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THE BRUNN-MINKOWSKI INEQUALITY
R. J. GARDNER

Abstract. In 1978, Osserman [124] wrote an extensive survey on the isoperi-
metric inequality. The Brunn-Minkowski inequality can be proved in a page,
yet quickly yields the classical isoperimetric inequality for important classes
of subsets of R”, and deserves to be better known. This guide explains the
relationship between the Brunn-Minkowski inequality and other inequalities
in geometry and analysis, and some applications.

1. Introduction

All mathematicians are aware of the classical isoperimetric inequality in the
plane:

(D [’ >47A,

where A is the area of a domain enclosed by a curve of length L. Many, including
those who read Osserman’s long survey article [124] in this journal, are also aware
that versions of (1) hold not only in n-dimensional Euclidean space R™ but also
in various more general spaces, that these isoperimetric inequalities are intimately
related to several important analytic inequalities, and that the resulting labyrinth
of inequalities enjoys an extraordinary variety of connections and applications to a
number of areas of mathematics and physics.

Among the inequalities stated in [124, p. 1190] is the Brunn-Minkowski inequal-
ity. One form of this states that if K and L are convex bodies (compact convex
sets with nonempty interiors) in R" and 0 <A <1, then

2) V(1 —-M)K+ADY" > (1 - HV(E)V" + AV (D)™

Here V and + denote volume and vector sum. (These terms will be defined in
Sections 2 and 3.) Equality holds precisely when K and Lare equal up to translation
and dilatation. Osserman emphasizes that this inequality (even in a more general
form discussed below) is easyto prove and quickly implies the classical isoperimetric
inequality for important classes of sets, not only in the plane but in R™ And
yet, outside geometry, relatively few mathematicians seem to be familiar with the
Brunn-Minkowski inequality. Fewer still know of the potent extensions of (2), some
veryrecent, and their impact on mathematics and beyond. This article will attempt
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356 R. J. GARDNER

to explain the current point of view on these topics, as well as to clarify relations
between the main inequalities concerned.

Figure 1 indicates that this is no easy task. In fact, even to claim that one
inequality implies another invites debate. When I challenged a colloquium audience
to propose their candidates for the most powerful inequality of all, a wit offered
x> = 0, “since all inequalities are in some sense equivalent to it.” The arrows in
Figure I mean that one inequality can be obtained from the other with whatIregard
as only a modest amount of effort. With this understanding, I feel comfortable in
claiming that the inequalities at the top level of this diagram are among the most
powerful known in mathematics today.

The Brunn-Minkowski inequality was actually inspired by issues around the
isoperimetric problem and was for a long time considered to belong to geometry,
where its significance is widely recognized. For example, it implies the intuitively
clear fact that the function that gives the volumes of parallel hyperplane sections
of a convex body is unimodal. The fundamental geometric content of the Brunn-
Minkowski inequality makes it a cornerstone of the Brunn-Minkowski theory, a
beautiful and powerful apparatus for conquering all sorts of problems involving
metric quantities such as volume and surface area.

By the mid-twentieth century, however, when Lusternik, Hadwiger and Ohmann,
and Henstock and Macbeath had established a satisfactory generalization (10) of
(2) and its equality condition to Lebesgue measurable sets, the inequality had begun
its move into the realm of analysis. The last twenty years have seen the Brunn-
Minkowski inequality consolidate its role as an analytical tool, and a compelling
picture (Figure 1) has emerged of its relations to other analytical inequalities. In
an integral version of the Brunn-Minkowski inequality often called the Prékopa-
Leindler inequality (21), a reverse form of Holder’s inequality, the geometry seems
to have evaporated. Largely through the efforts of Brascamp and Lieb, this in-
equality can be viewed as a special case of a sharp reverse form (50) of Young’s
inequality for convolution norms. A remarkable sharp inequality (60) proved by
Barthe, closely related to (50), takes us up to the present time. The modern view-
point entails an interaction between analysis and convex geometry so fertile that
whole conferences and books are devoted to “analytical convex geometry” or “con-
vex geometric analysis”.

Sections 3, 4, 5, 7, 13, 14, 15, and 17 are devoted to explaining the inequalities
in Figure 1 and the relations between them. Several applications are discussed at
some length. Section 6 explains why the Brunn-Minkowski inequality can be ap-
plied to the Wulff shape of crystals. McCann’s work on gases, in which the Brunn-
Minkowski inequality appears, is introduced in Section 8, along with a crucial idea
called transport of mass that was also used by Barthe in his proof of the Brascamp-
Lieb and Barthe inequalities. Section 9 explains that the Prékopa-Leindler inequal-
ity can be used to show that a convolution of log-concave functions is log concave,
and an application to diffusion equations is outlined. The Prékopa-Leindler in-
equality can also be applied to prove that certain measures are log concave. These
results on concavity of functions and measures, and natural generalizations of them
that follow from the Borell-Brascamp-Lieb inequality, an extension of the Prékopa-
Leindler inequality introduced in Section 10, are very useful in probability theory
and statistics. Such applications are treated in Section 11, along with related con-
sequences of Anderson’s theorem on multivariate unimodality, the proof of which
employs the Brunn-Minkowski inequality. The entropy power inequality (55) of
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Figure 1. Relations between inequalities labeled as in the text

information theory has a form similar to that of the Brunn-Minkowski inequality.
To some extent this is explained by Lieb’s proof that the entropy power inequality
is a special case of a sharp form of Young’s inequality (49). Section 14 elaborates
on this and related matters, such as Fisher information, uncertainty principles, and
logarithmic Sobolev inequalities. In Section 16, we come full circle with applica-
tions to geometry. Keith Ball started these rolling with his elegant application of
the Brascamp-Lieb inequality (59) to the volume of central sections of the cube
and to a reverse isoperimetric inequality (67). In the same camp as the latter is
Milman’s reverse Brunn-Minkowski inequality (68), which features prominently in
the local theory of Banach spaces.

The whole story extends far beyond Figure 1 and the previous paragraph. Sec-
tion 12 brings versions of the Brunn-Minkowski inequality in the sphere, hyper-
bolic space, Minkowski spacetime, and Gauss space, and a Riemannian version of
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the Borell-Brascamp-Lieb inequality, obtained very recently by Cordero-Erausquin,
McCann, and Schmuckenschlager. Essentially the strongest inequality for compact
convex sets in the direction of the Brunn-Minkowski inequality is the Aleksandrov-
Fenchel inequality (69). In Section 17 a remarkable link with algebraic geometry is
sketched: Khovanskii and Teissier independently discovered that the Aleksandrov-
Fenchelinequality can be deduced from the Hodge index theorem. The final section,
Section 18, is a “survey within a survey”. Analogues and variants of the Brunn-
Minkowski inequality include Borell’s inequality (76) for capacity, employed in the
recent solution of the Minkowski problem for capacity; a discrete Brunn-Minkowski
inequality (84) due to the author and Gronchi, closely related to a rich area of
discrete mathematics, combinatorics, and graph theoryconcerningdiscrete isoperi-
metric inequalities; and inequalities (86), (87) originating in Busemann’s theorem,
motivated by his theory of area in Finsler spaces and used in Minkowski geom-
etry and geometric tomography. Around the corner from the Brunn-Minkowski
inequality lies a slew of related affine isoperimetric inequalities, such as the Petty
projection inequality (81) and Zhang’s affine Sobolev inequality (82), much more
powerful than the isoperimetric inequality and the classical Sobolev inequality (16),
respectively. Finally, pointers are given to several other applications of the Brunn-
Minkowski inequality.

The reader might share a sense of mystery and excitement. In a sea of mathe-
matics, the Brunn-Minkowski inequality appears like an octopus, tentacles reaching
far and wide, its shape and color changing as it roams from one area to the next.
It is quite clear that research opportunities abound. For example, what is the
relationship between the Aleksandrov-Fenchel inequality and Barthe’s inequality?
Do even stronger inequalities await discovery in the region above Figure 1? Are
there any hidden links between the various inequalities in Section 18? Perhaps,
as more connections and relations are discovered, an underlying comprehensive
theory will surface, one in which the classical Brunn-Minkowski theory represents
just one particularly attractive piece of coral in a whole reef. Within geometry,
the work of Lutwak and others in developing the dual Brunn-Minkowski and LP-
Brunn-Minkowski theories (see Section 18) strongly suggests that this might well
be the case.

An early version of the paper was written to accompany a series of lectures given
at the 1999 Workshop on Measure Theory and Real Analysis in Gorizia, Italy. [ am
very grateful to Franck Barthe, Apostolos Giannopoulos, Helmut Groemer, Paolo
Gronchi, Peter Gruber, Daniel Hug, Elliott Lieb, Robert McCann, Rolf Schneider,
Béla Uhrin, Deane Yang, and Gaoyong Zhang for their extensive comments on
previous versions of this paper, as well as to many others who provided information
and references.

2. Basic notation

The origin, unit sphere, and closed unit ball in n-dimensional Euclidean space
R™ are denoted by o, S*!, and B, respectively. The Euclidean scalar product of x
and y will be written x- y, and /x/ denotes the Euclidean norm of x. If u € S*1,
then u! is the hyperplane containing o and orthogonal to w.

Lebesgue k-dimensional measure Vi in R™, k= 1,...,n, can be identified with
k—dimensionalHausdorffmeasurne iln R™ Then spherical Lebesgue measure in S

can be identified with Vy—; in S . In this paper dx will denote integration with
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Figure 2. The vector sum of a square and a disk

respect to Vi for the appropriate k, and integration over S*~! with respect to Vy, |
will be denoted by du. The term measurable applied to a set in R™ will always
mean Vy,-measurable unless stated otherwise.

If X is a k-dimensional body (equal to the closure of its relative interior) in R",
its volume is V(X) = Vi(X). The volume V(B) of the unit ball will also be denoted
by xn.

3. Geometrical origins
The basic notions needed are the vector sum X+Y ={x+y: x€ X,y € Y} of

X and Y, and dilatate rxX ={rx: x € X}, r 20 of X, where X and Y are sets in

R™ (In geometry, the term Minkowski sum is more frequently used for the vector
sum.) The set —X is the reflection of X in the origin o, and X is called origin

symmetric if X = —X.

As an illustration, consider the vector sum of an origin-symmetric square K of
side length [ and a disk L = B of radius ¢, also centered at o. The vector sum
K + L, depicted in Figure 2, is a rounded square composed of a copy of K, four

rectangles of area lg, and four quarter-disks of radius &.
The volume V(K + L) of K+ L (i.e., its area; see Section 2) is

V(K+L)= V(K)+4le+ V(L) 2 V(K) + 2J7Tls+ V(L)
- V(K)+ 2 VIRV + VD,
which implies that
V(K+ LD)V2 > V(K)?+ V(L)
Generally, any two convex bodies K and L in R" satisfy the inequality
(3) V(K+ DY" > V(K™ + V(L)

In fact, this is the Brunn-Minkowski inequality (2) in_an equivalent form. To see
this, just replace K and L in (3) by (1 — A)K and AL, respectively, and use the

positive homogeneity (of degree n) of volume in R™, that is, V(rX) = r"V(X) for

r=0. This homogeneity of volume easily yields another useful and equivalent form
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of (2), obtained by replacing (1—2A) and A by arbitrary positive real numbers sand
t

(4) V(sK+tD)"" 2 sV(K)"+ tV (D)™

Detailed remarks and references concerning the early history of (2) are provided
in Schneider’s excellent book [135, p. 314]. Briefly, the inequality for n = 3 was
discovered by Brunn around 1887. Minkowski pointed out an error in the proof,
which Brunn corrected, and found a different proof of (2) himself. Both Brunn and
Minkowski showed that equality holds if and only if K and L are homothetic (i.e.,
K and L are equal up to translation and dilatation).

If inequalities are silver currency in mathematics, those that come along with
precise equality conditions are gold. Equality conditions are treasure boxes con-
taining valuable information. For example, everyone knows that equality holds in
the isoperimetric inequality (1) if and only if the curve is a circle—that a domain
of maximum area among all domains of a fixed perimeter must be a disk.

It is no coincidence that (2) appeared soon after the first complete proof of the
classical isoperimetric inequality in R™ was found. To begin to understand the
connection between these two inequalities, look again at Figure 2. Clearly

(5)
V(K+eB)= V(K+ L)= V(K)+ 4le+ V(eB) = V(K) + 4le+ V(B)&,

and therefore
lim V(K+ eB) — V(K)

e>0+ €

= 41,

the perimeter of K. This simple observation opens the way to a central compo-
nent of the Brunn-Minkowski theory, Minkowski’s mixed volumes. The expansion
(5) of V(K + eB) as a quadratic in € is a special case of a general phenome-

non: Minkowski’s theorem on mixed volumes See [135, Theorem 5.1.6]) states that
if Ki,...,Kmare compact convex sets in R", and t1,...,tn = 0, the volume

V(tKi+ - - -+ tmKm) is a polynomial of degree n in the variables ¢, ..., tm. The
coefficient V(Kj,, ..., Kj,) of &, - - - tj, in this polynomial (by definition, unchanged
if the arguments are permuted) is called a mixed volume. If all these arguments
are the same set, we get the volume of that set. For example, comparing (5) with
Minkowski’s theorem with Kj = K, K, = B, t{ = 1, and ) = & we see that
V(K,K)= V(K), V(B,B)y= V(B), and V(K,B) = V(B,K) = 2L

The perimeter of the square K appeared as the coefficient of £in (5) and turned
out to be equal to 2V (K, B). Minkowski’s definition of the surface area S(K) of a
convex body K in R" is

(6) S(K) = lim LE+eB) = V(K)

e>0+ £

and it follows immediately from Minkowski’s theorem that S(K) = nV(K, n—1; B),
where the notation means that K appears (n—1) times and the unit ball Bappears
once. Up to a constant, surface area is just a special mixed volume.

The isoperimetric inequality for convex bodies in R™ is the highly nontrivial
statement that if K is a convex body in R", then

v sy VD

<

7 V(B) - S(B ’
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with equality if and only if K is a ball. The inequality can be derived in a few lines
from the Brunn-Minkowski inequality! Indeed, by (6) and (4) with s= land t= ¢,

V(K+ eB) = V(K)

S(K) = lim
e>0+ V(K)l/ns+ $V(B)l/n n V(K)
> lim -
e>0+ &

= nV(E"vBYn,

and (7) results from recalling that S(B) = nV(B) and rearranging.

Surely this alone is good reason for appreciating the Brunn-Minkowski inequality.
(Perceptive readers may have noticed that this argument does not yield the equality
condition in (7), but in Section 5 this will be handled with a little extra work.) Many
morereasons lie ahead.

Thereis a standard geometrical interpretation of the Brunn-Minkowskiinequal-
ity (2) that is at once simple and appealing. Recall that a function f on R™is
concave on a convex set C if

JS(A=Dx+Ay) =2 (1 = Hf(0 + Af(y),

for all x,y € Cand 0 <A < 1. If K and L are convex bodies in R™, then (2) is
equivalent to the fact that the function f()= V((1— K+ tL)l/n is concave for
0 <t<1.Nowimaginethat Kand Laretheintersectionsofan (n+1)-dimensional
convex body M with the hyperplanes {x; = 0} and {x; = 1}, respectively. Then
(1= 89K+ tLis precisely the intersection of the convex hull of K and L with the
hyperplane {x; = t} and is therefore contained in the intersection of M with this

hyperplane. It follows that the function giving the nth root of the volumes of parallel
hyperplane sections of an (n + 1)-dimensional convex body is concave. A picture
illustrating this can be viewed in [66, p. 369].

A much more general statement than (2) will be proved in the next section,
but certain direct proofs of (2) are still of interest. A standard proof, due to
Kneser and Stiss in 1932 and given in [135, Section 6.1], is still perhaps the simplest
approach for the equality conditions for convex bodies. A quite different proof, due
to Blaschke in 1917, uses Steiner symmetrization. Symmetrization techniques are
extremely valuable in obtaining many inequalities—indeed, Steiner introduced the

technique to attack the isoperimetric inequality—so Blaschke’s method deserves
some explanation. Let K be a convex body in R™ and let u € S 1. The Steiner

symmetral SyK of K in the direction u is the convex body obtained from K by
sliding each of its chords parallel to uso that they are bisected by the hyperplane ut

and taking the union of the resulting chords. Then V(S = V(K), and it is not
g | g ) ﬁn,t o (g

hard to show that if K and L are convex bodies in n Su(K+L) DO SuK+SyL
and hence
(3) V(K+ L) 2 V(SuK+ SuL).

See, for e)(amgle [52, Chapter 5, Section 5] or [151, pp. 310-314]. One can als?
prove,asin [56, Theorem 2.10.3 1], that there is a sequence of directions um € S~

such that if K = Kp is any convex body and Kn = Sy, Km-1, then Kn converges
to rxB in the Hausdorff metric as m — ©0, where rx is the constant such that

V(K) = V(rgB). Defining rr so that V(L) = V(r.B) and applying (8) repeatedly
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through this sequence of directions, we obtain

9) V(K+ L) =2 V(rgkB + r.LB).

By the homogeneity of volume, it is easy to see that (9) is equivalent to the Brunn-
Minkowskiinequality (2).

4. The move to analysis I:
The general Brunn-Minkowski inequality

Much more needs to be said about the role of the Brunn-Minkowski inequality
in geometry, but it is time to transplant the inequality from geometry to analy-
sis. We shall call the following result the general Brunn-Minkowski inequality in
R™ As always, measurable in R™ means measurable with respect to n-dimensional
Lebesgue measure Vp.

Theorem 4.1. let 0 <A <1andlet X and Y be nonerr*pty bounded measurable
sets in R™ such that (1 — A)X + AY is also measurable. Then

(10) Va((1 = D)X+ A" > (1 = D) V(X)) V™ + AV(Y)/™

Again, by the homogeneity of n-dimensional Lebesgue measure (Vnu(rX) =

r"Va(X) for r 2 0), there are the equivalent statements that for s,t >0,
(11) Vo (sX+ tY)" > sV(X)V "+ tV(Y)V/,

and this inequality with the coefficients sand tomitted.
Yet another equivalent statement is that

(12) Va((1 =) X+ AY) 2 min{ Vi(X), Va(Y) }

holds for 0 <A <1and all Xand Y that satisfy the assumptions of Theorem 4.1.

Of course, (10) trivially implies (12). For the converse, suppose without loss of
generality that X and 'Y also satisfy Vi(X)Vi(Y) /= 0. Replace X and Y in

(12) by Vu(X)~V/"X and Vu(Y)~V/"Y, respectively, and take

1 V(1) Vu(XfVn +
- Vn(y)'l/n

The right-hand side of (12) becomes 1, and (12) gives (11) with s and ¢ omitted.
The inequality (12) has some advantages over (10), since it does not require the
sets X and Y to be nonempty and is independent of dimension.

The assumption that the sets X and Y are bounded is easily removed and is
retained simply for convenience. The assumption that the set (1 — )X + AY is

measurableis necessary, even when Xand Y are measurable. This point is discussed
in Section 10. If X and Y are Borel sets, however, then (1 — A)X + AY, being a

continuous image of their product, is analytic and hence measurable.

