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THE CALDERON PROBLEM WITH PARTIAL DATA
IN TWO DIMENSIONS

OLEG YU. IMANUVILOV, GUNTHER UHLMANN, AND MASAHIRO YAMAMOTO

1. INTRODUCTION

We consider the problem of determining a complex-valued potential ¢ in a
bounded two-dimensional domain from the Cauchy data measured on an arbitrary
open subset of the boundary for the associated Schrodinger equation A+¢. A moti-
vation comes from the classical inverse problem of electrical impedance tomography.
In this inverse problem one attempts to determine the electrical conductivity of a
body by measurements of voltage and current on the boundary of the body. This
problem was proposed by Calderén [9] and is also known as Calderén’s problem.
In dimensions n > 3, the first global uniqueness result for C2-conductivities was
proven in [28]. In [25], [5] the global uniqueness result was extended to less regular
conductivities. Also see [I4] for the determination of more singular conormal con-
ductivities. In dimension n > 3 global uniqueness was shown for the Schrodinger
equation with bounded potentials in [28]. The case of more singular conormal
potentials was studied in [I4].

In two dimensions the first global uniqueness result for Calderén’s problem
was obtained in [24] for C2-conductivities. Later the regularity assumptions were
relaxed in [6] and [2]. In particular, the paper [2] proves uniqueness for L°-
conductivities. In two dimensions a recent breakthrough result of Bukhgeim [7]
gives unique identifiability of the potential from Cauchy data measured on the
whole boundary for the associated Schrodinger equation. As for the uniqueness in
determining two coefficients, see [10], [18].

In all the above-mentioned articles, the measurements are made on the whole
boundary. The purpose of this paper is to show global uniqueness in two dimensions,
both for the Schrédinger and conductivity equations, by measuring all the Neumann
data on an arbitrary open subset T of the boundary produced by inputs of Dirichlet
data supported on I'. We formulate this inverse problem more precisely below.

Let Q C R? be a bounded domain with smooth boundary which consists of N

smooth closed curves v;, 9Q = U;V:1 vj, and let v be the unit outward normal

vector to 0€). We denote g—;‘ = Vu-v. A bounded and positive function 7(z)
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models the electrical conductivity of Q. Then a potential u € H'(Q) satisfies the
Dirichlet problem
div(AVu) = 0in Q,

o0 )
where f € H2(dQ) is a given boundary voltage potential. The Dirichlet-to-
Neumann (DN) map is defined by

ou

1.2 As(f) =5 .
(12) s =do1

The inverse problem is to recover 4 from A,. This problem can be reduced to
studying the set of Cauchy data for the Schrodinger equation with the potential ¢

given by
AJE

(1.3) _ A5
el

More generally we define the set of Cauchy data for a bounded potential g by
—~ ou
1.4 = = A —0onQ, ue HY(Q)}.
G {(don ] ) 1@k du=0on 0, we @)

We have 6’; C Hz(8Q) x H™2(09).
Let I' C 89 be a nonempty open subset of the boundary. Denote I'y = 8 \ I.

Our main result gives global uniqueness by measuring the Cauchy data on I.
Let ¢; € C*2(Q), j = 1,2, for some a > 0 and let ¢; be complex-valued. Consider

the following sets of Cauchy data on I:
0
(1.5) Cq; = {(UIF, a—z f) | (A+gj)u=0inQ, ulr, =0, u € Hl(Q)} L i=1,2.

Theorem 1.1. Assume Cq, = Cy,. Then ¢1 = qo.

Remark. As far as a regularity of the potentials g; is concerned, we can relax the
assumptions: ¢; are of C?*T in a neighborhood of the boundary 9 and ¢; €
ClJra(ﬁ).

Using Theorem [[T] one concludes immediately as a corollary the following global
identifiability result for the conductivity equation (II]). This result uses the fact
that knowledge of the Dirichlet-to-Neumann map on an open subset of the boundary
determines ~ and its first derivatives on I (see [22], [29]).

Corollary 1.1. With some a > 0, let 7; € C*T*(Q), j = 1,2, be nonvanishing
real-valued functions. Assume that

A5, (f) = A5, (f) onT for all f € H%(I‘), supp f C T.
Then '3/1 :’72.

It is easy to see that Theorem [[] implies the analogous result to [I9] in the
two-dimensional case.

Notice that Theorem [[.T] does not assume that €2 is simply connected. An inter-
esting inverse problem is whether one can determine the potential or conductivity
in a region of the plane with holes by measuring the Cauchy data only on the
accessible boundary. This is also called the obstacle problem.
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Let Q,D be domains in R? with smooth boundaries such that D C Q. Let
V C 99 be an open set. Let ¢; € C*T*(Q\ D), for some o > 0 and j = 1,2. Let
us consider the following set of partial Cauchy data:

~ ou . — _
Cy, = {(u|v, %‘V) (A +gj)u=0inQ\ D, ulgpuso\v = 0,u € Hl(Q\D)}

Corollary 1.2. Assume C’ql = C'q,z, Then q1 = q3.
A similar result holds for the conductivity equation.

Corollary 1.3. Let y; € C***(Q\ D), j = 1,2, be nonvanishing real-valued func-
tions. Assume
[
A5, (f) = A5,(f) on V. Vf e H2(0(R\ D)), supp f C V.
Then 41 = 7.

In a forthcoming article we will give other applications of Theorem [[.1] to inverse
boundary-value problems in two dimensions. We discuss briefly one important ex-
ample, the anisotropic conductivity problem. In this case the conductivity depends
on direction and is represented by a positive definite symmetric matrix

o={c"} inQ.
The conductivity equation with voltage potential g on 0f2 is given by
2

0 , .. 0u
9~ "\ — 1 =
E oz, (o axj) 0 in Qulpn =g.

i,j=1
The Dirichlet-to-Neumann map is defined by

2
o Ou
As(g) = Z U”Via—%_bsb
i,j=1
It has been known for a long time that A, does not determine o uniquely in the
anisotropic case [23]. Let F : Q — Q be a diffeomorphism such that F(z) = x for

z on I'. Then
AF*O’:AO',
where
(DF)ooo(DF)TY
1.6 F.o= F.
(16) 7 < |det DF| °

Here DF denotes the differential of F, (DF)T its transpose, and the composition
inside parentheses in () is matrix composition. The question of whether one can
determine the conductivity up to the obstruction (L6l in the case of full Cauchy
data has been solved in two dimensions for C? conductivities in [24], Lipschitz
conductivities in [26], and merely L* conductivities in [3]. The method of proof in
all these papers is the reduction to the isotropic case performed using isothermal
coordinates [27]. Using the same method and Corollary [Tl we have

Theorem 1.2. Let o}, = {azj} € C™(Q) for k = 1,2 and some positive .

Suppose that o, are positive definite symmetric matrices on . Let I C 9Q be
some open set. Assume

Aoy (@)l = Aoy (9)| Vg € HZ(O), supp g C T
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Then there exists a diffeomorphism
F:Q—Q, F|p=1Identity, FeC"(Q),a>0

such that
F*O'l = 02.

We mention that in [3] K. Astala, M. Lassas, and L. Paivéirinta have shown
a partial data result in the anisotropic problem in two dimensions for bounded
measurable conductivities, similar to Theorem 1.2, assuming that one knows both
the Dirichlet-to-Neumann and Neumann-to-Dirichlet map on I. On the other hand,
to the authors’ knowledge, there are no uniqueness results similar to Theorem [Tl
with Dirichlet data supported and Neumann data measured on the same arbitrary
open subset of the boundary, even for smooth potentials or conductivities. In
dimension n > 3 Isakov [I7] proved global uniqueness assuming that T'g is a subset
of a plane or a sphere. In dimensions n > 3, [§] proves global uniqueness in
determining a bounded potential for the Schrédinger equation with Dirichlet data
supported on the whole boundary and Neumann data measured in roughly half the
boundary. The proof relies on a Carleman estimate with a linear weight function.
This implies a similar result for the conductivity equation with C? conductivities.
In [20] the regularity assumption on the conductivity was relaxed to C/2T* with
some « > 0. The corresponding stability estimates are proved in [15]. In [I9],
the result in [8] was generalized to show that by measuring all possible pairs of
Dirichlet data on a possibly very small subsets of the boundary I'; and Neumann
data on a slightly larger open domain than 9 \ T';, one can uniquely determine
the potential. The method of the proof uses Carleman estimates with nonlinear
weights. The case of the magnetic Schrodinger equation was considered in [I1]
and an improvement on the regularity of the coefficients is done in [21I]. Stability
estimates for the magnetic Schrédinger equation with partial data were proven in
[30].

The two-dimensional case has special features since one can construct a much
larger set of complex geometrical optics solutions than in higher dimensions. On the
other hand, the problem is formally determined in two dimensions and is therefore
more difficult. The proof of our main result is based on the construction of appro-
priate complex geometrical optics solutions by Carleman estimates with degenerate
weight functions.

This paper is composed of four sections and an appendix. In Section 2, we
establish our key Carleman estimates, and in Section 3, we construct appropri-
ate complex geometrical optics solutions. In Section 4, we complete the proof of
Theorem [T} In the appendix we consider the solvability of the Cauchy-Riemann
equations with Cauchy data on a subset of the boundary. We also establish a Car-
leman estimate for Laplace’s equation with degenerate harmonic weights that we
use in the earlier sections.

2. CARLEMAN ESTIMATES WITH DEGENERATE WEIGHTS

Throughout the paper we use the following notations.
Notation. i = /—1; z1,%2,&1,& € RY; 2 = 2 +ix9; ¢ = & + i&y; Z denotes the
complex conjugate of z € C. We identify x = (z1,22) € R? with z = 2y + iz, € C.
0. = %(8901 —i04,); Oz = %(8901 +i0z,); D = (%dixla %{%2)’5 = (b1, B2); 18] =
B1 4 B2; DP = ((3:2-)P, (%6%2)&). The tangential derivative on the boundary

1 Oxq
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is given by 9z = 1/28%1 - 1/16%2, with v = (v1,12) the unit outer normal to 9;
B(z,0) = {x € R?||z — 7| < &}; f: R? = RL; f” is the Hessian matrix with entries
9

61,.,2{9];7" L(X,Y) denotes the Banach space of all bounded linear operators from a

Banach space X to another Banach space Y.
Let ®(2) = (w1, 22) + it)(z1, 72) € C%(Q) be a holomorphic function in Q with
real-valued ¢ and :

(2.1) 0z®(z) =0 in Q.
Denote by H the set of critical points of the function ®
H={z € Q0.9(z) = 0}.

