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G-frames and g-Riesz frames as generalized frames in Hilbert spaces have been studied by many authors in recent years. The super
Hilbert space has a certain advantage compared with the Hilbert space in the field of studying quantum mechanics. In this paper,
for super Hilbert space H @ K, the definitions of a g-Riesz frame and minimal g-complete are put forward; also a characterization of
g-Riesz frames is obtained. In particular, we generalize them to general super Hilbert space L, @ L, @ --- & L,,. Finally, a conclusion
of the stability of a g-Riesz frame for the super Hilbert space is given.

1. Introduction

Frame as generalized basis in Hilbert space was first intro-
duced by Duffin and Schaeffer [1] during the studied non-
harmonic Fourier series in 1952. In 1986, Daubechies et al.
[2] reintroduced the concept of frame. Now the theory of
frames has been widely used in many areas such as the
characterization of function spaces, signal processing, filter
theory, image processing and quantum mechanics. We refer
to [3-10] for an introduction to frame theory in Hilbert space
and its application.

Sun [11] introduced g-Riesz basis and g-frame; g-frame
actually generalized the concept of frame. Since then, g-
frame, g-frame sequence, Besselian g-frame, near g-Riesz
bases, and so on are focused on and studied by many authors.
The authors [12] introduced Besselian g-frames and near g-
Riesz bases in Hilbert space and gave some characterizations
of them. In [13], g-Riesz frames were studied and some
corresponding results were given. In [14], the concept of g-
bases in Hilbert spaces was introduced and some properties
about g-bases were proved. Because super Hilbert spaces
arose naturally as the state space of a quantum field in the
functional Schrédinger representation of spinor quantum

field theory and it provided a means to bring supersymmetric
quantum field theories into a form resembling standard
quantum mechanics, the super Hilbert space has certain
advantages compared with the Hilbert space in quantum
mechanics. With the extensive research of super Hilbert
space [15-20], scholars were beginning to study g-frames for
super Hilbert spaces [20, 21]. Unfortunately, although g-Riesz
frames were considered as a class of important frames, we
have not consulted the literature of the g-Riesz frame for
super Hilbert space H @ K so far. Because g-Riesz frames
play an important role in approximate calculating coefficients
of g-frames, therefore, the study of g-Riesz frames for super
Hilbert space H @ K has a double meaning of theory and
application. In order to enrich the frame theory, we give the
concept of g-Riesz frame for super Hilbert space H @ K
and the characterization and necessary condition for g-Riesz
frame. We also expand corresponding conclusions to general
super Hilbert space L, @ L, & - -- & L,,. Finally, we consider
the stability of a g-Riesz frame for super Hilbert space.
Throughout this paper, H and K are two complex Hilbert
spaces and {H; : j € J} is a sequence of closed subspaces of
H.LH,H j) is the collection of all bounded linear operators



from H into H;, where ] is a subset of integers Z. 12({Hj}j€,)
is defined by

12 ({Hj}jg]>
= {{aj}je] rajeHj je ],Z]"aj"2 < +oo]> ,
j

@

with the inner product given by
<{aj}je]’{bf}js]> :;<a]"b]'>Hj’ 2)
j

and it is clear that I*({H j} je 7) is a complex Hilbert space.
The literature [16] gave the definition of super Hilbert
space.

Definition 1 (see [16, p.557]). Super Hilbert space is a direct
sum that H = H, & H; of two complex Hilbert spaces
(Hy» (> )0)> (Hy, (- Y1) equipped with the super Hermitian
form ((,-)) = (> )o + ()1

2. Preliminaries

In this section, some necessary definitions and lemmas are
introduced.

Definition 2 (see [11, Definition 1.1]). A sequence {Aj €
L(H,H j) : j € J}is called a g-frame for H with respect to
{H,} ;; if there exist two positive constants A and B such that,
forall f € H,

Alf < ZIIIA,-fIIZ <B|fJ. 3)
Jj€

The constants A and B are called the lower and upper bounds
of g-frame, respectively. If the right hand inequality holds,
then we say that {A ;};; is a g-Bessel sequence for H with
respect to {H};¢;. I A = B, we call this g-frame a tight g-
frame. If a g-frame ceases to be a g-frame whenever any single
element is removed from {A j} jepoitis called an exact g-frame.
Definition 3 (see [14, Definition 2.2]). One says that {A ; €
L(H,Hj) : j € J}is g-complete, if {f € H : Ajf] =
0, for all j} = {0}.