Theorem 4.1 was first proved in 1935 by Lusternik [94]. Later, Hadwiger and
Ohmann [75] found a proof so simple and beautiful that a general mathematical
audience can be enlightened and charmed by just two transparencies. When care-
fully written, a page suffices (see, for example, [36, Section 8], [50, Section 6.6], [56,
Theorem 3.2.41], or [151, Section 6.5]). In fact, the next paragraph is an essentially
complete proof.
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Proof of Theorem 4.1. The idea is to prove the result first for boxes, rectangular
parallelepipeds whose sides are parallel to the coordinate hyperplanes. If X and
Y are boxes with sides of length x;and y; respectively, in the ith coordinate
directions, then

(@] i ol
VX)= x, V(Y)= y,and V(X+Y)= (xi+y).
=1 i=1 =1
Now
1 \iyn 1, \i/n . n
" X + m Yi 1 Xi + 1 Yi 1
izlxi+yi izlxi+yi Sn'wl Xi+ Yi 1 Xi+ Yi ’

by the arithmetic-geometric mean inequality. This gives the Brunn-Minkowski in-
equality for boxes. One then uses a trick sometimes called a Hadwiger-Ohmann
cut to obtain the inequality for finite unions X and Y of boxes, as follows. By

translating X, if necessary, we can assume that a coordinate hyperplane, {x,= 0}
say, separates two of the boxes in X. (The reader might find a picture illustrating

the planar case useful at this point.) Let )Qéor X-) denote the union of the boxes
Xn

formed by intersecting the boxes in' X with >0} (or {xn <0}, respectively).

Now translate Y so that

V(X+) V(¥x)

V) o v(y)y’

where Y, and Y- are defined analogously to X, and X-. Note that X, + Y, C
{xn20}, X_+ Y- C {xn £0}, and that the numbers of boxes in X, U Y, and
X- U Y_ are both smaller than the number of boxes in XU Y. By induction on the
latter number and (13), we have

VIX+Y) =2 VXi+Y)+ V(X-+ Y

(13)

n
> V) VY v V(Y "

n n

- V(Y)l/n - V(Y)l/n
= V(X — + V(X- —_—
(X5 (X)l/nn (X-) V(X)/n

1gn n

= V V(Y) = VOV V(YY)
X 1+ vV (X)/n

Now that the inequality is established for finite unions of boxes, the proof is com-
pleted by using them to approximate bounded measurable sets. O

What about the equality conditions? This is not so simple, but a careful exam-
ination of this proof allows one to conclude that if Vi(X)Va(Y) >0, then equality
holds only when

Va((convX) ¥X)= Vu((convY)¥Y)=0,

where conv X denotes the convex hull of X. Putting these equality conditions to-
gether with those for (2), we see that if Vi(X)V(Y) > 0, equality holds in the
general Brunn-Minkowski inequality (10) or (11) if and only if X and Y are homo-
thetic convex bodies from which sets of measure zero have been removed. See [36,
Section 8], [77], and [151, Section 6.5] for details and further comments about the
case when Xor Y has measure zero. It is worth mentioning that in the special case
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when X and Y are compact convex sets, equality holds in (10) or (11) if and only
if X and Y are homothetic or lie in parallel hyperplanes; see [135, Theorem 6.1.1].
Since Holder’s inequality ((25) below) in its discrete form implies the arithmetic-
geometric mean inequality, there is a sense in which Holder’s inequality implies the
Brunn-Minkowskiinequality. The dotted arrow in Figure 1reflects the controversial
nature of this implication.

5. Minkowski’ s first inequality, the isoperimetric inequality, and
the Sobolev inequality

In order to derive the isoperimetric inequality with its equality condition, a slight
detour via another inequality of Minkowski is needed. This involves a quantity
Vi(K, L) depending on two convex bodies K and L in R™ that can be defined by

V(K+ el) — V(K)

(14) nVi(K,L) = lim
>0+ £

The existence of V1(K, L) follows from Minkowski’s theorem on mixed volumes (see

Section 3). Note that if L = B, then S(K) = nV|(K, B) is the surface area of K,

by (6). Minkowski’s first inequality for convex bodies K and L in R™ states that

(15) Vi(K, L) 2 V()" rv(p/n,

with equality if and only if K and L are homothetic.

Minkowski’s first inequality is useful in its own right. For example, it plays a role
in the solution of Shephard’s problem: If the orthogonal projection of a centrally
symmetric (i.e., a suitable translate of K is origin symmetric) convex body onto
any given hyperplane is always smaller in volume than that of another such body,
isits volume also smaller? The answer is no in general in three or more dimensions;
see [66, Chapter 4] and [99, p. 255].

The Brunn-Minkowski inequality (2) and its equality condition imply Minkowski’s
first inequality (15), and therefore the isoperimetric inequality (7), and their equal-
ity conditions. With the existence of Vi(K, L) in hand, the following proof avoids
the explicit use of mixed volumes in standard proofs such as [135, p. 317].

Proof. Substituting e=t/(1 —¢t) in (14) and using the homogeneity of volume, we

obtain
AWK, L) = lim V((IZ0K+th)—(1-9"V(K)
0+ t(1—on!
= lim V(A —0K+th) = V(K . A=A =" V(K)
t—0+ t 50, ¢
= lim V(1 —-8K+tL) — V(K
t—0+ t + nV(K)

Using this new expression for Vi(K, L) (given in [107, p. 7]) and letting f(¢) =
V((1— 8K+ tL)" for 0 < t < 1, we see that
VI(K,L) — V(K)
fi0) ==+ :
\V4 (K)(n—l)/n
Therefore (15) is equivalent to ff(0) = f(1) — f(0). As was noted in Section 3,

the Brunn-Minkowski inequality (2) says that fis concave, so Minkowski’s first
inequality follows.
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Suppose that equality holds in (15). Then f1(0) = f{1) — f(0). Since fis
concave, we have

.ﬂ_t:tﬂng f(l) _f(())

for 0 <t < 1, and this is just equality in the Brunn-Minkowski inequality (2).

The equality condition for (15) follows immediately. To obtain (7) and its equality
condition, simply take L= B. O

Conversely, the Brunn-Minkowski inequality (2) can easily be obtained from
Minkowski’s first inequality (15), as in [66, p. 370].

It can be shown (see [153]) that if K is a compact domain in R™ with piecewise
C! boundary and L is a convex body in R", the quantity Vi(K, L) defined by (14)
still exists. From the general Brunn-Minkowski inequality (10) applied to compact
domains in R" with piecewise C! boundary, and the above argument, one obtains
Minkowski’s first inequality when K is such a domain. When L = B, this yields the
isoperimetric inequality for compact domains in R™ with piecewise C! boundary
(where surface area can still be defined by (6)).

Essentially the most general class of sets for which the isoperimetric inequality in
R™is known tohold comprises the so-called sets of finite perimeter; see, for example,
the book of Evans and Gariepy [55, p. 190], where the rather technical setting,
sometimes called the BV theory, is expounded. It is still possible to base the proof
on the Brunn-Minkowski inequality, as Fonseca [60, Theorem 4.2] demonstrates,
by first obtaining the isoperimetric inequality for suitably smooth sets and then
applying various measure-theoretic approximation arguments. In fact, Fonseca’s
result is more general (see the next section on Wulff shape of crystals). A strong
form of the Brunn-Minkowski inequality is also used by Fonseca and Miller [61],
again in the more general context of Wulff shape, to establish the corresponding
equality conditions (the same as for (7)).

The distinction between geometry and analysis is blurred even at the level of the
isoperimetric inequality. The following inequality, called the Sobolev inequality, is
equivalent to the isoperimetricinequality for compact domains with C! boundaries:
If fis a C! function on R™ with compact support, then

(16)
r r (n=1/n

/Vf()C)/dJCZ nKr:ll/n/.fln/(n—l) = nich/n . |f(x)|n/(n—l) dx

2

Rn

where xn = V(B).

The proof for n= 2 is sketched by Osserman [124, Theorem 3.1]. For a complete
proof, see [63, Theorem §.2]. As for the isoperimetric inequality, there is a more
general version of the Sobolev inequality in the BV theory. This is called the
Gagliardo-Nirenberg-Sobolev inequality and it is equivalent to the isoperimetric
inequality for sets of finite perimeter; see [55, pp. 138 and 192].

The inequality (16) is only one of a family, all called Sobolev inequalities. See
[91, Chapter 8], where it is pointed out that such inequalities bound averages of gra-
dients from below by weighted averages of the function and can thus be considered
asuncertainty principles.
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6. Wulff shape of crystals and surface area measures

Acrystalin contact with its melt (or a liquid in contact with its vapor) is modeled
by a bounded Borel subset M of R™ of finite surface area and fixed volume. If f'is
a nonnegative function on S™! representing the surface tension, assumed known

by experiment or theory, then the surface energy is given by
r

(17) F(M) = Slwo dx,
oM

where uxis the outer unit normal to M at x and 0M denotes the boundary of
M. (Measure-theoretic subtleties are ignored in this description; it is assumed
that fand M are such that the various ingredients are properly defined.) By the
Gibbs-Curie principle, the equilibrium shape of the crystal minimizes this surface
energy among all sets of the same volume. This shape is called the Wulff shape.
For example, in the case of a soapy liquid drop in air, fis a constant (neglecting
external potentials such as gravity) and the Wulff shape is a ball. For crystals,
however, f will generally reflect certain preferred directions. In 1901, Wulff gave a
construction of the Wulff shape W:

W=nnuesi{xeR" 1 x-us lu}

each set in the intersection is a half-space containing the origin with bounding
hyperplane orthogonal to u and containing the point f(w)u at distance f(u) from
the origin. The Brunn-Minkowski inequality can be used to prove that, up to
translation, W is the unique shape among all with the same volume for which F is
minimum; see, for example, [144, Theorem 1.1]. This was done first by A. Dinghas
in 1943 for convex polygons and polyhedra and then by various people in greater
generality. In particular, Busemann [37] solved the problem when fis continuous,
and Fonseca [60] and Fonseca and Miiller [61] extended the results to include sets
M of finite perimeter in R™ Good introductions with more details and references
are provided by Taylor [144] and McCann [116]. In fact, McCann [116] also proves
more general results that incorporate a convex external potential, by a technique
developed in his paper [115] on interacting gases; see Section §.

Tounderstand how the Brunn-Minkowski inequality assists in the determination
of Wulff shape, a glimpse into later developments in the Brunn-Minkowski theory
is helpful. There are (see [135, Theorem 5.1.6]) integral representations for mixed
volumes and, in particular,

.
(18) VK, D)= 1 hy(u dx,
n sr

for convex bodies K and L in R™ Here hr(w) is the support function of the convex
body L, the function on S™! giving the signed distance from the origin to the
hyperplane supporting L with outward normal vector u. The vector uxis again the
outer unit normal to K at x. Thus V|(K, L) is essentially the surface energy (17)
when the crystal M = K is convex and f happens to be the support function of L.
The minimum surface energy among all convex bodies M of fixed volume is then
provided by Minkowski’s first inequality (15), and it occurs when M is homothetic
to L.
In convex geometry, the alternative expression

r
1

1 VKD = o

h(w)dS(K, u)
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is more common than (18). Here the measure S(K, ) is a finite Borel measure

in S*! called the surface area measure of K, an invention of A. D. Aleksandrov,

W. Fenchel, and B. Jessen from around 1937 that revolutionized convex geometry

by providingthe key toolto treat convex bodies that do not necessarily have smooth

boundaries. If E is a Borel subset of S*"!, then S(K, E) is the V,, _i-measure of
the set of points x € 0K where the outer normal ux € E. When K is sufficiently

smooth, it turns out that dS(K, u) = fx(w) du, where fx(w) is the reciprocal of
the Gauss curvature of K at the point on 0K where the outer unit normal is w.

A fundamental result called Minkowski’s existence theorem gives necessary and
sufficient conditions for a measure ¢#in S*! to be the surface area measure of some
convex body. Minkowski’s first inequality (15) and (19) imply that if S(K, -) = u,

then K minimizes the functional
r
L— hi(u) du
Sn-1

under the condition that V(L) = 1, and this fact motivates the proof of Minkowski’s
existence theorem. See [66, Theorem A.3.2] and [135, Section 7.1], where pointers
can also be found to the vast literature surrounding the so-called Minkowski prob-
lem, which deals with existence, uniqueness, regularity, and stability of a closed
convex hypersurface whose Gauss curvature is prescribed as a function of its outer
normals.

7. The move to analysis I1: The Prekopa-Leindler inequality

The general Brunn-Minkowski inequality (10) appears to be as complete a gen-
eralization of (2) as any reasonable person could wish. Yet even before Hadwiger
and Ohmann found their wonderful proof, a completely different proof, published
in 1953 by Henstock and Macbeath [77], pointed the way to a still more general
inequality. This is now known as the Prékopa-Leindler inequality.

Theorem 7.1. Let 0 <A <1 and let f, g, and h be nonnegative integrable func-
tions on R™ satisfying

(20) h((1 = Dx+ Ay) = fix) gyt
for all x,y € R™ Then

r r l—a T A

Q10 h(x) dx > F0 dx g(x) dx
Rn Rn Rn

The Prékopa-Leindler inequality (21), with its strange-looking assumption (20),
looks exotic at this juncture. It may be comforting to see how it quickly implies
the general Brunn-Minkowskiinequality (10).

Suppose that X and Y are bounded measurable sets in R™ such that (1 —2A)X+

AY is measurable. Let f= 1x, g= ly,and h=1 =X AY; where 1g denotes the
characteristic function of E. If x, y € R", then f{x)!"g(y)? >0 (and in factequals

1) if and only if x € X and y € Y. The latter implies (1—A)x+ Ay € (1-1) X+ AY,
which is true if and only if h((1 — A)x+ Ay) = 1. Therefore (20) holds. We conclude
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by Theorem 7.1 that

r
Va((1-HX+AY) = lq—pxay (0 dx
Rn
r 1-a a
> 1x(%) dx ly (%) dx
Rn Rn
= V(X)) V(A
We have obtained the inequality
(22) Vo (1= DX+ AY) = V(X)) TAV( V)2

To understand how this relates to _the general Brunn-Minkowski inequality (10),
some basic facts are useful. If 0 <A <1and p/=0, we define

My(a, b,4) = (1 - DaP + AbP?)"/P
if ab/=0 and Mp(a, b,A) =0 if ab= 0; we also define

My(a, b,A) = a' b4,
M-s(a, b,A) = min{a, b}, and Mw(a, b,A) = max{a, b}. These quantities and

their natural generalizations for more than two numbers are called pth means or
p-means. The classic text of Hardy, Littlewood, and Polya [76] is still the best
general reference. (Note, however, the different convention here when p >0 and
ab = 0.) The arithmetic and geometric means correspond to p = 1 and p = 0,
respectively. Jensen’s inequality for means (see [76, Section 2.9]) implies that if

—00 < p<q< ™o, then
(23) Mp(aJ b’A) S Mq(a, b’A)’

with equality if and only if a= bor ab=0.

Now we have already observed that (10) is equivalent to (12), the inequality that
results from replacing the (1/n)-mean of Vn()?) and Vn(Y) by the —o0-mean. In

(22) the (1/n)-mean is replaced by the 0-mean, so the equivalence of (10) and (22)
follows from (23).

Ifthe Prékopa-Leindler inequality (21) reminds the reader of anything, it il?pprob-
ably Holder’s inequality with the inequality reversed. Recall that if ﬁge "(R™),

pi=1,i=1,...,m are nonnegative functions, where

1 1
(24) e =1,
J 41 Pm
then Holder’s inequality in R"™ states that
A A i’ 1/pi
(25) fode< Ifilp, = FoP dx
R™ g i=1 =1 R”
Let0 <A<l Ifm=2,1/p=1-24,1/p)=24, and we let f= ' and g= f7,
1 2
we get
r r 1A T A
folgordx< S dx g(x) dx
Rn Rn Rn
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The Prékopa-Leindler inequality can be written in the form

r—

sup{f(0' gy} : 1 —Dx+ Ay = z} dz
(26) Rn
r 1—a r A

> fix)dx gx)de

R R

because the supremum can be used for hin (20). A straightforward generalization
is

. m
27 sup Ji(x) - 7 =z dz2= /fi/pl,

where p; = 1 for each iand (24) holds.
Thus the Prékopa-Leindler inequality is indeed a reverse form of Holder’s in-
equality, and as such, of course, it requires some extra condition. The inequality

(21) can only hold when h is not too small, and this is ensured by &20). To in-
terpret (20), fix 0 <A < 1 and z € R" and choose any x,y € R" such that

z=(1—A)x+ Ay. Then the value of hat zmust be at least the weighted geometric
mean of the values of fat xand g at y.

Looking back at Figure 1, we see Holder’s inequality on the right and the
Prékopa-Leindler inequality over towards the left, in different hemispheres, as it
were, of the planet of inequalities. The four inequalities directly above these two in
Figure 1 comprise two pairs, each containing an inequality and a reverse form of it.

Notice that the upper Lebesgue integral is used on the left in (26) and (27). This
is because the integrands there are generally not measurable, a point discussed in
Section 10.

Any graduate student can understand the proof of Theorem 7.1. We close this
section with a complete proof for n = 1 containing crucial ideas for later develop-
ments, as well as some remarks about the general case and an alternative proof.

Proof of Theorem 7.1 with n= 1. We can assume without loss of generality that
r r
flx)ydx=F >0 and gx)dx=G>0.
R R

Define u, v: (0, 1) = R such that u(t) and v(t) are the smallest numbers satisfying

1 I wo 1 I we
(28) _ fodx= — g(x)dx=t.
F G

— 00 — 00

Then uand vmay be discontinuous, but they are strictly increasing functions and
so are differentiable almost everywhere. Let

w(t) = (1 —DHu(t) + Auv(e).

Take the derivative of (28) with respect to tto obtain

flu) vt _ g ¥ _ |
F G ’
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Using this and the arithmetic-geometric mean inequality, we obtain (when

S(u(®) /=0 and g(w(?)) /= 0)

Wi = -0+ A
> ut( l’) 1 —Avt( t)A
_ 1-A G A
Sfu(d) g(u()
Therefore
r I’l
hode 2 h(w(t) wi(t) dt
R
ri -2 N 1-a G A
> JSw(®) “g(u(t) dt= FI7GA
T Su(t) g(u(t)
O

The proof for general nis just as accessible. This is by induction on n and can
be found in [63, Theorem 4.2].

The Prékopa-Leindler inequality (21) was explicitly stated and proved by
Prékopa [128], [129] and Leindler [88]. (See the historical remarks after Theo-
rem 10.1, however.) There are two basic ingredients in the above proof: the in-
troduction in (28) of the volume parameter ¢, and use of the arithmetic-geometric
mean inequality in estimating w/(t). The same method was basically used by Hen-
stock and Macbeath [77] in their proof of the general Brunn-Minkowski inequality
(10). The parametrization idea goes back at least to Bonnesen; see [46] and the
references given there. Since the Hadwiger-Ohmann cut (13) is tantamount to a
parametrization by volume, the same two ingredients appear in the proof of (10)
in Section 4.