Assume that ® has no critical points on [ and that all the critical points are

nondegenerate:
(2.2) HNIQ\Ty = {0}, 0?°®(z) #0, VzecH.
Then we know that ® has only a finite number of critical points and we can set
(2.3) H=A{Z1,...,T¢}.
Consider the problem
(2.4) Au+qgu=f inQ, ulp, =g,

where v is the unit outward normal vector to 9f2.
Assume that ® satisfies

(2.5) Ty C {z € 0Q|(v, V) = 0}.
‘We have

Proposition 2.1. Let go € L (). Assume (1)), @2)), @3). There exists 7o > 0
such that for all |T| > 19 there exists a solution to problem [24) such that

(2.6) [ue™ ™l L2 < CUIfe” 2@ A 1| + llge™ ™ N2 (rg))-

The proof of this proposition given in the appendix.
Let us introduce the operators:

-1 _ 1 g(<>Z) o 1 g(<72)
oty = 5 | Eoacndz = — [ £-agas,

s 960 960 -
0t = o [ T acndt = - [ L8 agas = o7

o (—=z

See, e.g., pp. 28-31 in [32] where 07 L and 9 ' are denoted by T and T, respectively.
Then we have (e.g., p. 47 and p. 56 in [32])

Proposition 2.2. (é) Let m > 0 be an integer number and let o € (0,1). Then
a:l a 1 e E(Cm+a(ﬂ) Cm-i—a-i—l(ﬂ))'
(B) Let1<p<2cmd1<p< . Then 021,071 € L(LP(Q), LP(Q)).

We define two other operators:

(27) qu—g _ 67—(6_@)6;1(967-(@_6)), ECI),TQ _ 67—(6_@)82_1(967—(@_6)).
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We have

Proposition 2.3. Let g € C%(Q) for some positive o. The function Rg g is a
solution to

(2.8) 0zRe g — T(0,®)Rerg=9g inS.

The function Eq)ig solves
(2.9) 0.:Rp -9+ 7(0:2)Ro g =g inQ
Proof. The proof is by direct computations:
=~ 0% ~ F—®) A1, _r(0—F)
0.Rs +9 + TER@Tg = 0,(e” a; " (ge” )

0D, 5wt o
+T§(€T(® <1>)8z1(ge (® <I>)))

aq) D— — (P—D T(®— (®—D
= ST (DY (e ) (7T (ger(® D))

0P, ot o
(T (e D)) — .

Using the stationary phase argument, we show

Proposition 2.4. Let g € L*(Q) and let the function ® satisfy 21), @2). Then

lim [ gem®E-2E) gy = 0.

|| =400 J

Proof. Let {gx}72, € C5°(Q) be a sequence of functions such that g — ¢ in

L'(92). Let € > 0 be an arbitrary number. Suppose that 3 is large enough such that
lg = g;ll1(0) < 5. Then

| [ ger@@-FE gy < |/(g_g¢)er<¢<z>fw>dx|+‘/gfef<<1><z>fw>dx|_
Q Q J Q J

The first term on the right hand side of this inequality is less then ¢/2 and the second
goes to zero as |7| approaches infinity by the stationary phase argument. O

Denote
O, = {z € Q|dist(z,00) < €}.
We have

Proposition 2.5. Let a >0, g € C1T%(Q), and g

o. = 0. Then
(2.10) |Ro,-9(2)| + |Ra,rg()] < Cllgllcrea/IT] Vo € O
IfgeC*(Q), g

0. =0, and g|lyy =0, then

~ 1
(2.11) | Ro,r9llcoor) + [[Re,79llco@) = o)
2 2 T

as || — oo.
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P_roof. Denote g(z,&1,&) = —%g(flf’?). Let = (z1,22) be an arbitrary point in
O<. We set z = r1 + izo. We prove (ZI0) and (2.I]) for the function Rg -g. Proof

of the estimates for the function RP,T g is exactly the same. Let us prove (Z.I0) first.
Let 6 > 0 be sufficiently small and let e, € C§°(B(Z,0)) such that ex|p(z,,5/2) = 1.
We decompose

I(r) = / ge™ = dg, de,
Q
(2.12) ‘ _ ¢ _
=S [ age® Pdgde + [ (1= age® Ve
B(Fk,6) Q =1

k=1

By the stationary phase argument we can estimate the second integral on the right
hand side of [212]) as

< C||9||cl+a(ﬁ).
§) = 7]

Y/
(213) | / (1= Y e)ge @ Ddgydes] oo
k=1

In order to estimate the first term on the right hand side of ([Z12]), we use that

(2.14)
14 4

o 19GE)\ wos
S/ age q>>d£1dsz—z{/ e (g+—M>e =) gg, de;
k=1 B(@x,0) B(31,5) T(—2

k=1
_/ ‘ l—g(xk)e“q"@’dadsz}'
B(Zg,

k
5 mC—=z

Applying the stationary phase argument to the second term in ([2Z.14) again, we

get
1 g i‘k

|| o L 9T

B TC—z

In order to estimate the first term on the right hand side of ([2I4]), we observe
(2.16)

: L g(i) 3
> / e (g + —g—’“> TP dg, dg,
k=1 B(&k,0) T(—2

C||g||00(ﬁ)

(2.15) =

eT(‘b_E)d&d&Hcl(@) <

1
_ lim / o <g+_
k=1 =40 B(Zk,6)\B(zk,0") T(—2z

14

o /B@m\B(im»

1g(x 1 P
— lim / ¢ (ek(g + _g(a?k))_) e™ (PP qe, de,
B(2x,0)\B(Zk,0")

k::15/_)+0 7T<—Z T@(‘I)
¢ 1
- lim / = (&1 — & — ((Tr)1 —i(Tr)2))
1 6’ —+0 S(;Ek,é’) 25/
_ lg@e)\ 1 -9
Xek<g+ﬂﬁ—2) 700" i

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



662 OLEG YU. IMANUVILOV, GUNTHER UHLMANN, AND MASAHIRO YAMAMOTO

Here and henceforth we set S(Zy,d") = 0B (%, d').
Note that for each fixed z from O¢ function ex(£1,82)(g + %g(w’“)) € C(Q)

~ Ciz
and (g + lM)(x,:ﬁk) = 0. Thus

T (—=z

e (®=®) o = 0.

1 i 16 1 g(@)
lim /S(m - 25,(5 i€2 — ((Tg)1 — i(Zk)2))ex (g +__k)

8 =40 w(—2"0,

By (22)) there exists a constant C' such that

[T ||9||c1+a(Q)
<
o (550 + 7 27)] 02|x_xk|2 )

Using these inequalities, we pass to the limit in ([2I6]) and we obtain

¢
Z/ ek (~ ! ‘Z(xk)) ") e, de,

1o 1 g(Z)
S 0 # 2 U0)) ) e Py
T ;/B(zk,&) ¢ (ek< ¢ oc® Srdte

This inequality and 213), (ZTI8) imply @I0).
Now we prove ([ZII)). Thanks to the improved regularity of the function g,
similarly to (ZI6]) we have

. C
(2.17) I~ Zek * D dto oo <
By ([2I7) and the assumption that gy = 0 we get

kg \ r(2-%) 1
2.18 dé1d -).
(2.18) Z/ ) 78<<I>) §1d€2 +o( )

Consider the radial cut-off function x € C§°(B(0, 1)) such that
X=0, Xlpoz1 =1

Then by [2I8)
(2.19)

I(7)

4 ~
€xg ~ T(®—D)
— ) x(|€ = | In |7))e™® =P dg, de
kE /B(EM) <(78¢¢>) (1 k| In|7]) 1d&s

Z g J—
Z /B< ) %G 1 = xe = aulnlr)en ™ Pigydes + o)

Z/ (#.0) (76&84( %’Z%M ‘X(ﬁ—xkllanl))) TP gy de,

- -5 1
-y [ oG~ e Pdgudea + o)
= JB@re  TO® T
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Using the inequalities

¢ _
1 €rLg - oy C
D, ( ——=0 1— x(|€ — 71 TP de dey| < =
S22 (e e sl ) Pl <
and
¢ erd
k - (DB
[ e ad e P e
k=1 Tk
¢
C 1 - 1
s - Z/B( . WX(K — Zp|In|7])d€1dE2 = 0(;)7
k=1 Tks
we obtain (ZIT). O
Denote
r(z) = M_; (2 — Zx) where Z = 1 + iTa, H = {T1,...,2¢}-
We have

Proposition 2.6. Let o be some positive number, g € C1**(Q), and glo, = 0.
Then for each § € (0,1), there exists a constant C(6) > 0 such that

(2.20) 1R (F9) | L2(2) < C(O)gllorsacm /I,
1R, (rg)llz20) < CO)llgllorea /|7

Proof. Denote v = 15@,7-(?9). By Proposition

(2.21) [vllz2(0.)5) < Cllgllgrva@/I7l-
Then by Proposition 23] we have

ov L 0P 7o in Q

—+7—wv=Tg in .

0z 0z 9
There exists a function p such that

6] B

—a—g + Tap =wv in
and there exists a constant C' > 0 independent of 7 such that
(2.22) [Pllz2@) < Cllvllrz)-

Let x be a nonnegative function such that x =0 on O<c and xy =1 on Q\ O¢.
Setting p = xp and using g|p, = 0, we have that

[ s = [ SR | ey

and
op 0P _ ox .