Definition 4 (see [11, Definition 3.1]). A sequence {Aj €
L(H,H;): j € J}iscalled a g-Riesz basis for H with respect to
{Hj} ;> if the sequence {A }; is g-complete and there exist
positive constants A and B such that

2
aSlof 5| S <3Sl @
j€h Jj€h

ZAZ'»%'
j€l

for all finite subset J; ¢ J and g;€H;jel. The constants A
and B are called the lower and upper bounds of g-Riesz bases,
respectively.
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Definition 5 (see [11, Definition 3.1]). Let {Aj € L(H, Hj) :
j € J}. Suppose that {ejk}keKj is an orthonormal basis for H;,
where K is a subset of Z. Denote

uy = Nejo  je, kek, ®)
Ajf =) (fiup)ep VfeH. (6)
keKj

We call {ujk}je],keKj the sequence induced by {A ;},¢; with
respect t0 {eji} jej ke, -

Theorem 6 (see [21, Proposition 2.8]). Let {Aj}je] cmd{l"j}je]
be sequences in L(H, Hj) and L(K, Hj), respectively, and let
{ejk}keKj be an orthonormal basis for H;, where K is a subset
of Z, and let y; = Aj-ejk, Pk = F;ejk, and ©;(f,g) =
Ajf +T;g. Then {(Illjk,(pjk)}jel)keKj is a frame (resp., Bessel
sequence, Riesz basis) for super Hilbert space H @ K if and only
if{©; € LLH® K,H;) : j € ])} is a g-frame (resp., g-Bessel
sequence, g-Riesz basis) for H ® K with respect to H;.

Proposition 7 (see [21, Proposition 2.9]). Let {®j € L(Hao
K,H)):j€JL{(A; € L(H,H)): j € J} and{T; € L(K, H,) :
j € J} be g-frames, where © (f, g) = A ; f +1;g. Then g-frame
operator for {®j €eLHoK,H;):je J} is defined by

Se (f:9)

(7)
- <Z](A’}Ajf + A’;r].g),zj(rjAjf + F;Fjg>> )
JE€ JE€

The literature [21] introduced the concept of disjoint g-
frames. A pair of g-frames {A]- € L(H, Hj) : j€Jtand {Fj €
L(K,H,) : j € J} is called disjoint if ©;(f, g) is a g-frame for
HeoK,where ®,(f,g9) = A ;f +1;g.

With the definition of g-complete of g-frame for Hilbert
space, we give the definition of g-complete of g-frame for
super Hilbert space as follows.

Definition 8. {®j € L(H oK, Hj)};.’i’l is called g-complete
with respect to {H j}](?:l under the condition of that {(f, g) :
(H)j(f, g) = 0,for all j} = {(0,0)}.

3. Characterization of g-Riesz Frame for
Super Hilbert Space

In this section, we first give the concept and the characteriza-
tion of g-Riesz frame for super Hilbert space H® K, and then
we generalize them to super Hilbert space L, @ L, ®---®L,,.

3.1. Characterization of g-Riesz Frame for Super Hilbert Space
H & K. Before giving the characterization of g-Riesz frames
for super Hilbert space H®K, we give the definition of g-Riesz
frames and some related lemmas.
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Suppose that I is a subset of ], and denote

Definition 9. Suppose that {®; € L(H® K,H;) : j € J}is
a g-frame for H & K with respect to {H;} ;. One says that
{©,}¢; isag-Riesz frame if every subfamily {® ;} ;c; of {® ;} ;¢;

3
(HeK), = Z@}‘gj = ZA’}gj, ZFJ’.‘gj : forany finite I, C I, g; € Hj, jeI, . (8)
Jjeh jeh Jjeh
Therefore,
(f.9) = <ZA§91’ Zr;%‘)
jeI, jeI, (11)

is a g-frame for (H@® K); with respect to {H } ; with uniform
g-frame lower bounds.

For the above (H & K);, we have the following.