Recall that if fis a nonnegative measurable function on R" and ¢ > 0, the /evel
set L(f, t) is defined by

(29) Lfit)y={x: flx) = t}.

Brascamp and Lieb [34, Theorem 3.1] constructed a completely different, and indeed
somewhat shorter, proof of Theorem 7.1. Their method is to obtain the result for
n=1by proving (10) with n= 1, applying this to the level sets of f, g, and h, and
using Fubini’s theorem. This proofis reproduced in [127, Theorem 1.1] (or see [63,
Section 4]). The same ingredients mentioned above appear in this proof, though
the parametrization is somewhat disguised in the use of the level sets. The general
case again follows by induction on n.

Quite complicated equality conditions for the Prékopa-Leindler inequality in R
are given in [44] and [147], but equality conditions in R seem to be unknown.

8. Gases and transport of mass

The Brunn-Minkowskiinequality appears in work of McCann [115] on interacting
gases. A gas of particles in R"is modeled by a nonnegative mass density p(x)
of total integral 1, that is, a probability density on R™, or, equivalently, by an
absolutely continuous probability measure in R™ To each state corresponds an
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energy

G(p)

E(p) —

U(p) +
r

r r
A(p(x)) dxc+ 1 V(x—y) do(x) dp(y).
Rn 2 Rn Rn

Here Urepresents the internal energy with Aa convex function (i.e., —Ais concave)

defined in terms of the pressure, and G(p)/2 is the potential energy defined by a
strictly convex interaction potential V. The problem is that E(p) is generally

not convex, making it nontrivial to prove the uniqueness of an energy minimizer.
McCann gets around this by defining for each pair p, o’ of probability densities on

R™ and 0 <t<1 an interpolant probability density p: such that
(30) Ulp) < (1= dU(p) + tU(p"

(and similarly for Gand hence for E). McCann calls (30) the displacement convexity

of U. The function p¢ is not (1 — t)po+ tof, but instead is defined by means of a
process called transport of mass.

Transport of mass is an increasingly important tool that is also used in proofs
of the inequalities in Section 15. The term arises from a familiar construction
in measure theory. Let u be a finite Borel measure in R® and T : R* = R" a
Borel-measurable map defined p-almost everywhere. For Borel sets M in R™, let

M) = (T (M) = u(T~'(M)).

The Borel measure v = Tu is the push-forward of u by T, and T is said to push
forward or transport the measure u to v. If g and v are also absolutely continuous

with respect to Lebesgue measure, so that
r r

wM)=  fixydeand uM)=  g(x) dx
M M

for Borel sets M in R", and T is a differentiable bijection, then we can also talk of
T transporting fto g. If in addition n= 1and u(R) = v(R), then there is always a
monotonic T that transports u to v, defined by letting T'(¢) be the smallest number
such that

r, )
31 floo) dx= 92 dx.

— o0

In fact, transport of mass was used in the above proof of the Prékopa-Leindler
inequality (21) in R. Comparing (28) with (31), we see that in the notation of
that proof, u and v transport the characteristic function 1 ;; of [0, 1] to f/F and
g/ G, respectively. In other words, uand v transport Lebesgue measure in [0, 1] to
the measures in R with densities f/ F and g/ G, respectively. In higher dimensions,
suitable maps T are harder to find, but they do exist. For example, the induction
on nused in the method described in Section 7 can be avoided and the Prékopa-
Leindler inequality proved at once in R™ by a transport of mass in R™ provided
by the so-called Knothe map, as in [121, p. 186]. Generally, one can ask: If u
and v are measures in R™, absolutely continuous with respect to Lebesgue measure
and with g(R™ = v(R"), is there a T with some suitable monotonicity property
that transports u to v? It turns out that an ideal answer has recently been found.
This is the Brenier map: Providing ¢ vanishes on Borel sets in R™ with Hausdorff
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dimension n— 1, there is a convex function w: R* — R such that if T'= V g, then
T transports uto v. See [16] for more details and references.

McCann’s definition of the probabili}y density p¢in (30) uses the Brenier map.
If  is such that Vy transports p to p', then p; is the result of transporting p by

the map (1 — ¢ I, + tVy, where I, is the identity map on R™
McCann [114], [115] exploits the Brenier map as a localization technique to
derive new global convexity inequalities which imply the Brunn-Minkowski and

Prékopa-Leindler inequalities as special cases. In particular, he is able to recover
the Brunn-Minkowski inequality from (30) by taking A(p) = —p""~ /" and p and

of'to be the densities corresponding to the uniform probability measures in the two
sets.

9. p-Concave and log-concave functions, and diffusion equations

A nonnegative function fon R™is called p-concave on a convex set C if

S(1=Yx+ Ay) 2 Mp(f(x), f(y), ),
for all x,y € Cand 0 <A <1, where the right-hand side is the p-mean defined as

in Section 7. Note that if p >0, then fis p-concave if and only if f? is concave, and
in particular, I-concave is just concave in the usual sense. If p = 0, the previous
inequality reads

(32) f1=Dx+Ay) = flo' 7 fy?,
which is equivalent to saying that log fis concave on C. In this case, therefore, the
convention is to call flog concave instead. It follows from Jensen’s inequality (23)

that a p-concave function is g-concave for all g < p.

If fand g are log concave on C and D, respectively, then h(x, y) = f(x is
clearly log cgncave (%n CXD. In view of its hypgthesis 3]20), it i?(notys)urpjr‘(ls?ngé%ﬁat

the Prékopa-Leindler inequality (21) has much to say about log-concave functions.

Forexample, suppose that fis an integrable log-concave function on an open convex
set Cin R™™" and for each x in the orthogonal projection C|R™ of C onto R™

we let C(x) = {y € R": (x,y) € C} and define
r
F(x) = Sy dy.
C(x)

The Prékopa-Leindler inequalitﬁrguickly implies that F, sometimes called a section
of f, is also log concave on C|R™. To see this, let x; € C|R™ and gi(y) = f(xi, y)

for y € C(xj), i= 0, 1. Suppose that 0 <A <1 and that x= (1 — A)xp + Axy, and
let g(y) = fix, y) for y € C(x). If y; € C(x7), i=0,1,and y = (1—A)yo+ Ayj, then
the log concavity of f implies that g((1 — Dyo + Ay1) = go(yo)' ~*g1(y1)2. Also,
C(x) D (1 =A)C(x) + AC(x)), from which it follows that

-4 A
gWlceo®) 2 @) laxn @) gD leenyn
Comparing with (20), we can apply the Prékopa-Leindler inequality (21) to obtain
r

F((1=M)xy+ Ax) = F(x) = . Sy laxn(y) dy
r 1-a r A
> f(x0, Yyo) Lope)(Yo) dyo S, Yy losn(y1) dur
Rn n

= F(x0) 2 F(x1)?,

as required.

R
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Recall that

(33) Frxg=  fx—ygydy
RN

is the convolution of measurable functions fand g on R™ .Sng}l)ose tha}zfand gare
log concave on open convex sets C and D, respectively, in R™ Then f(x — y)g(y)
is log concave for (x — y,y) € C X D, that is, for x € C+ D. The log concavity of
sections of log-concave functions now implies that f* g is log concave on C+ D.
In short, the convolution of log-concave functions is log concave. This fact finds
uses in probability theory (see Section 11). For now, an application to diffusion
equations will be sketched.

Let V be a nonnegative continuous potential defined on a convex domain C in
R™and consider the diffusion equation

ow_ 1
or LW VOOwx D
with zero Dirichlet boundary condition (i.e., p tends to zero as x approaches the

boundary of C for each fixed t). Denote by f(x, y, t) the fundamental solution of
(34); that is, w(x, t) = f(x, y, t) satisfies (34) and its boundary condition, and

lim flx,y,t) = 6(x—y),

t—>0+

(34)

where & is the Dirac 6-function. For example, if V' =0 and C= R", one can show
that

fixy, =2 nt)_n/ze_|X—y|2/2t’

which is log concave on C? for each t. Brascamp and Lieb [34] used the Prékopa-
Leindler inequality (21) to show that f(x, y, t) is actually log concave on C? when-
ever V is convex. Basically, it is shown that f is given as a pointwise limit of
convolutions of log-concave functions, and these convolutions, as we now know, are
log concave. Borell [29] uses a version of Theorem 10.1 to show that the stronger
assumption that V is —1/2-concave implies that tlog(t*f(x, y, £)) is concave on
C? x R,.

In a further study, Borell [31] generalizes all of these results (and the Prékopa-
Leindler inequality) by considering potentials V (o, x) that depend also on a pa-
rameter 0. This work yields a “Brownian motion” proof of the Brunn-Minkowski
inequality.

McCann’s displacement convexity (30) plays an essential role in recent work of
Otto [125], who observed that various diffusion equations can be viewed as gradient
flows in the space of probability measures with the Wasserstein metric (formally, at
least, an infinite-dimensional Riemannian structure). McCann’s interpolation using
the Brenier map gives the geodesics in this space, and Otto uses the displacement
convexity to derive rates of convergence to equilibrium.

10. The Borell-Brascamp-Lieb inequality and other extensions

Figure 1 shows several far-reaching generalizations of the Brunn-Minkowski and
Prékopa-Leindler inequalities that will be discussed later. This section will address
some others that lie closer to (10) and (21).

Firstly, there are convenient forms of these inequalities that avoid measurability
assumptions. The assumption in the general Brunn-Minkowskiinequality (10) that
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the set (1—A)X+ AY is measurable is necessary, since an old example of Sierpinski
[138] shows that this set maynot be measurableeven when Xand Y are measurable.
There are a couple of ways around this. One can simply replace the measure on
the left of (10) by inner Lebesgue measure Vip, the supremum of the measures of

compact subsets, thus:
V(1= DX+ AY)"" 2 (1= D Va(X) 1/ 4 AV(YV) /™,

A better solution is to obtain a slightly improved version of the Prékopa-Leindler
inequality, and then deduce a correspondingimproved Brunn-Minkowski inequality,
as follows.

Recall that the essential supremum of a measurable function fon R™is defined
by

ess sup flx)=inf{t: flx) < tfor almost all x € R™}.
xeR"

Brascamp and Lieb [34] proved the following essential form of the Prékopa-
Leindler inequality. (According to Uhrin [147], the idea of using the essential
supremum in connection Yvith our topic occurred independently to S. Dancs.) Let
0 <A <1and let f,g € L'(R™ be nonnegative. Let

—y 172 A
(35) s(x)=esssupf X—=Y g s
y 1-2 A
Then sis measurable and
r r 1-a T A
(36) s(x) dx = fix)ydx g(x) dx
Rn Rn Rn
For the proof, the measurability of sis first established by observing that
r . 1-4
s =sup S X=U AL
@eED R" 1—A g
where D is a countable dense subset of the unit ball of LI(R™). Therefore s is the
supremum of a countable family of measurable functions. With the measurability
of sin hand, the proof of (36) follows that of the usual Prékopa-Leindler inequality
outlined in Section 7.

The essential form (36) of the Prékopa-Leindler inequality implies the uspal form
(21). Tosee this, replace xby zand y by Ay" in (35) and then let x= (z—Ay")/(1—4)
to obtain

2 _Ayt 1-A

t)A

s(z) = esssupf 9y

yl
ess sup{f(x0) gy : z= (1 - Dx+ Ay}.
Now if his any integrable function satisfying
h((1 = Dx+ Ay) = f0'g(y)",
then h = salmost everywhere and (21) follows directly.

The corresponding improvement of the Brunn-Minkowski inequality requires one
new concept. Note that the usual vector sum of X and Y can be written

X+Y={z:Xn(z-Y)}/=0.
Adjust this by defining the essential sum of X and Y by
X+eY={z: Va(Xn(z—-Y)) >0}
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The essential form of the Brunn-Minkowski inequality states that if 0 <A <1 and
X and Y are nonempty bounded measurable sets in R™, then

(37) V(1= DX+ AY)" > (1 = D) V(X)) "+ AVR(Y) /™

A direct proof of this result is given in [34, Appendix]. It is not difficult to derive
it from (36), as in [63, Theorem 9.2].

The following theorem, the Borell-Brascamp-Lieb inequality, uses the p-means
M)y introduced in Section 7 to generalize the Prékopa-Leindler inequality, which is
just the case p= 0. The number p/(np+ 1) is interpreted in the obvious wayj; it is
equal to —00 when p= —1/nand to 1/nwhen p= 0.

Theorem 10.1. Let 0 <A < 1, let —1/n < p < oo, and let f, g, and h be

nonnegative integrable functions on R" satisfying
h((1=A)x+ Ay) = Mp(f(x),g(y),4),
for all x,y € R™ Then
r r r
(38) h(x) dx 2 Mp/np+) S0 dx, . 9(x) dx, A
Rn Rn n

This result has some significant consequences in probability theory that are dis-
cussed in the next section. With a single technical lemma concerning p-means in
hand, Theorem 10.1 can be proved by essentially the same argument given in Sec-
tion 7 for the proof of Theorem 7.1; see [63, Section 10] for the details. The result
was first proved (in slightly modified form) for p >0 by Henstock and Macbeath
[771 (when n = 1) and Dinghas [49]. The limiting case p = 0 was also proved
by Prékopa and Leindler, as noted above, and rediscovered by Brascamp and Lieb
[32]. In general form Theorem 10.1is stated and proved by Brascamp and Lieb [34,
Theorem 3.3] and by Borell [27, Theorem 3.1] (but with a much more complicated
proof; see also the paper of Rinott [131]). The method of proof just indicated is
employed in [43] and [46] (see also [48, Theorem 3.15]), but still draws on methods
introduced by Henstock, Macbeath, and Dinghas. Das Gupta’s survey [46] con-
tains a very thorough examination and assessment of the various contributions and
proofs before 1980. Brascamp and Lieb [34] obtain an “essential” form of Theo-
rem 10.1, as in the case p= 0 (see (36)). Dancs and Uhrin [43] also offer a version
of Theorem 10.1for —co < p<—1/n.

In calling Theorem 10.1 the Borell-Brascamp-Lieb inequality we are following
the authors of [41] (who also generalize it to a Riemannian manifold setting; see

Section 12) and placing})the emphasis on the negative values of p. In fact, it can be
shown (see [41] and [63, Section 10]) that Theorem 10.1for p="—1/nimplies The-

orem 10.1 for all p > —1/n. The approach of Brascamp and Lieb [34], incidentally,
was to observe that Theorem 10.1 also holds for n= 1 and p = —o0, and then to
derive Theorem 10.1 for n= 1and p = —1 from this and the technical lemma for
p-means mentioned earlier.

An interesting sharpening of the Brunn-Minkowski inequality was found by Bon-
nesen in 1929 (see [43]). If X is a bounded measurable set in R", the inner section
function mx of X is defined by

mx(u) = sup Vo—y XN (ut + tw) ,
teR
for u € S™ 1. (In 1926, Bonnesen asked if this function determines a convex body
in R™, n = 3, up to translation and reflection in the origin, a question that remains
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unanswered; see [66, Problem 8.10]). Bonnesen proved that if 0 <A < 1 and

u€ S¥! then

(39)
Vu(X)  VulY
V(1= DX+ AY) 2 My (mx(), my ), b A=D 2 )

It is not hard to show that this is indeed stronger than (10). As Dancs and Uhrin
[43, Theorem 3.2] show, an integral version of (39), in a general form similar to
Theorem 10.1, can be constructed from the ideas already presented here.

At present, the most general results in Euclidean space of the type considered in
this section are contained in the papers of Uhrin; see [147], [148], and the references
given there. In particular, Uhrin states in [148, p. 306] that all previous results
of this sort are contained in [148, (3.42)]. The latter inequality has as ingredients
two kinds of curvilinear convex combinations of vectors, and its proof reintroduces
geometrical methods.

11. Applications to probability and statistics

In 1955, Anderson [2] used the Brunn-Minkowski inequality in his work on mul-
tivariate unimodality. He began with the following simple observation. Ifanonneg-
ative integrable function fon R is (i) symmetric (f(x) = f(—x)) and (ii) unimodal
(f(cx) = f(x) for 0 < ¢ < 1), and I is an interval centered at the origin, then

r
Sl dx
Ity
is maximized when y = 0. In probability language, if a random variable X has
probability density fand Y is an independent random variable, then

Prob{X € I} 2 Prob{X+Y € I}.

To see this, recall that if Xand Y are independent random vectors on R™ with prob-
ability densities fand g, respectively, then f* g(defined by (33)) is the probability

density of X+ Y; see, for example, [82, Section 11.5]. So, by Fubini’s theorem,
rr rr

Prob{X+Y € I} ; Rf(z—y)g(y) dydz= a Iﬂz—y)g(y)dzdy

rr r r
I_yf(x)g(y) dxdy < f0g(y) dxdy

R I

f(x)dx=Prob{X € I}.
I

The next result, Anderson’s theorem, is a generalization of this that applies to

unirg%dglofunctions fon R" those whose level sets L(f, t) (see (29)) are convex for
each t>0.

Theorem 11.1. Let K be an origin-symmetric convex body in R™ and let f be a

nonnegative, symmetric, and unimodal function integrable on R™ Then
r r

fix+cy) dx= fix+ y) dx,
K K

for0 <c<land y € R
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This says that the integral of a symmetric unimodal function f over an n-
dimensional centrally symmetric convex body K does not decrease when K is
translated towards the origin. Since the graph of f forms a hill whose peak is
over the origin, this is intuitively clear. However, it is no longer obvious, as it was
in the 1-dimensional case! There may be points x € K at which the value of fis
larger than it is at the corresponding translate of x.

As above, we can conclude from Anderson’s theorem that if a random variable
X has probability density fon R"and Y is an independent random variable, then

Prob{X € K} > Prob{X+ Y € K},

where K is any origin-symmetric convex body in R™
The proof of Anderson’s theorem hinges on a property of a function gk on R"
associated with convex bodies K and L in R", defined by

grL(x) = V(KN (L+X).

The Brunn-Minkowski inequality (2) can be used to show that gk is 1/n-concave
on its support (see [63, Theorem 13.1]), but its log concavity is all that is required
for Anderson’s theorem. This follows from observing that gk, is a convolution of

characteristicfunctions, since
r r

lgnin(y) dy =
R R
k(Y 1y —x) dy = (1-1 * 1g)(X).
Rn
It was proved in Section 9 that the convolution of log-concave functions is log
concave, and it follows that gk is log concave on its support. Of course, the
Prékopa-Leindler inequality (21) has been at work behind the scenes.

