assume that Gy < 0, ¢ =5+ €. Then Problem (1.1) is solvable for all
sufficiently small € > 0. More precisely, there exists a solution u. of (1.1)
of the form

31/4 M.
\/1 + Mél‘y - Ce’Q

where o(1) — 0 uniformly in Q as e — 0,

M. = 8,/2(=Gy)e 1, (1.9)

and (. € D is such that gx(¢:) — Gx, Vga(() — 0, as e — 0.
(b) Assume that Gy > 0, ¢ =5 —e. Then Problem (1.1) has a solution u.

of (1.1) ezactly as in Part (a) but with M. = 8+/2Gy e~ L.

We observe that Theorem 1 Part (a) follows from Part (a) of the above
result making use of the characterization (1.5) of the number A\*. The result
of Part (b) recovers the asymptotics found for the radial solution of (1.1)
when €2 is a ball and 0 < A < A1/4 in Theorem 1 of [6].

Our next result shows in particular that solutions with multiple bubbling
from above the critical exponent in a domain exhibiting symmetries exist.
We say that Q C R3 is symmetric with respect to the coordinate planes if for
all (y1,2,y3) € Q we have that

Ue (y) =

(1+ 0(1)) (1.8)

(=y1,92,¥3)s (Y1, —¥Y2,¥43), (1,92, —y3) € Q.
If 0 € Q, one defines

=inf{\ >0 : ¢,(0) < 0}.

Theorem 3. Assume that 0 € ), and that 2 is symmetric with respect to
the coordinate planes.

(a) Assume that M <A<\ and let g =5+¢. Then, given k > 1, there
exists for all sufficiently small € > 0 a solution u. of Problem (1.1) of the
form

344 M.

k
=11+ M |z

———(1+0(1))
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where o(1) — 0 uniformly in Q and for j =1,... ,k,

Jj—1 .
e =s ECom (B2 Gt

(b) Assume that ¢ = 5. Then for all X > N sufficiently close to \* there
exists a solution uy of Problem (1.1) of the form

31/4 M,
1+ My 2]
where My = 11/X*(—g,(0))~1.

The solution predicted by Part (a) is a superposition of k& bubbles with
respective blow-up orders e/277 j = 1,... k. We observe that in the case
of a ball \* = X\* = \; /4 and Theorem 1 Part (b) thus follows.

Part (b) shows that a domain may possess Brezis-Nirenberg numbers
other than A\*, where a bubbling branch of solutions at the critical expo-
nent stems to the right. We remark that %L)T(O) < 0 (see the appendix),
so that actually M) ~ (A — 5\*)*1/ 2. Without any symmetry assumption,
our next result states that a similar phenomenon holds true at any num-
ber A = Ao for which g, has either a local minimizer, or a non-degenerate
critical point with value zero.

ur(z) = (1+0(1))

Theorem 4. Assume that ¢ = 5 and that for a number A = Ay, one of the
two situations holds:
(a) FEither there is an open, bounded set D of Q such that

0=infgx, <infgx,.
(b) Or there is a (o € 2 such that

9x(C0) =0, Vg, (¢o) =0,

and D%gy, (o) is non-singular.

Then for all X > Ao sufficiently close to \g there exists a solution uy of
Problem (1.1) of the form

31/4 M,
V1 + Mz — G2

where o(1) — 0 uniformly in Q as A | \g. Here (\ € D in case (a) and
Cx — (o in case (b). Besides

ux(7) (1+o0(1)) (1.10)

My=5 - (&)’
with
A—(A=2X0) < =ar(C)) < A+ (A= Xo)

for certain positive constants A .
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The rest of this paper will be devoted to the proofs of Theorems 2-4. The
proofs actually provide more accurate information on the solutions found,
in particular about the asymptotics for the solutions in Theorem 2 when
we allow for instance ¢ > 5 and A moves left towards A*, case in which two
single-bubble solutions are observed with blow-up orders ~ e~ 1/4,

Bubbling at or near the critical exponent in its relation with Green’s
function of the domain has been broadly considered in the literature. In
particular, we refer the reader to [3, 4, 15, 17, 20, 21, 22], and also to
[1, 18, 23] and their references for related results under Neumann boundary
conditions. Conditions (1.6)-(1.7) were used in [13] in the construction of
spike-patterms in nonlinear Shrodinger equations.

The analogues of the results of this paper for dimension N > 4 in the
super-critical case are somewhat different and we will treat them in a sepa-
rate work. It should be remarked that when N > 4 we have that A* = 0, and
single-bubbling as A | 0 analogous to Theorem 4 around a non-degenerate
critical point of the function go was established by Rey in [20]. The phenom-
enon of multi-bubbling in the radial case in higher dimensions was described
n [11], and, with purely ODE methods, in [12]. Also through an ODE ap-
proach, multi-bubbling in the radial case was described in [9] in an equation
at the critical exponent with a weight which was taken as the parameter.
Bubbling from above the critical exponent when A = 0 in domains exhibiting
small holes was found in [10].

2. ENERGY EXPANSION OF SINGLE BUBBLING

Given a point ¢ € R? and a positive number ;, we denote in what follows
31/4
Bz,
Vit p=?ly =P
which correspond to all positive solutions of the problem
Aw+w® =0 in R3.

[SIE

wu,{(y) =

The solutions we look for in Theorems 2, 3, Part (b), and 4 have the form
u(y) ~ wyc(y) where ¢ € Q and p is a very small number. It is natural to
correct this initial approximation by a term that provides Dirichlet boundary
conditions. We assume in all what follows that 0 < A < A;. We define
7u,c(y) to be the unique solution of the problem

Ay e+ AT e =—Aw, in Q  with 7, = —w,¢ on 0. o)

Fix a small positive number 1 and a point ( € 2. We consider as a first
approximation of the solution one of the form

Upc(y) = wpe +muc (2.2)
Observe that U = U, ¢ satisfies then the equation

AU+ AU +w)=0inQ, U=0 ondQ.
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Classical solutions to (1.1) correspond to critical points of the energy func-

tional
1 A
weg [up=5 [P — [t e
2 Ja 2 Ja q+1

If there was a solution very close to Uy« ¢+ for a certain pair (u*,(*), then we
would formally expect E, ) to be nearly stationary with respect to variations
of (u,¢) on U, ¢ around this point. Under this intuitive basis, it seems
important to understand critical points of the functional (p, () — Eg x(Upc)-
Next we will find explicit asymptotic expressions for this functional. For
q = 5 we have the following result.

Lemma 2.1. For any o > 0, as p — 0, the following expansion holds

E5A(Unc) = ao + ar pga(C) + az p?A — as p* g3 (€) + 1°~70(n, ).
(2.4)
where for 7 = 0,1,2, i = 0,1, i + 5 < 2, the function M'a?lgiu (1, C) s
bounded uniformly on all small p and ¢ in compact subsets of ). The a;’s
are explicit constants, given by relations (2.11) below.

The proof of this expansion makes use of the following lemma which es-
tablishes the relationship between the functions 7, ¢(y) and the regular part
of Green’s function, Hy((,y). Let us consider the (unique) radial solution
Dy(z) of the problem in entire space

{ ADy = —\31 { —L] in R3

1+|2|? |2
Dy — 0 as |z| — oo,

]

Then Dy(z) is a C%! function with Dy(z) ~ |z|~!log|z| as |z| — +oo.
Lemma 2.2. For any o > 0 we have the validity of the following expansion
as p— 0

1 -
pEmc(y) = —4m 3THA(C, y)+/ﬂ>o( . ) +1*70(p, y, C)
where for 7 = 0,1,2, i = 0,1, i +j < 2, the function uj%ﬁ(u,y,g) is
bounded uniformly on y € ), all small p and ¢ in compact subsets of €).
Proof. We recall that Hy(y, () satisfies the equation

AyHy+AHy =AT(y—-(), ye,

H)\(y,C) :F(y—C), yG@Q,
where I'(z) = 47}‘2', while 7, - satisfies
AT+ AT = —Awyc in Q,
T = =Wy on 0N2.

Let us set Dy (y) = pDo(p™ (y — ¢)) so that Dy satisfies
—AD; =\ [;f% wyc(y) — 4m 31 Iy — C)} in 2,
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Dy~ pllogp ond) asp—0.
Let us write
_1 1

S1(y) = p 2wy c(y) + 4w 35 Hx(C,y) — Diy) -

With the notations of Lemma 2.2, this means
Si(y) = w701,y €) -
Observe that for y € 92, as y — 0,
1 1

ViE+ly—¢* vy =
Using the above equations we find that Sy satisfies

AST+ A5 =-2D in Q,
S1=0(u?logu) asp—0 on 09 .

-

_1 1 1
p 2wy (y)+4m 31 Hy(C,y) = 34

] ~ P ly—¢| 0.

(2.5)
Let us observe that for any p > 3

[ 1ol dy < ot [ Do)z,
Q R3

3
so that | Dy||zr < C)p 1 7. Since 0 < A < Ay, elliptic estimates applied to
equation (2.5) yield that, for any o > 0, ||S1|lcc = O(1>~9) uniformly on ¢
in compact subsets of €). This yields the assertion of the lemma for i, 7 = 0.

Let us consider now the quantity Se = 0¢S1. Then we have

{ ASQ"‘)\SQ:—)\aCDl in Q,

So=O(p%logu) asp—0 on 0N} . (2.6)

Now, 0:D1(y) = =VDo((y — ¢)/), so that for any p > 3/2

[1ooiwrdy < [ [vpu)pdz.