2.2 —— ——p= — g2 Q.
(2.23) 0z +T@Zp XY p@? m
Then

1 _ 8)(_
(2.21) ol = [ rpds+ [ pEkud.
Q Q
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Applying to equation (Z23]) the operator %, we have
odp 0 0P _ ox
—— = (T —p=) inQ =0.
9207 920 T oP TXUTPgz) i Ploa
The classical a priori estimate for the Laplace operator yields

- 0P _ 195%
15l 1 () < CHTgP —Xv +p£”L2(Q)-

Then by ([2.22)
(2.25) 1P 0) < CUTllIpll2) + Ivliz2@) < Clrll|v|lL2(o)-
Taking the scalar product of (2.23) and aré () 5 g, we get

[ [ o8
Then

o~ r(2) _< 8)() / 0 r(z) _\ -
T r(z)pde = | —== v—p=—|dx— [ — dx.
/Qg (2)p /Qaz@(z)g X0 = Pos e 8z(I)(Z)g p
By (Z25) and the Sobolev embedding theorem, for each € € (0, 3), we have
2d(2)
i T(Z)g ]3de/ ()8<I> 1
1 151
0.9 L2—¢(q) Pl 3=t ()

< CHQHCHQ(ﬁ)||p||H53(€)(Q)

< OllgllgriagITI®@ ol L2(@)-

0g
(2) —gpdx

(2.26) < CHQHCH—Q

Here we choose d3(€) > 0 such that d3(€) — +0 as € — +0 and H%@(Q)
Li= (). Therefore

(2.27) Q??"(Z)ﬁdff < Cllgllgrea@lmI ™5 O o)l 2(0)  as 65(€) — +0.
By @2.21)
X _
(2.28) ngﬂdfﬂ < Clpll@llvlzzog) < Cllglorra@lpllzz@/I7]
By [222), @2Z1), and (Z28) we obtain from (Z24)
101720y < Cllgllerrag (7170l L20) + 1Pl 220 /I71)
< O[T @ gllgara vl 2(0)-
The proof of the proposition is complete. O
We have

Proposition 2.7. Let a > 0, g € C?T(Q),

+ ||R

(2.29)

R‘I?ﬂ'g +

9
Taz P ®rd Taz o

1
=0 (—) as |t| = +o0.
L2(0) L2(9) T
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Proof. By ([2:2)) and Proposition 2]

~ 1
(2:30 IBo.rslonop, + 1 Rassllonr) = o (+ )
Therefore instead of (2.29) it suffices to prove
(2.31)
~ 1
‘ x1Ro,rg + J ‘ x1Re,r9 — J =0 <—) as |7| = +oo,
70,9 || 2(0) 7O Q|| 120 T

where Xl € C§°(Q) and X1|Q\O€/2 = 1. Denote w = Xlé(@;g Ta 5 Here we note
that 5% € L>(€2). This follows from ([Z2), g € C*T*(Q), and gl = 0. Then (ZJ)
and g\os = 0 yield

(232) azw + T(azq))w = _82 L + (azXI)Eé 79 in Qa w|8$2 =0.
70, ’
Note that by ([Z2) and the fact that g|y; = 0, we obtain

g 0%P C
P— <
@<@¢N '

P 0.0 |~ I v — T
Consider the radial cut-off function x € C§°(B(0, 1)) such that

9.9
0,

(2.33)

X=0, xlpoy =1
By ([233) and Proposition 222(B),
4
(2.34)  Rg., (; x(|z — x| In|7])d, (@%)) —0 in L*9) as |7| = +oo.

In fact, fixing large |7|, small 6 > 0, and p > 1 such that p — 1 is sufficiently small,
we apply Proposition [Z2[(B) and (233)) to conclude

N Y
Ro - (Z x(|x — Zg|1n|7|)0, (89(1)))
k=1 ?

L2(Q)

P\
g
< C / X(|z — zk|In|7|)|P |O <—> dx
Z ( B(@r.6 ) 0.
, 1
1 p
< ' N / x(|z — Zg|In |7|) | ———dz
||g||Cl+ kz ( B(&s.5 ) k| | D' |I_$k|p )
<

_ 1
C"||g||01+a(ﬁ>(/0 Ix(pln|7|)[Pp' ~Pdp)7.
Thus we obtain (Z34]) by the Riemann-Lebesgue lemma.

By Proposition 2.6, we obtain
(2.35)

¢
Ry, ((1 - ;xﬂx — Zk|In |T|)> 0, (%)) — 0 inL*(Q)as|r| = +oc.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



666 OLEG YU. IMANUVILOV, GUNTHER UHLMANN, AND MASAHIRO YAMAMOTO

In fact the function ((1 — Zi:l x(|z — 2| In \T|)) 0, (&)) le) e CHe(Q)
for any nonzero 7. Short calculations give the estimate

4
~ g 1 1
|| ((1 — ;X(L’E —xk|ln|7'|)> 3Z <8z—¢>>> ﬁ”cpra(ﬁ) S C|T|2.

So by Proposition

- - £ s g >
| R - <<1 I;)g(\x :Ekln7|)> 0, (@@)

Therefore (234) and (238) yield

o oo 35)

Denote w = w + %lez@,r(az(az%))'
By (236), it suffices to prove

=o(1) as|r| = +o0.
12(9)

~ 1
(2.37) 0] z2) =0 (;) as |1| = +oo.

In terms of (2332) and (Z3), observe that

(2.38) 0.0+ 1(0,0)T = f inQ, Blog =0,

where f = 1(0.x1)Ro - (9:(3%)) + (0:x1) Re -g. By (236) and (Z30) we have
1

(2.39) I fllz2) = o (;) as |7| = +oo.

Applying Proposition to equation (Z38), we get

||a®1 (ezT"/}@)H%Q(Q) + TAQ(V@,V)|@|2dU

0 ) _ _
. - —lw)lw iTY S\ 12
+ Re /3&22 ((uz 0z, vy (%2) w) wdo + || 0y, (€ w)HLQ(Q)

= 1£1Z2 0.
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Thanks to the zero Dirichlet boundary conditions for the function w we obtain
102, (€)1 22 () + 10 (€ TP D) 122 () = I Fll 720
Poincaré’s inequality implies
0|z @) < Cllfllz2@).
From this and using (2.39)), we obtain ([2.37). As for the first term in (2:29]), we can
argue similarly. The proof of the proposition is completed. ([
3. COMPLEX GEOMETRICAL OPTICS SOLUTIONS

In this section, we construct complex geometrical optics solutions for the Schro-
dinger equation A + g with ¢; satisfying the conditions of Theorem [[LTl Consider

(3.1) Liu=Au+qu=0 1in .
We will construct solutions to ([B.1]) of the form
(3.2) ui(z) = €™ (a(2) + ap(2)/7) + €7@ (a(z) + a1 (2)/7) + €™ Pusy + e Puya,

’LL1|1'*0 = 0

The function @ satisfies [210), (22]), and
(3.3) Im ®|p, = 0.

The amplitude function a(z) is not identically zero on Q and has the following
properties:

(3.4) a € 02(5), 0za =0, Realr, =0, a(z)|xnoa = 0.a(2)|xnaa = 0.

The function w7 is given by
1 it —1
ur == 7€ Re,r(e1(97 7 (aqr) — Mi(2)))

s = 3¢ Ra s (@1(0:  (am) - M (2)))
. e €07 (aqn) — Mi(2)) e 'Y ea(0; M (agr) — M3(2))
. 10.% . 19.9

=wie ¥ +wqee T,

where the polynomials Mj(z) and M;3(Z) satisfy

(3.6) (0 (aq1) — Mi(2)) =0, x€MH,j=0,1,2,

(3.7) o107 Y (aq) — M3(2)) =0, zeM, j=0,1,2

Note that by ([B4)

(3.8) 9L (0 (aqr) — Mi(2)) =0, x€HNOIY, j,ke€{0,1,2}, and j + k < 2,
(3.9) dLoF (87 aq) — Ms(2)) =0, zeHNIN, j,ke{0,1,2},and j+k < 2.
The functions ey, ez € C*°(Q2) are constructed so that

(3.10) e1 +ez =1on Q, ey vanishes in some neighborhood of H \ 99,

and e; vanishes in a neighborhood of 92
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and we set

w1 = =16 Rop(e1(05 ) — Mi(2) = 167 Ro, (6101 (@) = Ms()

and
e ex(07 (aqr) — Mi(2)) €™ ea(9; ' (agi) — Ms(z))

Wy = ——— _

T 40,9 T 40,®
Finally ag, a; are holomorphic functions such that

— ~(aqr) — My (z ~L(a@gy) — Ms(Z
(ap(2) + a1(2))|r, = 9z ( qzlngCDM( ) n (07 "(@q1) — M3( ))'

Then, noting that 9;® = 9,®, (Z.8) and (1), we have
Awy = 40,07w;
= —0:(e7 0. Ra - (e1 (95 (aqy) — M(2))))
+(10:®)e™ Ra - (e1(95 ' (aqy) — M (2)))
~ 0.(c""0:Ra,_+(e1(0; ' (@q) — M3(2))))
+(70:9)e™® Ro, —r(ex(9; ' @a1) — Ma(2)))
= —0=(e™"e1(0; (aq1) — Mi(2))) — 0:(e™"er (97 (@) — M (2))).
Moreover
Awy = 40,0zw9
= —0:(e7* (e2(95 " (aq1) — Mi(2)))) — :(e2(0; (@) — M3(2))

. e2(0Z  (aqr) — My (2)) A [ 2007 a(z)q) — Ms(2))
_6%(2 05 )_€¢A<2 ey S )
Therefore
(3.11) Aurie™) = A(wy + ws)

_ aqler'ib _ aqle'ﬂb
o (€200 (aqr) — Mi(2))
A ( 470,

N <e2<a;1<wq1> - M3<z>>>
479, '

By B4) and B3] observe that
(3.12) (7@ a(z) + ™ a(2))|r, =0,
Let w12 be a solution to the inhomogeneous problem

(3.13) A(’U,lgeﬂp) + qlulge”’ = —qlulle“" + hie™ in Q,
1~ _
(314) U12 = —R<I> 7(61(87 1(aq1) — Ml(Z)))

+ Rq>,¢(el(8 Y(@q) — M3(%))) on I,
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where

-1 1= _
_riv p €200z (aqi) — M (2)) —rip A [ €2007 (@q1) — M3(%))
ha= A ( 170.® oA 1705
— aoqlem/’/T — a_lqlefm/’/T.

By B4) and BII)-BI5), we conclude that (31 is satisfied.

By Proposition 2] there exists a positive 7o such that for all |7] > 7 there exists

a solution to B13), B.I4) satisfying

1
(3.16) luizllz2(Q) = 0(;) as T — +00.

