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Abstract. We show that the Cauchy problem for the quintic NLS on
R is globally well posed in H® for 4/9 < s < 1/2. Since we work below
the energy space we cannot immediately use the energy. Instead we use
the “I-method” introduced by J. Colliander, M. Keel, G. Staffilani, H.
Takaoka, and T. Tao. This method allows us to define a modification of
the energy functional that is “almost conserved” and thus can be used
to iterate the local result.

1. INTRODUCTION

We consider the semilinear Schrédinger initial-value problem (IVP)
g+ Uze — [u|*u =0, u(z,0) =uo(x) € H*(R), t € R. (1.1)

This equation is proposed as a modification of the Gross-Pitaevski (GP)
approximation in low-dimensional Bose Liquids [8]. The GP approximation
is a long-wavelength theory widely used to describe a variety of properties
of dilute Bose condensates. However, in low dimensions (d < 2), an essential
modification of the GP theory is necessary. In this context equation (1.1)
is the modification of the GP equations in the important one-dimensional
case where the deviations from the GP theory are largest. See in particular
equations (4) and (10) in [8]. In addition to the physical motivation, we note
that (1.1) is the one-dimensional, L2-critical nonlinear Schrodinger equation
and there is therefore purely mathematical motivation for its detailed study.
The Cauchy problem for equation (1.1) is known to be locally well posed
for s > 0. This result was proved by T. Cazenave and F. B. Weissler [3].
A local result also exists for s=0 but the time of existence depends on the
profile of the data as well as the norm. The equation satisfies the following
two conservation laws, among others that we will not use in this paper.
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948 NIKOLAOS TZIRAKIS

Mass conservation:
w2z = lluoll z2-
And energy conservation:

B(u)(t) = %/|um(t)\2d:r + é / lu(t)Pdz = E(ug).

Since we are in the defocussing case we can iterate to get a global solution for
s > 1 using the energy conservation. Below the energy space the best global
result is due to J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao
[4],[5]. They proved that (1.1) is globally well posed for s > 1/2. To do so,
they introduced the “modified energy” functional and they proved that it is
almost conserved. The precise meaning of the term almost conserved will
be apparent after some definitions. In this article we extend this result and
prove global well posedness, in other words we prove that a global solution
exists for all time for ug € H®, 4/9 < s <1/2.

Remark. Note that in the focussing case (where in the front of the nonlin-
earity we have the plus instead of the minus sigh) we can also prove global
well posedness for 4/9 < s < 1/2 following step by step the proofs below,
but with the crucial assumption that ||ug|/z2 < ||@]| 2, where Q is the unique
positive solution (up to translations) of

Qa:ac - Q + ‘Q’4U = 0.
For a comprehensive review of the most important properties of the semilin-
ear NLS the reader should consult [2].
2. NOTATION

We use A < B to denote an estimate of the form A < CB for some
constant C. If there exist constants C and D such that DB < A < CB we
say that A ~ B and A > B if there does not exist a constant C such that
A<CB. If ||fllgs = ||<§>Sf(§)||Lg is the inhomogeneous Sobolev norm then

we can define the X ; spaces as the set of tempered distributions such that
2\b
lullx,, = 66 {m = [€1%)"a(&; Tl 22 < o0,
where

(&, ) ://ei(xéthT)u(x,t)dtdx

is the space-time Fourier transform of u and () = 1 + [£|. We also define
the restricted X, (/ x R) spaces by

lullx, ,(rxr) = E{|U][sp : Ulrxr = u}.
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With D we define the operator with symbol |¢| and J stands for the Bessel
potential of order 1, or in other terms J = (D). We now give some useful
notation for multilinear expressions. If n > 2 is an even integer we define
a spatial multiplier of order n to be the function M, (&1,&s,...,&,) on the
hyperplane T';, = {(£1,&2,...,&,) € R" : &+ &+ ...+ &, = 0} which we
endow with the standard measure §(&§1 + & + ...+ &), If M, is a multiplier
of order n, 1 < j < n is an index, and k > 1 is an even integer, we define
the elongation X ]k(Mn) of M, to be the multiplier of order n + k given by

XJk(Mn)(fl, 527 cee )fﬂ-‘rk) - Mn(glv cee 7§j—17 §]+ . ‘+£j+k’ gj-‘rk-i-lv cee afn—&-k)‘

In addition if M,, is a multiplier of order n and fi, fo, ..., f,, are functions on
R we define

MM f o f) = [ M6, &) TLA6).
n =1

where we adopt the notation A, (M,;f) = Ap(My; f, f,..., f, f). Observe
that A, (M,; f) is invariant under permutations of the even ¢; indices, or of
the odd &; indices.