The relevance of gk to Anderson’s theorem comes from taking f(x) = 11(x),
where 1 is the characteristic function of an origin-symmetric convex body L in
R™ Then f(x+ y) = 1(x+ y) = 1L -y(x) and

r r
fix+ydx= Ly de=V(KN(L=-yY)=gxu—Yy) = gruy).
K K

gx,L(X) Ik(Y 1Ly dy

The log concavity of gk allows one to conclude that gxr(cy) = gk(y) for
0 < c< 1(see[63, Theorem 13.1] for the details), and the theorem follows for this
special case. The general case results from applying this special case to the origin-

symn;e>tr6c convex bodies L= L(f, t) formed by the level sets of f, and integrating
over t=0.

The function gk = gk associated with a single convex body K in R", and
giving the volumes of its intersection with its translates, is called the covariogram

of Kand is of considerable interest in its own right, The name stems from the theory
of random sets, where the covariance is defined for x € R™ as the probability that

both oand xlie in the random set. The covariogram is also useful in mathematical
morphology; see [136, Chapter 9]) and [141, Section 6.2]. In 1986, G. Mathéron
(see the references in [133]) asked if the covariogram determines convex bodies, up
to translation and reflection in the origin. Remarkably, this question is open for
n = 2! Bianchi [22] has shown that the answer is affirmative for a large class of
planar convex bodies. He has also found pairs of convex polyhedra that represent
counterexamples in R*.
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Anderson’s theorem has many applications in probability and statistics, where,
for example, it can be applied to show that certain statistical tests are unbiased. See
[2], [35], [48], and [145]. Certain of these applications are also associated with the
Prékopa-Leindler inequality (21) and its generalization, the Borell-Brascamp-Lieb
inequality (38).

In Section 9 it was shown that the Prékopa-Leindler inequality yields the log
concavity of certain functions. It can also provide the log concavity of measures.
Suppose that fis a nonnegative integrable function defined on a measurable subset
C of R™, and u is defined by

r

mXx) = S0 dx,
cnx

for all measurable subsets X of R™ Then we say that u is generated by f and
C. With an argument similar to that in Section 9 showing that sections of a log-
concave function are log concave, the Prékopa-Leindler inequality (21) implies that
if fis log concave and Cis an open convex subset of its support, then the measure
u generated by fand Cis also log concave in the sense that

p((1 =X+ AY) = u(X) ' u(Yy)?,

for all measurable sets X and Y in R"and 0 <A <1. The details can be found in
[63, Section 10].

Prékopa[128],[130, Chapter 8] explains the applications ofthis result, and those
in Section 9 on log-concave functions, to stochastic programming. It can be seen in

action, however, when applied to the multivariate normal distribution on R" with
mean m € R™and n X npositive definite symmetric covariance matrix A. This has

probability density
(x—m)-Al(x—m)

J(0) = cexp
) ,
where c= (2m)~™2(det A)~/2. Since A is positive definite, the function —(x—m)-
A~(x—m) is concave and so fis log concave. It follows that the measure generated
by fis also log concave. The same conclusion can be drawn for other important
distributions, such as the Wishart, multivariate 3, and Dirichlet distributions; see
[128].

The Borell-Brascamp-Lieb inequality (38) provides concavity properties of sec-
tions and convolutions of functions, just as its special case p = 0, the Prékopa-
Leindler inequality (21), does (see Section 9). Details can be found in [63, Sec-
tion 11]. Concavity properties of measures can also be obtained. A finite (non-
negative) measure u defined on (Lebesgue) measurable subsets of R™ is p-concave
if

(1 =DX+AY) 2 Mp(u(X), u(Y), ),
for all measurable sets Xand Yin R"and 0 <A <1. Then a O-concave measure is
log concave, and it follows from Jensen’s inequality (23) that a p-concave measure
is g-concave for all g < p. Theorem 10.1 and an argument similar to that for the
log-concave case yield the following corollary.
Corollary 11.2. Let —1/n < p < 00 and let f be an integrable p-concave function

on a convex set C in R™ Then the measure generated by f and C is p/(np+ 1)-
concave.
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See [63, Corollary 10.3] or [48, Theorem 3.16]. Much of the book [48] is de-
voted to such results and their applications to probability. The extra generality
may seem superfluous, but even the negative values of p are useful. For example,
Borell [27] noted that the density functions of the multivariate Pareto (the Cauchy
distribution is a special case), t, and F distributions are not log concave, but are p-
concave for some p <0, and the more general result furnishes concavity properties
of corresponding probability measures.

The general Brunn-Minkowskiinequality (10) says that Lebesgue measure in R"

is 1/n-concave, and Theorem 10.1 supplies plenty of measures that are p-concave
for —1/n £ p < oo, Borell [27] (see also [[)48, Theorem 3.17]) proves a sort of

converse to Corollary 11.2: Given —00 < p < 1/nand a p-concave measure y with
n-dimensionalsupport S, thereis a p/(1—np)-concave function on Sthat generates

u. Borell also observed that when p >1/n, no nontrivial p-concave measures exist
in R™, and that any 1/n-concave measure is a multiple of Lebesgue measure; see
[48, Theorem 3.14]. Dancs and Uhrin [43, Theorem 3.4] find a generalization of

Theorem 10.1 in which Lebesgue measure is replaced by a g-concave measure for
some —© < g< 1/n.

Corollary 11.2 and Anderson’s theorem are related. If Kis a convex body in R™,
y € R", p> —1/n,and fis an integrable p-concave function on R", Corollary 11.2

can be used to show that the function
r

hy)= flx+y dx
K

is p/(np + 1)-concave on R™ and hence unimodal. (See [63, Section 13] for the
details.) In particular, h(cy) is unimodal in cfor a fixed y, as in the conclusion of
Theorem 11.1. Anderson’s theorem replaces the restriction that fis p-concave for

p = —1/nwith a much weaker condition, but requires in exchange the symmetry
of fand K.

12. Brunn-Minkowski and Prekopa-Leindler in other spaces

Like the isoperimetric inequality, the inequalities met in previous sections have
versions that hold in other spaces. These versions also act as portals to active
research areas already detailed in separate surveys. Naturally, it is only possible
here to touch on these captivating topics.

Let X be a measurable subset of R™ and let rxbe the radius of a ball of the
same volume as X. If € >0, the general Brunn-Minkowski inequality (11) implies

that
n

VX + eB) = V(X)) + eVu(B)/
(40) n

= VarxB)'/"+ eVa(B)/" = Vy(rxB+ £B).
For any set A, let
(41) A= A+¢eB={x:d(x,A) < &}.
Then we can rewrite (40) as

42) Vi(Xe) =2 Va((rxB)e).

Notice that (42), by virtue of (41), is now free of the addition and involves only a
measure and a metric.
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With the appropriate measure and metricreplacing Voand the Euclidean metric,
(42) remains true in the sphere S*~! and hyperbolic space, equality holding if and
only if X is a ball. (Of course, in these spaces, the ball centered at xand with radius
r > 0 is the set of all points whose distance from x is at most 7. In S™1 palls
are just spherical caps.) Though in R™ (42) is only a special case of (11), in S*!
and hyperbolic space, (42) is called the Brunn-Minkowski inequality. According
to Dudley [51, p. 184], (42) was first proved in S* ! under extra assumptions by

P. Lévy in 1922, with weaker assumptions by E. Schmidt in the 1940’s, and in full
generality by Figiel, Lindenstrauss, and Milman in 1977. In hyperbolic space, (42)
is due to E. Schmidt. A proof using symmetrization techniques for both S*! and
hyperbolic space can be found in [36, Section 9].

Perhaps more signiﬁcant than (42%for recent developments is a surprising result
that holds in S*™ ', n > 3, with the chordal metric (i.e., the metric inherited

from the Eucliderfl_n1 distance in R™. It can be shown that if X ¢ S™! and
V-1(X)/Vp-1(S ) 21/2 and 0 <& <1, then
Vn-1(Xe) ”

) Visrh 217 e
This inequality, which again goes back to P. Lévy, is proved in [121, p. 5]. Results
of the form (43) are called approximate isoperimetric inequalities, and can be de-
rived from the general Brunn-Minkowski inequality (10), as in [4, Theorem 2]. In
particular, by taking X to be a hemisphere, we see that for large n, almost all the
measure is concentrated near the equator! This is an example of the concentration
of measure phenomenon that Milman applied in his 1971 proof of Dvoretzky’s theo-
rem and that with contributions by Talagrand and others has quickly generated an
extensive literature surveyed by Ledoux [85], [86]. An excellent, but more selective,
introduction is Ball’s elegant and insightful expository article [12, Lecture 8].

Analogous results hold in Gauss space, R™ with the usual metric but with the
standard Gauss measure y» in R™ with density

(44) dyn(x) = (2m)~"2e” * 72 dx.

—(n—2)82/2.

Indeed, for bounded Lebesgue measurable sets Xand Y in R™ for which (1—2)X+
AY is Lebesgue measurable, there is the inequality

(45) V(1 = DX + AY) = yu(X) ! " yn(Y)A

corresponding to (22). This follows from the Prékopa-Leindler inequality (21) (be-
cause the density function is log concave); see, for example, [32]. It can also be
derived directly from the general Brunn-Minkowski inequality (10) by means of
the “Poincaré limit”, a limit of projections of Lebesgue measure in balls of in-
creasing radius; this and an abundance of additional information and references
can be found in Ledoux and Talagrand’s book [87, Section 1.1]. To describe some
of this work briefly, let ®(r) = y;((—0, 1)) for r € R. Borell [26] and Sudakov
and Tsirel’son [142] independently showed that if X is a measurable subset of R"
and yn(X) = O(rx), then yn(Xe) = O(rx + &), with equality if X is a half-space.
Ehrhard[53],[54] gaveanewproofusingsymmetrization techniquesthatalsoyields
the following Brunn-Minkowski-type inequality: If K and L are convex bodies in
R"and 0 <A <1, then

46) @7 (ya((1 = DK+ AL) 2 (1 = DO (ya(K)) + A7 (yu(L)) -
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While (46) is stronger than (45) for convex bodies, it is unknown whether it holds
for Borel sets; see [84] and [87, Problem 1]. An approximate isoperimetricinequality
similar to (43) also holds in Gauss space; Maurey [113] (see also [12, Theorem 8.1])

. . . . ) . e
fRund;a sTmple proglemploying heibrakopa heindigninequality R L: A Refls of
thickness approximately 1 and radius approximately 7. Closely related work on
logarithmic Sobolev inequalities is outlined in Section 14.

Borell [30] applies his Brunn-Minkowski inequality in Gauss space to option
pricing, assuming that underlying stock prices are governed by a joint Brownian
motion.

Bahn and Ehrlich [5] find an inequality that can be interpreted as a reversed
form of the Brunn-Minkowski inequality in Minkowski spacetime, that is, R™!
with a scalar product of index 1.

Cordero-Erausquin [40] utilizes results of McCann to prove a version of the
Prékopa-Leindler inequality on the sphere, remarking that a similar version can
be obtained for hyperbolic space. These results are generalized in a remarkable
paper [41] by Cordero-Erausquin, McCann, and Schmuckenschliager, who establish
a beautiful Riemannian version of Theorem 10.1.

13. Young' s inequality

Convolutions have already been featured in this story, in Sections 9 and 11.
By 1976, it was known that a sharp convolution inequality actually implies the
Brunn-Minkowski inequality. This sharp convolution inequality is a refinement of
an earlier one with roots in Fourier analysis. The classical Young inequality states

thatif p,q,r = 1,

1 1 1
(47) —H =14,

p q r
and f € LP(R™ and g € L9R™) are nonnegative, then
(48) If * glr < Iflplglq.

This was proved by W. H. Young around 1912 (see [76, Sections 8.3 and 8.4] and
the references given there); a few lines and Holder’s inequality (25) suffice, as in
[91,p.99].

The next theorem provides two convolution inequalities with sharp constants,
the first a sharp form of (48) proved independently by Beckner [20] and Brascamp
and Lieb [33], and the second a reverse form found by Brascamp and Lieb [33]
(refiningan earlier version due to Leindler [88]).

Theorem 13.1. Let O < p, g, r satisfy (47), and let f € LP(R™ and g € L4(R™)
be nonnegative. Then
(Young’s inequality)

(49) If x gl < CMflplgly, for p,q, r>1,

and
(Reverse Young inequality)

(50) If x gl 2 CMflulglg, for p,q, r< 1.
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Here C= CpCy/ Cy, where
SN
(51) C S
|
| Stl l/Sl
for 1/s+ 1/st =1 (i.e., s and st are Holder conjugates).

S

The inequality (49), when expanded, reads as follows:

r r r 1/r r 1/p ¥ 1/q

. fix—ygydy dx <C" floPdx . g(0dx

Rn Rn

Inequalities (49) andéSO) together show that equality holds in both when p= g =
r=1. In fact, since C, = las p—> 1, when p=g=r=1we have C = 1; and
substituting u= x— y, v = y in the left-hand side of (49) and (50), we see that

this case reduces to the familiar equation
r r r r

flwg(v)dvdu= Sflx) dx g(x) dx.
Rn Rn Rn

Rn
The relevance of these convolution inequalities stems from Brascamp and Lieb’s
remarkable discovery that the limiting case r —> 0 of the reverse Young inequality
(50) is the essential form (36) of the Prékopa-Leindler inequality. The clever proof
can be found in [33] (or see [63, Theorem 14.2]). One first observes that it suffices to
prove (36) when fand gare bounded measurable functions with compact support.
If the function sis defined by (35), then it can be shown that

r r Ir \1/om—1)
s(x) dx= lim f x-y (1=Dm im 4 do.

Rn m—%0 Rn Rn 1—A g g Yy

(If we replaced the exponent 1/(m—1) by 1/m, this would follow from the fact that
the mth integral mean tends to the supremum as m — ©0; compare [76, p. 143].

But this replacement is irrelevant in the limit.) Now (36) results from applying the
reverse Young inequality (50) with m > max{(1 — ), A7} p= 1/1()891 - Hm),
q=1/(Am), and r= 1/(m —1). This sketch is somewhat unsatisfying, of course,
since one has to complete all the computations to see how the constant C™ in (50)
magically evaporates in the limit.

Even the simplest known proofs of (49) or (50), due to Barthe [17], necessarily
also require a considerable amount of computation. It is worth mentioning, how-
ever, that the method includes both the parametrization technique and induction
on dimension employed in Section 7 for proving the Prékopa-Leindler inequality.
Barthe’s ingenious proof supplies (49) and (50) at once, together with the following
equality condition, originally established by Brascamp and Lieb [33]: When n=1
and p, q /=1, equality holds in (49) or (50) if and only if f and g are Gaussians:

2 1 2

flo= qe=clpl-a g(x) = beclale=h |

for some a, b, c, a, B with a, b= 0 and ¢ >0.

The classical Young inequality (48) was motivated by the classical Hausdorff-
Young inequality: 1f 1 £ p <2 and f € LP(R"), then

(52) /f/ 1< If7,
p p
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Wheref denotes the Fourier transform
r

fo= flye™vdy
Rn
of f, and pand p! are Holder conjugates. This was proved by Hausdorffand Young

for Fourier series, and extended to integrals by Titchmarsh in 1924. Beckner [20],
improving on earlier partial results of Babenko, showed that when 1< p < 2,

(53) If 1< Cflp,
Ip P
where Cpis given by (51). (Lieb [90] proved that equality holds only for Gaussians.)

This improvement on (52) is related to Young’s inequality (49). To see the con-
nection, suppose that (53) holds, n=1,and 1 < p, q, t<2. If p, g, r satisty (47),

then their Holder conjugates satisfy 1/pt + 1/g" = 1/7. Using this and Holder’s
inequality (25), we obtain

If*gl- < Cnlfgls
< Cr//_f //’Q//
/p q

Asimilarlyeasy ar%ument (see [20, pp- 169-70]) shows that Young’s inequality (49)
yields (52) when p'is an even integer.

Later on the following second form of Young’s inequality will be useful. Let
0 <p,q,r satisfy

1 1 1
4+ =2,
p q r
and let f € LP(R™), g € L4(R™, and h € L'(R™ be nonnegative. Then
r r n
(54) fOgx—Yhy dyde<T e1 15/ IR,
Rnr Rn

where C= CpCqCris defined using (51). The second form of Young’s inequality is
actually equivalent to (49); see [91, p. 99] or [66, Section 13] for the proof.

14. Information theory, physics, and logarithmic Sobolev
inequalities

Young’s inequality (49) implies a famous inequality from information theory
called the entropy power inequality. This section explains the connection and
touches on some aspects that relate to physics and logarithmic Sobolev inequal-
1ties.

Suppose that X is a discrete random variable t%king possible values x, ..., XxXm
with probabilities pi, . . ., pm, respectively, where **;p;= 1. Shannon [137] intro-
duced a measure of the average uncertainty removed by revealing the value of X.
This quantity,

m
Hmn(p1,..., pm) = — pilog pi,
=1
is called the entropy of X. It can also be regarded as a measure of the missing
information; indeed, the function Hp, is concave and achieves its maximum when
p1 =+ = pm= 1/m, that is, when all outcomes are equally likely. The words
“uncertainty” and “information” already suggest a connection with physics, and
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a derivation of the function Hp, from a few natural assumptions can be found in
textbooks on statistical mechanics; see, for example, [6, Chapter 3].
If Xis a random vector in R™ with probability density f, the entropy h;(X) of

Xis defined analogously:
r

hl(X) = hl(f) = - f(x) logf(x) dx.
Rn
This notation is convenient when h;(X) is regarded as a limit as p — 1 of the pth
Rényi entropy hp(X) of X, defined for p >1by
b
log/f1p.
hp(X) = hp(f) = =P

The entropy of X may not be well defined. However, if f € LY(R™ n LP(R™) for
some p > 1, then hi(X) = hi(f) is well defined, though its value may be +0°.

The entropy power N(X) of X is

1 2
NOXO= " ex —hi(X)
ToneP 1
With this background, the entropy power inequality can be stated: Let X and Y be

independent random vectors in R™ with probability densities in LP(R™) for some
p > 1. Then

(55) N(X+ Y) = N(X) + N(Y).

In 1948, Shannon [137, Theorem 15 and Appendix 6] published this inequality
and used it to obtain a lower bound [137, Theorem 18] for the capacity of a channel.
Shannon’s proof shows that equality holds in (55) if X and Y are multivariate
normal with proportional covariances. In fact equality holds only for such X and
Y, as Stam’s different proof [139] (simplified in [23] and [47]) of (55) shows.

. The most accessible direct proof of (55) seems to be that of Blachman [238. As
Lieb [89] discovered, however, the limiting case r = 1 of Young’s inequality (49)

yields the entropy power inequality (55). A complete proof of this arresting fact
can be found in [89] (or see [63, Section 18]), but Deane Yangnoticed the following

equivalent and more intuitive approach. Let p > 1 and let X be a random vector
in R™ with probability dens1ty_]‘p LP(R™). Défine

Np(X)=, P
where pt is the Holder conjugate of p (see (51)). Then Np(X), which might be
called the pth Rényi entropy power of X, converges to N(X) as p— 1+. Suppose
that 0 <A <1, and for r>1, let

r
p=pn= and g=q(r) = :

(1—=24)+ Ar A+ (1 —Dr
Then p,.%> 1, and (47) is satisfied. Let X and Y be indﬁ)endent random vectors
in R™"'with probability densities f € LP(R™ and g € L9(R™), respectively. Young’s
inequality (49) implies that

p//pm—2p// n
B p

r

Np(X)
1

(56) N(X+Y) = Y 1
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(The computations required are tedious but routine.) As r = 1+, p,q — 1 and
(56) becomes

Nx) TP oNy) A

(57) NX+Y)= 1—a 1

By differentiating the log of the right-hand side, it can be verified that this is a
maximum when A= N(X)/(N(X)+ N(Y)). Substituting this value into (57), we
obtain (55).