(3.15)

This can be done because

_ 1
lqruts + hallre) < CO)/|7"™0 V6 € (0,1); |luatllr2on) = 0(;)

and (Vp,v) = 0 on T'y. The latter fact can be seen as follows: On 99, the Cauchy-
Riemann equations imply

N
%7
which is the tangential derivative of ¢y = Im® on 9. By ([B3) the tangential
derivative of 1 vanishes on I'.
Consider now the Schrodinger equation

(3.17) Lov=Av+qgu=0 in Q.
We will construct solutions to (BI7) of the form
(318)  w(x)=e " (a(2) + bo(2)/7)
+ e*TW(a(z) +b1(2)/7) + e "Pui1 + e "Puia, vlp, =0.

(V(ﬂ, V) = Vlaml()p + V28932()0 = V13m2¢ - V2811w = -

The construction of v repeats the corresponding steps of the construction of wuy.
The only difference is that instead of ¢; and 7, we use g2 and —7, respectively. We
provide the details for the sake of completeness. The function vy is given by

o = = 2 e (62(05 (10(2)) ~ Ma(2))
(3.19) 6 R (20 (a(2)) — Ma(2))
eV ex(05 M (ag) — M(2)) €V ex(0;}(a(2)g2) — Ma (%)
+ - 40.® + T 40,9 ’

where

(3.20)  9%(0-'(aga) — Ma(2)) =0, z€H, j=0,1,2,

(3.21) 20502 (ag2) — Ma(2)) =0, x€HNIN, j,ke{0,1,2}, k+j <2,
(3.22) (07 ' (age) — My(z)) =0, zeH, j=0,1,2,

(3.23)  990L(0; Y(age) — Ma(2)) =0, x€HNIY, j,kec{0,1,2}, k+j <2
Finally by, b1 are holomorphic functions such that

(0z ' (ag2) = Ms(2)) (97! (ag2) — Ma(2))

bo + b = L
(b0 +51)lr, 40, 1.0
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Denote
—ri e2(0; ' (agz) — My(2)) ; e2(97 ' (ag2) — My(2))
ho = e~ TWA z TiY A » 2) —
2= ¢ ( 470.% e 10,0
b , b
_ _0q2672‘r'¢) _ _1q2€mb_
T T
The function v15 is a solution to the problem:
(3.24) A(vige™ ™) + qavioe” TP = —qovire” ¥ — hoe ¥ in Q,
1~ _
vizlr, = 7 Re, (e (05 '(q2a) — Ms(2)))
(3.25) .
+ Zbem(el(aZl(fJﬁ) — My(2)))
such that
1
(3.26) lvi2|l2(0) = 0(;) as T — +o0.

4. PROOF OF THEOREM [Tl

We first apply the stationary phase with a general phase function ® and then
we construct an appropriate weight function.

Proposition 4.1. Suppose that © satisfies (1), 22)), and B3). Let {Z1,...,T¢}
be the set of critical points of the function Im ®. Then for any potentials q1,qs €
C?**2(Q), a > 0, with the same Cauchy data on T and for any holomorphic function
a satisfying @A) and My (z), Ma(2z), M3(Z), M4(Z) as in Section 3, we have

)3 mlalaf) () Rec ()
(et Tm &) (i)

1 / (qaazl(aLIQ) — Mp(z) | 07 (q2) ‘M‘ﬁ)) dz
Q

1 9. 9.0

L[ (a0 an) = M) | (9! @) — Ma(2))
R A G o

(4.1)
¢
— + /Q q(a(ao + bo) + a(@ + by))dx

k=1

where
q=4q1 — q2.

Proof. Let uy be a solution to [B.1) satistying (8:2)), and let uy be a solution to the
equation

Auz + qouz =0 in Q,  uzlan = uilsq.

Since the Dirichlet-to-Neumann maps are equal, we have

Vus =Vu; onl.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



PARTIAL CAUCHY DATA 671

Denoting u = u; — ug, we obtain

9]
(4.2) Au+qu=—qui inQ, ulpgg= a_u|f =0.
1%

Let v satisfy (3.17) and (3.18). We multiply (.2) by v and integrate over €2, and

we use v|p, = 0 and 9% =0 on I to obtain Jo quivdz = 0. By (32), B3.16), B.I3),
and (320), we have

0= / quivdx = / q(a® + @ + |a|?e™®®) 4 |a|2e7(®~D)
Q Q
1 _ _
(4.3) + ;(a(ao +bo) +a@(@ +b1)) +urre ™ (ae” T +ae7?)

3 1
+ (ae™ +a@e™®)vy1e7 ) dr + o <—> , T>0.
T

The first and second terms in the asymptotic expansion of ([@3]) are independent of
T, so that

(4.4) / q(a® +@?)dz = 0.
Q

Using the stationary phase argument (see p. 215 in [13]; cf. [16]) and functions
e1, eo defined in (B.I0), we obtain

/ g(|af?em =) |a|?em (P~ dz = / erq(jale™®®) 4 |a2em @) dy
@ Q

+/62(](|a|267(¢_6)+|a|26T(6_®))d£L’.
Q

By the Cauchy-Riemann equations, we see that sgn(Im ®”(zy)) = 0, where sgn A
denotes the signature of the matrix A, that is, the number of positive eigenvalues
of A minus the number of negative eigenvalues (e.g., [13], p. 210). Moreover we
note that

det I @ (2) = —(0y, Dy, 9)? — (02, 9)% 7 0.
To see this, suppose that det Im ®”(z) = 0. Then
02, 0n,p(Rez,Im z) = 02 p(Rez,Im2) =0

and the Cauchy-Riemann equations imply that all second-order partial derivatives
of functions ¢, at the point z are zero. This fact contradicts the assumption that
critical points of the function ® are nondegenerate.

Using the stationary phase argument (see p. 215 in [I3]. cf. [16]), we obtain
(4.5)

/ elq(|a|2ef(¢’—$) + ‘a|2er($ <I> 22 WQ\a| !Ek: Reezﬂlmq}(ik) Yo (1) '
Q o Tl(detIm @7)(z)|2 T
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Let &1,..., %k be the set of critical points of the function ® on I'y. Integrating by
parts, we have

/e2q(‘a|267({>75)+|a|2€r(57{>))dz
Q

T(®—D) 7(®—d)
— [ ol ((W,Ve ) _ (Vo Ve >> e
Q

2iT|V|? 2iT|V)|?

) ) (vw, VeT(‘b_g)) (V¢7 vgr(@—‘i’))
= lim ezqlal , = ‘ 5 dx
5—+0 Q\Uﬁ’:1 B(CE}C,(;) 2ZT|V'IZJ‘ 21T\V¢|

2 —_ —
— lim —/ div (L“' V;p) (e7(2=B) _ or@=2)y g,
00 QUL B(@r.9) 2it |V

(Vih,v) (Vy,v) (T—d)
+ / eaqlal? < . - = e’ do
8QUUY., 5(#4.0) al 2iT|Vy|2 2iT|Vy|?

. €2Q|a\2 Vi (2-3) (2-2)
— d e R T _ T
/ iv ( 2|V (e e )dx

glal* 9, e_3 )
I e T _ T d
+ /m S VOE av ¢ )do

. 62(J|0J|2V¢) Fio i) [ )
= - div <7 (e"( ) — el ))dx.
/Supp o 2i7| V[

In the last equality, we used the fact thatNeT(q)*@) —e™®=%) — 0 on Ty, which
follows since Im® = 0 on T'y, and ¢ = 0 on I' and ([B4)) in order to show that

o (dldPYY gl
2i7| V|2 2i7| V|2

are bounded functions. The latter fact follows from the unique boundary deter-
mination of potentials from the Dirichlet-to-Neumann map (see for instance [12],
[29]). Applying Proposition 24 we obtain

5 5 1
/ e20(Jaf*e™ P + a2 V)i = o(2) as |7 > +oo.
Q

Therefore

- - 1
(4.6) / q(la?e™ @) 4 |a2e™ @) dr = o (—) .
Q T
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We calculate the two remaining terms in ([&3]). We have

/ qune”’(a677¢ + Ee*Ta)daz
Q

= (e R fen05 o) - 2

+ e Ry, (e1(9; (@n) — Ms(2)) | (ae™ ™ +@e " )da
_ / (_ ca(9z (aqr) = M(2)) | €™ ea(97 (@) —M3<z>>>
Q

T 40,9 + T 40,

x qlae™™® +ae ") dx

~1 ] (@R er(05 aa) = M ()
+ @R, (e1(07 @) - My(2))da

- 1 [ (@R er(05 (ag) = My (2))em P
+qaRa,+(e1 (0 @) = Ms(2)))e 7" )da

_ / TP ey (05 (aqr) — Mu(z))
A - 10.9

LT aey(0; @) - Mg(?))) i

T 40,
aex(0z " (aqn) — Mi(z)) | @ex(97 ' (aqn) — M3(%))
- /Qq <F 10.3 s 10.5 ) e

= L+ L+13+ 14

We estimate I; and I separately. Using Proposition 27 (B.6]), and Proposi-
tion 2.4 we get

I = - %/ﬂ(qaﬁw(el(a;l(aql) — My (2)))e™(®=®)
+ qaRg _,(e1(07 (aq) — M3(2)))e " ®=®))dz
= 1 9% o- 2irIm
(4.7) = Z/Q (Tazq)(ag Yagqr) — Mi(2))e @

+ Teg_;(az—l(aql) - M3(E))e_2”1m¢’>dx +o G)

1
=0 (—) as |7| = +oo.
T

By Proposition 2.7 we obtain

1 (95 (aqy) — Mi(2))
T ) (q“ 0.9

71 — _ —
+ qa(az (@) MB(Z)))da: +o <l> as |7] = +o0.
a2,P T

I, =

(4.8)
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By Proposition [Z4] we conclude that
1
(4.9) Iy=0| - as |1| = +oo.
T
Similarly

/ quiie % (ae™® + &eTa)daE
Q

= —i/{zq{ -7 Rq> —_r(e1(0Z (GQQ) Ms(2)))
+ e Ry (e1(97 (@g2) — Ma(2))) | (ae™ +ae™®)de

e ™ e3(92 " (agq2) — My(2))
+ /Q q ( T 40.%

e ™® e2(97 ' (age) — Mu(2)) S
+— 0.5 > (ae™® 4 ae™®)dx
_ _i /Q(qaf%@_T(el(@;l(a%) — My(2)))
+ qaRe - (e1 (07 (ag2) — My(2))))dx
_ i/ﬂ[qaef@ ®) Ro._r(e1(07  (ags) — My (2)))
+ qaeT@*q))R(p,T(el(3;1(5(12) — My(%)))]dx

e~ T(2=®) Gey (07 (aga) — Ma(2))
o

T 40,9

e™ @) aey (97 (a(2)q2) — Ma(3))
+ - X >dx

~—

T 40,0 T 40,®
= Ji+Jdo+ J3+ Js.
By (B20) and Proposition 277 we have
Yags) — My(2) _ 07 aqe) — My(z) 1
4.10 = — £ d —
( J1 /€1< 9. ® + qa 9.9 T+ o0 -
as || = +oo. Proposition 241, (8:220), and Proposition 271 yield

hmm b [ e R (o205 )~ 24(2)

. /q<a€2(5 H(aga) = My(2) +gez<a;1<qu>—M4<z>>>dx
Q

(4.11)
0T Ry (105 7)Mo =0 ().