3. THE “I-METHOD” AND THE BASIC THEOREM

The “I-method” for the Schrodinger equation in one dimension was de-
veloped in [4],[5]. Traditionally, to prove global well posedness in H' we use
the energy given by

1 1
E(u) = §/R|8xu]2dx+6/R]u\6dx

which can be written using the multilinear notation as

E(u) = —%Az(flfz;u) + éAe(l;u).

In our case since we work in H® with s < 1 we cannot use the energy E(u).
So we are looking for a substitute notion of “energy” that can be defined for a
less regular solution and that has a very slow increment in time, with respect
to a large parameter N. This will be enough to establish our global result.
To do so we consider in the frequency space a C*° monotone multiplier m(¢)
taking values in [0,1] such that

1 if |¢| < N

™ ={ (i o
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where N > 1 is a fixed large number which we shall choose later. Next we
define the multiplier operator I : H® — H' such that

(Tu)(€) = m(&)a(e).

This operator is smoothing of order 1 — s. Indeed we have:

lullso o S Il so+1-500 S N[l 0,80 (3.1)

for any sg,bg € R. Our substitute energy will be defined by E'(u) = E(Iu).
Obviously this energy makes sense even if w is only in H®. Thus

1 1 1 1

E(Iu) = —/ ]6x1u|2daz+—/ [Tu|dr = —=Ay(mi&maés)+=Ag(my...mg),
2 Jr 6 Jr 2 6

where m; = m(&;). We also define the second energy

E?(u) = —%Az(mlﬁmﬁz) + éA(a(Mﬁ(fl,fz, - &6)),

where Mg(&1,&2, ...,&6) is a multiplier to be chosen later. The reason that
we will use the second energy rather than the first is that, as we shall prove
shortly, the second energy has better decay-with-N properties. For an ex-
ample of an equation where the first energy is used, see [4]. Using equation
(1.1) we can write

Ut = WUy — LUAUUU
and

Up = 1Ugy — LUUUUU.
Now taking the Fourier transform of these identities we have the following
simple calculation

%A(Mz; u(t)) = % . My (&1, &2)t1(61)ua(E2)
= [ M &) (Can@)is©) + [ Moer, ) (Siae))in(6)
I'y 1)

= | My(&, &) {—ittun (&) — i(wdrurayu (&1)) Yz (Ea)

Iy

+ g My(&1, &){i3 (&) + i(Upuntipuztia(&2)) i (1)

= i (M i(—l)ﬂ'@?; u(t)) - ma(i(—nfx;*(MQ); u(t)).

J=1 J=1
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Thus, in general we can prove the following differentiation law for the mul-
tilinear forms:
n n

Ohn(My) = idn(My S (~1)762) — ihsa (3 (-1 XEAML)). (32)
Jj=1 Jj=1
Our idea is to consider the second energy and use the above differentiation
law. Then we get multilinear forms of type As, Ag, Aig. If we chose Mg
properly we can simplify the expression for the derivative of the second
energy. Thus by differentiating

E%(u) = —%Az(m1€1m2§2) + %AG(M6(§1,€2, - 86))

we have
d 1dA 1dA
FE ) = —5 =R (miGimaty;u) + = (Me; )
. 2
= ;A2 (m151m2€2 ;(—1)j§]2'; U(ﬂ)
2
A6 (Do (1Y X migimago); u())
j=1
. 6
+ %A6< 51) 756 Z )
7j=1
. 6
= o (DX (Mo 86D uld)).