Presumably Lieb, via his papers [33] and [89], first saw the connection between
theentropypowerinequality (55) and the general Brunn-Minkowskiinequality (10),
the former being a limiting case of Young’s inequality (49) as r — 1 and the latter
a limiting case of the reverse Young inequality (50) as r — 0. Later, Costa and
Cover [42] specifically drew attention to the analogy between the two inequalities,
apparently unaware of the work of Brascamp and Lieb. The paper [73] and further
exciting work of Lutwak, Yang, and Zhang [106], [109] reinforce this fascinating
bridge between information theory and convex geometry.

An important concept called Fisher information was employed by Stam [139] in
his proof of (55). Named after the statistician R. A. Fisher, Fisher information is
claimed in a recent book [62] by Frieden to be at the heart of a unifying principle
for all of physics! If X is a random variable with probability density f on R, the
Fisher information I(X) of X is

r r 2
" fi(0
IX)=IH=— [flologfix) dx= ——dx

R r S
assuming these integrals exist. The multivariable form of I'is a matrix, the natural
extension of this definition. The quantity I is another measure of the “sharpness”
of for the missing information in X; see [62, Section 1.3] for a comparison of I
and h;. Stam [139] (see also [47]) showed that I can be used to obtain the Weyl-
Heisenberg uncertainty inequality, and this inspired Frieden’s work. Frieden’s idea
is that for any physical system, I represents how much information can possibly be
obtained by measurements, while another quantity, J, is the amount of information
bound up in the system. Then I —Jleads to a Lagrangian, and the corresponding
law of physics arises from its minimization, the second derivative usually present
in such a law arising from the first derivative present in L

Needless to say, Frieden’s claim has stirred some controversy. Some opinions can
be found in [81] and in the Mathematical Reviews review.

A complex system of inequalities swirls like a cyclone around these concepts.
For example, Dembo, Cover, and Thomas [47] explore several related inequalities
involving entropy, Fisher information, and uncertainty principles. Another rich
area surrounds the logarithmic Sobolev inequality proved by Gross [72]:

1
EntVn(f) < ;IVn(f):
where f'is a suitably smooth nonnegative function on R", y» is the Gauss measure
in R™ defined by (44),

r r r

Enty,(f) = fi0logfix dyn(x) — S0 dyn(2) log fix) dyn(x) ,
Rn Rn Rn

(38)
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and r ,
IV f(x)

T. — S

V"(f) Rn f(x)

Here Enty,(f) and Iy,(f) are essentially the negative entropy —h;(f) and Fisher
information, respectively, of f, defined with respect to Gauss measure. There are
several variants of (58), some discovered earlier. An excellent introduction to such
inequalities is provided by Lieb and Loss [91, Chapter 8], where it is shown that
they can be deduced from Young’s inequality (49) and used to estimate solutions of
the heat equation. Bobkov and Ledoux [24] derive (58) from the Prékopa-Leindler
inequality (the “Brascamp-Lieb” in the title of [24] refers not to (59) below but to a
different inequality of Brascamp and Lieb proved in [34]). Cordero-Erausquin [39]
proves (58) directly using the transport of mass idea from Section 8.

McCann’s displacement convexity (30) is utilized by Otto and Villani [126], who
find a new proof of an inequality of Talagrand for the Wasserstein distance between
two probability measures in an n-dimensional Riemannian manifold, and show that
Talagrand’s inequality is very closely related to the logarithmic Sobolev inequality
(58). The interested reader may also consult Ledoux’s survey [85].

dyn(x).

15. The Brascamp-Lieb inequality and Barthe’ s inequality

The inequalities presented in this section approach the most general known in
the direction of Young’s inequality and its reverse form and represent a research
frontier that can be expected to move before too long.

Each m X n matrix A defines a linear transformation from R" to R™, and this

linear map can also be denoted by A. The Euclidean adjoint A* of A is then an
n X m matrix or linear transformation from R™ to R™ satisfying Ax-y = x- A*y

for each y € R™and x € R™

Theorem 15.1. let ¢; >0 and n; € N, i=1,...,m, with ) .cni=n. Let f; €
LY( ) be nonnegative and let B; : R* — Rn be a linear surjection, i=1,...,m.
Then

(Brascamp-Lieb inequality)

r A o r c;
(59) filBx)%dx < D2 Silx) dx
Rn i1 i=1 R7i

and
(Barthe’s inequality)

(60)
r ( m A r c/

sup flz)®: x= ciB*zi, zi € R" dx= D? fio dx
Rn =1 i =1 R7

where

61 )

6 det() ™ ¢B*AiB)

D=inf =1 l 1 Aj is a positive definite n; X n; matrix

L (det A)e
Theorem 15.1is a bit intimidating at first sight! We can begin to understand it
a little by taking in (59) n; = n, B; = I, the identity map on R", replacing f; by
£/¢, and letting ci= 1/p;, i=1,...,m. Then *";1/p;= 1 and the log concavity
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ofthe determinant of a positive definite matrix (see, for example, [19, p. 63]) yields
D= 1. Therefore
A A
fiodxs  Ifilp,
R7 1 =1
which is just Holder’s inequality (25).

Next,take m=2, nf=m=n, Bi=By=1I,, c;=1—A, and ¢ = A in (60).

Again we have D=1, so
o )

sup fi(z)' izt 1 x=(1— Dz + Az, dx
o 1—a T A

2 Ji(x) dx flx) dx

Rn Rn
the Prékopa-Leindlerinequality (26).

The true power of Theorem 15.1begins to emerge when we see that the Brascamp-
Lieb inequality (59) implies Young’s inequality. In (59), take m = 3, nj = np =
n; = n, and B; : R — R7™, i = 1,2,3, the linear maps taking (zi,..., Zn) to
(z1,---,2n), (21 — Zntl,---52n — Zon), and (Zn+1,..., Zon), respectively; then re-

/C,' . .
place f; byfil ,i=1,2,3, and let = 1/p, o= 1/qg, and ¢3 = 1/r. In this case
it can ble shown that D= € 2 , where €= C C C isdefinedusing(51); compare

par
[33, Theorem 5]. This gives
r r

y Rnﬁ(x)fz(x —YAWAdyde< T a1 161, 1fl,,
the second form (54) of Young’s inequality.

Let Abe an n X npositive definite symmetric matrix, and let
Ga(x) = exp(—Ax - x),
for x € R™ The function Ga is called a centered Gaussian. Lieb [90] proved (59)

and showed that the supremum of the left-hand side of (59) for functions f; of
norm one is the same as the supremum of the left-hand side of (59) for centered
Gaussians of norm one; in other words, the constant D can be computed using
centered Gaussians. The special (but important—see the next section) case of (59)

when n;=1and Bix= x- v;, where x € R"and v; € R", i=1,...,m, was first

obtained earlier by Brascamp and Lieb [33].

There is also a version of (59) in which a fixed centered Gaussian appears in the
integral on the left-hand side and the constant is again determined by taking the
functions f;to be Gaussians; see [33, Theorem 6], where an application to statistical
mechanics is given,and [90, Theorem 6.2].

Barthe [16] proved (60), giving at the same time a simpler approach to (59) and
its equality condition. The main idea behind Barthe’s approach is transport of
mass, introduced in Section 8. When n; = 1 and Bix = x- v;, where x € R™ and
vi € R" i=1,...,m, this can be applied as in the proof of the Prékopa-Leindler
inequality at the end of Section 7 and results in (59) and (60) simultaneously.
The details, only a couple of pages, are given in [13] (or see [63, Section 17]). In
the general case, Barthe uses the Brenier map. In connection with the latter, it
is appropriate to highlight the contribution of McCann, whose 1994 Ph.D. thesis
[114] disclosed the relevance of measure-preserving convex gradients to geometric
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inequalities and helped attract the attention of the convex geometry community to
Brenier’s result.

16. Back to geometry
As Ball [12] remarks, some geometry comes back into view if we replace f{x) by

Sf(—x) in Younrg’?f inequality (54) in R:

(62) S(—x1) g(x1 — x2) h(x) dx dxy < Clflplglglhly.
R R

Define @ : R2 = R? by @(x1, x0) = z = (21, 2, 23), Where z1 = —x|, 20 = x| — X,
and z3 = x;. Then @(R?) = S, where S is the plane {(21,2),23) : zZ1 + Zp+ z3= 0}
through the origin. Let f=g= h= 1,y and G — [—1,1]%. By (62),
r r
WG nsS) = le(2)dz=  flz)g(z)(z) dz
s rr s
J(@)™! f=x)g(x1 — %) h(x) dx; dxi,
R R

where J(@) is the Jacobian of ¢. So Young’s inequality might be used to provide
upper bounds for volumes of central sections of cubes. In fact, Ball [9] used the
following special case of the Brascamp-Lieb inequality (59) to do just this.
Suppose that ¢; >0 and w; € S*1, i=1,...,m, satisfy
m
X= ci(x - u)u;,

=1

for all x € R™ This says that the u;s are acting like an orthonormal basis for R™

The condition is often written

(63) ciui ® ui = In,

i=1
where I is the identity on R and u®wudenotes the rank one orthogonal projection
onto the span of u, that is, the map that sends xto (x- wyu. Taking traces in (63),
we see that

(64) ci=n.

=1

Theorem 16.1. let ¢c; >0 and u; € S™!, i=1,..., m, be such that (63) and
hence (64) holds. If f; € L'(R) is nonnegative, i=1,...,m, then

(Geometric Brascamp-Lieb inequality)

r H ﬁ r Cj
(65) filx - u)® dx < fix) dx
R™ iy = R

and

(Geometric Barthe inequality)

(66)

r ( m A r ci
sup iz x= ciziui, zi€ R dx2= fi(x) dx

Rn R

=1 i =1



THE BRUNN-MINKOWSKI INEQUALITY 389

If we take, in the inequalities (59) and (60), n; = land Bix= x'u;, i=1,...,m,
then B’Zfzi = ziu; € R™ for z; € R and these inequalities become (65) and (66),
respectively, because the hypotheses of the theorem and (61) imply that D = 1.
This vital fact was observed by Ball [9]; see [16, Proposition 9] for the details.
Inequality (66) was first proved by Barthe [13]. As in the general case, equality
holds in (65) and (66) for centered Gaussians.

Barthe [14, Section 2.4] also discovered a generalization of Young’s inequality
(49) that contains the geometric Brascamp-Lieb and geometric Barthe inequalities
as limiting cases. The geometric Barthe inequality (66) still implies the Prékopa-

Leindler inequality (21) in R, with the geometric consequences already explained.
Ball [9] used (65) to obtain the best—possiby upper bound

V(G nS) < ( 2)nk
for sections of the cube Cy = [—1, 1]" by k-dimensional subspaces S, 1< k< n—1,
when 2k > n. (For smaller values of k, the best-possible bound is not known except
for some special cases; see [9].) He also showed that (65) provides best-possible
upper bounds for the volume ratio vr(K) of a convex body K in R", defined by

V(K) 1/n
vr(K): W >

where E is the ellipsoid of maximal volume contained in K. The ellipsoid E is
called the John ellipsoid of K, after Fritz John. John’s result, as refined by Ball,
states that the John ellipsoid of a convex body K in R" is tpe unit ball Bif and
only if B C K and thereisan m>=n, ¢; >0 and u; € S"'NnoK,i=1,...,m,
such that (63) holds and )’l- Cilli= o.

To bound vn(K), Ball argues as follows. Since vr(K) is affine invariant, we may
assume that the John ellipsoid of K is B. If we can show that V(K) < 2", then
vr(K) £ vn( (), where Cy = [—1,1]™ Let ¢; and w; be as in John’s theorem, and
note that the points u; are contact(f)oints, points where the boundaries of K and B
meet. If K is origin symmetric and u; is a contact point, then so is —u; therefore
K C L, where

L={xeR": |x-uw| <£1,i=1,...,m}
is the closed slab bounded by the hyperplanes {x: x-u; = £1}. Also, if fi=1; - 1),
then

m

N
()= filx-u)“.
=1
By (65) and (64),
r ﬁ 'ni r cj ﬁ
V(K) < V(L) = Sfi(x- u)dx < fix)ydx = 29=2mM
R” i1 =1 R =1

This argument shows that vr(K) is maximal for centrally symmetric K when K is
a parallelotope, that is, an affine image of a cube.

One consequence of this estimate is the following remarkable reverse isoperimet-
ric inequality for centra//){ syametric convex bodies: Let K be a centrally symmetric

convex body’in R™and let Cy=[—1,1]™ There is an affine transformation ¢ such
that y
V(pK) "
1/(n—1
(67) /(n—=1) <

S(Cy) ()
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This result is due to Ball [11] (Behrend [21] proved it for n= 2). For the proof,
choose ¢ so that the John ellipsoid of @K is B. The above argument shows that

V(pK) < 2™ Since B C @K, we have, by (6),

=0+ V(oK SK) V(oK) (re 1
+¢& - + o —

lim O e V(pK) lim

>0+ £ >0+ <

= nV(pK) = nV(pK)" V"V (K" < 2nV (pK)™V/",

Since V(Cy) = 2™ and S(Cp) = 2™n, this is equivalent to (67).

Of course, one cannot expect a reverse isoperimetric inequality without use of
an affine transformation, since we can find convex bodies of any prescribed volume
that are very flat and so have large surface area.

In [11], Ball used the same methods to show that for arbitrary convex bodies
the volume ratio is maximal for simplices, and to obtain a corresponding reverse
isoperimetric inequality. The fact that the volume ratio is only maximal for paral-
lelotopes (in the centrally symmetric case) or simplices was shown by Barthe [16] as
a corollary of his study of the equality conditions in the Brascamp-Lieb inequality.
For other results of this type that employ Theorem 16.1, see [10], [15], and [134].
Barthe [16] states a multidimensional generalization of Theorem 16.1, also derived
from Theorem 15.1, that leads to a multidimensional Brunn-Minkowski-type theo-
rem.

In 1986, Milman found a reverse Brunn-Minkowski inequality. At first such an
inequality seems impossible, since if K and L are convex bodies in R™ of volume
1, the volume of K+ L can be arbitrarily large. As with the reverse isoperimetric
inequality (67), however, linear transformations come to the rescue. Milman’s result
states that there is a constant cindependent of nsuch that if K and L are centrally
symmetric convex bodies in R™, there are volume-preservinglinear transformations
@ and p for which

(68) V(@K + pL)"/" < ¢ y(pK)V" + V(pL)/"

This inequality is important in the local theory of Banach spaces; see [92, Sec-
tion 4.3] and [127, Chapter 7].

17. The Aleksandrov-Fenchel inequality

In Sections 3 and 5 it was mentioned that the Brunn-Minkowski inequality
(2) for convex bodies K and L in R™ is equivalent to the concavity of f(¢) =

Vl-HK+ tL)l/" for 0 < t < 1, and also to Minkowski’s first inequality (15).

This remains true for arbitrary compact convex sets K and L. The one inequal-
ity in Figure 1 that remains to be discussed, the Aleksandrov-Fenchel inequality,
generalizes these statements. Discovered by A. D. Aleksandrov and W. Fenchel
independently around 1937, it is a relation between mixed volumes (introduced in
Section 3), stating that if K,..., K, are compact convex sets in R*and 1 < i< n,
then

1

. @]

(69) V(K, Ky,...,Kp)' 2 V(K i; Kis1,..., Kn) .

=1
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See, for example, [36, p. 143] and.[135,_(6.8.7g], and a1s0{135 p-322] for interestin
historical comments. If we put i= nin (69) and then let K=Land K=+ =

K, = K, we retrieve Minkowski’s first inequality (15) and therefore the Brunn-
Minkowski inequality for compact convex sets. For such sets, (69) is essentially the
most powerful extension of the Brunn-Minkowski inequality available. No simple
proof is known; that in [135, Theorem 6.3.1] follows one of Aleksandrov’s, which
establishes the inequality for certain convex polytopes and then uses approximation.
Equality conditions are not fully settled even today.

The Aleksandrov-Fenchel inequality (69) is equivalent to the concavity on 0 <

t < 1 of the function
(70) £y =V =K+ tKi, i Ki1,..., Kn)'/",
where Ky, ..., K, are compact convex sets in R", 1 < i < n. See [36, p. 146] and

[135, Theorem 6.4.3]. Readers familiar with the basic properties of mixed volumes

can derive (69) from the concavitﬁ of fin (70) by setting i = 2 and exgandi_n
the resulting inequality to extract the constants (1 = ¢) and t. Inequality (69) wit

i=2 results, and the general case follows by induction on i

An analog of the Aleksandrov-Fenchel inequality for mixed discriminants (see
[135, Theorem 6.8.1]) was used by G. P. Egorychev in 1981 to solve the van der
Waerden conjecture concerning the permanent of a doubly stochastic matrix. See
[135, Chapter 6] for a wealth of information and references.

Khovanskii, who with Teissier independently discovered that the Aleksandrov-
Fenchel inequality can be deduced from the Hodge index theorem, wrote a readable
accountofthissurprisingdevelopmentin [36,Section 27]. The connection originates
in the fact (due to D. M. Bernstein) that the number of complex roots of a generic
system of npolynomial equations in n variables equals n! times the mixed volume
of the corresponding Newton polytopes, Py, Py, ... Pp, say. (The Newton polytope
is t,;lle sma}rllesp convex polytope in R" coqtainirgl%leach point (my,..., mp) for which
ez z " is a term of the polynomial.) e (n— 2) of these n polynomial
equations corresponding to P, . .., P, define an algebraic surface in C" on which
the remaining polynomial equations describe two complex curves. The number of
intersection points of these two curves is the number of roots of the system of n

equations. Roughly speaking, the Hodge index theorem is an inequality involving
the number (T7,I,) of intersections of two complex curves I';, I;in "a compact

complex algebraic surface and those (T1,T1), (T, ') of each curve with a slightly
deformed copy ofitself:

(1“1,1“2)2 > (Fl, 1“1)(1“2, Fz).

Using the above observations, this can be translated into
V(PI)PZ)P3)"')PH)2 2 V(PI:PI)P3)"')PH)V(PZ)PZ)P3:---:PH)-

The case i= 2 of (69) (and hence, by induction, (69) itself) can be shown to follow
by approximation by polytopes with rational coordinates. See [36, Section 27] for
manymore details and also[71]and [123] for morerecent advancesin this direction.