Lemma 10. Suppose that for every j € J, A ; € L(H, H;), I; €

L(K,H;), ®; € LLH®K, H)), and {ejk}keKj is an orthonormal
basis for H;. v = Nej and ¢;,, = T:e;, are defined as in

(5). Then (H® K); = span{(tpjk,gojm)}jd)k)meKj.

Proof. Denote

(H/@g?)z = {26;91‘

jeh

:<ZA;gj,21";gj>: forany finite [, C I, g; (9)
Jeh

jeh

€ H;, jell}.

Since v = A’;.ejk, Pjm =
(ij’%'m) € (HeK), jelLkme K;. This implies that
span{(y i, SDjm)}jeI,k)meKj C (H @ K);. Therefore, span{(y .
(pjm)}jEI,k,mEKj C (H ® K)I

On the other hand, suppose that (f,g) € (H @ K);, and
then there exists a finite subset I, ¢ Iand g; € H;, j € I,

such that (f, ) = ¥ ey, 9;!]]‘ = Qjer, Azgj’ Yjel, r]ik!]j)- For
every j € Iy, let g; = ZkeKj cjkejk> where {cjk}keKj € I*. Then,
we have

* .
e j € I, k,m € Kj, we have

©j9; = (Aj P Cjkejk>

keK; keK;

10
= < > Vi D, Cjk‘/’jk> 1)

keK; keK;

€ span {(‘/’jk’ (ij)} jeLkmeK; "

€ span {(Wﬂo 9"jm)} jelkmeK; "

This implies that (H & K); < span{(y/ (ij)}jeI,k,meKj' The
proof of Lemma 10 is completed. O

Lemma 11. Let W be a closed subspace of H ® K and {®; €
L(H ® K,H))}j¢j. Suppose that (Y ¢;,,) € W for every
j € L kym € K;, where I is a subset of ] and {ij}je[,keKj’
{(ij}jE],meKj are defined as in (5). If {©} ;¢ is g-complete in
W, then {(wjk,gojm)}jel’k,mng is complete in W.

Proof. For any j € I, k,m € K;, we have (v, 9;,,) € W,
where W is a closed subspace of H @ K. Furthermore, we
obtain

020 {(Wjio )} e merc, W- (12)

Itis enough to prove thatif (f,g) € Wand (f,g) L span{(t//jk,
Pjm) jerimex > then ((f, 9), (Wjx> 9j)) = O for j € I k,m €
K. By equality (6), we obtain

0; (f.9) =A;f+T;g

= Z <f’ij> ej + Z <9"ij> ejr =0, (13)

keK/- keKj
Vjel

Since {®j}jel is g-complete in W, we have (f,g) = (0,0).

Hence, {(y/j, (ij)}je],k,meKj is complete in W. O

Inspired by the concept of minimal g-complete of g-
frame for Hilbert space, we give the definition of minimal g-
complete of g-frame for super Hilbert space.

Definition 12. Let W be a closed subspace of H @ K and I be
a subset of J. If {©;} ; is g-complete in W, but {® j} jcp (. is
not g-complete in W for any jj € I, then one says that {©;} ;;
is minimal g-complete in W.

Lemma 13. Suppose that {©;} € L(H & K,H;) for j € ]
and I is any finite nonempty subset of J. Then there exists



a finite nonempty subset I, C I such that {®} ., is minimal
g-complete in (H & K); and (H & K); = (H & K),;, where
(H ® K); is defined as in (8).

Proof. We prove Lemma 13 in two cases.

Case 1. {0} ;; is g-complete in (H ® K); for any j, € I, but
{©;}jenij,} is not g-complete in (H @ K);. Let I; = I. Then the
conclusion is right.

Case 2. Suppose that there exists j, € I such that {®};cp ;)
is g-complete in (H & K);. Let I, = I\ {j,}. If there still
exists j, € I, such that {(V/jk,?jm)}jezl\{jl},k,mekj is complete
in span{(y (ij)}jeI,k,meKj’ then we remove j, from I, in the
same way. Repeat the operation above. Because I is nonempty
and finite, this process must stop after finite steps. Assume
that we remove {jo, f;,..., j,} from I, where n € N and
Iy = I\ {jyp> j1>---> ju}- Then, we obtain that I, c I satisfies
the following two statements:

(1) {G)j}jd0 is g-complete in (H & K);.