We conclude from these facts that [|S2|lec = O(u?~?) for any o > 0. This
gives the proof of the lemma for i = 1, j = 0. Let us set now S3 = 1 9,,5.
Then

{ ASg—i—)\Sg:—)\/JauD in €,

S3=0O(u%logu) asp—0 on JN. (27)

Now,
0= o (259 (o2 (59

where Dy(z) = z - VDy(z). Thus, similarly as the estimate for S itself we
obtain again [|S3||cc = O(u?~7) for any o > 0. The proof of the remaining
estimates comes after applying again p 0, to the equations obtained for So
and S5 above, and the desired result comes after exactly the same arguments.
This completes the proof. O
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Proof of Lemma 2.1. Let us decompose

Bsa(Uye) =1+ 11+ 111+ 1V +V + VI

1
=/ [—I <= gwﬁd
W
II_/Q{DwﬂCDmg Wy.¢ ”u,c}
1 2
IIT = 5/9 “Dwmd = AWy + M) W“d

A
IV = D) /Q(wu,é + Tpc) Wy e

5 4 2
V= Y IS
1 6 6 5
VI = ~5 . [(U’M + 7'('“7() — W, — 6wm( Ty — 15 wu ¢ M ¢
Multiplying equation Aw,, ¢ + wic = 0 by w, ¢ and integrating by parts
in Q) we get
1 ({911)#,( 1

I == -

1 AL/IRS 1 wb 1 6
_2/89 v T g Jea e T 3 Jema PC

Here 0/0v denotes the derivative along the unit outgoing normal at a point
of 0Q2. Testing equation Aw,, ¢ + wic = 0 now against 7, ¢, we find

ow ow
II — M?C [ / MvC

where we have used the fact that 7, ¢ solves equation (2.1). Testing (2.1)
against 7, - and integrating by parts, we get

1 on 1 or
Il = = MC :__/ MC .

Recalling that U = w,, ¢ + 7, ¢ solves

—(AU 4+ \U) = wi,c in, U=0ono0dQ,
by multiplying this equation by 7TM ¢, we get

1
IV = —
Qagau pee 2/ W Tt -

Now, as for VI, we see from the mean value formula that

1
I= —10/ ds (1 — 5)2/(10%44—577“74)3772{.
0 Q '
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Adding up the expressions obtained above I — VI we get so far
1 6 1 5 5 4 2
EsaU) =3 |, Wuc~ 3 /Qwu,c T < 5 /Q Wit Mg + R 08

where

1

1
Ri=—= wb —10/ ds 1—32/w +sm, )P .
1 3 Jena ¢ 0 ( ) Q( I8 u,C) 10, (2.9)

We will expand further the second and third integrals in the right hand side
of (2.8).

1) Using the change of variable y = ( 4 p 2 and calling Q,, = = (2 —¢) we
find that

1
A= /wai,c g dy = M/Q wi o(#) % myg(C + pz) di
w
From Lemma 2.2, we have the expansion
_1 1 2—0
pEmue(C+ pz) = 4 33HN(C + 1z, ¢) + 1 Do(2) + = 70(1, ¢ + 1 2,¢) -
We also have, according to the appendix,
A
HA(<+MZ7C) = g)\(C) + 8_7TIU’|Z| +01(C,C+MZ),

where 6 is a function of class C? with 61(¢,¢) = 0. Using these facts we
obtain then that

A= —47r3%ugx(c‘)/R wl o(2) dz+p? / wi oz )[DO( ) — 3;>\|Z| dz+R
with
Ro = 1 /Q o) [01(CCH pz) + 1200 ¢ C+ )| dz (2.10)

dz+47r3%ug>\(g“)/ w? o(2)dz.
R3\Q,,

-/ CYREE N
RS\S%UlO 2 i

To clean up the above expression for A a bit further, let us recall that

~ADy =31

1 1
VIFEP \Z!] ’

so that,

/inDo(z) = —/ AU}L()D()(Z)
R3 R3
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Combining these relations we get

1
A= = an3Tug\(Q) [ who()dz

o1 1 1 1
st LI A

2) Let us consider now
C = /w4 2
o e TG
_ 4 2 d
= wio T, (C+pz)dz
m

1 —o 2
= 2 [ o [—4m Bt HAC.CpE) Dy 0 C,C )
w
which we expand as
1
C = p? g3(¢) 167 32 /RS wil,o +Rs.

Combining relation (2.8) and the above expressions we then get

1 5
Es \(Us ) = ao+ a1 pga(¢) + az Ap® — az p® g3(¢) + Ry — 5722 - 5723

where

aoz1 w6
3 Jrs 1,0

1 5
al = 21 32 wl’o,
R3

3%/ 1 1 RN
ag = — w — - —wil|?|| dz,
255 Jus |10\ T T 5 W10

1
a3:4077232/ wiy.
R3

3) We need to analyze the size of the remainders R;. More precisely we
want to establish the estimate

S

I —R; =0

W cign = Ol

for each j =0,1,2, ¢ =0,1, i+ 5 < 2,1 = 1,2,3, uniformly on all small
and ¢ in compact subsets of ). This needs a corresponding analysis for
each of the individual terms arising in the expressions for R;. Since several
of these computations are similar, we shall only carry in detail those that
appear as most representative.

3—0)
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In (2.9) let us consider for instance the integral

/ w :3%p3/ ! .
R\ r3\Q (12 + |y — ([?)?

From this expression it easily follows that

i 8i+j 6 _0 3
H Ciou /]RS\Q Wy = (N )7

uniformly in ¢ in compact subsets of 2.
In (2.10), let us consider the term

B= N/Q wio(z) [Hl(C,C—i—uz) —i—p?"’@(u,(,(—i—uz)} dz = By + Bs.

Let us observe that

Bo=p [ who) it 00, ) ds = [l (0 ) 6 G .

n

The size of this quantity in absolute value is clearly O(u3~7). We have then
that

O¢By = Iz + o2,

Iy = —Mfo/ﬂﬂle(w?,o) <%> 0(u,C,y) dy,
Iy = Hia/ﬂwio <%) 0O, ¢, y) dy .

Since 0¢0(u,(,y) is uniformly bounded for ¢ ranging on compact subsets
of Q, Bas is of size O(u3~7). Now, using symmetry,

1'22 = IU,Q_O—/Q D(’U)io) [H(I,L,C,C"i‘,uz) - 6(M7<7C)]

— 2770, C,C)/ D(wf )

R3\Q,,
= [ Do) 00,6, ¢ + 1) = 00,6, + o)

Now, # is symmetric in ¢ and y, hence has bounded derivative over compacts
with respect to each of its arguments. Thus

W2 [ D)) [0(0,¢,¢ %) = 0., e

<cuf  plpuioE)| ds 4 opef et dz = 0.
plz| <6 plz|>6
Let us consider now B;. We can expand

01(C, ¢+ pz) = e 2+ 05(C ¢+ p2)
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for a constant vector ¢, where 65 is a C2 function with |62(¢, y)| < C'|¢—yl?.
Observe that by symmetry,

,uZ/ w?o(z)c-zdz:—,uz/ w? o(2)c-zdz = O(u?).
Q. R3\Q,

From here it easily follows that By = O(u3log u). Let us decompose it as
By = Bi1 + Bz,

o

5 _ _ _
Bi1 =33 4 2/Q(luru 2ly — )72 62(C,y) dy,

5 _5
B125—32u3/ (1 +ly=<CP) 2 (y—¢) - edy.
R3\Q

Bio has derivatives with respect to ¢ uniformly bounded by O(u?). As for
the first integral,

B = [ty (20 2 ba(c.)dy.

we obtain that ds B can be written as I111 + I112 with
y—¢
Iy = D 02(¢,y) dy ,
Lo = MfQ/QW?,o (yTC> 0:02(¢,y) dy

Let us estimate the second integral

I =p~ / 10( )3492@9)0[3/—#/7”10 2) 0c02(C, ¢ + pz) dz

We have that
9c02(C, ¢ +pz) = pAz+O(uzl?)

where A = D205(¢, (), where we have used the expansion for H) made in
the appendix. Replacing the above expression and making use of symmetry
we get that I119 = O(u®log ). As for the integral By, we observe that
after an integration by parts,

L =0(?) — ™2 Qw?,o (y p C) 9y02(¢,y) dy

The integral in the above expression can be treated in exactly the same
way as Bi2, and we thus find 0:B = O(p2>~7) uniformly over compacts of
Q in the variable ¢ variable. In analogous way, we find similar bounds for
10, B. The same type of estimate does hold for second derivatives /LQ@ZB
and ,LLZ(?ZCB . As an example, let us estimate, as a part of the latter, the
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quantity p0,l21. We have

1 0ulor = —pdy, {Milig Jo D(w? o) yH;C)
= (I+o)n+ p 7 Jou ' D*(w?
e 4 5y (u=¢

M Jo D(wi ) ( m )M

Let us consider the term

o[ y—C y—¢
p /M D (wi ) <—> : (—) 01, C,y) dy,
0 I 1

the others being estimated in exactly the same way as before. The obser-
vation is that the estimate of this integral by O(u®~7) goes over exactly
as that one before for 51, where we simply need to replace the function
D(wio)(z) by DQ(w‘iO)z - z which enjoys the same properties used in the
former computation. Corresponding estimates for the remaining terms in
Ro and Rj3 are obtained with similar computations, so that we omit them.

Summarizing, we have the validity of the desired expansion (2.4), which
with the aid of the formula

/;0( r >q dr _ T(45%)T(%52)

1+472) rotl 2T(q) ’
has constants a; given by
1
ag = Z\/gﬂ'z, al :8\/§7T2, az = \/§7T2, as = 120371,
(2.11)
The proof is completed. O

Our second result complements the estimate above, now allowing ¢ to be
very close to 5 from above or from below.