Alesker, Dar, and Milman [1] are able to use the Brenier map (see Section 8) to
prove some of the inequalities that follow from the Aleksandrov-Fenchelinequality,

but the method does not seem to yield a new proof of (69) itself.

In contrasttothe Brunn-Minkowskiinequality,the Aleksandrov-Fenchelinequal-

ityand some ofits weaker forms, and indeed mixed volumes themselves, have found
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only partially successful extensions to nonconvex sets. See [36, pp. 177-181], [135,
p. 343], and [146].

18. A survey

The subsections below provide an overview of the various known extensions and
analogs of the Brunn-Minkowski inequality not yet covered. Without being com-
prehensive, it should alert the reader to the main developments.

18.1. Minkowski-concave functions. Areal-valued function ¢pdefined on aclass
of sets in R™ closed under vector addition and dilatation is called Minkowski concave
if

(71) (1 =HX+AY) 2 (1 = Hp(X) + Ap(Y),

for 0 < A < 1 and sets X, Yin the class. For example, the Brunn-Minkowski
inequality (2) implies that V,ll/n is Minkowski concave on the class of convex bod-
ies. When Hadwiger published his extraordinary book [74] in 1957, many other
Minkowski-concave functions had already been found, and several more have been
discovered since. We shall present some of these; all the functions have the required
degree of positive homogeneity to allow the coefficients (1 —A) and Ato be deleted
in (71). Other examples can be found in [74, Section 6.4] and in Lutwak’s papers
[96]and [102].

Knothe [83] gave a proof of the Brunn-Minkowski inequality (2) for convex bod-

ies, sketched in [135, 1p}t) 312-314], and the following generalization. For each
convex body K in R", let F(K, x), x € K, be a nonnegative real-valued function

continuous in K and x. Suppose also that for some m >0,
F(AK + a,Ax+ a) = A"F(K, x)
for all A >0 and a € R", and that
log F((1—A)K+ AL, (1 — Dx+ Ay) = (1 — V) log F(K, x)+ Alog F(L, y)
whenever x € K, y € L, and 0 < A < 1. For each convex body K in R", define

r
GK) =  F(K,xdx.

K
Then

(72) G(K + D)V/mm > GK)V/(ntm) 4 G(L)V/(em),

for all convex bodies K and Lin R™ This is a consequence of the Prékopa-Leindler
inequality (21). Indeed, taking f = F(K,), g = F(L,"), and h = FF(l - DK +
AL, ), Theorem 7.1 implies that G is log concave. The 1/(n+ m)-concavity (72)

of G follows from its log concavity in the same way that (2) follows from (22) (see

Section 7). The Brunn-Minkowski inequality (2) for convex bodies is obtained by
taking F(K,x) = 1for x € K. Dlnghascﬁ49] ound further results of this type.

Let 0 £ i £ n. The mixed volume V(K,n— i; B, i) is denoted by Wy K), and
called the ith quermassintegral of a compact convex set Kin R™ Then Wy(K) =
Y,éK)<. It carll tzﬁ shown (see [135, (5.3.27), p. 295]) that if K is a convex body and

<1< n-—1, then

K, I
(73) W= __ V(K|S)dS,
Kn_i G(n,n—i



THE BRUNN-MINKOWSKI INEQUALITY 393

where dS denotes integration with respect to the usual rotation-invariant probabil-
ity measure in the Grassmannian G(n, n — i) of (n — i)-dimensional subspaces of

R™and K|S is the orthogonal projection of K onto S. Thus the quermassintegrals
are averages of volumes of projections on subspaces.

Letting Kj;1 = - -+ = Kn = Bin (70) and using the concavity of the resulting
function, we obtain a Brunn-Minkowski inequality for quermassintegrals: 1f K and

L are convex bodies in R*and 0 £ i< n—1, then

(74) Wi(K + L)l/(n—l) > WL(K)I/(n—l) + WL(L)V(”_D,

with equality for 0 < i < n — 1 if and only if K and L are homothetic. See
[135, (6.8.10), p. 385], where the equality condition is also discussed. The special
case i= 0 is the usual Brunn-Minkowski inequality (2) for convex bodies. As was
explained in Section 3, the quermassintegral Wj(K) equals the surface area S(K),
up to a constant, so the case i = 1 of (74) is a Brunn-Minkowski-type inequality
for surface area. When i= n—1, (74) becomes an identity.

Let K be a convex body in R", define ®o(K)= V(K) and for | £ i< n—1,
define
xn lr \—1/n

Q. (K) = V(K|S)™ ds

>

Kn_i G(n,n—1i)
the ith affine quermassintegral of K. Note the similarity to (73); the ordinary
mean has been replaced by the —n-mean. As its name suggests, ®(K) is invari-
ant under volume-preserving affine transformations. Lutwak’s inequality for affine
quermassintegrals, proved in [97], says that if K and L are convex bodies in R™ and
0 <i<n-—1,then

(75) DK + L)l/(n—l) > q)i(K)l/(n—l) + q)i(L)l/(n—l)_
Let K be a convex body in R", n = 3. The capacity Cap (K) of K is defined by
r
Cap (K)=inf  IVfPdx: f€ C°(RY, f21k ,
Rn

where C°(R™) denotes the infinitely differentiable functions on R™ with compact
support. Here we are following Evans and Gariepy [55, p. 147], where Cap (K) =
Cap n—2(K) in their notation. Several definitions are possible; see [78], [112,
pp- 110-116], and especially the discussion in [91, Section 11.15]. The notion of
capacity has its roots in electrostatics and is fundamental in potential theory. Note
that capacity is an outer measure but is not a Borel measure, though it enjoys some
convenient properties listed in [55, '3 151]. Borell’s inequality for capacity states
that if K and Lare convex bodies in R™, n = 3, then

(76) Cap (K + L)Y/2 > Cap (K)/ "2 4 Cap (L),

The proof can be found in [28]. Caffarelli, Jerison, and Lieb [38] showed that
equality holds if and only if K and L are homothetic. Jerison [78] employed the in-
equality and its equality condition in solving the corresponding Minkowski problem
(see Section 6).

18.2. Blaschke addition. If K and L are convex bodies in R", then there is a
convex body K + L, unique up to translation, such that

S(K+ L, )= S(K, ")+ S(L, -),
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where S(K, -) denotes the surface area measure of K. This is a consequence of
Minkowski’s existence theorem (see Section 6). The operation + is called Blaschke
addition.

The Kneser-Siss inequality says that if K and L are convex bodies in R", then

(77) V(K+ L)(n—])/n > V(K)(n—l)/n+ V(L)(n—l)/n’
with equality if and only if K and L are homothetic. A proof is given in [135,

Theorem 7.1.3].

Using Blaschke addition, a convexbody called a mixed body can be defined from
(n—1) other convex bodies in R™ Lutwak [98, Theorem 4.2] éxploits this idea, due

to Blaschke and Firey, to produce another strengthening of the Brunn-Minkowski
inequality (2) for convex bodies.

18.3. The LP-Brunn-Minkowski theory. For convex bodies K and L in R",
vector or Minkowski addition can be defined by

hg:(w) = hg(w + h(w),
for u € S*!, where hk denotes the support function of K (see Section 6). If p > 1

and K and L contain the origin in their interiors, a convex body K +p L can be
defined by

hi, (WP = he(w? + h(w)?,

for u € S*!. The operation +p is called p-Minkowski addition. Firey’s inequality
(see [58]) states that if K and L are convex bodies in R™ containing the origin in
their interiors,0 <1< n—1,and p = 1, then

(78) W{(K +, L)P/(n=) > Wy K)P/(n=0 4 Wy L)P/(n=0,

with equality when p > 1 if and only if K and L are equivalent by dilatation. The
Brunn-Minkowski inequality for quermassintegrals (74) is the case p= 1. Note that
translation invariance is lost for p > 1. Both the definition of p-Minkowski addition
and the case i= 0 of Firey’s inequality are extended to nonconvex sets by Lutwak,
Yang, and Zhang [105].

Firey’s ideas were transformed into a remarkable extension of the Brunn-

Minkowski theory b%[ Lutwak [101], [104], who also calls it the Brunn-Minkowski-
Firey theory. Lutwak found the appropriate p-analog Sp(K, ), p = 1, of the surface

area measure of a convex body K in R" containing the origin in its interior. In
[101], Lutwak generalized Firey’s inequality (78). He also generalized Minkowski’s

existence theorem, deduced the existence of a convex body K +p L for which
Sp(K +p L, ) = Sp(K, *) + Sp(L, *)
(when K and L are origin-symmetric convex bodies), and proved the following

result, Lutwak’s p-surface area measure inequality: 1f K and L are origin-symmetric
convex bodies in R" and n/= p > 1, then

V(K +p L)n=p/n > y(K)n—p/ny y(L)yn=p/n
with equality when p > 1if and only if K and L are equivalent by dilatation. Note
that the Kneser-Siiss inequality (77) corresponds to p= 1.
Lutwak, Yang, and Zhang [107] study the L? version of the Minkowski problem
(see Section 6). Stancu [140] treats a version of the LP-Minkowski problem corre-
sponding to p = 0, related to an earlier investigation of Firey [59] of the shapes
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of worn stones in which he used the Brunn-Minkowski inequality. There is a con-
nection here (as well as for the topic of shapes of crystals described in Section 6)
with an active area concerning curvature-driven flows; see, in particular, Andrews’
solution [3] of a conjecture of Firey in [59].

18.4. Random and integral versions. Let X be a random compact set in R",
thatis,a Borelmeasurable map from a probability space {2 tothe space of nonempty
compact sets in R™ with the Hausdorff metric. A random vector X : Q = R" is
called a selection of X if Prob (X € X) = 1. If Cis a nonempty compact set in R",
let /Cl = max{Ix/: x € C}. Then the expectation EX of X is defined by

EX ={EX: Xis a selection of X and E/X/ <o},

It turns out that if E/X/ < oo, then EX is a nonempty compact set.

With_this background, Vitale’s random Blﬁunn-Mir]kowski inequality can be
stated: If X is a random compact set in R™ with E/X/ <o, then
(79) Vi(EX)Y™ > EVy(X)V™

See [149] (and [150] for a stronger version). By taking X to be a random compact
set that realizes values (nonempty compact sets) K and L with probabilities (1—2A)
and A, respectively, we see that (79) generalizes the Brunn-Minkowski inequality for
compact sets. Aversion of (79) for intrinsic volumes (weighted quermassintegrals) of
random convex bodies and applications to stationary random hyperplane processes
are given by Mecke and Schwella [118].

Earlier integral forms of the Brunn-Minkowski inequality, using a Riemann ap-
proach to pass from a Minkowski sum to a “Minkowski integral”, were formulated
by A. Dinghas; see [36, p. 76].

18.5. Other strong forms of the Brunn-Minkowski inequality for convex
sets. McMullen [117] defines a natural generalization of Minkowski addition of con-
vex sets that he calls fibre addition and proves a corresponding Brunn-Minkowski
inequality.

Several strong forms of the Brunn-Minkowski inequality hold in special circum-
stances, for example, the stability estimates due to V. Diskant, H. Groemer, and
R. Schneider referred to in [70, Section 3] and [135, p. 314], and an inequality of
Ruzsa [132].

Dar [45] conjectures that if K and L are convex bodies in R™ and m =
maxxern V(K N (L+ X)), then

v(RvVIL V"

m

(80) V(K+DY" =2 m/"+

He shows that (80) implies the Brunn-Minkowski inequality (2) for convex bodies
and proves that it holds in some special cases.

18.6. Related affine inequalities. A wide variety of fascinating inequalities lie
(for the present) one step removed from the Brunn-Minkowski inequality. The
survey paper [124] of Osserman indicates connections between the isoperimetric
inequality and inequalities of Bonnesen, Poincaré, and Wirtinger, and since then
many other inequalities have been found that lie in a complicated web around the
Brunn-Minkowski inequality.
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Some of these related inequalities are affine inequalities in the sense that they are
unchanged under a volume-preserving linear transformation. The general Brunn-
Minkowski inequality (10) and Prékopa-Leindler inequality (21) are clearly affine
inequalities. Young’s inequality (49) and its reverse (50) are affine inequalities,
since if ¢ € SL(n), we have

o(f * g) = (@f) * (9g) and Ipflp = IfTp.
The Brascamp-Lieb inequality (59) and Barthe inequality (60) are also affine in-
equalities.

The isoperimetric inequality (7) is not an affine inequality (if it were, the equality
for balls would imply that equality also held for ellipsoids), and neither is the
Sobolevinequality (16). But there are remarkable affine inequalities that are closely
related and much stronger for important classes of sets and functions. The Petty
projection inequality states that
81 VK" 'V(IT'K) < Kn

n

2

Kn—1
where K is a convex body in R™ and IT*K denotes the polar body of the projection
body IIK of K. (The support function of IIK at u € S*™ ! equals V(K|ub).)
Equality holds if and only if K is an ellipsoid. See [66, Chapter 9] for background
information, a proof, several other related inequalities, and a reverse form due to
Zhang. Zhang[153] has also recently found an astounding affine Sobolev inequality,
a common generalization of the Sobolev inequality (16) and the Petty projection
inequality (81): If f € C'(R™ has compact support, then
r -1/n
(82) IDyflrn du > 'ZKu/.f/n/(n—l))
Sn-1 nl/”Kn
where D,f is the directional derivative of fin the direction u. Lutwak, Yang, and
Zhang [108] establish a sharp LP version of (82).

This is only a taste of a banquet of known affine isoperimetric inequalities. Lut-
wak [103] wrote an excellent survey. For still more recent progress, the reader can
do no better than consult the work of Lutwak, Yang, and Zhang, for example, [109]
and [111].

18.7. Arestricted Brunn-Minkowskiinequality. Let Xand Y be measurable
sets in R™, and let E be a measurable subset of X X Y. Define the restricted vector
sum of X and Y by

X+ Y={x+y: (x, y) € E}.
Then there is a ¢ >0 such that if X and Y are nonempty measurable subsets of
R™ 0 <t<1,

Vax) M1 B v_
t < . n 1}
= < >1—- ] >
V.(Y) <. and V”(X)V”(Y) >1—cmin{t
then
(83) V(X +£5 Y)Y 2 V(XY + V(Y)Y

Szarek and Voiculescu [143] proved the restricted Brunn-Minkowski inequality (83)
in the course of establishing an analog of the entropy power inequality in Voicu-
lescu’s free probability theory. (Voiculescu has also found analogs of Fisher informa-
tion within this noncommutative probability theory with applications to physics.)
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Barthe [18] also gives a proof via restricted versions of Young’s inequality and the
Prékopa-Leindler inequality.

18.8. Discrete versions. The Cauchy-Davenport theorem, proved by Cauchy in
1813 and rediscovered by Davenport in 1935, states that if p is prime and X and
Y are nonempty finite subsets of Z/pZ, then

| X+ Y| 2min{p, | X|+|Y| —1}.
Here |X| is the cardinality of X. Many generalizations of this result, including
Kneser’s extension to Abelian groups, are surveyed in [122]. The lower bound for
a vector sum is in the spirit of the Brunn-Minkowski inequality. We now describe
acloser analog.
Let Y be a finite subset of Z" with |Y| = n+ 1. For x=(x1,..., Xn) € Z", let

n
X1

Y[ -n
Define the Y-order on Z™ by setting x <y y if either wy(x) < wy(y) or wy(x) =
By(y) and for some j we have x; > yj and x; = y; for all i < j. For m € N, let

m be the union of the first m points in Z, (the points in Z With nonnegative
cgf)orgl{.inates) in the Y-order. The set D‘,/n is called a Y-initial segment. The points

wy(x) =

+ X
=2

0
are
DIYI
o<y e <y2e <y <y(|Y|-mnme <ye<y:-<yen
ghﬁ:refe y-eoen is the standard orthonormal basis for R™. Note that the convex
ull o

ly| is a simplex. Roughly speaking, Y-initial segments are as close as
possible to being the set of points in Z" that are contained in a dilatate of this
simplex.
The Brunn-Minkowski inequality for the integer lattice states that if X and Y
are finite subsets of Z™ with dim Y = n, then
(84) |X+Y| > DY +DY .
1XI 1Yl
See [67], and also [25] for a similar result in finite subgrids of Z™. The reason for
the name is that (84) is an analog of the Brunn-Minkowski inequality in the form
(9). In fact, (84) is proved by means of a discrete version, called compression, of an
anti-symmetrization process related to Steiner symmetrization. In [67] it is shown
that (84) implies that if X and Y are finite subsets of Z™ with dim Y = n, then

1/n /n

1
IX+Y] >|X] (Yl -m'm

1
e

18.9. The dual Brunn-Minkowski theory. Let M be a body in R" containing
the origin in its interior and star-shaped with respect to the origin. The radial
function of M is defined by

om(w) = max{c: cu € M},
for u € S*1. Call M a star body if pum is positive and continuous on S,
Let M and N be star bodies in R", let p/= 0, and define a star body M# ,N by

Pu (WP = pu(W)P + pn(w)P.

The operation # , is called p-radial addition.



398 R. J. GARDNER

. The p-dual Brunn-Minkowski inequality states that if M and N are star bodies
in R", and 0 < p < n, then

(85) V(M$ ,N)P/" < V(M)P'" + V(N)P/'"

The reverse inequality holds when p > nor when p <0. Equality holds when p/=n
if and only if M and N are equivalent by dilatation.
The inequality (85) follows from the polar coordinate formula for volume and

Minkowski’s integral inequality (see [76, Section 6.13]). It was found by Firey [k57]
for convex bodies and p < —1. The general inequality forms part of Lutwak’s

highly successful dual Brunn-Minkowski theory, in which the intersections of star

bodies with subspaces replace the projections of convex bodies onto subspaces in
the classical theory; see, for example, [66]. The cases p=1and p= n— 1of (85)

are called the dual Brunn-Minkowski inequality and dual Kneser-Siiss inequality,
respectively. A renormalized version of the case p = n+ 1 of (85) was used by
Lutwak [100] in his work on centroid bodies (see also [66, Section 9.1]).

There is an inequality equivalent to the dual Brunn-Minkowski inequality called
the dual Minkowski inequality, the analog of Minkowski’s first inequality (15); see
[66, p. 373]. This plays a role in the solution of the Busemann-Petty problem (the
analog of Shephard’s problem mentioned in Section 5): If the intersection of an
origin-symmetric convex body with any given hyperplane containing the origin is
always smaller in volume than that of another such body, is its volume also smaller?
The answer is no in general in five or more dimensions, but yes in less than five
dimensions. See [64], [65], [68], [152], and [154].

Lutwak [95] also discovered that integrals over S*! of products of radial func-

tions behave like mixed volumes and called them dual mixed volumes. In the
same paper, he showed that a suitable version of Holder’s inequality in S™"! then

becomes a dual form of the Aleksandrov-Fenchel inequality (69), in which mixed
volumes are replaced by dual mixed volumes (and the inequality is reversed). Spe-
cial cases of dual mixed volumes analogous to the quermassintegrals are called dual
quermassintegrals, and it can be shown that an expression similar to (73) holds for
these; instead of averaging volumes of projections, this involves averaging volumes
of intersections with subspaces. Dual affine quermassintegrals can also be defined
(see [66, p. 332]), but apparently an inequality for these corresponding to (75) is
not known.