(2) For any iy € Iy, {©} e\, is not g-complete in (H &
K);.

By Lemmas 10 and 11, the statement (1) implies that

3) {Yjr (ij)}]‘EIO’k,meKj is complete in span{(y.,
q’jm)}jel,k,meKj'

Obviously, I, is nonempty. The proof is by contradiction.

Suppose I, = 0, by (1), we obtain that {®};c; is g-
complete in (H & K);. It is obvious that this is impossible.
So I, is nonempty. Now we prove (H & K); = (H @ K);. By
Definition 12 and Lemma 10, {®;} ;; is minimal g-complete
in span{(V x> @ jm ) jerme, - BY (3), we get

span { (u/jk’ (me)}jelo,k,mEKj
(14)

= 5pan {(Vji Pjm)} jeLkmeK, "

By Lemma 10, we get (H & K)I0 = (H @ K);. The proof of
Lemma 13 is completed. O

Based on this, we can obtain a characterization of g-Riesz
frame for super Hilbert space H @ K.

Theorem 14. Let {®j € L(He& K,Hj) :j € Jh beag
frame for H & K with respect to {H;} ;. Then the following
two statements are equivalent.

(1) {@1-}1-6] is a g-Riesz frame for H & K with respect to
{Hj} je]*

2) There exists A > 0 such that {®}¢; is minimal g-
complete in (H @ K); for any nonempty subset I of J. And

Al <Y |e; (f’él)"z) V(f.g) e (HoK), (15

jeI
where (H & K); is defined as in (8).

Proof. (1) = (2). Since {®j}j€] is a g-Riesz frame for H & K
with respect to {H;} ¢}, there exists A > 0 such that {®};;
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is a g-frame for (H & K); with respect to {H;},; for any
nonempty I of J. Then, we obtain

Al <Y e (ol v(fg)eHoKY. (g
jel

(2) = (1). Suppose that {®},; is a g-frame for H & K
with respect to {H } ;; with upper bound B. Then

YleUral <plral. Virg)etiek. ()

There are two cases to prove that {® ;} ;; is a g-frame for
(H & K); with respect to {H,} ., where I is any nonempty
subset of J.

Case 1. When I is any finite nonempty subset of J, by
Lemma 13, there exists a finite nonempty subset I, ¢ I such
that {®};;, is minimal g-complete in (H & K); and (H &
K)IO = (H @ K);. By (15), we have

AlFal < Y lo; (o)l

Jelo (18)
V(f,9) e HeK), =(HeK);.
Again by (15), for V( £, ) € (H & K),, we have
Alf 9l < ZI lo; (£a)| < lel@),- (ra)
w ) (19)

<Yle; (o) <Bl(f 9
jel

Case 2. Let I be any infinite subset of ] and (f, g) € (H®K);.
Then, for any € > 0, there exists a finite subset I; ¢ I and
g; € Hj, j € I, such that [|[(f, g) — X, @] g;ll < e. Denote

(He K),

(20)
= {(ZA’}gj,ZFJT‘gj>: Vg, € Hj, jell}.

Jjen j€n

Clearly, (Ho K); = (H®K); & (HGBK)ILI. Suppose that there
exists (f1,9,) € (He® K),1 and (f,,9,) € (H® K)IL1 such
that (f,9) = (Xjer, A?Qj’ Yjer, r;gj) = (fi-g1) + (f2,92)- By
ICf,9) = Xjer, @59l < & we get [(f1, g)I” + 1(fo g)I° <
¢’ Let (fo» 90) = (Zjell A?gj’ Zjell r;gj) + (f1> g1)» we get

(f,9) = (o 9o) + (f2> 92)> where (fo, o) € (H & K);. By
Case 1, we have

Al(£ ) = AlFo 90 + Al(f2r 90

5 , (21)
< Z ”®j (fo’go)n + Ag”.
j€h



Journal of Function Spaces

Now we prove ) ;c; 10;(f, gI* = Ljer, ”@j(fo’go)nz-
We only need to prove that ©;(f,g) = ©;(f,, go) for every
j € I,. From (6), we obtain

0; (f.9)= Z <(f’g)’(1//jk’</)jk>> €jk

keK;

= Z <(f0’go)+(f2’gz)’(1//jk’()0jk)> €ji> (22)

keK;

Vjel.