Lemma 2.3. Consider U¢, and Eg defined respectively by (2.2) and (2.3).
Then, as y — 0,

E\(Uuc) =ao + a1 pga(C) +az p? X — az pi® g3 (¢) + (g — 5) [as log 1 + as)]

+ (¢ —5)%61(C, 1, q) + 177 02(C, 1, q) (2.12)
where for 7 =0,1,2,i=0,1,i4+5j<2,1=1, 2,
1w o - 0,(C, 11, q)
octoud T

is bounded uniformly on all small u, |q — 5| small and ¢ in compact subsets
of Q. Here ag, a1, ag, az are given by (2.11), ay = V/372/16 and as is
another constant, whose expression is given below in the proof.

Proof. Observe that

1 1 L
EunUn0) = BorU0) = [ Uk = 51 f, VR



16 MANUEL DEL PINO, JEAN DOLBEAULT, AND MONICA MUSSO

The desired estimate follows form (2.4), after Taylor expanding in ¢ and
estimating the remaining terms similarly to the proof of the previous lemma.
More precisely, we estimate

1 1
Eqa(Uuc) = Esa(Une) = (¢=5) [% /Q Uic— 5 /Q Uy log quc] +o(g=5),
which after lengthy computations gives (2.12) with

1 \/§7r2
a4 = E/Raw?’o(z)dz =15

1 6
as = %/ngl’o(z) [6logwio—1]dz.

(2.13)

O

The above established expansions provide the presence of critical points
for the functional (u,() — Egx(U,¢) under the assumptions of the theo-
rems. These critical points are still present for suitable small perturbations
of the functional. We discuss these issues in the next section.

3. CRITICAL SINGLE-BUBBLING

The purpose of this section is to establish that in the situations of The-
orems 2 and 4 there are critical points of E, (U, ¢) as computed in (2.12)
which persist under properly small perturbations of the functional. As we
shall rigorously establish later, this analysis does provide critical points of
the full functional E, , namely solutions of (1.1), close to a single bubble
of the form U, .

FIRST CASE: Let us consider first the situation present in Theorem 2, Part

(a). We let then ¢ =5+ €. Let D be the set where g, is assumed to have

non-trivial linking with negative critical value G,. It is not hard to check,

by redefining the sets involved that we may actually assume g ({) < =6 <0

on D. It is convenient to consider A defined by
ayq 1

SPNPNTS)

where a4 and a; are the constants in the expansion (2.12).

(3.1)

Lemma 3.1. In the situation of Theorem 2, Part (a), for u given by (3.1),
consider a functional of the form

G (8,0) = Bs e u(Upc) +20.(A,C),
for A>0 and ( € D. Denote V = (Oa,0;) and assume that

10c| + V0| 4 [VOpb:| — O (3.2)
uniformly on (¢,A) as e — 0, with

§<A<d6 gaQ)< =0
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for any given 6. Then 1. has a critical point (A¢, () with (. € D,
AE - ]-a g)\(CE) - g)\a VQ)\(CE) - 0

Proof. The expansion given in Lemma 2.3 implies

e Q) =an + ae [—A Tlog A +log (‘gio)]

+ age {log (Z—j) + loge + Z—i] +e0-(A, Q)

where 6. still satisfies (3.2). The main term in the above expansion is the
functional

Yo(A, () = —A +log A + log (—g)\to) ,

which obviously has a critical point since it has a non-degenerate maximum
in A at A =1 and g, nontrivially links in D. Consider the equation

BA%(A,C) =0,
which has the form
A=1+0(1)6.(A,Q),
where the function 6. has a continuous, uniformly bounded derivative in
(A,¢) in the considered region. It then follows that for each ¢ € D there

exists a unique A = A.(¢), function of class C! satisfying the above equation
which has the form

A(¢) = 1+0(1) 5= ()

where (. and its derivative are uniformly bounded in the considered region.
Clearly we get a critical point of v, if we have one of the functional { —
e(A:(C€), (). Observe that on D

Ue(8e(0),¢) = ez + ag e [log (—g%(o) +o()|

where o(e) is small uniformly on D in the C'-sense and c. is a constant.
The linking structure is thus preserved, and a critical point (. € D of the
above functional with the desired properties thus exists. This concludes the
proof. O

We observe that the associated bubble U, ¢, where p is given by (3.1)
and with ¢ = (., has then precisely the form of that in (1.8)-(1.9) in Theo-
rem 1, Part (a).

SECOND CASE: Let us consider the situation in Part (b). Let ¢ = 5 —¢
and assume now that g, has nontrivial linking in a set D with critical value
Gy > 0. Again, we may assume gy > 0 > 0 on D and set the change of
variables

a1
p=e g}\(C)A (3.3)

In this case we get the following result.
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Lemma 3.2. In the situation above of Theorem 2, Part (b), for p given by
(3.3), consider a functional of the form

Ve(A, Q) = E5—ea(Upc) +€0=(A, Q)
for A >0 and ¢ € D. Assume that
10| + [VO:| 4+ |VOrb:| — 0
uniformly on (A, ¢) as e — 0, with
<A<l g(C)>6.
Then . has a critical point (Ac, ;) with (. € D,
Ac— 1, ga(¢) —Gr, Var(¢)—0.
Proof. For A > 0 and ¢ € D now we find the expansion
Ye(A, ) =ao + ase[A—logA +]log(ga(C))]
— age [log (Z—j) + loge + Z—i] +e6:(A, Q)

where 6. satisfies (3.2). The main term in the expansion has now a non-
degenerate minimum at A = 1. The rest of the proof is identical to that of
Lemma 3.1. O

THIRD CASE: Let us consider the situation in Theorem 4 where now g = 5.
Let us assume the situation (a) of local minimizer:

0=Inf 92 (@) < Inf o3 ().
Then for A close to Ag, A > Ag, we will have
inf —A\N— .
Inf gx(2) < =A(A=2o)
Let us consider the shrinking set

Dy ={yeD s @) <50 -2}

Assume A > Aq is sufficiently close to Ag so that g\ = —%(A — Xo) on OD,.

Now, let us consider the situation of Part (b). Since g»(¢) has a non-
degenerate critical point at A = Ay and { = (o, this is also the case at a
certain critical point () for all A close to Ag where |(\ — (o] = O(A — Ag).

Besides, for some intermediate point C~ 2

90 (6 = 91(Co) + Dgr(G)(G = Co) = A(X = Xo) + 0(A — Ao)

for a certain A > 0. Let us consider the ball B ;‘ with center () and radius
p (X — \) for fixed and small p > 0. Then we have that g\(¢) > 4(\ — Ao)
for all ¢ € B;‘. In this situation we set D) = B;‘.
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It is convenient to make the following relabeling of the parameter u. Let
us set
a1 gx(¢

)
__ @ A 3.4
1 va (3.4)

where ¢ € D). The result we have now is the following.

Lemma 3.3. Assume the validity of one of the conditions (a) or (b) of
Theorem 4, and consider a functional of the form

AN, Q) = Es A(Uyc) + 9r(€)* 0x(A, Q)

where [ is given by (3.4) and
10x] + |VOx| + |VOAON| — O (3.5)

uniformly on ¢ € Dy and A € (6,071). Then 1y has a critical point (Ay,Cy)
with { € Dy, Ay — 1.

Proof. Using the expansion for the energy with p given by (3.4) we find
now that

2 2
UA(A, Q) = Es\(U¢ ) = ao + 4a—;2 # [—2/\ + Az} + 92(0)%6x(A, Q)

where 6 satisfies property (3.5). Observe then that dr1) = 0 if and only if
A=1+0(1)0r(AQ),

where 6, is bounded in C'-sense. This implies the existence of a unique
solution close to 1 of this equation, A = Ax(¢) = 1+ o(1) with o(1) small
in C! sense. Thus we get a critical point of 1y if we have one of

PA(C) = UA(AA(C), ¢) = ag + cgr(¢)* [1 + o(1)]

with o(1) uniformly small in C!-sense and ¢ > 0. In the case of Part (a),
i.e. of the minimizer, it is clear that we get a local maximum in the region
D, and therefore a critical point.

Let us consider the case (b). With the same definition for p) as above,
we have

VpA(Q) = 9A(Q) [Var +o(1) g1

Consider a point ¢ € 9Dy = 6B2. Then |Vgx(¢)| = |D%gx(2)(¢ — &) >
ap(X — Ng), for some o > 0. We also have g)(¢) = O(A — Ag). We conclude
that for all ¢ € (0,1), the function Vg, + to(1) gx does not have zeros on
the boundary of this ball, provided that A — Ag is small. In conclusion, its
degree on the ball is constant along t. Since for ¢ = 0 is not zero, thanks to
non-degeneracy of the critical point (), we conclude the existence of a zero

of Vpx(¢) inside D). This concludes the proof. O
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4. THE METHOD

Our purpose in what follows is to find in each of the situations stated
in the theorems, solutions with single or multiple bubbling for some well
chosen ¢ € €2, which at main order look like

k
U= Z (wﬂuC + Trm,C) (4.1)
=1

with g1 small and, in case k > 1, also with pu;41 << p;. This requires
the understanding of the linearization of the equation around this initial
approximation. It is convenient and natural, especially in what concerns
multiple bubbling to recast the problem using spherical coordinates around
the point ¢ and a transformation which takes into account the natural dila-
tion invariance of the equation at the critical exponent. This transformation
is a variation of the so-called Emden-Fowler transformation, see [16].