By Proposition 2.4 we see that

1
(4.12) J3=o0 (—) as |1| = +oo.
T
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Therefore, applying ([@5]), (1), (@I10), @II), E9), and @EI2) in @3]), we conclude

that
ZZ: Q\al xk)ReeQ”Im‘I’(ik) / bo) +a( 5
+ alap + +a(a; + T
2 |(det Tmd") (& )|2 QQ( (ao +bo 1 1
1 63 (GQQ) — MQ(Z) _B_I(QQE — M4(§)
- z d
1 /Q <qa 0.9 Tae X0 ’
1 0z (qra) — M (2) 97 (qa) — M3(5)>
4.13 —= a—= + qa—= dr = o(1
G a0 (1)
as 7 — +oo. Passing to the limit in this equality and applying Bohr’s theorem
(e.g., M], p. 393), we finish the proof of the proposition. O

We need the following proposition in the construction of the phase function ®.

Let Yo, y1,-- -, Um € Q and Ypi1, - - - Ymn € Lo.
Denote by R = (R(#1)s -+ - s R(Um)s R1(Um+1), - - - s R1(Ym+m)) the following op-

erator:

R(Gr)g = (u(Ge), 0=u(Gi), O2u(@r)),  Ru(ir)g = Reu(dr), O-u(in)/(ve + i),
where
(4.14) O:u=0 inQ, Reu(yo)=0, Imulr, =0, Imulz=y.

For any g € C°(T') problem ([@I4) has at most one solution. We have

Proposition 4.2. The operator R : D(R) C C§°(T') — C¥™ xR2™ satisfies Im R =
C3m x R27™

Proof. We note that ImR = C3™ x R?™ if and only if the closur(i of ImR is equal
to C3™ x R?™, This follows immediately from Corollary 5.1l Let H be an arbitrary
element of the space C*™ x R?™. Consider the problem (5.I)) where
j;l:gja jE{l,...,m}, i'm+1:g0,
co,1 = h1,c11 = ho,co1 = hs3, ..., com = h3m—2,
c1,m = h3m—1,¢2.m = N3m, com+1 = 0.

Taking into account that 0,u|p, = (v2 + iv1)0zReu, we take a function b such that

b(Jm+1) = hint1, 020(Fmt1) = hmya, .-,
b(Gm+m) = hmt2m—1, 0zb(Um+m) = P20
According to Corollary 511 (B.I]) with such initial data can be solved approximately.
If necessary we can add to these solutions a real constant such that u(gy) = 0. The

proof of the proposition is complete.
O

END OF PROOF OF THEOREM [[.1]

Proof. We will construct a complex geometrical optics solution of the form ([B.2])

where ® and a satisty (1)), (Z2)), B3), and B4).
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Let Q be a bounded domain in R? such that Q C 5, Lo C 09, 00NT = 0. Let
7 be an arbitrary point in 2. By Proposition and Corollary 0] there exists a
holomorphic function u € C%(Q) such that

(4.15) Imulp, =0, Imu(z) #0, 9,u(z) =0, and O>u(z) # 0.
Olmu .
(416) W|W <ad < 0, if Int((@Q \ FO) N ’Y]‘) 7£ 0.

In the case Int ((0Q\ Tp) Nv;) =0, then{x € v;|0sReuw =0} = {y1 ;,v2,;}, and
(4.17) O2Reu(y: ;) £0, O2Reu(yn;) £ 0.

Here y1,4,y2,; are the maximum and minimum points of the function Rewu on the
boundary contour ;. In fact, the existence of such u is proved as follows. By Corol-

lary [5.Jland the Cauchy-Riemann equations, there exists a sequence of holomorphic
functions u. in 2 such that

u. € C*(Q), Imuc|p, =0,
Olm u,
"o |
In the case Int ((9Q\To)N~;) =0, thenReu, — b; in C2(v;), where b; € C2(v;)
is a function such that
{z € 7jl07b; = 0} = {y1,5, 92,5} and 82b;(y14) #0,  O2b;(ya ) # 0,
Imu.(Z) = 1, O.uc(Z):=cc—0, 0*u.(T)—1 ase— 0.

(4.18) oy, < @ <0, if Int ((0Q\ To) N ;) # 0.

Let R be the operator similar to one introduced in Proposition
Ry = (u(&), d-u(), 02u(%)),
where
dsu=0 inQ, Reu(zo)=0, Imulp, =0, Im ulpenr, = 9,

and zo € @, xg # 2. Obviously we can consider it as operator from the space
D(R) C C3(0Q\Ty) — C3. We have (e.g., p. 79 in [I]) that there exists a mapping
M : C3 — C3(992\ I'p) such that RM = I and

||My|‘cg(f) <Clyl, yeC?®
with some constant C' >~(). We consider the sequence y. = (0, —c.,0) € C3. Let
ge = M(y.) — 0in C3(0Q\ Ty). Denote by w. the function which satisfies
O;we =0 in Q, Rewe(z9) =0, Imwe|r, =0, Imw€|8§2\ro = g,
we(T) =0, w:(T) = —c.,  OZwe(T) = 0.
Hence Im (u: + w.)(Z) — 1, 9, (ue +w:)(Z) = 0 and 8%(u. + w.)(Z) — 1 and
we — 0 in C%(Q).

Hence u. +w. is the function which we are looking for provided that ¢ is sufficiently
small.

In general, the function v may have critical points on the part of the boundary
00\ Ty.

Next we construct a holomorphic function p € C2?(Q) such that u + ep does not
have critical points on 92\ T'g for all sufficiently small positive € and Imp|p, = 0.
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If u does not have critical points on 9 \ Ty, we set p = 0. Otherwise, since u
is holomorphic in €, the number of such critical points on 9 \ Ty is finite and
the function |Vu|? has zero of finite order at these points. By using a conformal
transformation, if necessary, we may assume that 0Q \ Iy is a segment on the line
{zs = 0}. Let {(yx,0)}2_, be the set of critical points of the function u on the
boundary 02\ T'o.

We divide the set {yk}]k\7 ; into two sets Oy and O in the following way: Let us fix
some point yi. By Taylor’s formula aRe“(xl, 0) = c1 (@1 —yr)™ T +o((z1 —yx)™ 1)

and BIm“(xl,O) = co(z1 — yi)™ T + o((z1 — yx)"2 L) with some (c1,co) # 0. If
ca #0 and ko < K1, then we say that y € Op. If ¢; # 0 and k2 > k1, then we say
that Y € Os. .

Now we construct a set of S open in C2(I') x C2(T) such that if (by,by) € S
and the holomorphic function p satisfies Re p|s = b1, Imp|g = by (if such a function

p exists), then the function u + ep does not have critical points on [ for all small
positive e.

Let us consider the two cases. Assume yi € O;. If ko is 0odd, then we take Cauchy
data such that the holomorphic function p satisfies the following: b; is small and
% is positive near y; if co is positive, and % is negative near y; if co is negative
and small on 02 \ FO If ko is even and k1 # kg, then we take Cauchy data such
that ab? 2 (y) — 1,2 67’ L(y;,) — 1 are small and otherwise adﬂ( k) 7 011 %b;( k)

Assume yr € Oa. If k1 is odd, then we take the Cauchy data for the holomorphic

function p such that abl is positive near y if ¢; is positive, and %bi is negative

near y, if ¢ is negatlve. If k1 is even, then we take %(yk) 1, %bj (yr) — 1 to
be small. Now we have finished the construction of Cauchy data on I'y and in a

neighborhood U of the set {(yx, O)}fj:l. On the part of the boundary 90\ (To UU)

we continue functions by, by as smooth functions in C2(T") x C3(T"). By Proposition
511 and general results on solvability of the boundary-value problem for 9z (see,
e.g., [32]) there exists a holomorphic function p which satisfies the above choice of
the Cauchy data with Im p|p, = 0. For all small positive € the function u + ep does
not have critical points on 9§\ Tg.

Denote by H. the set of critical points of the function u+ep in Q2. By the implicit
function theorem, there exists a neighborhood of Z such that for all small € in this
neighborhood the function u + ep has only one critical point Z(e), this critical point
is nondegenerate, and

(4.19) Fe) > 7 as e— 0.

Let us fix a sufficiently small €. Let H, = {,cf1<k<n(e)- By Proposition 2]
there exists a function w holomorphic in €2, such that

(4.20) Imwlr, =0, wly, = 0,w|y, =0, O2w|y, #0.
Denote &5 = u + ep + dw. For all sufficiently small positive constants d, we have
He C Gs = {x € 90, Ps5(x) = 0}.

We show now that for all small positive d, the critical points of the function
®;s are nondegenerate. Let T be a critical point of the function u + ep. If T is a
nondegenerate critical point, by the implicit function theorem, there exists a ball
B(z,41) such that the function @5 in this ball has only one nondegenerate critical
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point for all sufficiently small 4. Let = be a degenerate critical point of u + ep.
Without loss of generality we may assume that # = 0. In some neighborhood of
0, we have 9,®5 = Y ;7 etk — 377 b2® for some natural positive number
k and some c¢1 # 0. Moreover ([@20) implies by # 0. Let (z1,5,22,5) € Gs and
zs = 21,5 +1x2,s — 0. Then either

(4.21) zs =0 or z§ = 6by /1 + o(9).