By Lemma 10, we have (., ¢j) € (H ® K) forany j € I,
ke K;. From (22), we get

0; (f9)= Z <(f0’g())’(1/’jk’(ij)> e, Vjel. (23)

keK;

Again by (6), we have

0;(f9)= Z <(fo>90)’(1/’jk’(f)jk)> €k

keK;

=®j (fo,g0)> vjEIl'

(24)

Using (21), we get

Al < Y e o ao)| +Ae?

Jjeh

=Y le;(fg)] +ae

j€h

< Z"®j (f,g)'|2+As2 (25)
jeI

<X lo;(£.9) +ae

il
<B|(f.g)| + A"

Lettinge — 0, A|(f, 9)l* < Z]g ||®j(f,g)||2 < BI(f, 9)I?
for any (f,g) € (H @ K);. The proof of Theorem 14 is
completed. O

3.2. Characterization of g-Riesz Frame for Super Hilbert Space
Lel,®---®L,

Definition 15. Let {G)j eL(Li®L, EB---eBLn,Hj) :j€J}be
ag-framefor L, ®L,®-- &L, with respect to {H } ;. If any
subsequence {© } ;1 jc; isalsoa g-framefor (L,®L,&- - -®L,),
with respect to {H};.; with uniform g-frame lower bound,
then one says that {0}, is a g-Riesz frame for L, & L, &
-+ ® L, with respect to {H } ;;.

Like (8), we can define (L, ® L, @ ---® L,,); as follows:

(LieL,®-oL,), = <|Z®}‘gj= <ZA‘}>*gj,ZA<f’*gj,...,ZA<;')*gj>:11 cI, Vg; € H,, jell}, (26)

Jjeh

where I, is any finite subset of I and {A(JP) € L(LP,H].) 1je
JLp=12,...

, n. Similarly, we give two lemmas.

Lemma 16. For every {®; € L(L, ® L, & --- & L, H;) :
jeJl, let {ejk}keKj be an orthonormal basis of H; and 1//;{(’) =

P
A(f)*ejkp, where {A(]P) € L(LP,Hj) cjeJhp=12..,n
Then

(LioeL,®---®L,),

27)
— ThaT 1 @ (n)

= span {(V/jkl’ Viky - Vi, )}jel,kl,kz,...,k,,eKj ’
Lemmal7. Let W be a closed subspace of L,®L,®---®L, and
let {ejk}keKj be an orthonormal basis of H;. Suppose that I is a
subset of ] and{®; € L(L,®L,®---®L,,H)), j € J}. Forevery
j € Lkyky... .k, € K;, one has (1//5.]1()1,1//;2,..., 52) ew,
where 1//5’]2 = A(f)*ejkp. If{®;} ¢ is g-complete in W, then

0 - (2) (n) . .
(Wi Vi, jz,,)}jel,kl,kzw-,kﬂeKj is complete in W.

Jjel Jjel

Jjeh

In terms of the concept of minimal g-complete of g-
frame for Hilbert space, we give the definition of minimal g-
complete of g-frame for super Hilbert space L, ®L,®---&L,,.

Definition 18. Let W be a closed subspace of L, ®L,®---&L,
and I € J.If{®} ;¢ is g-complete in W, but {® } ;cj(;,; is not
g-complete in W for any j, € I, and then one says that {®}
is minimal g-complete in W.

Lemma19. Suppose that {®; € L(L,®L,®---&L,,H;): j €
J} and 1 is any finite nonempty subset of J. Then there exists
a finite nonempty subset I, C I such that {®} ;¢ is minimal
g-completein (L, ® L, ®---®L,); and

(L1®L2®"’®Ln)10=(L1®L2®”'®Ln)1’ (28)

where (L, ® L, ®--- @& L,); is defined as (26).

Proof. The proof is similar to proof of Lemma 10. O



By above lemma, we can get a characterization of g-Riesz
frame for super Hilbert space L, ® L, & --- & L,,. Obviously,
Theorem 14 is the special case of Theorem 20.