Let ¢ be a point in . We consider spherical coordinates y = y(p, ©)
centered at ¢ given by

y—C

=ly—(| and © = ,
p=ly— =<l

and the transformation 7 defined by
v(z,0) = T(u)(z,0) = 23 e u(( + e 20). (4.2)

Denote by D the (-dependent subset of S = R x S? where the variables
(z,0) vary. After these changes of variables, problem (1.1) becomes

A0 v+ V" —v+4ANe ™ v 4l =0 in D (4.3)
v>0 in D, v=0 ondD

with
Cq = 9~ (@=5)/2

Here and in what follows, ' = a% We observe then that
T(wyue)(x,0) = W(z - §),
where
1 -1 1 1
W)= (12)7e™ (14 e7) * = 37 [cosh(22)] "2
and p = e~2%¢. The function W is the unique solution of the problem

W”" —W +W53>=0 on (—00,00)
W'(0) =0

W >0, W(x)—0asz— +o0.
We see also that setting
H&C = T(T{'ﬂ,c) with n = 6_2£ s
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then IT = II¢ ¢ solves the boundary value problem
~(4Ag I+ I" T+ 4Xe M) =4Xe @ W(z—¢)  inD,

I=-W(z-¢) on 0D.

An observation useful to fix ideas is that this transformation leaves the
energy functional associated invariant. In fact associated to (4.3) is the
energy

@ =2 [ Veu + 5 [ [P+ m (4.4

- 2)\/ / (Q—5)w|v|q+1_
q+1

If v = 7 (u) we have the identity
1 Ega(u) = Jya(v).

Let ¢ € Q and consider the numbers 0 < & < & < --- < &. Set

k
Wi) =W &), Mi=lge, Vi=Wi+IL, V=> V.
i=1
We observe then that V = 7 (U) where U is given by (4.1) and pu; = e,
Thus finding a solution of (1.1) which is a small perturbation of U is equiv-
alent to finding a solution of (4.3) of the form v = V + ¢ where ¢ is small in
some appropriate sense. Then solving (4.3) is equivalent to finding ¢ such

that
{ L(¢) = -N(@) - R
¢=0 onodD
where
L(¢) =4Ag20+¢" —p+4Xe ™ ¢+ qe el D7Vl g,
N(@) = ¢l [(V 4+ ¢)] — VI - qVTlg]
and

R=c el ya wa’ (4.5)

Rather than solving (4.3) directly, we con81der first the following interme-
diate problem: Given points £ = (£1,...,&) € R* and a point ¢ € Q, find a
function ¢ such that for certain constants c;;,

L(¢) = —=N(¢) — R+ > ¢;jZij inD,

7/7]
¢=0 ondD, (4.6)
/DZij(édxd@:O for all 4,7,
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where the Z;; span an “approximate kernel” for L. They are defined as
follows.

Let z;; be given by z;j(x,0) = T (z;;), i =1,... ,k, j =1,... ,4, where
z;; are respectively given by

0 .
zij(y) = a—gwuivq(y)a j=1,...,3,

d .
zia(y) = pi %wm,g(y), i=1,....k,

7

with p; = e~ 2%, We recall that for each 4, the functions zijfor j=1,...,4,
span the space of all bounded solutions of the linearized problem

Az—i—Swﬁi,Cz =0 inR3.
A proof of this fact can be found for instance in [20]. This implies that the
z;;’s satisfy

4 Ag2 745 +z;/j — 2z + 5WZ-4zij =0.
Explicitly, we find that setting
Z(z) = (12)T e 37 (1 + e~) "% = 33 27 [cosh(22)] 2,
we get
zij =Z(x—&)0;, j=1,2,3, zu= W/(ac —&).

Observe that

/]RXSQZUZ“ =0 forl=#j.

The Z;; are corrections of z;; which vanish for very large x. Let nys(s) be a
smooth cut-off function with

ny(s) =0for s < M, nuy(s)=1fors>M+1.

We define
Zij = (L= nm(z — &) 24

where M > 0 is a large fixed number. We will see that with these definitions,
Problem (4.6) is uniquely solvable if the points &;, ¢ satisfy appropriate
constrains and ¢ is close enough to 5. After this is done, the remaining task
is to adjust the parameters ¢ and §; in such a way that all constants c;; = 0.
We will see that this is indeed possible under the different assumptions of
the theorems.

5. THE LINEAR PROBLEM

In order to solve Problem (4.6) it is necessary to understand first its linear
part. Given a function h we consider the problem of finding ¢ such that for
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certain real numbers ¢;; the following is satisfied.
L(¢):h+ZCZ]ZZ] in D,
i,
¢ = on 0D, (5.1)
/Zij¢:0 for all 4,7 .
D
Recall that L defined by (4.5) takes the expression
L(¢) =4 Mg+ ¢" —p+4Xe™ 4 qe iV g,

We need uniformly bounded solvability in proper functional spaces for Prob-
lem (5.1), for a proper range of the §;’s and ¢. To this end, it is convenient to
introduce the following norm. Given an arbitrarily small but fixed number
o > 0, we define

k
£l = sup w(@) f(z,0)] with w(z) =) e (-l

(z,©)eD =
We shall denote by C. the set of continuous functions f on D such that || f||.
is finite.

Proposition 5.1. Fiz a small number § > 0 and take the cut-off parameter
M > 0 of Section 4 large enough. Then there exist positive numbers g, dg,
Ry, and a constant C' > 0 such that if |q — 5| < e,

0< A< A\ =9, diSt(ﬁ, 89) > 4, (5.2)
and the numbers 0 < £ < & < -+ < & satisfy

Ro <&, Ro < min (&1 -&), (5.3)
with &, < % if ¢ # 5, then for any h € C*(D) with ||h||« < +00, Prob-

lem (5.1) admits a unique solution ¢ = T (h). Besides,
1T« < Clihll and  ez] < C Rl -

For the proof we need the following result

Lemma 5.1. Assume the existence of sequences (€p)neN, (An)neN, (Cn)neN,
(EMnen, 1 < i <k, such that ¢, — 0, A\, € (0, A1 — 6), dist((p,00) > &

and 0 < & < &5 < -+ <& with
£ — +oo,  min (& — &) — +oo, & =o(e,'),
1<i<k
such that for certain g, with |q, — 5| < €,, certain functions ¢, and h,, with
|Anll« — 0, and scalars ¢y, one has
L(¢n) = hn+z C@nj Z@nj )

0,7

¢n =0 ondD, (5.4)
/ Zij¢n dx =0  forall i,j.
D
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Here the functions Zj; are given in terms of zi; as in Section 4 and the
cut-off parameter M > 0 is chosen large enough. Then

lim {[¢n [ =0.

n—0o0
Proof. We will establish first the weaker assertion that

lim ||¢nllec =0.

n—oo
By contradiction, we may assume that ||¢,|lcc = 1. Recall that D > (z,6)
is a subset of RT x S2. We will establish first that lim,,_, e c% = 0. Fix a
number M > 0 such that the region {x > M} is contained in D and consider
n(z), a smooth cut-off function with n(z) = 0 if x < M and n(x) = 1 for

x > M + 1 as in the previous section. Testing the above equation against
nzp,, and integrating by parts twice we get the following relation:

| @Bg a2~ ap+ SWE )0
+ [ [ + 2] o
= /DhnZﬁﬁiZjCZ/DnZZz?m

The first integral on the left hand side of the above equality is zero, while the
other three can be bounded by o(1)||¢y,||co and therefore go to 0 as n — oo.
The same is true for the first integral in the right hand side. The definition of
the Z/%’s makes this linear system in the ¢;;’s “almost diagonal” as n — oo.
We conclude then that lim,,_ oo cznj = 0 as desired.

Now let (z,,©,) € D be such that ¢, (z,,0,) =1, so that ¢, maximizes
at this point. We claim that, for n large enough, there exist ® > 0 and
i € {1,...,k} such that |z, — £'| < R. We argue by contradiction and
suppose that |z, —&'| — +00 as n — +oo for any ¢ = 1,..., k. Then either
|x,| — 400 or |z,| remains bounded. Assume first that |z,| — +oo. Let us

define 3
gbn(x, @) = Qi)n(m + Tn, @) .

Then, from elliptic estimates, ¢, converges uniformly over compacts to a
nontrivial solution ¢ of

{ A1Ag29+¢"—hp=0 inRxS?,
$»—0 as |(z,0)] — 0.
For a function g(y) defined in R3\ {0}, let us denote
To(9)(2,0) = V2e " g(e™* ©).
Then the function t defined by the relation ¢ = To(¢)) satisfies
AYp =0 inR>\{0}.
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Moreover, ||¢||o = 1, translates into |1 (y)| < |y|~'/2. It follows that 1) ex-
tends smoothly to 0, to a harmonic function in R3 with this decay condition,
hence ¢ = 0, yielding a contradiction.

Assume now that |x,| is bounded. Hence, up to subsequence, the func-
tion ¢, converges uniformly over compacts to a nontrivial solution of

4N p+¢" —p+4Xe > p=0 inD,
¢=0 on 0D,

for some A € [0,A1). But this implies that ¢ = 0, since the function ¢ =
T1(¢) is identically 0 in £ because it solves

{ A+ =0 inQ\{C},
Y =0 on 0f),

with the additional condition |¢(y)| < C |y|~'/2 for some X such that 0 <
A < A1. We again reach a contradiction, and the claim is thus proven. Hence,
there exists an integer [ € {1,... ,k} and a positive number R > 0 such that,
for n sufficiently large, |z, — £'| < R. Let again bn(z,0) = ¢z + &, 0).
This relation implies that ¢, converges uniformly over compacts to ¢ which
is a nontrivial, bounded solution of the problem

Agdp+¢"—d+5WiH =0 inRxS?,
and also satisfies

/ G 2m (1 —nar(z)) dedO =0 (5.5)
RxS?
where z,,(z,0) = To(zy,) with

1
Zm(y) = Oy, wipo(y), m=1,2,3, z(y) = 3 w,0(y) +y - Vwio(y)

This means that the function ¢ = 75 () is a nontrivial solution of
AY+5uwiyp =0 inR?\ {0}

with | (y)| < C |y\_% for all y. Thus we get a classical solution in R?\ {0}
which decays at infinity and hence equals a linear combination of the z,,’s. It
follows that ¢ is a linear combination of the Z,,’s. But then the orthogonality
relations (5.5) imply ¢ = 0, at least for M > 0 large enough, again a
contradiction. We have thus proven ||¢,||cc — 0 as n — oo.