j=1
Since on I'y we have &1 + & = 0 the first term is zero. By symmetrizing and
picking
oty G = G w3 e+ mie — iy
B G-8+8-8+8 -6

we can force Ag to be zero. We will show shortly, in Proposition 1, that
Mg is well defined and bounded. The only multilinear form is now Ajg
and its multiplier is a sum of elongations of Mg. As we show below this
multiplier is bounded, which is the main ingredient in exploiting the decay
of the derivative of the second energy. For calculations of this type, although
in a different context, see [5] where a Schrodinger equation with derivative
nonlinearity is treated. Finally, using the fundamental theorem of calculus
we have the following lemma.
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Lemma 1. Let u be an H' solution to (1.1). Then for any T € R and § > 0
we have

T+6
EZ(U(T + 5)) - EQ(’U,(T)) = / AlO(Mlo; u(t))dt,
T

where M1g = —=ar > {Me(Eavedes Ef>Egs €y §ir §5) — Mo (Ear Spedes §g> &y §ir )
+Ms(Ea, §by Ecdefgs Ens &ir &) — Mo6(Eas &by Ees Ederans Eis &) + Me(ay b, ey Ea
Eefghir &) — Me(€ar &by €cy €as ey Efgnij) }» where the summation runs over all
permutations {a,c,e,g,i} = {1,3,5,7,9} and {b,d, f,h,j} = {2,4,6,8,10}.
Furthermore if |€;| < N for all j then the multiplier My vanishes.

Proof. Only the last statement needs a comment. Notice that if all |;| < N
then m; = 1 and consequently Mg =1 and M9 = 0.

To iterate the global result by standard limiting arguments we just need
an a priori bound for our solutions in H®. This bound comes from the next
theorem.

Theorem 1. Let u be a global H' solution to (1.1). Then for any T > 0
and s > 4/9 we have that

sup |[u(t)[ms S C

||“0HHS,T)’
0<t<T

where the right-hand side does not depend on the H' norm of w.
To prove this theorem we need 4 propositions.
Proposition 1. Assume Mg is the multiplier given by
242 242 242 242 242 242
miEs — ms&s + mics — miEy + me&E — mgg
M6(£l)£2a”')§6) — 151 262 353 454 555 656

G-G+8-4+8-4
Then |Mg| < C on Tg.

Remark. That the multiplier is bounded on I'g, can be checked automati-
cally, using for example any mathematics computer program. Nevertheless,
since the analysis is interesting we will prove it below, showing all the cru-
cial steps. Before we start we fix some notation. We define N; := [¢]
and we write N > N5 > N3 > Nj for the highest, second highest, third
highest, and fourth highest values of the frequencies Ny, No, ..., Ng. Since
&1+ &+ ...+ & = 0 we must have that N7 ~ Nj. Finally, notice that if
Ny < N, then Mg = 1. Thus, N 2 N.

Proof. By symmetry we can assume that NJ = [£;]. Obviously, away from
the singular set, the multiplier is bounded. So the only interesting case is
when

€11 + €31 + 1651 ~ €2l + [l + I€6 . (3-3)
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Note that if all the frequencies are equal or equivalent, then Mg is bounded,
then

249 242
mi&§i — msé;

&q-&

|Mg(&1, €2, -, 66)| ~ | | ~ [mf]
and thus |Ms| < 1.

Case 1. Nf ~ NJ > Nj. a) Let Ny = &3] ~ Ny. Since Nf = |&;1]| we
have 272 + [65f2 ~ 62 + [€4f? + [€6/2. But €], €1], 1651, |6l S N§ < N;
and this contradicts the previous relation.

b) Let Ni = |&|. Then again Ni2 +|&3[2 4 |€5]% ~ |€4]% +|€6]? and we have
again a contradiction unless |£1] is very close to |£2] in which case equation
(3.3) is reduced to

€317 + 1&5]° ~ |&a)® + |€6)?
and we can continue as before.
Case 2. Ni ~ Nj ~ Ni. a) Let |&| = Ni ~ Ny. Then 2N;72 + &% ~
&a|% + [€4)? + |&6|%
If |&5] = N3 ~ Ni, we have Ni* ~ |&f* + [&4]? + [€6]? and either |€o| ~

|€4] ~ |€6] ~ N7, in which case all frequencies are equivalent, or at least one
of &2, |€4|, |€6| is equivalent to zero. For example if |{3] ~ 0, then

ih 4 mdeh— it 4wt it
G+ -8+8 -
& — &6

|M6(517£2) )€6)| ~ ‘

since |&1] ~ [&q]-

If |&] = Ni ~ Ni, we have Ni2 + |&5)? ~ |€4]% + |€6|> where at least one
of &2, |€4l, |€6| is equivalent to Ny

If |&5| ~ Nt, then Ni? ~ |¢&4)? + |&|* and the same analysis as above
shows that Mg is bounded.