Therefore 92®(25) # 0 for all sufficiently small §. Observe that by [@I5) Im ®4(Z(€))
= 0. Moreover, without loss of generality we may assume that

(4.22) Im ®5(Z(e)) # Im @5(x) Vo € G5 such that T(e) # x.

To see this, we argue as follows. If (£22)) is not valid, then we add to the function
d; a function 61w where d; is a small parameter and @ is holomorphic in €,

Im @, =0, Im@(Z(e)) = 1, D|gy\(z(e)) = 0:10|g, =0, 921blg, # 0.

Since the function &5 was constructed as the approximation of the function u,

by (@I6), I7) we have

Olm ® .
(4.23) 7‘5\%% <a” <0, ifInt((8Q\To)Nn;) # 0.
In the case Int ((0Q2\T'g)N~y;) =0, then{z € v;|07Re ®s = 0} = {y1,;(9),y2,;(9)},
and
(4.24) O2Re ®5(y1 j(0)) #0,  02Re Ps(ya,;(8)) # 0.

Thanks to [@24]), we can claim that all critical points of ®s5 are nondegenerate.
By ([@23), (£24]), we can apply Proposition Hence there exists a function
as € C?(Q) such that
Ozas =0 inQ, Reas|r, =0,
and
as(z)|gsnoa = 0za5(z)|gsnan = 0, as(E(e)) # 0.
Hence we can apply Proposition 1] to conclude
> a@)e(@)e M = O(g).
z€Gs
By @), ¢(Z(e)) is not equal to zero.
Since the exponents are linearly independent functions of 7, thanks to (£22]), we
have ¢(Z(e)) = 0. Thus [@I9) implies ¢(Z) = 0. Thus the proof is completed. O
5. APPENDIX

Consider the Cauchy problem for the Cauchy-Riemann equations
op O 99 O ,
51) L =(—/—-=—,—4+-=-—)=0 Q =(b b
( ) (¢a d}) ((91171 81'27 8952 + aCE1) m 3z, (¢a 1/}) |F0 ( 1(I)7 2(I)),
(6 + i) (&) = coj, 0=(0 + W) (&) = 1y, (P +i)(5) = c2; Vj€{l,...N}.
Here 21, ..., 2y are arbitrary fixed points in 2. We consider the pair by, b, and com-
plex numbers C' = (cp,1,¢1,1,¢2,1,---,C0,N,C1,N,C2 n) as initial data for (5I)). The

following proposition establishes the solvability of (B.I]) for a dense set of Cauchy
data.
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Proposition 5.1. There ezists a set O C C?(Tg)? x C*N such that for each
(b1,ba,C) € O, B0) has at least one solution (¢, 1) € (C2(Q))2 and O = C%(Ty)2 x
C3N.

Proof. Denote by B = (by,bg) an arbitrary element of the space C3(T'g) x C3(Ty).
Consider the extremal problem

a(ﬁbﬂ/’) 4
1=y

(5.2) Je(d,9) = lI(¢,9) = B e (2 w>||4% +e :
0) Q) oQ)

N 2
—||AL(¢¢ 70y + Z |0 (¢ + i) (&) — cx 4| — inf,

7j=1k=0
(5.3) (6,9) € W ().

Here B,lC denotes the Besov space of corresponding order.
For each ¢ > 0 there exists a unique solution to (5.2), (53] which we denote as

((}5\6, @6) This fact can be proved using standard arguments. We fix € > 0. Denote
by U, the set of admissible elements of the problem (52)), (53], namely

Uaa = {(¢,1) € W Q)] (¢, ¢) < o0}

Denote J, = inf (4 yyews Q) Je(@, ). Clearly the pair (0,0) € Uyq. Therefore there
exists a minimizing sequence {(¢x, ¥x)}3>; C W2(£2) such that

Je - kgrfoo Je(¢k; wk)

Observe that the minimizing sequence is bounded in W3(Q). Indeed, since the

sequence {L(¢x, V1), L(dk, Yr)|on} is bounded in L*(Q) x Bf (092), the standard
elliptic LP-estimate implies that the sequence {L(¢g,¥r)} is bounded in the space
WZ(Q). Taking into account that the sequence of the traces of the functions (¢x, 1x)

is bounded in the Besov space BF (09) and applying the estimates for elliptic
operators one more time, we obtain that {(¢x, %)} is bounded in W3(Q). By the
Sobolev imbedding theorem the sequence {(éx, )} is bounded in C2(2). Then
taking if necessary a subsequence (which we denote again as {(¢x, ¥r)}), we obtain

(b1, 1) = (e, De) weakly in W), (¢ 1r) = (be, de) weakly in B, (99),

RTINS we
ov’ Ov ov’
(o + i) (&5) — cry — Ck,j,e,

AL(¢r, V) — 7 weakly in L*(Q),  L(¢p, ¥r) — 7 weakly in W2(Q).

— ( ) weakly in Bf (0%Y),

Obviously, r. = AL(qﬁe,we) Te = L(¢6,@/J€) Then, since the norms in the spaces
L4(Q) and B, ; (09), B4 (09), B, ; (Tp) are lower semicontinuous with respect to
weak convergence, we obtain that

J(bebe) < Tim Jo(¢n, ) = .
k—+o00
Thus the pair (¢, ) is a solution of the extremal problem (5.2), (5:3). Since the

set of admissible elements is convex and the functional J. is strictly convex, this
solution is unique.
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By Fermat’s theorem (see, e.g., [1], p. 155) we have
TUbe, 06 =0, Vb e W(Q).
This equality can be written in the form
1, 1 (B0 - B

(fe. )
ov

¥ el (G BB + el 1 (PPN D) 4y ALB)
(5.4)
+ZZ (0% (e + ithe) () — cr.) 0% (81 + ida) (3;)
7=1k=0

+ (08 (e + ithe) (£5) — 1y )OF (81 + i62) () = 0,

where p. = 2 ((A(gi’1 — g—i’;))?’, (A(gig + {w‘ <))%). Here If.. (i) denotes the deriv-

ative of the functional w — Hw”?sf(r*) at 1.
Observe that the pair J.(¢e, 1he) < J.(0,0) = ||BHZ;14%(F : + Z;VZI S o len il
4 0

This implies that the sequence {(¢e, 1)} is bounded in B41_1 (To), the sequences
{8k(¢)e + zwé)(x]) — ck,;} are bounded in C, the sequence {daﬂ u ((qﬁe,wé))[ 5] +

elhe, 7 (8(¢5’Vw5))[—]} converges to zero for any & in W3(Q). Then (54)) implies that

the sequence {p.} is bounded i in L3 ().

Therefore there exist B € B4 (To), Co.j, C1.,Caj € C,and p = (p1,pa) € L3 (Q)
such that

(5.5) (aefc,ﬂ)\%) — B — B weakly in Bf1 (To), pe; —=p weakly in L3(9),

(56) 85(&5\6; +i$€g)(‘ij)_ckaj_\ck1jﬂ k€{0,1,2},j€{1,...,N}.
Passing to the limit in ([&.4]), we get
(5.7)
N 2
Iy u (B)[0] + (p, ALS) 20y + 2Re > Cy ;08 (01 +i62)(2;) =0 V6 € WF(Q).
7=1k=0

Next we claim that

N
(5.8) Ap=0 inQ\ {2}

j=1
in the sense of distributions. Suppose that (5.8)) is already proved. This implies

N 2

(p, AL)p2() + 2Re Y Y~ C ;08 (01 +i02)(85) = 0 V1,05 € C5°(9).

j=1 k=0

If p = (p1,p2), denoting P = p; — ip2, we have

Re (AP, d5(81 +102)) 12(q) + Re ZZC,” (01 +i02)(#;) = 0 ¥o1,09 € CF(Q).

j=1 k=0
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Since by ([5.8) supp AP C ijzl{ﬁcj}, there exist some constants mg ; and £; such

that AP = Zjvzl Z‘%:l mp ;DP5(x — 3;). The above equality can be written in
the form
£ 2
—2ZmﬁjaD oz — ;) :Z VK Cy ;08 (x — ).
|B]=1 k=0

From this we obtain

(59) Coﬁj :CLj :CQJ =0, je {1,,N}
Therefore
(5.10) Ap=0 in Q.

This implies

< < < OLS
(p, ALS) 2y =0 Vo € WP(Q), Lbloa = Wbﬂ =0.
This equality and (B.7) yield
dLs

(5.11) ;0’%(8)[51 =0 V6eWS(Q), Lblsg= =, oo =0.

Then using the trace theorem, we conclude that B = 0. Using this and (&.3)), we
obtain

(5.12) (Gegste) — B =0 weakly in Byt (Tg).

From (5.0), (.9) we obtain
OF (e, + it ) (%) = ey ke {0,1,2}, je{l,....N}.

By the Sobolev embedding theorem B4lTl (Ty) € C2(Tg). Therefore (BI2) implies

(5.13) (e ¥e;) — B —0 in C*(Ty).
Let the pair (&EE , ,l/’;el_c) be a solution to the boundary-value problem
(514) L((gekaqzﬁg) :L(éel’caqﬁéfc) in Q7 7;61;‘39 :,(/):fc

Here 1/)* is a smooth function such that 1/1* Ir, = 0 and the pair (L (ééﬁ,d}e%), ;“k)

is orthogonal to all solutions of the adJ01nt problem (see [32]). Moreover since
(¢6k,w€k) — 0 in WZ(Q), we may assume Y —0in C4(99).

This fact can be seen in the following way. Let {(e;, éj)}jK:l be a basis of the

kernel of the adjoint problem which is a finite-dimensional space. We choose rj €
C°(T') such that

1 .
5/Xjrkdt: ik Vi ked{l,... K}

Here we note that we can represent ey +ié), = 2/(s)xx(2(s)) (Section 2 of Chapter TV
of [32]) where s is the length parameter of T’ from one fixed point on T, z(s) is the
parametrization of I', and Xk(z) are some real-valued functions. Then observe that
the functions x; are linearly independent. Assume the contrary. Then there exists
a function e such that it is the linear combination of the functions e; 4 ¢€; and
0ze = 0 and el = 0. By uniqueness of solution for the Cauchy problem for the
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operator J; we have that e = 0 in . This is impossible since (e;, €;) are linearly

independent. R
Hence we can find functions 7 € L?(I") such that

1
§/~Xj7:kdt: ik Vi ke{l,...,K}.
r

Let the sequence {74 s}sc(0,1) C C3°(T') approximate the function 7, in L?(T).