Next we shall establish that ||¢,|« — 0. Let us write
L) =4Ag2 0+ ¢" — dp+4re ¢, (5.6)
Let us observe that equation (5.4) takes the form
L(¢n) = gn
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with g,(z,0) = —cg, ¢ 22 VI "1h 4 b, + >, Ciy Zij- Hence

k
’gn(m-7 @)‘ S gn = 7777/ Ze_(l—o'ﬂx_fil ,

i=1
with 7, — 0. We claim that the operator L satisfies the Maximum Principle
in the following sense:
If ¢ is bounded, continuous in D, ¢ € HY(Dn{z < R}) for any R > 0 and
satisfies L(¢) < 0 in the weak sense in D and ¢ > 0 on 0D, then ¢ > 0.
To see this, let us observe that if ¢ = 7 (¢)) then v satisfies
AYEA <O in Q) (¢}

in the weak sense, and [¢(y)| < C'|y — ¢|~"2. Fix a small number v > 0.
Then ¥(y) > —vGA((,y) if |y — (| < Cv?, for some eventually larger
constant C. Let Q = Q\ B(¢,Cv?). If v is small enough, then we have
A < A\(Q). Thus L satisfies maximum principle in € and therefore v(y) >
—vGy((,y) for all y € Q\ {¢}. Letting v go to zero, the desired assertion
follows.

Since A < A1, there is a unique bounded solution ¢ of
4N 0+ ¢ —p+4de W p=—e" in D,
¢=0 on 0D,
and it satisfies ¢ < C(1 + |x|) e~®. Indeed, ¢ = T (1)) where 1) solves
A& + )\1; = —m in Q,

Y=0 on 0f).
Observe that Z = ¢ + 23/2log |z — (| satisfies

AZ+AXZ=23Xlogly—¢| inQ,
Z = —logly — (| on 082,
so that Z is at least of class C1%(Q). This gives the required assertion for ¢.

Let us consider now the quantity

k
i=1

Direct substitution shows that L(s,) < —G,, in weak sense, provided that K

is chosen large enough but independent of n. From Maximum Principle,

we obtain then that ¢, < s,. Similarly we obtain ¢, > —s,. Since, as

well s, < C G, this shows that ||¢,|+ — 0, and the proof of Lemma 5.1 is

completed. O

Proof of Proposition 5.1. Let us consider the space

H:{¢6H3(D) : /Zijédx:O for all zg}
D
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endowed with the usual inner product

6,01 =2 [ Voo Vev+3 [ (@00 +60).

Problem (5.1) expressed in weak form is equivalent to that of findinga ¢ € H
such that

[0,9] = /{que(q_g})x Vi lp 4 axe ¢+ h} dx forall € H.

With the aid of Riesz’s representation theorem, this equation gets rewritten
in H in the operational form ¢ = K (¢) 4 h, for certain h € H, where K is a
compact operator in H. Fredholm’s alternative guarantees unique solvability
of this problem for any h provided that the homogeneous equation ¢ = K(¢)
has only the zero solution in H. Let us observe that this last equation is
precisely equivalent to (5.1) with A = 0. Thus existence of a unique solution
follows. The bounded solvability in the sense of the || ||,-norm follows after
an indirect argument from the previous lemma. O

Before proceeding, let us see how this result translates in terms of the
original variables in Q. Consider the function ¥ (y) defined in Q for which
7T (¢) =1, where 7 is given by (4.2). Then ¢ satisfies Problem (5.1) if and
only if v satisfies

A+ qUIt o+ Ay = g+2| =)z i Q\{},
=0 on 092, (5.7)

/¢Z”! dy=0

where 7 (ly — ¢|?g) = h and n#(y) = n' (‘y—;q) is a family of smooth cut-off

functions with

CI2

n'(s)=1fors <6, n'(s)=0fors>20. (5.8)
The size of d is determined by M in the definition of Z;;. Observe that

—2—0/2 o
9()| < ||All |y — ¢|72/ Zwm,c

Thus what we have proven in Proposition 5.1 can be restated like this: If
||h]|« < 400 then (5.7) has a unique solution ¢ which satisfies

o/2 1 O’
()| < Cllhll |y — <™ /Zwuhg

and given any dp > 0, there exists a constnat C' such that

1-0o
ly =<l >do = [W(y)| < Cl[Rfl+ py®
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Hence as well, from the equation satisfied in this region and elliptic esti-
mates,

V()| < Clhfwpy” - (5.9)

It is important for later purposes to understand the differentiability of the

operator T : h — ¢, with respect to the variables &; and (. Let us assume
that conditions (5.2)-(5.3) hold. Fix h € C, and let ¢ = T'(h). Let us recall
that ¢ satisfies the equation

L(¢)=h+>_ cij Zij,
(2%

and the vanishing and orthogonality conditions, for some (uniquely deter-
mined) constants ¢;;. We want to compute derivatives of ¢ with respect
to the parameters ¢ and £. Let us begin with differentiation with respect
to (. A main observation is that the functions Z;; do not exhibit explicit
dependence on (. Formal differentiation then yields that X = d¢,¢ should
satisfy

LX)=Y¢;Z; —q(qg—1)cq e VI 20, V]¢ in D
v X=B ondD
/ Z;; X =0 foralli,j
D

where

B=T(@y¥) = v2e 0y (C+e770),
with ¢ = 7 (¢) and (formally) ¢;; = O¢,ci;j. Let us consider the equation

LY)=0 inD, Y=B ondD

where L is given by (5.6). This problem for Y = 7 (Y)) is equivalent to

AY +A\Y =0 inD, Y =0y ondD

and, according to estimate (5.9), has a unique solution with

_ 1o
1Y ]loo < ClIAlls 1y ?

so that |V (x,0)] < C||h|s e ® e~ (17904 and in particular, ||Y ||, < C||A]|.
Let us look closer into d;, V. Since W; does not exhibit dependence on ¢,
we get that

k
OV =0l
i=1
By definition of II;,

Oclli(2,0) = 0T [my, ] = €0 [ﬂm,c(C + 6_236@)}
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where p1;=e~2%. Let us recall the expansion we found for Tu;,¢ in Lemma 2.2:
1 1
Tuc(C+e720) = p2 | —4r 35 Hy(¢, ¢+ e720)
+ui Do (672(%&)@) + M?_OR(C +e7270, i, C) } :
In particular we see that |9:I1;(z, ©)| < Ce~%e~ and conclude that
et Va2 o, vig| < Cllgll. < C ..
We observe, incidentally, that in the same way we get
|6§10¢Hi(m, 0)| < CeSie™,

We shall use this below for the computation of derivatives with respect to &;.

Let us fix a number M > 0 such that the region {x > M} is contained
in D and consider nys(z), a smooth cut-off function with nys(x) = 0ifz < M
and npr(x) =1 for > M 4 1. Let us consider the constants d;; defined as

Zdij/DnMZijZlk:_/DZlkY-

i7j
This linear system has a unique solution since it is almost diagonal. We also
have: |d;j| < C'||h[|«. Consider H = X =Y — 37, ;dijny Zij. Then

LH)=> ¢;Z; +f inD

/[:7.]‘
H=0 on 9D (5.10)
/ ZiiH =0 for all ¢, j
D

with
F==>diy L(ms Zig) + qcg 7 [ VY + (g - DV, V] 6.
is

The above equation has indeed a unique solution H for certain constants ¢;;
provided that the assumptions of Proposition 5.1 are fulfilled. This compu-
tation is not just formal. Indeed one gets, as arguing directly by definition
shows,
B0 =Y+ dijnn Zij +T(f),
/[:7-7
so that [[9g]l. < C||h]..

Let us now differentiate with respect to &,,. Let us consider ny(z), a
smooth cut-off function as above. For a given [ € {1,... ,k}, we consider
the constant b;,, defined as

blm/ |Zlm|277M E/ ¢a§lZlm
D D
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and the function
4
=-> {blm L(nnr Zim) + cim Bnglm} +qeg el 9 (VL) 6,

m=1
one can then directly check that O¢, ¢ is given by

4
651¢ = T(f) + Z bim MM Zim

m=1

and that |0, ¢||« < C'||h||«. Let us denote V = [0¢, O¢]. Then we have proven
that [|[V¢l||« < C'||h||«. Examining the above differentiation with respect to &,
we see that we may also apply it to V¢, so that ||0:V¢|. < C||h||«. Actually,
ellaborating a bit more we get as well continuity of these derivatives in the
*-norm.

On the Banach space C, of all functions 1 in C(D) for which ||¢||. < oo,
T defines a continuous linear map of C,. It is easily checked that the map
(&,¢) — T is continuous into £(C,). Moreover, we have the validity of the
following result.

Proposition 5.2. Under the assumptions of Proposition 5.1, the derivatives
VT and 0:NVT exist and define continuous functions of the pair (§,¢). In
particular, there is a constant Cy > 0, uniform in points (§,¢) satisfying the
constraints in Proposition 5.1, such that

IVT]s + (10 VT« < Co .

6. SOLVING THE NONLINEAR PROBLEM

In this section we will solve Problem (4.6). We assume that the conditions
in Proposition (5.1) hold. We have the following result.