If |&4] ~ N§, then N2 ~ |62 —|€5]? and if both frequencies are equivalent
to Ni we are done; so assume that [&5] < Ny

But m?(£)&? is an increasing function and thus

2 = mie] + w3 — e} — mih
g-g+8-8-8
2¢2 2¢2
N|m1§1_m656|NC
52_ 2
17~ %6

|M6(£la€27 556)| S |
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b) Let & = Nj ~ Nf. Then Ni2 + |Gl + |62 ~ [&af? + |62 It
|&5| = Ni ~ Ni, then Ni2 + |&5]2 ~ |€4]? 4 |€6]? and the same analysis as
before gives that |Mg| < 1.

If [&4] = NI ~ N, then Nj? + |&)2 + €)% ~ |2 But this implies
that || ~ Ny, and either |3, [€5] ~ N7, in which case all frequencies are
equivalent, or at least one of £3, &5 are close to zero. But this case is treated
above. Thus in all cases |Mg| < 1.

Before we state the second proposition let us give the basic estimates
that we use throughout this paper. In our arguments we will often use the
trivial embedding ||uls, p, < [|2|s,5,, Whenever s; < sp and by < by, and the
following Strichartz estimates

lullzore < Cllullo,/2+ (3.4)
and
lullserz < Cllullo, /2y (3.5)
From (3.5) and Sobolev embedding we have that
lullLeoree < Cllullyjog,1/24- (3.6)
Finally, interpolation between (3.6) and the trivial estimate
lull 22 < Cllullo,/2+
gives us
||u||L§'L§ < CHuHa(p),l/Q-H (3.7)

where a(p) = (1/2—1—)(7‘%6).

The next step is to prove that the second energy is just a small error
plus the first energy E'(u)(t) = E(Iu(t)). This is the result of the following
proposition.

Proposition 2. Assume that || Iu||g1 = O(1). Then we have that

E2(u) ~ E'(u) + O(1/N)| ull$:
for N> 1. In particular for N > 1 we conclude that |0 1ull7, S E*(u).
Proof. Recall that

E(I’U,) = —%Ag(mlflmgfg) + %Aﬁ(ml...mﬁ)

and that for v € H',

1 1 1
B(u) = ; /R Opul*da + ¢ /R [ul®dz > - /R 10pul2da = ||0,ull 2 < EY2(w).
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But then [0, 1u| ;2 < E'(u)'/? which in turn implies

~

1 1
H&EIUH%Q < —§A2(m1§1m2§2) + 6A6(m1...m6>.

In addition

6
E2<’U,) = —%Ag(mlflmgfg) + A6<M6) = El(u) + éA6(M6 — Eml)

6
A6(Mg — [ mo)l S O/ Tu .
i=1

Then since ||81Iu||%2 < E'(u), we are done.
Remarks. 1) We break all the functions into a sum of dyadic constituents
1, each with frequency support (§) ~ 27,7 =0, ... Then we pull the absolute
value of the symbols out of the integrals, estimating them pointwise. After
bounding the multiplier, the remaining integrals involving the pieces v; are
estimated by reversing the Plancherel formula and using duality, Holder’s
inequality, and Strichartz’s estimates. We can sum over all the frequency
pieces 1); as long as we keep always a factor IV, inside the summation.

2.) Since in all of the estimates that we establish from now on, the right-
hand side is in terms of the X*® norms and the X*® spaces depend only on
the absolute value of the Fourier transform, we can assume without loss of
generality that the Fourier transform of all the functions in the estimates
are positive and real.