Let us show that the vectors )5 = (%ff lekdt,...,%ff XK Trdt) are linearly
independent for small §. Suppose that they are linearly dependent; then there
exists Cs = (c1,5,- .., CKk,s5) such that

K
(5.15) D st =0, |Cs|=1.

j=1

Taking if necessary a subsequence, we pass to the limit in (5.I5) and we see that
there exists a vector C # 0 such that Z;il ¢;€; = 0. This is of course impossible.
Let us fix § = §p sufficiently small and let H = {hg;} be the matrix such that

K
> huis, = e kef{l,... K}
=1

Setting r, = Zzl; hiiTx,s,, we obtain the desired set of functions.
Let us show that such functions~ can be constructed. First of all the traces are
linearly independent functions on I'. Finally we take

(
Q

K
77[};kk = ZRG/ ej + iéj)(L(dA)Eka 7Jjek)l + iL(Q/A)ekJ[)Ek)Q)dI Tj.
j=1

Among all possible solutions to problem (5.14]) (clearly there is no unique solution
to this problem) we choose one such that fQ @e,dx = 0. Thus we obtain

(5.16) (ferre,) = 0 in W3().

Therefore the sequence {(ggék —qgek , Jek —1/~)Ek )} represents the desired approximation
for the solution of the Cauchy problem (G.1]).
Now we prove (0.8). Let Z be an arbitrary point in Q \ Ujvzl{ﬁzj} and let X be

a smooth function such that it is zero in some neighborhood of I'g U Ujvzl{:i:]} and
the set A = {z € Q|X(x) = 1} contains an open connected subset F such that
e Fand T NF is an open set in Q. In addition we assume that Int(supp x) is
a simply connected domain. By (5.7) we have

(5.17) 0= (p, AL(X0))L2(2) = (Xps ALS) 2(0) + (: [AL, X)) 20y V6 € WE(9).
The simple computations provide the formula
LA(X6) = LYAS + L(2(Vy, Vi) 4+ AX6)
= XLAS + [L, XJAS + L(2(VX, Vé) + AXd)
= XLAGS + [L, X]LLS 4 (2(VX, V:) + AY) LS + [L, [A, X]]6
= XALS + [L,X|LLS 4+ (2(VX, V-) + AX)Lé + [L, [A, X]]6.
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The commutator [L, Y] is a matrix with smooth coefficients; [L,[A, X]] is a first-
order operator. The Laplace operator can be factorized as A = LL where

9 9
7 Oz ox
L= (_ 3 82> .
amg aml
Denote Ld = 6. Then we have

(5.18)  (Xp, Ad) 20y = —(p, [L, XILO + (2(VX, V-) + AX) + [L, [A, {]]5).

Consider the functional 8 : L*(suppX) — (p,[L, [A, X]]g)Lz(supp %), Where

Lé=4 inQ, Iméls=0, / Reddz = 0,

supp X

where S denotes the boundary of supp X. For each §e L*(supp X) there exists a
unique solution to this problem in W] (supp X). Hence the functional is defined
and continuous on L*(suppX). Therefore there exists q € L%(supp X) such that

fsupp)z quI = (p5 [L7 [Aa )2]]5)L2 (supp X)*
Consider the boundary-value problem

AP =f in suppy, P|3 =0.
Here f = 2div (Vxp) +q— L*[L, X]*p — Axp. A solution to this problem exists and
is unique, since f € (Wi(suppX))’. Then P € W} (suppX). On the other hand,
3

thanks to (BI8), P = xp.
Next we take another smooth cut-off function Y; such that supp x1 € A and
Int(supp x1) is a simply connected domain. A neighborhood of = belongs to A; =

{z|x1 = 1}, the interior of A4, is connected, and Int A; NI contains an open subset
O in ). Similarly to (5I7) we have

(X1p, ALS) 120y — (0 [AL, X1]0) 12() = 0 Vo € WH(Q).

This equality implies that Y1p € W2(12), using a similar argument to the one
3

above. Let w be a domain such that wNQ = 0 and dw NI C O contains an open
set in O0N).

We extend p on w by zero. Then

(A(X1p)s L) 12(quw) + (ps [AL, X110) 12wy = 0.
Hence, since [AL, X1]|4, = 0, we have
L*A(X1p) =0 in Int A4y Uw, p|l, =0.

By Holmgren’s theorem A(X1p)|1y¢ 4, = 0; that is, (Ap)(z) = 0. O

Consider now the Cauchy problem for the Cauchy-Riemann equations

00 Oy 09 O .
L(‘f”w)*(a_m_a_@’a_xﬁa_m)*o in Q,
(5.19) (0,9)Ir, = (b(),0), (¢ + i1h)(Z;) = o5,
0.(p+i)(&5) = c1y,  O2(P+i)(#;) = oy Vie{l,...N}.

Here Z1,...,%N are arbitrary fixed points in 2. We consider the function b and

—

complex numbers C' = (cp,1,¢1,1,¢21,...,Co.N,C1,N,C2.n) as initial data for (TI9).
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We get as a corollary of Proposition [B.1] the solvability of (&.19) for a dense set of
Cauchy data.

Corollary 5.1. There exists a set Oy C C?(Ty) >i(C3N such that for each (b, é) €
Oo, (BI9) has at least one solution (¢,7) € (C*(Q))? and Op = C*(Ty) x C3N.

The proof of Corollary (1] is exactly the same as the proof of Proposition B.11
The only difference is that instead of the extremal problem (5.2)), (53] we have to
consider the following extremal problem:

8V B (09)

(5:20) Je(¢,) = o —b|I* 5% o) + €ll(o, wu‘*% o T H

1
+ = IAL($, )| 140 + ZZ |05 (¢ + i) (&) — cij|* — inf,

j=1k=0
(5:21) (¢,4) € WE(Q), lr, =0,
where b is an arbitrary element of the space C3(Ty).

We have
Proposition 5.2. Let ® satisfy 1) and @2). Let f € L2(Q) and let T be a

solution to

(5.22) 20,0 — 7(8,9)o=f in Q
or let v be a solution to

(5.23) 20:0 — 7(8:0)0 = f in .

In the case that © solves (1.22)), we have

100, (57T 20y — 7 /8 (Ven)fido

0 0 =
R j —— — v+ | V) 0do + ||0g, (e VT =
w1 [ i((smge — g ) 7)o + 10 D) = 1T
In the case that v solves (B.23]), we have

(5.24)

100 (7Y% 2y — 7 /@ (Venfibdo

0 0 =
; ~\= i)
wre [ i((<mge g ) ) T+ 10 Dl = 1o

Proof We prove the statement of the proposition first for the equation 2% —
o o .
T—’U = f. Since 232 - T‘g‘f = (8% - 2%7) + (28812 - aTwT) taking the L?-norms

of the right and the left hand sides of (522)), we get

2
~ 0 oY\ - .0 oY\ -
H <8x1 l(‘)xl T) v o) + 2Re ((8351 Z@wl ’7'> v, ( Zaxg 2, ) v) o)

2

(5.25)

= IF1Z20)-
L2(Q)
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Since the commutator vanishes by [(8%1 - zg—;ﬁT) (iaiz - g—ir)} = 0, we obtain

T
0x1 0z L2(Q) 01 0ry ’ ? L2(0Q)

2

(3 57)) N5 307) =1
+ | v, l— — —T |V 1 + =— v = 2
( ' ( dxy Oy L2(9Q) dzy ~ Oxy L2(9Q) 1712
This equality implies
o o \ |’ Y 0P o
-— — o — d
H (8z1 163:1 T) v L2(Q) T/@g(azg ! 81‘1 VQ)M}‘ o
. 0 ) o >~ 2 ~
+ i|(r=——-1rn=— |V |vdo+|||i=—+=—7 |7 = 2
/89 (( 28551 13952) ) 7 H( O, aIZT L2(Q) 171 @

Finally by ([2I) we observe that

oY Oy

(5.26) Tl 9o = omy

Thus (E24) follows immediately.
Now we prove the statement of the proposition for (5.23)). Since 2-2 55— T%‘f =

(d;cl +1 %7) + (- 18'12 - ﬁr) taking the L2-norms of the right and left hand

sides of (5.23), we get

2
~ 0 oY \. (.0 oY\ -
H(aﬂh +zax17>v +2Re<<8x1 +Z8w17> v, (Zﬁxg 81:2T> U>L2(Q)

L2(9)
9 o >~ 2 ~
—+ 1 — — v - 2 .
(o = 07) 7., = 100
Since [(52 +Z@w1 7), (1612 + sz 7)] = 0, we obtain
) T (G #1585 9)
e +( (5= +ig—r1)7
H(axl ZaxlT v e A ZaxlT v, (iv20) o
(.0 o - W \-I° e
" (Vlu (law 3$2T) U)Lz(m H( da 3~T2T> ° @) 1710
This equality implies
o oy \ L 0 o
H (8—561 Z(’?—xlT> v . — 7/89(8x2 1— a—xll/g)|v| do
, 0 o) o )~ 2 ~
+ e N P do+ | (ip— — 2— = |If12
/BQZ (( Z/25”1 y18x2)v)v 7 H( dixa axZT ‘ L2(Q) 17120

Thus estimate (5.25)) follows immediately from the above equality and (G.26]),
finishing the proof of the proposition. O

Now we prove a Carleman estimate for the Laplace operator.
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Proposition 5.3. Suppose that ® satisfies @), @2), @5). Let u € HI(Q) N
H?(Q) be a real-valued function. Then there exists To such that for all |T| > 10 we
have

T T u T a¢ T
|7|[|ue w“%"’(ﬂ) + [[ue SDH%N(Q) + ||$€ S0||2L2(r0) + 72|||£|U6 S0\@2(9)