Lemma 6.1. Under the assumptions of Proposition 5.1 there exist numbers
co >0, C1 > 0, such that if & and ¢ are additionally such that | R||« < co,
then Problem (4.6) has a unique solution ¢ which satisfies

[l < Cr IRl

Proof. In terms of the operator T" defined in Proposition 5.1, Problem (4.6)
becomes

¢ =T(N(9)+ R) = A(¢), (6.1)

where N(¢) and R where defined in (4.5) and (4.5). For a given R, let us
consider the region

Fy={¢€CD) : ol < IR}

for some v > 0, to be fixed later. From Proposition 5.1, we get

I1A@)]« < Co [IIN(@)] + IR].] -



BREZIS-NIRENBERG PROBLEM NEAR CRITICALITY IN DIMENSION 3 31

On the other hand we can represent

N(¢) =c4 ela=5)z q(qg—1) /01(1 —t)dt[V + t¢]q72 ¢2’

so that (making ¢ — 5 smaller if necessary) |N(¢)| < C1|¢|?, and hence
IN ()]« < Chll¢||2. Tt is also easily checked that N satisfies, for ¢, 2 € Fy,
IN(91) = N(d2)[l« < Cov[|Rl[«[|d1 — b2l -
Hence for a constant C5 depending on Cy, Cy, Co, we get
1A@)ll < Cs [y IRl +1] |IE].,

|A(p1) — A(P2)]l« < Cs3v||R]«||d1 — P2l -
With the choices

1
=2Cs3, ||R|«+ <cp=—5,
g 5 Bl e =7 a2
we get that A is a contraction mapping of F.,, and therefore a unique fixed
point of A exists in this region. This concludes the proof. (I

Since R depends continuously for the *-norm in the pair (¢, (), the fixed
point characterization obviously involves the map (£,() — ¢. We shall
next analyze the differentiability of this map. Assume for instance that the
partial derivative O, ¢ exists. Then, formally, with ¢ = ¢, ela=b)z q(g—1),

0N (@) = e [(1 =0t [ (q=2) IV + 0697 (V +106.0) 8
+2[V+t9]" 20,66 |-

As we have seen in the previous section, Vi, = Z;?:l O¢ g, ¢ is uniformly
bounded. Hence we conclude

18 N(@)ll+ < C (Il + 196l 8]l < C [IRIl. + 10 @Il IR
Also observe that we have
06 = (06T)(N(9) + R) + T(0 [N (6) + R))
so that, using Proposition 5.2,

1061l < C [I(N@) + Rl + 19N @) + 1 BIl.)]

for some constant C' > 0. Reducing the constant ¢ for which [|R|. < ¢ if
necessary, we conclude from the above computation that

I8¢ @]l < C (1Rl + 19, R].] -
A similar computation shows that, as well

19 @]l < C (1Rl + 19, R].] -
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The above computation can be made rigorous by using the implicit function
theorem in the space C, and the fixed point representation (6.1) which guar-
antees C! regularity in (¢, ¢). This differentiation procedure can be iterated
to obtain second derivatives. This can be summarized as follows

Lemma 6.2. Under the assumptions of Proposition 5.1 and Lemma 6.1
consider the map (§,() — ¢ into the space Ci. The partial derivatives V¢
and VOe¢ exist and define continuous functions of the pair (§,¢). Besides,
there is a constant C' > 0, such that

196l + V0ol < € (IRl + [VRI. + IVOcRI.).

The size of ¢ and of its derivatives is proportional to the corresponding
sizes for R.

After Problem (4.6) has been solved, we will find solutions to the full
problem (4.3) if we manage to adjust the pair (£, () in such a way that
¢ij(&,¢) = 0 for all 4,5. This is the reduced problem. A nice feature of this
system of equations is that it turns out to be equivalent to finding critical
points of a functional of the pair (£, () which is close, in appropriate sense,
to the energy of the single or multiple-bubble V. We make this precise in
the next section for the case of single-bubbling, k = 1.

7. VARIATIONAL FORMULATION OF THE REDUCED PROBLEM FOR k =1

In this section we assume k£ = 1 in Problem (4.6). We omit the subscript
i =11in ¢;j, Z;; and &. Then in order to obtain a solution of (4.3) we need
to solve the system of equations

cj(§,¢)=0 forallj=1,...,4. (7.1)

If (7.1) holds, then v = V + ¢ will be a solution to (4.3). This system turns
out to be equivalent to a variational problem, as we discuss next.

Let us consider the functional J,  in (4.4), the energy associated to Prob-
lem (4.3). Let us define

F(p, Q) = J\(V+¢), p=e*, (7.2)

where ¢ = ¢(&, () is the solution of Problem (4.6) given by Proposition 5.1.
Critical points of F' correspond to solutions of (7.1) under a mild assumption
that will be satisfied in the proofs of the theorems, as we shall see below.

Lemma 7.1. Under the assumptions of Proposition 5.1, the functional
F(¢,€) is of class Ct. Assume additionally that R in (4.5) satisfies that
|R|l« < uB where ¢ > 0 is the number in the definition of the *-norm.
Then for all p > 0 sufficiently small, if VF(,() = 0 then (£,() satisfies
System (7.1).

Proof. Let us first differentiate with respect to £&. We can differentiate
directly J,A(V + ¢) under the integral sign, since the domain D depends
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on ¢ but not on £. Thus
4
OcF(&,C) = DJga(V +¢) [55‘/ + 8575} =) /D ¢j Zj [aév + 8@} :
=1

From this expression and the results of the previous section, it is continuous
with respect to the pair (§,¢). Let us assume that 0¢F(&,() = 0. Then

ch/ [0ev +aee] =0.

We recall that we proved [|0¢¢||« < C'||R||«, thus we directly check that as
p — 0, we have 0¢V + 0:¢p = Zs + o(1) with o(1) small in terms of the
*_norm as pu — 0.

Let us consider now differentiation with respect to . This is a bit more
involved since it is no longer sufficient to differentiate under the integral
sign. It is convenient to relate the functional with its expression in terms

of the original variable in 2. Let us observe first that the following identity
holds.

DJy\(v)[f] =4 DEgx(u)lg] where v="T(u), f="7(g).

Let us define U and ¢ by V = T(U), v» = 7(¢). Let us recall then that
JgA(V 4+ ¢) = 4E, 3 (U + ). Given [, we compute

O F=4DE, (U +¥)[0,U + 0¢,]

= DJq,)\(V + qb) [T(@Q +T 8@ Z Cj Z % U)—FT(@QT,Z))] .

This expression depends continuously on (‘f ,¢). Let us consider T(0:U).
We have that

l\.’)l»—i

OcU = 0wy, ¢ + O¢my ¢ :c,u*g [1%—%1 r®+0(u2),

where r = |y — ¢|. Hence,
TOU)=p ' Z(x— &) +e e ™0(1).
Let us consider now the term 7 (0¢v) . If ¢ = 1) (y, (), we have
(9,0)(7,0,0) = V2e ™" O(C + %0, Q)] = T(0yv) + T (),
so that 7 (0¢) = O¢,¢ — T (0y, ). We have already established that
10 ¢l < CUR[« + IVR].) .-

Let us recall the equation satisfied by 9,,7. It is convenient to define 1/;(2) =
p/24(C + pz). Then 9 satisfies

A¢+qu%[w1,o+0(u)]q YAt = E+Zq| g =) a(2)
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where E = N (1) + R with

D 5

R = (w104 O0(w)" —wiy,

N(y) = #/ L—t)dt [wig+O(p) +tﬂq_2¢?-
5.

Here ' is the smooth cut-off function in (5.8). We also know that, globally,
%

()] < Cu™ % |[Rl|x 2|~ % wi”(2).

7

Since o is small, it follows from elliptic estimates that near the origin actually

[9(2)| < Cp= ||R]. and
[DO(2)| < 1™ [|R|| wi? (2).
As a conclusion we get that
1T (DY)« < Cu” R« .
Thus O¢F = 0 if and only if

:z [ 2i[2+ oGt RIL)) .

for each [ = 1,2,3. We get then that VF({, () = 0 implies the validity of a
system of equations of the form

4
ch/zj[zl+o(1)]:o, I=1,....,4
j=1 7P

with o(1) small in the sense of the *-norm as yu — 0. The above system

is diagonal dominant and we thus get ¢; = 0 for all j. This concludes the
proof of the lemma. O

In order to solve for critical points of the function F, a key step is its
expected closeness to the function 4E, z(U, ¢) = Jg(V'), which we analyzed
in Section 2. From now on we shall use the notation

V = [0 0] -
Lemma 7.2. The following expansion holds
F(&,0) = Joa(V) + || RIZ + [VRI2 + [|VOeRIZ] 0(6,€),
where for a certain positive constant C' the function 0 satisfies
6]+ V6] + Ve8] < C.

uniformly on points satisfying the constraints in Proposition 5.1.
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Proof. Taking into account that 0 = DJ,\(V + ¢)[¢], a Taylor expansion
gives

TV 4 8) — Jua(V) (7.3)
-/ DRI AV + )62 (1~ 1) di (7.4)

—/ (/ +R¢+/ VIt —(V + tp)1™ 1]¢2) (1—1t)dt.
Since |||« < C'||R]|+, we get

T (V4 6) = Jya (V) = O(||R|[?) -

Let us differentiate now with respect to the pair (§,¢). Since the quan-
tity inside the integral in the representation (7.4) vanishes on 0D, we may
differentiate directly under the integral sign, thus obtaining

VIV + @) — Jga (V)]
—/ (/V +R)¢]+Q/DV[(V+t¢)q‘1—vq—1)¢2])(1_t)dt_

Using the fact that ||Vo|. < C[||R|l« + ||[VR|«] and the computations in
the proof of Lemma 6.2 we get that the above integral can be estimated by
O(||R||? + ||V R||?). Finally, we can also differentiate under the integral sign
if we do it first with respect to &, and then apply V, using the fact that
O¢¢ = 0 on 0D. We obtain then