Proof of claim. By Proposition 1 we have

u miNy
Aeg(Mg)| < | = Ul
s £ f Tl = [ T
If we use Plancherel, assume that the spacetime Fourier transforms are all
real and nonnegative, keeping in mind that mj Ny~ = JX;:, N-2N (N~ =

N17), we get

5 5
1 * 1 *
26)] £ = [ V1] 1 []wl S = Buile Tl
1

i=1
~ N

||UHL10 5 HUHH1/2—1/10 = HUHH2/5 S HIUHH2/5+1—S S HIUHHl,
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where we used the Sobolev embedding and (3.1) with s > 4/9 > 2/5. Thus

1
[A6(Mo)| S ~= — ||
Also

|A6 Hml |N/mN*21 Hml

N N 1 1
o= (f1mar ) [T rule < = I Tl ull £ <= 7l
=1

The next thing is to prove a local result for the “I-operators”. This iteration
process is in [4] and the proof that uses techniques as in C. E. Kenig, G.
Ponce, and L. Vega [6],[7] can be adapted to our case where s > 4/9.

Proposition 3. Let u be an H' solution to (1.1). Then if T € R is such
that [ Tu(T)|| g < C, for some C > 0, we have that

[Tull x a2t (rrrisxm) S 1

for some & > 0 that depends on C.

Before we prove the next proposition we state the following Strichartz-
type estimate that is due to Bourgain, [1].

Lemma 2. For any Schwartz functions u,v with Fourier support in |§| ~
R, |¢] < R, respectively, we have that

_ 1
HUU”Lng = ||U'UHL§L3 S B2 ullxg o 10X 0 -

The next proposition shows that the second energy decays. Because the
second energy is actually a correction term of the first this is the main step
in proving Theorem 1.

Proposition 4. For any Schwartz function u we have

T+5 .
‘/T Ao (Mo u(t)dt| S N7 Tull R 11y 5 cm)-

Proof. In Proposition 1 we proved that Mg is bounded, so Mig is also
bounded, since it is a finite sum of elongations of Mg. Thus |My| < C.
Again we perform a Littlewood-Paley decomposition of the ten factors u.
Case A. N ~ N5 ~ N3.
*3 10

T+6 m
[ swaneuoal s [ *3N*3H%
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Observe that since Ni 2 N

* *3— N*(BS_B) *3— Ny s)— _ _
mi? Ny :(W)ng Z(Wl)(S) N3~ > N3~
Thus, and

1 < 1
m*{SNi“i’)* ~ N3—

T+8 1 10
‘/ Alo(Mlo;U(t))dt) S F//U—’M | JIul - |JTu| - | Huﬂ
T .
j=4

10

1
S = 1T (TTu)(JTu)l| 2 2l [Twillzzz
j=d
< 1 3 7
S w= I Tw)lge g lullya e,

where we applied Holder’s inequality several times. But, by (3.4) and (3.7),
we have that

[(JTu)llzore < 1(TTw)l[xg 0 = Hullx, )y
and
||uHL14L14 S ||u||Xa(14)’1/2+7
where a(14) = (1/2+) - (&) = 2/7+. Thus
||u||L%4L31D4 S ||u||X2/7+71/2+ ~ ||IUHX(2/7+)+1_S 5 ”Iu||X171/2+7

since s > 4/9. So, in this case,

T+
10
‘/ Aqo(Mio; u( dt‘ S N3 Il s 2 (15 xR) -

Case B. N ~ Ny > N3. Since we have that

< 1
maI«Q(Nl*)S/Q ~ N5/2—

T+6 m*QN*Q N 1/2
[ dotnouoar < [ [ SIS, \H i

7
1 * * * *
S [ [0 i) [Lw
11

7
~ WH(JI%)U?,”HB NiM2|( H )(J Ttmaz )| 22
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The Fourier transform of JIuj is supported in |{| ~ Nj and the Fourier
transform of uj is supported in || ~ N3 < N{. By Lemma 2, we have that

1
(T Tun)usll 22 (NT)2 ST Tuillxg o 13l xo s o = 1HUTlIX, 0y U3l X0 0 -
In addition,

7

| H Uj(JIUmax)HLng S HU1U2U3”L§LQH(qumaz)HL?Lg”U4U5U6u7HL§Lg-
j=1

By (3.4) again we have

H(JIUT)HLng S HIUTHX1,1/2+

and
HUIUZUSHLQLQ N ”UHitlsLis S HUH_?%D((IS)’I/H’
where «(18) = 1/3+ < 4/9 which implies that ||1/J||?]34%8L}C8 < HIU||?)’<1,1/2+'
Similarly,

luruzusuall srs < lulldonz S lulk oy 1,

where «(24) = 3/8+ < 4/9.