18.10. Busemann’s theorem. Let Sbe an (n— 2)-dimensional subspace of R",
let u€ S™!n St and let S, denote the closed (n— 1)-dimensional half-subspace
containing u and with S as boundary. Let u,v € S*"! n St, and let X and Y be

subsets of Sy and Sy, respectively. If 0 < A < 1, let u(Ad) be the unit vector in
the direction (1 —A)u+ Av, and et (1 — )X+, AY be the set of points in Sy

lying on a line segment with one endpoint in X and the other in Y. We call the
operation +p harmonic addition.
With this notation, let X and Y be compact subsets of Sy and Sy, respectively,
of positive Vy—j-measure. If 0 <A <1, then
V-1 (1 = DX +r AY)

Tu(A)/

This is the Busemann-Barthel-Franz inequality, which, though it looks odd, has the
followingclear geometrical consequence called Busemann’s theorem. If Kis a convex

body in R™ containing the origin in its interior and S is an (n — 2)-dimensional

(86)

> M_(Vp—1(X), Vn-1(Y), 4).
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subspace, the curve 7= n(8) in S* such that n(0) is the (n— 1)-dimensional volume

ofthe intersection of K with the half-space Sg forms the boundary ofa convex body
in St. Proved in this form by H. Busemann in 1949 and motivated by his theory

of area in Finsler spaces, it is also important in geometric tomography (see [66,

Theorem 8.1.10]). As stated, (86) and precise equality conditions were proved by
W. Barthel and G. Franzin 1961; see [66, Note 8.1] for more details and references.
Milman and Pajor [120, Theorem 3.9] found a proof of Busemann’s theorem
similar to that of Theorem 7.1 outlined above. Generalizations along the lines of
Theorem 10.1 are possible, such as the following (stated and proved in [14, p. 9]).

Let 0 <A <1, let p>0,andlet f, g, and hbe nonnegative integrable functions
on [0,00) satisfying

a-nyP AxP
(87) h(M-p(x,y,A) = f(x) -y +axP g(y) A-PyPraxe |
for all nonnegative x,y € R. Then
N r oo N

h(x) dx = M- f(x) dx, g(x) dx, A
0 0 0

The previous inequality is very closely related to one found earlier by Ball [8].
For other associated inequalities, see [69, Theorem 4.1] and [119, Lemma 1].

18.11. Further applications. Kannan, Lovasz, and Simonovits [80] obtain some
inequalities involving log-concave functions by means of a “localization lemma”
that reduces certain inequalities involving integrals over convex bodies in R™ to
integral inequalities over “infinitesimal truncated cones”ine segments with asso-
ciated linear functions—and hence to inequalities in a single variable. The proof of
this localization lemma uses the Brunn-Minkowski inequality; see [93, Lemma 2.5],
where an application to the algorithmic computation of volume is discussed. Other
applications of the Brunn-Minkowski inequality include elliptic partial differential
equations [7] and combinatorics [79].

References

[1] S. Alesker, S. Dar, and V. Milman, A remarkable measure preserving diffeomorphism be-
tween two convex bodies in R", Geom. Dedicata 74 (1999), 201 - 212. MR 20 0 0 a:52004

[2] T.W. Anderson, The integral of a symmetric unimodal function over a symmetric convex set
and some probability inequalities, Proc. Amer. Math. Soc. 6 (1955), 170 - 176. MR 6:1005a

[3] B. Andrews, Gauss curvature flow: the fate of the rolling stones, Invent. Math. 138 (1999),
151 - 161.MR 200 0i:53097

[4] J. Arias-de Reyna, Keith Ball, and Rafacl Villa, Concentration of the distance in finite-
dimensional normed spaces, Mathematika 45 (1998), 245 — 252. MR 200 0 b:46013

[5] H. Bahn and P. Ehrlich, A Brunn-Minkowski type theorem on the Minkowski spacetime,
Canad. J. Math. 51 (1999), 449 - 469. MR 200 0 £:53022

[6] R. Baierlein, Afoms and Information Theory, W. H. Freeman and Company, San Francisco,
1971.

[7] 1. J. Bakelman, Convex Analysis and Nonlinear Geometric Elliptic Equations, Springer,
Berlin, 1994. MR 95k:35063

[8] K. M. Ball, Logarithmically concave functions and sections of convex sets in R" Studia
Math. 88 (1988), 69 - 84. MR 89e:52002

[9]_, Volumes of sections of cubes and related problems, Geometric Aspects of Functional
Analysis, ed. by J. Lindenstrauss and V. D. Milman, Lecture Notes in Mathematics 1376,
Springer, Heidelberg, 1989, pp. 251 - 60. MR 90i:52019

[10]__, Shadows of convex bodies, Trans. Amer. Math. Soc. 327 (1991), 891 - 901. MR

92a:52011


http://www.ams.org/mathscinet-getitem?mr=2000a%3A52004
http://www.ams.org/mathscinet-getitem?mr=6%3A1005a
http://www.ams.org/mathscinet-getitem?mr=2000i%3A53097
http://www.ams.org/mathscinet-getitem?mr=2000b%3A46013
http://www.ams.org/mathscinet-getitem?mr=2000f%3A53022
http://www.ams.org/mathscinet-getitem?mr=95k%3A35063
http://www.ams.org/mathscinet-getitem?mr=89e%3A52002
http://www.ams.org/mathscinet-getitem?mr=90i%3A52019
http://www.ams.org/mathscinet-getitem?mr=92a%3A52011

400 R. J. GARDNER

[11] , Volume ratios and a reverse isoperimetric inequality, ]. London Math. Soc. 2) 44
(1991), 351 - 359. MR 92j:52013

[12]_, An elementary introduction to modern convex geometry, Flavors of Geometry, ed. by
Silvio Levy, Cambridge University Press, New York, 1997, pp. 1 — 58. MR 99f:52002

[13] F. Barthe, Inégalités de Brascamp-Lieb et convexité, C. R. Acad. Sci. Paris Ser. I Math.
324 (1997), 885 - 888. MR 98a:26022

[14]_, Inégalités Fonctionelles et Géométriques Obtenues par Transport des Mesures, Ph.D.
thesis, Universite de Marne-la-Vallee, Paris, 1997.

[15]_, An extremal property of the mean width of the simplex, Math. Ann. 310 (1998), 685 -
693. MR 99h:52006

[16]_, On a reverse form of the Brascamp-Lieb inequality, Invent. Math. 134 (1998), 335 -
361.MR99i:26021

[17] , Optimal Young’s inequality and its converse: a simple proof, Geom. Funct. Anal.
8 (1998), 234 - 242. MR 991:42021
[18] , Restricted Prékopa-Leindler inequality, Pacific J. Math 18 9 (1999), 211 - 222. MR

2000h:52010

[19] E. F. Beckenbach and R. Bellman, /Inequalities, Springer, Berlin, 1965. MR 33:236

[20] W. Beckner, Inequalities in Fourier analysis, Ann. of Math. 102 (1975), 159 - 182. MR
52:6317

[21] F. Behrend, Uber die kleinste umbeschriebene und die grisste einbeschriebene Ellipse eines
konvexen Bereichs, Math. Ann. 115 (1938), 379 - 411.

[22] G. Bianchi, Determining convex bodies with piecewise C? boundary from their covariogram,
preprint.

[23] N. M. Blachman, The convolution inequality for entropy powers, IEEE Trans. Information
Theory 11 (1965), 267 - 271. MR 32:5449

[24] S. G. Bobkov and M. Ledoux, From Brunn-Minkowski to Brascamp-Lieb and to logarithmic
Sobolev inequalities, Geom. Funct. Anal. 10 (2000), 1028 - 1052. CMP 2001:05

[25] B. Bollobas and I. Leader, Sums in the grid, Discrete Math. 162 (1996), 31 - 48. MR
97h:05179

[26] C. Borell, The Brunn-Minkowski inequality in Gauss space, Invent. Math. 30 (1975), 207 -
216. MR 53:3246

[27] , Convex set functions in d-space, Period. Math. Hungar. 6 (1975), 111 - 136. MR
53:8359

[28]_, Capacitary inequalities of the Brunn-Minkowski type, Math. Ann. 26 3 (1983), 179 - 184.
MR 84 €:31005

[29]_, Geometric properties of some familiar diffusions in R", Ann. Probab. 21 (1993), 482 -
489.MR94c:60127

[30] , Geometric inequalities in option pricing, Convex Geometric Analysis, ed. by
K. M. Ball and V. Milman, Cambridge University Press, Cambridge, 1999, pp. 29 - 51. MR
2000d:91063

[31] , Diffusion equations and geometric inequalities, Potential Anal. 12 (2000), 49 - 71.
MR 200 1d:60070

[32] H. J. Brascamp and E. H. Lieb, Some inequalities for Gaussian measures and the long-
range order of one-dimensional plasma, Functional Integration and Its Applications, ed. by
A. M. Arthurs, Clarendon Press, Oxford, 1975, pp. 1 - 14.

[33]_, Best constants in Young’s inequality, its converse, and its generalization to more than
three functions, Adv. Math. 20 (1976), 151 - 173. MR 54:492

[34]_, On extensions of the Brunn-Minkowski and Prékopa-Leindler theorems, including
inequalities for log concave functions, and with an application to the diffusion equation, J.
Functional Anal. 22 (1976), 366 - 389. MR 56:8774

[35] V. V.Buldyginand A. B. Kharazishvili, Geometric Aspects of Probability Theory and Math-
ematical Statistics, Kluwer, Dordrecht, 2000. Russian original: 1985. MR 20 0 1i:60004

[36] Y.D. Burago and V. A. Zalgaller, Geometric Inequalities, Springer, New York, 1988. Russian
original: 1980. MR 8 9b:52020; MR 82d:52009

[37] H. Busemann, The isoperimetric problem for Minkowski area, Amer. J. Math. 71 (1949),
743 - 762. MR 11:200j

[38] L. A. Caffarelli, D. Jerison, and E. Lieb, On the case of equality in the Brunn-Minkowski
inequality for capacity, Adv. Math. 117 (1996), 193 - 207. MR 97f:31011


http://www.ams.org/mathscinet-getitem?mr=92j%3A52013
http://www.ams.org/mathscinet-getitem?mr=99f%3A52002
http://www.ams.org/mathscinet-getitem?mr=98a%3A26022
http://www.ams.org/mathscinet-getitem?mr=99h%3A52006
http://www.ams.org/mathscinet-getitem?mr=99i%3A26021
http://www.ams.org/mathscinet-getitem?mr=99f%3A42021
http://www.ams.org/mathscinet-getitem?mr=2000h%3A52010
http://www.ams.org/mathscinet-getitem?mr=33%3A236
http://www.ams.org/mathscinet-getitem?mr=52%3A6317
http://www.ams.org/mathscinet-getitem?mr=32%3A5449
http://www.ams.org/mathscinet-getitem?mr=97h%3A05179
http://www.ams.org/mathscinet-getitem?mr=53%3A3246
http://www.ams.org/mathscinet-getitem?mr=53%3A8359
http://www.ams.org/mathscinet-getitem?mr=84e%3A31005
http://www.ams.org/mathscinet-getitem?mr=94c%3A60127
http://www.ams.org/mathscinet-getitem?mr=2000d%3A91063
http://www.ams.org/mathscinet-getitem?mr=2001d%3A60070
http://www.ams.org/mathscinet-getitem?mr=54%3A492
http://www.ams.org/mathscinet-getitem?mr=56%3A8774
http://www.ams.org/mathscinet-getitem?mr=2001i%3A60004
http://www.ams.org/mathscinet-getitem?mr=89b%3A52020
http://www.ams.org/mathscinet-getitem?mr=82d%3A52009
http://www.ams.org/mathscinet-getitem?mr=11%3A200j
http://www.ams.org/mathscinet-getitem?mr=97f%3A31011

THE BRUNN-MINKOWSKI INEQUALITY 401

[39] D. Cordero-Erausquin, Some applications of mass transport to Gaussian type inequalities,
Arch. Rational Mech. Anal., to appear.

[40] , Inégalité de Prékopa-Leindler sur la sphére, C. R. Acad. Sci. Paris Ser. I Math.
329 (1999), 789 - 792. MR 200 0 k:26022

[41] D. Cordero-Erausquin, R. J. McCann, and M. Schmuckenschlager, A Riemannian interpo-
lation inequality ala Borell, Brascamp and Lieb, Invent. Math. 146 (2001), 219 - 257.

[42] M. H. M. Costa and T. M. Cover, On the similarity of the entropy power inequality and
the Brunn-Minkowski inequality, IEEE Trans. Information Theory 30 (1984), 837 - 839. MR
86d:26029

[43] S. Dancs and B. Uhrin, On a class of integral inequalities and their measure-theoretic con-
sequences, J. Math. Anal. Appl. 74 (1980), 388 — 400. MR 8 1g:26009

[44] , On the conditions of equality in an integral inequality, Publ. Math. (Debrecen) 29
(1982), 117 - 132. MR 8 3m :26018

[45] S. Dar, A Brunn-Minkowski-type inequality, Geom. Dedicata 77 (1999), 1-0. MR
2000i:52021

[46] S. Das Gupta, Brunn-Minkowski and its aftermath, J. Multivariate Analysis 10 (1980),
296 - 318. MR 8 1m :26011

[47] A. Dembo, T. M. Cover, and J. A. Thomas, Information theoretic inequalities, IEEE Trans.
Information Theory 37 (1991), 1501 - 1518. MR 92h:94005

[48] S. Dharmadhikari and K. Joag-Dev, Unimodality, convexity, and applications, Academic
Press, New York, 1988. MR 89k:60020

[49] A. Dinghas, Wer eine Klasse superadditiver Mengenfunktionale von Brunn-Minkowski-
Lusternikschem Typus, Math. Zeit. 68 (1957), 111 - 125. MR 20 :2668

[50] R. M. Dudley, Real Analysis and Probability, Wadsworth and Brooks/Cole, Pacific Grove,
CA, 1989. MR 91g:60001

[51]_, Metric marginal problems for set-valued or non-measurable variables, Probab. The- ory
Relat. Fields 100 (1994), 175 - 189. MR 95h:60006

[52] H. G. Eggleston, Convexity, Cambridge University Press, Cambridge, 1958. MR 23:A2123

[53] A. Ehrhard, Symétrisation dans l'espace de Gauss, Math. Scand. 53 (1983), 281 - 301. MR
85£:60058

[54] , Bements extrémaux pour les inégalités de Brunn-Minkowski gaussiennes, Ann.
Inst. H. Poincare Probab. Statist. 22 (1986), 149 - 168. MR 88 a:60041

[55] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions, CRC
Press, Boca Raton, FL, 1992. MR 93£:28001

[56] H. Federer, Geometric Measure Theory, Springer, New York, 1969. MR 41:1976

[571 W. J. Firey, Polar means and a dual to the Brunn-Minkowski theorem, Canad. J. Math. 13
(1961), 444 - 453. MR 31:1613

[58] , p-means of convex bodies, Math. Scand. 10 (1962), 17 - 24. MR 25:4416

[59]___, Shapes of worn stones, Mathematika 21 (1974), 1 - 11. MR 50 :14487

[60] I. Fonseca, The Wulff theorem revisited, Proc. Roy. Soc. London Sect. A 432 (1991), 125 -
145. MR 92€:49053

[61] 1. Fonseca and S. Muller, A uniqueness proof for the Wulff theorem, Proc. Roy. Soc. Edin-
burgh Sect. A 119 (1991), 125 - 136. MR 93¢:49026

[62] B.R.Frieden, Physics from Fisher Information: A Unification, Cambridge University Press,
New York, 1999. MR 2000 ¢:81050

[63] R. J. Gardner, The Brunn-Minkowski inequality: A survey with proofs, available at
http://www.ac.wwu.edu/~gardner.

[64] , Intersection bodies and the Busemann-Petty problem, Trans. Amer. Math. Soc. 342
(1994), 435 - 445. MR 94 e:52008

[65]_, A positive answer to the Busemann-Petty problem in three dimensions, Ann. of Math.
140 (1994), 435 - 447. MR 95i:52005

[66]____, Geometric Tomography, Cambridge University Press, New York, 1995. MR
96j:52006

[67] R. J. Gardner and P. Gronchi, A Brunn-Minkowski inequality for the integer lattice, Trans.
Amer. Math. Soc. 353 (2001), 3995 - 4024.

[68] R. J. Gardner, A. Koldobsky, and T. Schlumprecht, An analytical solution to the Busemann-
Petty problem on sections of convex bodies, Ann. of Math. 149 (1999), 691 - 703. MR
200 1b:52011


http://www.ams.org/mathscinet-getitem?mr=2000k%3A26022
http://www.ams.org/mathscinet-getitem?mr=86d%3A26029
http://www.ams.org/mathscinet-getitem?mr=81g%3A26009
http://www.ams.org/mathscinet-getitem?mr=83m%3A26018
http://www.ams.org/mathscinet-getitem?mr=2000i%3A52021
http://www.ams.org/mathscinet-getitem?mr=81m%3A26011
http://www.ams.org/mathscinet-getitem?mr=92h%3A94005
http://www.ams.org/mathscinet-getitem?mr=89k%3A60020
http://www.ams.org/mathscinet-getitem?mr=20%3A2668
http://www.ams.org/mathscinet-getitem?mr=91g%3A60001
http://www.ams.org/mathscinet-getitem?mr=95h%3A60006
http://www.ams.org/mathscinet-getitem?mr=23%3AA2123
http://www.ams.org/mathscinet-getitem?mr=85f%3A60058
http://www.ams.org/mathscinet-getitem?mr=88a%3A60041
http://www.ams.org/mathscinet-getitem?mr=93f%3A28001
http://www.ams.org/mathscinet-getitem?mr=41%3A1976
http://www.ams.org/mathscinet-getitem?mr=31%3A1613
http://www.ams.org/mathscinet-getitem?mr=25%3A4416
http://www.ams.org/mathscinet-getitem?mr=50%3A14487
http://www.ams.org/mathscinet-getitem?mr=92e%3A49053
http://www.ams.org/mathscinet-getitem?mr=93c%3A49026
http://www.ams.org/mathscinet-getitem?mr=2000c%3A81050
http://www.ac.wwu.edu/%7Egardner
http://www.ams.org/mathscinet-getitem?mr=94e%3A52008
http://www.ams.org/mathscinet-getitem?mr=95i%3A52005
http://www.ams.org/mathscinet-getitem?mr=96j%3A52006
http://www.ams.org/mathscinet-getitem?mr=2001b%3A52011

402 R. J. GARDNER

[69] R. J. Gardner and G. Zhang, Affine inequalities and radial mean bodies, Amer. J. Math.
120 (1998), 505 - 528. MR 99e:52006

[70] H. Groemer, Stability of geometric inequalities, Handbook of Convexity, ed. by P. M. Gruber
and J. M. Wills, North-Holland, Amsterdam, 1993, pp. 125 - 150. MR 94i:52011

[71] M. Gromov, Convex sets and Kéhler manifolds, Advances in Differential Geometry and
Topology, World Scientific Publishing, Teaneck, NJ, 1990, pp. 1 - 38. MR 92d:52018

[72] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975), 1061 - 1083. MR
54:8263

[73] O.-G. Guleryuz, E. Lutwak, D. Yang, and G. Zhang, Information theoretic inequalities for
contoured probability distributions, preprint.