VOLIgA(V + ) = T (V)] = O(| BRI + VR + [VORIZ) -

The continuity in (§,() of all these expressions is inherited from that of ¢
and its derivatives in (&, () in the *-norm. The proof is complete. O

We have now all the elements for the proof of our main results regarding
single bubbling.
8. EXISTENCE OF SINGLE BUBBLING SOLUTIONS

In this section we will prove our main results concerning solutions of (4.3)
close to V = W (z — &) +II¢ where IIg = e %, ((( + €7220) with u = e~ %.
Before going into the proofs, we point out properties of this function which
essentially translate those in Lemma 2.2. We have

He(@,0) = — 4rv33he @O 1 (¢,¢+ e 2 0)
1+ V2e @30 p (e—Q(x—E) @)
+ \/§e—m—(5—2z7)§ 0 (C7C + 6_296@,5)

where for 7 = 0,1,2, i = 0,1, ¢ + j < 2, the function %H(y,c,f), is
bounded uniformly on y € Q, all large £ and ¢ in compact subsets of 2. We
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recall that as x >> £
DO (62(3376) @) = 672(175) +D (672(337&))
and with D; smooth, D} (0) = 0, while Dy(r) ~ logr/r as r — 4oco. It
follows that
e + 0TI | + |02 < Cem"e @ [|HA(G ¢+ e 0)  + 7]
Ce et e+l +e7%].  (81)

On the other hand Hy(¢(,(+y) = ho(y) + h1(¢, y) where hy is smooth, from
where it follows that

0Tl | + |0c0eTTe | < Cee ™€ (J0cga(O)] + e + 7).

<
<

(8.2)

Proof of Theorem 2. We choose p as in (3.1),
a4 1

—e— A,
a1 gA(€)

where ¢ = ¢ — 5. We have to find a critical point of the functional F'(u, ()
in (7.2) for ¢ =5 + ¢. Consider

5+4¢
R =gl (W(a - &) + e(z,0)) - W(—¢)7,
where ™% = . We write as usual Wy = W(z —¢), V. = Wy + II. Then
we can decompose R = R + Ry + R3 + R4 where
R, = eEx (V5+e _ V5) , Ry = V5 (eex _ 1) ,

R3=V> - W7, Ry = (cqg —1)es@ Vo+e,
We have .
Ry =ee™® / (1—tydt (V*log V)
from where it follows that "
|R1| < C e € eflo=€l yits <CeV*4.

Since |TIg| < Ce~@+8) < Ce ¢ we get |Ry| < Cee 47¢ and hence
|R1|l« < Ce. Direct differentiation of the above expression, using the bounds
for derivatives of Il¢ yields as well

108 Rulls + 102 Rull« + 0 Rl < e
3 g
Let us denote V = [0¢, 0¢]. Thus we have

[Bille + (VR + [VOeRa |« < Ce.

Observe that the same estimate is also valid for R4. On the other hand, we
have

1
Ry =V5(e® — 1) = 5:UV5/ e dt .
0
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Since £ ~ clog(1/e) we obtain for Ry and derivatives the bounds
[Ral« + VRl + [V Rall. < Celloge].
Finally, for
1

Rs = 5/0 (1 —t)dt (Wy +tT0e) T
we find the bound

|Rs| < Ceo4lr—¢l < 0 g~ X-lo—¢]
and similarly for derivatives. We get, recalling that e % =y < C'e,

1IR3« + VR« + [[VORs |l < Ce™™.

Concerning Ry, a direct computation gives |Ry| < Cee ®*=¢ Thus for
full R we have

|R|l« + [|VR|« + [[VOeR]||« < Celloge].
It follows from Lemma 7.2 that for this choice of p,
F(&,0) = Joa(V) + 1 [log p* 0(&, )
with |6 +|Ve0|+|V0| < C. Define 9. (A, ) = F(3 log %, ¢) with p as above.

A critical point for 1) is in correspondance with one of F'. We conclude that

V(A Q) = 4E5+z—:,u(Uu,C) +e0-(A, Q)

with 0, as in Lemma 3.1. The lemma thus applies to predict a critical point
of 1. and the proof of Part (a) is complete. Part (b) is analogous, invoking
instead Lemma 3.2. The proof is complete. O

Proof of Theorem 4. Let us choose now y as in (3.4),

__w 9x(¢)
2a9 A ’

where ( € D). Now R is just given by
1 4
R:5/ (1—t)dt (Wy +tT0g) T
0
It follows from estimates (8.1) and (8.2) that
[R| + [VR| + |VOR| < C e =8 gy ()] + [Vga(Q)] + €72 4 &%

Let 0y = supp, (lgal +[Vgal). Then we see that 6y — 0as A | 0. We
conclude that
I1R|l + VRl + [VOR]| < Ce™ 5.

We have now
F(&,¢) = 4 B50(Ucu) + 12 630(£, )
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with (0] + [VO¢0] + |VO] < C. Define ¢»(A,¢) = F(zlog i, () with p as
above. Again, a critical point for v, is in correspondence with one of F'. We
conclude that

UA(CA) =4 E5 3 (Ue ) + 91(€)? 0A(A, €)

where p is given by (3.4) and 6, is as in Lemma 3.3. Hence 1) has a critical
point as in the statement of Lemma 3.3, and the result of the theorem
follows, with the constant 3 given by 8 = (2as/a;)'/?. O

Proof of Theorem 3, Part (b). In this case the consideration we make
is slightly different. Observe that if we choose ( = 0, then the assumption
of symmetry of the domain, and uniqueness of the solution ¢ g (z,0) of
problem (4.6) makes it even in each of the coordinates ©;, i = 1,2, 3, since
so is V. Moreover, as a by-product we find that ¢; = 0 for j = 1,2,3.
Thus only ¢4 survives. As a consequence, we find that ¢4 = 0 if we have

0¢F(€,0) = 0. With the choice
_ w0,
2 a9 A ’
we find that F)\(A) = F(3 log %, 0) satisfies
2
ai
4@2)\ 9

where 0) and its derivative are small uniformly on A in bounded sets. We
conclude the existence of a critical point Ay of F) close to 1, and the desired
result follows. O

FA(A) = (02 = 24+ A?] + g2 (0)* 2 (A) ,

9. MULTIPLE BUBBLING

In this section we will prove Theorem 4 Part (a). Let us consider the
solution ¢(&,¢) of (4.6) given by Proposition 5.1 where £ = (1,2, ... ,&k)-
Similarly as in the Proof of Theorem 3 Part (b), choosing ¢ = 0 makes ¢
symmetric in the ©; variables, which automatically yields c;; = 0 for all
i=1,...,kand j = 1,2,3. Thus we just need to adjust ¢ in such a way
that ¢, =0 for i =1,... , k. Arguing exactly as in the proof of Lemma 7.1
we get that this is equivalent to finding a critical point of the functional
F(&) = JgA(V + ¢), where ¢ has been fixed to be zero. Similarly as before,
we find now that

F(&) = Jon(V) + (IRI2 + 10:R|12) ()

where 6 and its first derivative are continuous and uniformly bounded in
large €.

In what remains of this section we fix a number § > 0,set e =q¢—5 >0
and choose p; = e~2¢ in order that

p=ehi, i =pi(Nae)?, j=1. k-1 (9.1)
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with
S<Aj<dé b j=1,... k. (9.2)
Let us measure the size of ||R||. and ||0¢R||« for this ansatz. We can now
decompose R = R; + Ry + R3 + R4 + R5 where
Ry=es (VST V) | Ry=V5 (e — 1),

Ry=V5— (X, Wh)°, Ry= (S, W)° =S, WP,

R5 = (Cq _ 1) P V5+e .

We can estimate

k—1

Ryl < C Z e~ (Git1=8i) o =3lz—&il ,

i=1
hence ||Ry|l« < Ce, a similar bound being valid for its derivatives in &;’s.
The quantities R; for j = 1,2, 3,5 can be estimated in exactly the same way
as in the proof of Theorem 2. Thus ||R||« + ||0:R|« < Ce|loge|. Let us set
A= (Ay,...,Ar) and define ¢ (A) = F(§) with £ given by (9.1). We need
to find a critical point of ¢.. We have proven that

e(A) = (V) + O (%] log el?) 6.(A) (93)

where 6. and its first derivative are uniformly bounded. We have the validity
of the following fact, whose proof we postpone for the moment.

1 1
ZJaa(V) = kao + [0u(A) + o(1)|e + < k(k + 1) asz | loge]
4 2
(9.4)
where
k
Y(A) = a1 gx(0) A1 + kayg log A1 + Z |:(k? —Jj+1)ay 10gAj — ag AJ:|
=2

and the term o(1) as € — 0 is uniformly small in C'-sense on parameters A;
satisfying (9.2). Here the constants ag, a1, a4 are the same as those in
Lemma 2.3, while ag = 167 /3. The assumption ¢(0) < 0 implies the
existence of a unique critical point A, which can easily be solved explicitly.
It follows that o(1) C! perturbation of 1, will have a critical point located
at o(1) distance of A,.. After this observation, the combination of relations
(9.4) and (9.3) give the existence of a critical point of ¥ close to A, which
translates exactly as the result of Theorem 4, Part (a).