Again, we conclude that [[u[|7 240 S [[Tul|3
t x

e . So in this case
1,1/2+

T+6 1 10
’/T Avo(Mio;u(t))dt| < W”IUHXIJ/H([T,TJHS}><]R)’

Now we are ready to prove Theorem 1.

Proof. Let A > 0, to be chosen later. We can easily check that u(z,t) is

a solution to (1.1) if and only if uMz,t) = Lru(%, 1) is a solution to the

/2
same equation with initial data up) = ﬁu(%)
Also we have that u}(¢) = )F%ﬁo()\ﬁ). In particular
A2
lugllze = [luollL2-

o~

Since [m(¢)] < 1 we have that | Tz < [dlls = ull2 = [[uoll>
By definition Im(€)] < N'7% 50 we have that

) |£|sfl
A Y MmOl s> - 1B N
102 Tug |2 = Im(€)[€lug]l2 =l g1 €l udllz < NTeleludll S =5 Iluoll -
An application of the Gagliardo-Nirenberg inequality gives

I)\6<8I/\2I)\4<N2_28 2 4
1Huglle < 10 IupllzllTuglly S —z5—Iluollp. lluoll-
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But recall that
2
E(Iu)) = / |0, Tud[2dx + = / |Tud|Cdz.

Thus, E(1u)) < %Huol\z . and for A ~ N*%" we have that E(Iu)) < 2/3,

which in turn implies that
a3 < 1+ Juoll3-

So, we succeed in making ||Iug|/g1 ~ 1 and can apply the previous proposi-
tions. The main idea of the proof is that if in each step of the iteration we
have the same bound for ||Tu}| ;1 then we can iterate again with the same
timestep. Now, by Propositions 2, 3, and 4, we have that

1
E*(u)(9)) S E*(u0)+CN~/2F 5 EI(UA(O)HN||IUQII?{1+CN_5/2+ <1
for N large enough. By Proposition 2,
10:Tu(d)M3 S B*(u?(9)) < 1
and thus
(@) < 1+ Jluoll3
so we can continue our argument. We can continue the solution in [0, Md] =
[0, 7] as long as T < N°/2~. Thus,
M) S 1+ Jugl3 =1+ JJuoll3
for all T < N°/2=. From the definition of I this implies that
D) e S 1
for all T < N°/2~. Undoing the scaling we have that
[u(T)][s S Cnoa

for all T <« N5/2 . But % ~ N% goes to infinity as N — oo since
s>4/9.

From the above proof, it is evident that, to prove a global well-posedness
result for s > 0, we need an infinite decay for the “modified energy”. So one
naturally can think to define the “third energy”, or in general higher and
higher approximations of the energy, when trying to push down the global
result. In our case the symbol, even for the third energy, becomes very
singular and it is extremely hard to get an improved decay for the “modified
energy”. For example we can define the third energy by

E3(u) = E%(u) + A(My,).
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Then by (3.2) we have that

3 2 10 ‘
%(u) = %(U) + iAo (Mio ;(_1)]§?§ U(t))

10

— it (YD XF (M) u(t)) = Awo (Mo w)
j=1
/ 10 ' 10 ‘ ,

i (Mo D (=192 u(t)) — i (3~ XM )5 u(r))
j=1

J=1

where Mjg is given by Lemma 1. Thus if we pick M{O =1 we

Mo
SL(-1)7€2”
cancel the Ao term and thus

dE3

dt
where M4 is a finite sum of elongations of M{O. But now it is too much to
ask for pointwise bounds for M{O. So a modification of this method maybe
turns out to be what we really need to go down to s > 0.
Acknowledgments. I would like to thank Andrea Nahmod for all her help.
Thanks also to Gigliola Stafflani who proposed this problem to me.

(u) = Aa(Myg;u),
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