[74] H. Hadwiger, Vorlesungen iber Inhalt, Oberfliche und Isoperimetrie, Springer, Berlin, 1957.
MR 21:1561

[75] H. Hadwiger and D. Ohmann, Brunn-Minkowskischer Satz und Isoperimetrie, Math. Zeit.
66 (1956), 1 - 8. MR 18:595¢

[76] G. H. Hardy, J. E. Littlewood, and G. Polya, /nequalities, Cambridge University Press,
Cambridge, 1959.

[77] R. Henstock and A. M. Macbeath, On the measure of sum sets, |. The theorems of Brunn,
Minkowski and Lusternik, Proc. London Math. Soc. 3 (1953), 182 - 194. MR 15:109g

[78] D. Jerison, A Minkowski problem for electrostatic capacity, Acta Math. 176 (1996), 1 - 47.
MR 97e:31003

[79] J. Kahn and N. Linial, Balancing extensions via Brunn-Minkowski, Combinatorica 11
(1991), 363 - 368. MR 93e:52017

[80] R. Kannan, L. Lovasz, and M. Simonovits, /Isoperimetric problems for convex bodies and a
localization lemma, Discrete Comput. Math. 13 (1995), 541 - 559. MR 96 e:52018

[81] S.P.King, website at http://members.home.net/stephenk1/Outlaw/fisherinfo.html.

[82] J. F. C. Kingman and S. J. Taylor, /ntroduction to Measure and Probability, Cambridge
University Press, Cambridge, 1973. MR 36:1601

[83] H. Knothe, Contributions to the theory of convex bodies, Michigan Math. J. 4 (1957), 39 - 52.
MR 18:757b

[84] R. Latala, A note on the Ehrhard inequality, Studia Math. 118 (1996), 169 - 174. MR
97d:60027

[85] M. Ledoux, Concentration of measure and logarithmic Sobolev inequalities, Seminaire de
Probabilites, ed. by J. Azema, M. Emery, M. Ledoux, and M. Yor, Lecture Notes in Math-
ematics 1709, Springer, Berlin, 1999, pp. 120 - 216. CMP 2000:16

[86]_, The Concentration of Measure Phenomenon, American Mathematical Society,
Providence, RI, 2001.

[87] M. Ledoux and M. Talagrand, Probability in Banach Spaces, Springer, New York, 1991. MR
93¢:60001

[88] L. Leindler, On a certain converse of Hdder’s inequality. Il, Acta Sci. Math. (Szeged) 33
(1972),217 - 223.

[89] E. H. Lieb, Proof of an entropy conjecture of Wehrl, Commun. Math. Phys. 62 (1978),
35-41. MR 80d:82032

[90]_, Gaussian kernels have only Gaussian maximizers, Invent. Math. 10 2 (1990), 179 - 208.
MR 91i:42014

[91] E. H. Lieb and M. Loss, Analysis, Second edition, American Mathematical Society, Provi-
dence, Rhode Island, 2001. MR 20 0 1i:00001

[92] J. Lindenstrauss and V. D. Milman, The local theory of normed spaces and its applications
to convexity, Handbook of Convex Geometry, ed. by P. M. Gruber and J. M. Wills, North-
Holland, Amsterdam, 1993, pp. 1149 — 1220. MR 95b:46012

[93] L. Lovasz and M. Simonovits, Random walks in a convex body and an improved volume
algorithm, Random Structures Algorithms 4 (1993), 359 - 412. MR 94m :90091

[94] L. A. Lusternik, Die Brunn-Minkowskische Ungleichung fir beliebige messbare Mengen, C.
R. (Doklady) Acad. Sci. URSS 8 (1935), 55 - 58.

[95] E. Lutwak, Dual mixed volumes, Pacific J. Math. 58 (1975), 531 - 538. MR 52:1528

[96] , Widlth-integrals of convex bodies, Proc. Amer. Math. Soc. 53 (1975), 435 - 439. MR
52:4135

[97] , A general isepiphanic inequality, Proc. Amer. Math. Soc. 90 (1984), 415 - 421. MR
85i:52005


http://www.ams.org/mathscinet-getitem?mr=99e%3A52006
http://www.ams.org/mathscinet-getitem?mr=94i%3A52011
http://www.ams.org/mathscinet-getitem?mr=92d%3A52018
http://www.ams.org/mathscinet-getitem?mr=54%3A8263
http://www.ams.org/mathscinet-getitem?mr=21%3A1561
http://www.ams.org/mathscinet-getitem?mr=18%3A595c
http://www.ams.org/mathscinet-getitem?mr=15%3A109g
http://www.ams.org/mathscinet-getitem?mr=97e%3A31003
http://www.ams.org/mathscinet-getitem?mr=93e%3A52017
http://www.ams.org/mathscinet-getitem?mr=96e%3A52018
http://members.home.net/stephenk1/Outlaw/fisherinfo.html
http://www.ams.org/mathscinet-getitem?mr=36%3A1601
http://www.ams.org/mathscinet-getitem?mr=18%3A757b
http://www.ams.org/mathscinet-getitem?mr=97d%3A60027
http://www.ams.org/mathscinet-getitem?mr=93c%3A60001
http://www.ams.org/mathscinet-getitem?mr=80d%3A82032
http://www.ams.org/mathscinet-getitem?mr=91i%3A42014
http://www.ams.org/mathscinet-getitem?mr=2001i%3A00001
http://www.ams.org/mathscinet-getitem?mr=95b%3A46012
http://www.ams.org/mathscinet-getitem?mr=94m%3A90091
http://www.ams.org/mathscinet-getitem?mr=52%3A1528
http://www.ams.org/mathscinet-getitem?mr=52%3A4135
http://www.ams.org/mathscinet-getitem?mr=85i%3A52005

THE BRUNN-MINKOWSKI INEQUALITY 403

[98] , Volume of mixed bodies, Trans. Amer. Math. Soc. 294 (1986), 487 - 500. MR
87£:52017

[99] , Intersection bodies and dual mixed volumes, Adv. Math. 71 (1988), 232 - 261. MR
90a:52023

[100]_, Centroid bodies and dual mixed volumes, Proc. London Math. Soc. (3) 60 (1990), 365 -
391. MR 90Kk:52024

[101]_, The Brunn-Minkowski-Firey theory I: Mixed volumes and the Minkowksi problem,
J. Diff. Geom. 38 (1993), 131 - 150. MR 94 g:52008

[102]_, Inequalities for mixed projection bodies, Trans. Amer. Math. Soc. 339 (1993), 901 - 916.
MR 93m :51011

[103] , Selected affine isoperimetric inequalities, Handbook of Convex Geometry, ed. by
P. M. Gruber and J. M. Wills, North-Holland, Amsterdam, 1993, pp. 151 - 176. MR
94h:52014

[104] , The Brunn-Minkowski-Firey theory II: Affine and geominimal surface areas, Adv.

Math. 118 (1996), 244 - 294. MR 97£:52014
[105] E. Lutwak, D. Yang, and G. Zhang, The Brunn-Minkowski-Firey inequality for non-convex
sets, preprint.

[106] , The Cramer-Rao inequality for star bodies, Duke Math. J. 112 (2002), 59 - 81.
[107] , On the Lp-Minkowski problem, preprint.

[108] , Sharp affine Lp Sobolev inequalities, preprint.

[109] , A new ellipsoid associated with convex bodies, Duke Math. J. 10 4 (2000), 375 - 90.

MR 200 1j:52011

[110]___, Lp affine isoperimetric inequalities, J. Diff. Geom. 56 (2000), 111 - 132.

[111] E. Lutwak and G. Zhang, Blaschke-Santal6 inequalities, ]. Diff. Geom. 47 (1997), 1 - 16.
MR 2000¢:52011

[112] P. Mattila, Geometry of Sets and Measures in Euclidean Spaces, Cambridge University
Press, Cambridge, 1995. MR 96h:28006

[113] B. Maurey, Some deviation inequalities, Geom. Funct. Anal. 1 (1991), 188 - 197. MR
92g:60024

[114] R.J. McCann, A Convexity Theory for Interacting Gases and Equilibrium Crystals, Ph.D.
dissertation, Princeton University, 1994.

[115] , A convexity principle for interacting gases, Adv. Math. 128 (1997), 153 - 179. MR
98e:82003
[116] , Equilibrium shapes for planar crystals in an external field, Comm. Math. Phys.

195 (1998), 699 - 723. MR 99j:73018

[117] P. McMullen, New combinations of convex sets, Geom. Dedicata 78 (1999), 1 -19. MR
2000i:52009

[118] J. Mecke and A. Schwella, Inequalities in the sense of Brunn-Minkowski, Vitale for random
convex bodies, preprint.

[119] M. Meyer, Maximal hyperplane sections of convex bodies, Mathematika 46 (1999), 131 - 136.
MR 2000 m:52006

[120] V.D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit
ball of a normed n-dimensional space, Geometric Aspects of Functional Analysis, ed. by J.
Lindenstrauss and V. D. Milman, Lecture Notes in Mathematics 1376, Springer, Heidelberg,
1989,pp.64 — 104.MR 90 g:52003

[121] V. D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed
Spaces, Springer (Lecture Notes in Mathematics 1200), Berlin, 1986. MR 8 7m :46038

[122] M. B. Nathanson, Additive Number Theory. Inverse Problems and the Geometry of Sumsets,
Springer, New York, 1996. MR 98f:11011

[123] A. Okounkov, Brunn-Minkowski inequality for multiplicities, Invent. Math. 125 (1996),
405 - 411. MR 99a:58074

[124] R. Osserman, The isoperimetric inequality, Bull. Amer. Math. Soc. 84 (1978), 1182 - 1238.
MR 58:18161

[125] F. Otto, The geometry of dissipative evolution equations: the porous medium equation,
Comm. Partial Differential Equations 26 (2001), 101 - 174.


http://www.ams.org/mathscinet-getitem?mr=87f%3A52017
http://www.ams.org/mathscinet-getitem?mr=90a%3A52023
http://www.ams.org/mathscinet-getitem?mr=90k%3A52024
http://www.ams.org/mathscinet-getitem?mr=94g%3A52008
http://www.ams.org/mathscinet-getitem?mr=93m%3A51011
http://www.ams.org/mathscinet-getitem?mr=94h%3A52014
http://www.ams.org/mathscinet-getitem?mr=97f%3A52014
http://www.ams.org/mathscinet-getitem?mr=2001j%3A52011
http://www.ams.org/mathscinet-getitem?mr=2000c%3A52011
http://www.ams.org/mathscinet-getitem?mr=96h%3A28006
http://www.ams.org/mathscinet-getitem?mr=92g%3A60024
http://www.ams.org/mathscinet-getitem?mr=98e%3A82003
http://www.ams.org/mathscinet-getitem?mr=99j%3A73018
http://www.ams.org/mathscinet-getitem?mr=2000i%3A52009
http://www.ams.org/mathscinet-getitem?mr=2000m%3A52006
http://www.ams.org/mathscinet-getitem?mr=90g%3A52003
http://www.ams.org/mathscinet-getitem?mr=87m%3A46038
http://www.ams.org/mathscinet-getitem?mr=98f%3A11011
http://www.ams.org/mathscinet-getitem?mr=99a%3A58074
http://www.ams.org/mathscinet-getitem?mr=58%3A18161

404 R. J. GARDNER

[126] F. Otto and C. Villani, Generalization of an inequality by Talagrand and links with the
logarithmic Sobolev inequality, J. Funct. Anal. 173 (2000), 361 - 400. MR 20 0 1k:58076

[127] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Univer-
sity Press, Cambridge, 1989. MR 91d:52005

[128] A.Prekopa, Logarithmic concave measures with application to stochastic programming, Acta
Sci. Math. (Szeged) 32 (1971), 301 - 316. MR 47:3628

[129] , On logarithmic concave measures and functions, Acta Sci. Math. (Szeged) 34
(1975), 335 - 343. MR 53:8357

[130] , Stochastic Programming, Kluwer, Dordrecht, 1995. MR 97£:90001

[131] Y. Rinott, On convexity of measures, Ann. Probab. 4 (1976), 1020 - 1026. MR 55:1561

[132] 1. Z. Ruzsa, The Brunn-Minkowski inequality and nonconvex sets, Geom. Dedicata 67
(1997), 337 - 348. MR 99b:52016

[133] M. Schmitt, On two inverse problems in mathematical morphology, Mathematical Mor-
phology in Image Processing, ed. by E. R. Dougherty, Marcel Dekker, New York, 1993,
pp. 151 - 169. MR 93j:68223

[134] M. Schmuckenschlager, An extremal property of the regular simplex, Convex Geometric
Analysis, ed. by K. M. Ball and V. Milman, Cambridge University Press, New York, 1999,
pp.199 - 202.MR200 0 a:52016

[135] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Cambridge University Press,
Cambridge, 1993. MR 94d:52007

[136] J. Serra, Image Analysis and Mathematical Morphology, Academic Press, London, 1982.
MR 87d:68106

[137] C. E. Shannon, A mathematical theory of communication, Bell System Tech.
J. 27 (1948), 623 -656. Can be downloaded at http://www.math.washington.edu/
~hillman/Entropy/infcode.html. MR 10:133¢

[138] W. Sierpimski, Sur la question de la mesurabilité de la base de M. Hamel, Fund. Math. 1
(1920),105 - 111.

[139] A.]J. Stam, Some inequalities satisfied by the quantities of information of Fisher and Shan-
non, Information and Control 2 (1959), 101 - 112. MR 21:7813

[140] A. Stancu, The discrete planar Lo-Minkowski problem, Adv. Math., to appear.

[141] D. Stoyan, W. S. Kendall, and J. Mecke, Stochastic Geometry and lIts Applications,
Akademie-Verlag, Berlin, 1987. MR 8 8 j:60034b

[142] V. N. Sudakov and B. S. Tsirel’ son, Extremal properties of half-spaces for spherically invari-
ant measures, J. Soviet Math. 9 (1978), 9 - 18. Translated from Zap. Nauch. Sem. L.O.M.L
41 (1974), 14 - 24. MR 51:1932

[143] S.J. Szarek and D. Voiculescu, Volumes of restricted Minkowski sums and the free analogue
of the entropy power inequality, Comm. Math. Phys. 178 (1996), 563 - 570. MR 97¢:46082

[144] I. E. Taylor, Crystalline variational problems, Bull. Amer. Math. Soc. 84 (1978), 568 — 588.
MR 58:12649

[145] Y. L. Tong, Probability inequalities in multivariate distributions, Academic Press, New York,
1980. MR 8 2k:60038

[146] N. S. Trudinger, /soperimetric inequalities for quermassintegrals, Ann. Inst. H. Poincare
Anal. Non Lineaire 11 (1994), 411 - 425. MR 95k:52013

[147] B. Uhrin, Extensions and sharpenings of Brunn-Minkowski and Bonnesen inequalities, In-
tuitive Geometry, Siofok, 1985, ed. by K. Boroczky and G. Fejes Toth, Coll. Math. Soc.
Janos Bolyai 48, North-Holland, Amsterdam, 1987, pp. 551 - 571. MR 89d:52028

[148] , Curvilinear extensions of the Brunn-Minkowski-Lusternik inequality, Adv. Math.
109 (1994),288 - 312. MR 95j:52017

[149] R. A. Vitale, The Brunn-Minkowski inequality for random sets, J. Multivariate Analysis 33
(1990), 286 - 293. MR 91h:60019

[150]_, The translative expectation of a random set, J. Math. Anal. Appl. 160 (1991), 556 -
562.MR92i:60025

[151] R. Webster, Convexity, Oxford University Press, Oxford, 1994. MR 98 h:52001

[152] Gaoyong Zhang, Intersection bodies and the Busemann-Petty inequalities in R*, Ann. of
Math. 140 (1994), 331 - 346. MR 95i:52004



http://www.ams.org/mathscinet-getitem?mr=2001k%3A58076
http://www.ams.org/mathscinet-getitem?mr=91d%3A52005
http://www.ams.org/mathscinet-getitem?mr=47%3A3628
http://www.ams.org/mathscinet-getitem?mr=53%3A8357
http://www.ams.org/mathscinet-getitem?mr=97f%3A90001
http://www.ams.org/mathscinet-getitem?mr=55%3A1561
http://www.ams.org/mathscinet-getitem?mr=99b%3A52016
http://www.ams.org/mathscinet-getitem?mr=93j%3A68223
http://www.ams.org/mathscinet-getitem?mr=2000a%3A52016
http://www.ams.org/mathscinet-getitem?mr=94d%3A52007
http://www.ams.org/mathscinet-getitem?mr=87d%3A68106
http://www.math.washington.edu/
http://www.ams.org/mathscinet-getitem?mr=10%3A133e
http://www.ams.org/mathscinet-getitem?mr=21%3A7813
http://www.ams.org/mathscinet-getitem?mr=88j%3A60034b
http://www.ams.org/mathscinet-getitem?mr=51%3A1932
http://www.ams.org/mathscinet-getitem?mr=97c%3A46082
http://www.ams.org/mathscinet-getitem?mr=58%3A12649
http://www.ams.org/mathscinet-getitem?mr=82k%3A60038
http://www.ams.org/mathscinet-getitem?mr=95k%3A52013
http://www.ams.org/mathscinet-getitem?mr=89d%3A52028
http://www.ams.org/mathscinet-getitem?mr=95j%3A52017
http://www.ams.org/mathscinet-getitem?mr=91h%3A60019
http://www.ams.org/mathscinet-getitem?mr=92i%3A60025
http://www.ams.org/mathscinet-getitem?mr=98h%3A52001
http://www.ams.org/mathscinet-getitem?mr=95i%3A52004

THE BRUNN-MINKOWSKI INEQUALITY 405

[153] , The affine Sobolev inequality, J. Diff. Geom. 53 (1999), 183 - 202. MR 20 0 1m :53136
[154] , A positive solution to the Busemann-Petty problem in R*, Ann. of Math. 149
(1999), 535 - 543. MR 20 0 1b:52010

Department of Mathematics, Western Washington University, Bellingham, Washing-
ton 98225-9063
E-mail address: gardner@baker.math.wwu.edu


http://www.ams.org/mathscinet-getitem?mr=2001m%3A53136
http://www.ams.org/mathscinet-getitem?mr=2001b%3A52010
mailto:gardner@baker.math.wwu.edu

	Western Washington University
	Western CEDAR
	2002

	The Brunn-Minkowski Inequality
	Richard J. Gardner
	Recommended Citation


	tmp.1415648171.pdf.IpqLe