It only remains to establish the validity of expansion (9.4). We recall that

k k
V=>Vi=> Wi+1; =T(U)
1=1 i=1
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where U = Zle w; + m;, and we denote w; = wy, 0, T = 7y, 0, Ui = w; + ;.
We have that J, z(V) = 4 E,\(U), where ¢ = 54 €. Observe that we can
write

E\U)=Es\(U)+R

where

1
= (CI*5)$_ 6
R = 5 D(e 1)|[/| +4m A,

A direct computation yields
Ay =k(qg—5) 6/ Wlong:UqL%/ WP dx | +o(e).
On the other hand,

R—4rd, = —L[p [e(q—s)x _ 1} V6 de
= —3(q¢—5)4r [px VO dx + o(e)
= —5l@—5) ( ?:1 §i) e WO dx + o(e)

= as(q—5)XF_ loguj+o(e).

[

[y

Now we have

k

Es 5\ (U) :jzilem(Uj)Jr%/D{gvf_ (ZV)6+ GZWZEJVJ,]

=1 1<J (95)

since
k

k k 6
Es\(U) — ZE5,>\(Uj) - /D va - (Z Vz>

= Yici Ip (2V6ViVeV; + V) V] + ViV, — 2 X e ;1)
= S Jp (FU B V= V4 Vi = AN V) V= iy [y WY

To estimate the quantities in (9.5), we consider the numbers

1
XlZO, Xl:§(£Z—1+£l), l:27"'7ka Xk+1:+oo7

and decompose

k
EsalU) =Y EsaUy) = 3 [ WV, + B,
j=1 1<i<k Y DN{xi<z<xi+1}
i>l
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A straightforward computation yields B = o(g). On the other hand,

/ VP

1<i<k Y DN{xa<z<xit+1}

i>i
— 47 Zk le+1 Wl Wit + O( )
—Ar J"XI-H W5 Wl+1 + 0( )

=47 le“ 5; W2 (x) W (x — (&1 — &)) + o(e)
= dr zk e~ l6=8l (12)5 [ e* W (z)® + ofe)
= ag E (“Jfl)l/z +o(e).

Taking into account the estimate given in Lemma (2.1) and the above esti-
mates, we get (9.4) in the uniform sense. Similar arguments yield that the
remainder is as well o(e) small after a differentiation with respect to the &;’s.
This concludes the proof. O

10. FURTHER ASYMPTOTICS, FINAL COMMENTS

Let Ag be a number for which a critical value 0 as in Theorem 4 is present.
What we want to discuss next is the situation present when A is close to Ag
and, at the same time, ¢ is close to 5, both from above and below. We shall
do this only in the case of a local minimizer,

0 = inf inf .

1% Irg < g%) 9o
As we have discussed this local minimum situation remains whenever A\
is sufficiently close to Ag. Let us set m) = infpgy. Then my is strictly

decreasing. In fact my ~ —(A — X\g). Dual asymptotics are found for the
sub- and super-critical cases as follows.

Theorem 5. (a) Assume that ¢ = 5+¢e. Let v > (8v/2)7! be fived and
assume that A > Ag is the unique number for which

my = —’y\/&)\o.

Then for all € sufficiently small there exist two solutions ugjE to Problem (1.1)
of the form

3i Mi
V4 (ME) [z — ¢

where o(1) — 0 uniformly in Q as e — 0,

ut(z) = (1 + o(1)) (10.1)

ME = ApP(y)e i
Here \/Ag A+ () = z+(7) are the two positive roots of
322% — 12872 +1=0
and (. is a point in D such that gx(¢:) — 0 as € — 0.
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(b) Assume that ¢ = 5 —¢e. Let v € R be fizred and assume additionally
that X (close to \o) is the unique number for which

myx = YV £
Then for all e sufficiently small there exist a solution u. to Problem (1.1)
of the form (10.1), with MZF replaced by M., where M, = A='/2(y)e1/4,
Here /Ao A(7y) = x(v) is the positive root of

3224+ 12872 —-1=0
and (¢ is a point in D such that gx((:) — 0 as € — 0.
Proof. Let ¢ =5+ ¢ and A be such that
w=AVe, A>90.

This choice allows us to regard the functional F(£,¢) where u = e~ as a
small perturbation of 4 E, (U) after restricting conveniently the range of
variation of (. We will not carry out all details but just concentrate on the
asymptotic expression of 4 E, y(U). Using the expansion in Lemma 2.3, we
find that . (A, () =4 E4 2 (Uyc) can be expanded as

Ve(A, ) = ap + 1/75(/\7 C) + 0(5)
uniformly with respect to A > §, with

~ a
De(A, Q) = a1 gr(Q) AvE—a3 (9x(¢)* A e+ag AN etage log A+ 54810g€~

For fixed (, it turns out that the equation

Orv=(A,¢) =0
reduces in A at main order to the quadratic equation
alf/)\g(C) A—|—2a2)\0A2 +a4 =0

which has exactly two positive solutions A*(¢) provided that

-a () _ 1 Vo
7 > a—1\/8a2a4)\0— 8—\/§

What we are assuming is that my = —vy+/eXg with v > (8v/2)7!. Let

v = L(70 +~) and call D, the set of ( € D where —g»(()/VE > 7'/VE.
Using infp gy = my = —7ve Ag and the expressions of ay, as and a4 given
in (2.11) and (2.13), the equation for A reduces to

32 (\/)\_OA)2—1287<\/)\_0A) +1=0.

The conclusion then holds if we take M = (u2)~1/2, u* = Ai(y) /2 where
7+ (7) = VAo AL (%) are the two roots of the above equation. As in the proof
of Lemma 3.3, we finally find that ¥.(A+(7)(¢),¢) has a critical point in D,
thus giving the two searched bubble-solutions. In fact, after a perturbation
argument similar to those in Theorems 2 and 4 we find actual solutions to
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(1.1) with the form stated in the theorem. The proof of Part (b) is exactly
the same, except that in this case the quadratic equation for A becomes

ai QA(C)

NG

which has exactly one positive solution, regardless the sign of g)(¢). The
proof is completed. O

A+2a2)\0A2—a4:0

It is illustrative to describe the results of this paper in terms of the bifur-
cation branch for the positive solutions of (1.1) in a ball which stems from
A = A1, u =0, for any value of ¢ > 1. This branch does not have turning
points for ¢ = 5 (uniqueness of the positive radial solution is known from
[25]) and blows-up at A = A;/4. On the other hand, an oscillating behavior
has been observed from a variational point of vien in [11] and with ODE
tools in [12]. As soon as € > 0, ¢ = 5 + ¢, the branch turns right near the
asymptote and then lives until getting close to A1. This “upper part” of the
branch is the one described in Theorem 3, Part (a). It is of course reasonable
to ask how the turning point looks like, in particular showing the presence
of two solutions for A slightly to the right of it. This is the interpretation
Theorem 5, Part (a). Formal asymptotics of this first turning point, which
are fully recovered by this result, were found by Budd and Norbury in [7].
The behavior of this branch “later” corresponds to the result of Theorems
4 (a): for € > 0 small, the branch oscillates wildly between \;/4 and A,
giving rise for fixed A between these numbers to an arbitrarily large number
of solutions. The towers of Theorem 4 (a) may be interpreted as the solution
found on the branch between the k-th and k£ 4+ 1 turning points. Except in
a ball or in a domain with symmetry, we have not found asymptotics of the
turning points that lie close to A1, nor we know whether multiple bubbling
is a generic phenomenon or rather a big coincidence due to symmetry.

11. APPENDIX — ROBIN’S FUNCTION

In this appendix we prove two facts we have used in the course of the
proofs about Robin’s function gy. Recall that gy(z) = Hy(z,z) where the
function y — H)(x,y) satisfies the boundary value problem

AyH)\+)\H)\ :)\m yGQ,

Lemma 11.1. The function gy is of class C*°(£2).

Proof. We will show that g\ € C*, for any k. Fix = € Q. Let hi, be the
function defined in Q x Q by the relation

H)\(l',y) = /81 ’1‘ - Z/‘ + hl,)\(x7y) )
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where 3; = 8%. Then hy ) satisfies the boundary value problem

Ayh17A+)\h1’A :—)\lﬁl |.T—y| inQ,
hix(z,y) = Ty — 0 |z —y| on 0.
Elliptic regularity then yields that hy(z,) € C*(Q). Its derivatives are
clearly continuous as functions of the joint variable. Let us observe that
the function H)(z,y) is symmetric, thus so is hy, and then Ay (-, y) is also
of class C? with derivatives jointly continuous. It follows that hq(z,y) is a
function of class C%(Q2 x Q). Iterating this procedure, we get that, for any &

k
Hy(z,y) =Y Bile =y~ + hia(z,)
j=1

with 3;411 = —=A3;/((274+1)(2j+2)) and hy, \ solution of the boundary value
problem

Aghpy+ Ahey ==X B |o —y|?F? in Q,

1 K ~
hia(zy) =————=-> Bilz—y¥ "  onoN.
7j=1

~ dnlz —y
We may remark that
Ayhk+1,)\+>\hk,>\ =0 in Q.

Elliptic regularity then yields that hy, y, is a function of class CFL(Q x Q).
Let us observe now that by definition of g\ we have gy(z) = hi a(x, x), and
the conclusion of the Lemma follows. O

Lemma 11.2. The function %% 1s well defined, smooth and strictly negative
in Q. Its derivatives depend continuously on .

Proof. For a fixed given x € 2, consider the unique solution F(y) of

AyF+)\F :G(.I,y) yEQ,
F =0 y € 0Q.

Using elliptic regularity, F is at least of class C%®. Besides a convergence
argument using elliptic estimates shows that actually

F@%:%%@w%

Since A < A1, the Maximum Principle implies that /' < 0 in €. Hence, in
particular
99
oA
Arguing as in the previous lemma, this function turns out to be smooth in z.
The resulting expansions easily provide the continuous dependence in A of
its derivatives in x-variable. (I

() =F(x) <0.
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