0
(5.1 < C(A0E ey + 17| [ I3 P0do).
P Ov
Proof. Without loss of generality, We may assume that 7 > 0. Denote v =
ue™, Au = f. Observe that A = 4.2 L and p(z1,22) = 2(®(2) + ®(2)). Therefore
0 oo 0 0d 0 od 0 0P
T TP — _ _ _ _ _ —_ " \n — T
AT = Qg T s T TV B T g T T )V I

Denote 1, = Q(z) )(2& - T%f)v we = Q(z )(26Z - T%f)v where Q(z) € C?(Q)
is a holomorphic function in . Thanks to the zero Dirichlet boundary condition
for u we have

W1 |oa = 2Q(2)0:0|oa = (11 + in)Wz)?\BQ’
Walaq = 2Q(2)0.0|oq = (V1 —ir2)Q(2 )?\89

By Proposition [£.2] we obtain
ov
N S VT [ _ 21YY 2
||(8$1 ZT@m )wIHLQ(Q) T/{)Q(VQO,I/)‘CN ‘81/‘ do
. 0 0 .. — o oY .
+ Re /@QZ((V28—1'1 - a@)m)mda + H(a—z2 - wa—m)wlniz(m = [|Qfe wH%z(Q)
and

(g * i5g, Pllza@) T/aQ(V%V)IQI |5 1P do+

| B o o o o
Re /(’QQZ((_V28—371 + Vla—m)w2)w2d0'+ H(ﬁ—xQ +ZT8—332)w2”L2(Q) =1Qfe" || 12(q)-

We simplify the integral Reifaﬂ((yQa%1 - ulaiw)ﬁ)l)ﬁ)_lda We recall that v =

ue™ and Wilog = Q(z)(1 + i12) 9L = Q(2)(11 + iva)9%e™. Denote A + iB =
Q(z)(v1 + iva). We get

. 0 0 | =
RQ/SQ Z((V28_xl — Vlﬁ—m)wl)wlda
0 0 ou Ou
- (10— iB)_eT® eT?
Re /asz i(va 0o vy (’hg)[(A +iB) 7 ¢ J(A—iB)— ¢ do
= Re/ i[(ro=— — v 0 )(A+z’B)]|@|2(A—iB)d
a a0 281‘1 18:62 7
7] 8 0o
Yia2 2 v 24
+R€/{992(A +B)(V28x1 )| |

00 5
07AB — 0=BA do.
| ISf
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Now we simplify the integral Re [, a0 1 (( —Vga%l + 11 8‘2 )iy )wado. We recall that

& = ue™ and Wolon = (11 —i10)Q(2) 2L = (11 —ive)Q(z )3“ 7¢. A straightforward
computation gives

) 0 0 .. —
Re /69 z((—l/ga—xl + V18—aj2)w2)’(U2d0

0 0 ou ou
— (o2 7 _ i\ e BY Y e
Re/BQZ( vy o +1 ax2)[(A iB) 5 ](A—|—ZB)8U6 do
(5.28) = R / (v ) (A 'B)]|_‘%|2(A+’B)d
. = Re 89@ Vgaxl n 523 i iB)do

B N SN
Re [ S+ B) g — gl S0

0
8;AB - 6;BA - 2d0’.
| i

Using the above formula, we obtain

0 Oy 0 Oy o
”(8_331 + Za—mlT)wsz(Q) + ||(—2 + Za_x?T)wQHL?(Q)

_ 2
27/89(” VeQPIS o

OY 0 oY | _ g
+ ||(8x1 ZaxlT)/LUl”LQ(Q) + ||(al,2 8%2 T)w1||L2(Q)

00
(529) + 2/ (877AB - a.,—:BA)|a_‘2dU = 2||Qf6ﬂPH%2(Q)-
aQ v
We can rewrite (5:29) in the form
9 T 9 T~
152, (€ TDs) |72 0y + H—(ew @2)[I720)
_ 9 2,0V 2
SRR
9 —ipT 9 — YT )=
+ ||71( v @1)||72(0) +H—2(€ v w)||72(0)
(530) —+ 2/69(8;143 — a;BA”%PdO' = 2||Qfe"'</7||%2(gz).

At this point, in order to estimate the integral [,,(9zAB —0zBA) % |2do, we have
to make a choice of the holomorphic function @. If € is simply connected, after
an appropriate conformal transformation to the ball, we can take Q = 1. Then the
function (0zAB — 0zBA) will be positive.

In the general situation, using Proposition (.1l we choose the holomorphic func-
tion Q(z) such that (0:AB — 0-BA) is positive on ['g. Such a function can be
constructed in the following way. Let ; be a contour from 02. We parameterize it
by the smooth curve z(s) : [0, ;] — v;, satisfying |2/(s)| = 1 and 874 = L Aox(s).
We take now Ao x(s) = {;sin(s/¢;), B o x(s) = £;cos(s/¢;). Then

(8;AB - 8;BA) = Kj on 7vyj.
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Taking into account that A +iB = Q(z)(v1 + iv2), we set
(5.31)
by = Re Lsin(s/4;) —il;cos(s/l;) by — T Lsin(s/4;) —il;cos(s/l;)
(v1 — i) o x(s) ’ (v1 — i) o x(s) '
We take @ as a solution to problem (B.I) with the initial data close to the one given
by (531). Then we have the estimate

90 T2 90 o
(53) | 1Gede < ClQF oy + I [ 15 o)

The function @Q(z), which allowed us to establish the estimate (5.32]), might be
equal to zero at some points of Q. Thus, from now on, we take Q(z) = 1. The

equality ([B.30) is valid. Applying this to (532), we have

0 ﬁ_ 0%
“pT T 9
I 72 ey + | g (™ ) ey =27 [ (v VI P

a —T ~ 9 —iT g
+H8—xl(€ v wl)H%?(Q) + Ha—@( v )Hm(g
v
) < TP 22 T2 .
(5.3 < Callfe™* ey +1rl [ 15 Pdo)

Since ¢ is a harmonic function, we have [, %fda = 0. By (2.1), 22) the
function ¢ is not constant, so the set 9Q_ = {z € 9Q|(v, V) > 0} is not empty.

We now establish a Poincaré-type inequality with boundary terms. Let I', be
some open subset of JQ2. Observe that the functional |[VW | r2q) + [[W|L2(r,) is
the norm on the Sobolev space H!(Q). In order to prove this, it suffices to establish
the existence of constant C3 such that

(5.34) Wiz < Cs(IVW]|r20) + [[Wz2,)) YW € HY(Q).

Suppose that (5.34)) is false. Then there exists a sequence {Wj} C H'(Q) such that
[Wil[z2() =1 and

(5.35) IVWillL2() + Wil L2,y — 0.

On the other hand the sequence W, is clearly bounded in H*(Q2). So taking a

subsequence and using the compactness of the embedding of H L(Q) into L2(R), we
see that there exists W € H'(Q) such that

(5.36) Wy — W in L*(Q).
By (B.35), W =

and we have a contradiction with (5-36) L2 = 1.
Thus, by ([34]) there exists a positive constant Cy, independent of 7, such that

1, o 1, 9
C_4(HU}1HL2(Q) + w272 0)) < —||a—x1(

1,0 ov
— e _ 2
o S AR A T

V=0

T y) |12 (q)

a —1 T~ —1YT
(5.37) +§H8x (e v )HL?(Q 5”5‘7( i w1)||L2 Q)"
Since ¥ is a real-valued function we have
0] O 00 oY
||2— + T o U||L2(Q) + ||2 T@ U”L?(Q) < O5(||w1||L2(Q) + Hw2HL2(Q))
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Therefore

v 9 9 9 9. ., 2
4 2 2 — dx 2
e ||L 0= [ (o~ 5 g )P+ gl

oY
(5.38) +4|| ||L2(Q + 7-2||—U||L2(Q < Co(llwn )72 () + l@2l72q))-
Now we clalm that there exists a constant C7 1ndependent of 7 such that

(5.39) 7190122y < Crlllolln +72||| |UHL2(Q)

It suffices to prove inequality (539) locally assuming that suppv € B(y,d) where
y € H and the radius ¢ can be taken sufficiently small. If y € H N 9OQ, by (2.2) one
can take 0 such that v[sonp(y,s) = 0. Moreover, if y € H is an arbitrary point, we
may assume, without loss of generality, that y = 0. Since all critical points of the
function ® are assumed to be nondegenerate, there exists a holomorphic function
U(z) such that 9,®(z) = 2¥(z) and ¥(0) # 0. Thus for some positive § there exists
a positive constant Cg such that
|z| < Cs]0,®(2)] V(Rez,Imz) € B(0,9).

Then there exists a positive constant Cy such that

/ lv|2dx = / (0.2)|v]*dx = —/ 2(v0,0 + V0,v)dx < Cy / (Vo> + |22|v|*)dx
Q Q Q Q
By (&38)), (5.39) there exists a positive constant Cyg such that

- . 0P
(5:40) |79l 0y + 19071 () + 7M1 10l 22() < Croll@nllZea) + 1D2]72(0))-

By (5.40) we obtain from ([G.33)), (ISBZ) that there exists a positive constant C1;
such that

0P v
2 ov 9
15100 0) =7 | 0 90)i 5 Pdo

v
+ | 2(0zAB — 0:BA)| o= *do < || fe™%||72(0 + / Vo)l |*do.
/39 ( )|81/| o < |Ife™ Lz + |7 1;|(’/7 @)Hau\ o

1 5 N
C—H(|TH|U||2L2(Q) + ol ) + 7

The proof of the proposition is finished. O
Now we give the proof of Proposition 2.1

Proof. Let us introduce the space

H= {u € HY ()| Av + gov € L*(Q), ‘9—5|f = 0}
with the scalar product

(v1,v2)g = /QeQT“" (Avy + qov1)(Avg + qouo)d.

By Proposition (3] H is a Hilbert space. Consider the linear functional on H :
v — [ovfdr + fr 9%¢do. By (527) this is the continuous linear functional with

the norm estimated by Cia(|| fe™ HLQ(Q)/T% +1lge™# | L2(ry))- Therefore by the Riesz
representation theorem there exists an element v € H so that

/ ofdz + / % o = / €27 (AF + go9) (Ao + qov)da.
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Then, as a solution to (Z4), we take the function u = e2™?(AD + ¢o0). O
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