Theorem 20. Let {®; € L(L, ® L, ®---®L,,H;) : j € J} be

a g-frame for L; ® L, & --- & L, with respect to {H;} ;;. Then
the following two statements are equivalent.
(1) {®} ;¢ is a g-Riesz frame for L, @ L, & --- & L, with

respect to {H} je;.

(2) For any nonempty subset I of ], there exists A > 0, if

{0} ¢y is minimal g-completein (L, ® L, &+ & L,,);.
And
2 2
Al(fis oo s )l SZ"®j(f1’f2""’fn)" )
jeI (29)
V(fifo-fi) el @l -0L,).

Proof. The proof is analogous to proof of Theorem 14. O

4. Stability of g-Riesz Frames for Super
Hilbert Space H & K

In this section, we use the characterization of g-Riesz frame
for super Hilbert space H®K in Section 3 to study the stability
of g-Riesz frame for super Hilbert space H @ K.

The stability of g-frames is important in practice which is
wildly studied by many authors; for example, see [22-24]. The
following is a fundamental result in the study of the stability
of g-frames.

Proposition 21 (see [23, Theorem 3.1]). Suppose that {A j} jes
is a g-frame for H with respect to {H } ;c; with bounds A and

B. There exists A, B, i > 0 such that max{A + u/VA, B} < 1. If
{Fj € L(H,H))} ¢ satisfies

(31 -yt)

, 1/2 , 1/2 (30)
A(Sht) ea(Zht)
eI jeI
g

for f € H, then {I}}¢; is a g-frame for H with respect to
{Hj}jel with bounds

<U—AJVZ—MY
1+p ’
(1+A)\/§+‘u :
()

Example 22 illustrates a g-Riesz frame of super Hilbert
space H @ K has no result of stability like Proposition 21.

(31)
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Example 22. Suppose that {(ej, 0)} U {(o, ej)} is an orthonor-
mal basis of H @ H, where j € Jand J] = N. Let H; =
span{e, ;,,}. Define the bounded linear operator as follows:

©;(f,f)=2A;f = 2<f J>eJ’

First, we prove that {©}; is a g-frame for H ® H with
respect to {H;} ;. In fact, fzor any (f, f) € H @ H, we have

Yle; NN =Y I (fe)el
j€J j€J
=X (el =4l @
j€

=2 NI

Thus, {©} ¢y isa g -frame for H & H with respect to {H}

Forany g; € Hj, let g; = cje; + ¢j,,€j,1, and we have

(879, (f: ) =950, (f: 1)) = (9,20 ;f)
= (ce; + e 2 {frej) €;)
25 ) =20 e )
= ((ciepcey). (£ 1))

It implies that ®;g; = (ce;s
orthonormal basis for H »we have

V(f,f)eHoH. (32)

Jjel*

(34)

ej). Since {ej,ejH} is an

Vi = A =ep
(35)

v, =Ae

jér1 =0

SO {(l//]lo V/jm)}jej,k,mGKj = {(ej’ O)’ (0) ej)) (0: 0)) (ej: 61)}(;21

Next, we prove that {0} ;; is a g-Riesz frame for H ® H
with respect to {H j} jey- Let [ be any finite subset of J. From
Lemma 10, we obtain that

(H @ H); = span {(ij’ l//J'm)}jez,k,melc
’ (36)

=W{(ej,0),(0, ej)}jel'

Hence, for every j, € J, we have span{(eJ,O) (0,e; )}Jd\ o) #
span{(e;, 0), (0,¢€;)};c;- Therefore, {(y ‘//]m)};elkmeK is
minimal g-complete in (H & H);. Now we prove that {® ;}
is minimal g-complete in (H & H),.

If there exists (f, f) € (H & H); such that ®j(f,f) =
2A f =0, then we have

=0,(f.f) =28, =2(fe;)e;

=2((f.£)(e0)) e

=0, (f.f) = 2,1 =2(e; f)e;
=2((0.£) + (ejs f))e; = 2((0:¢)). (£, ))e;

¢;).(0,0). (e;,
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Since {ej, ej+1} is an orthonormal basis for Hj,we have ((f, f),
(e;,0)) = 0 and ((0, ej),(f, f)) = 0. From the minimal
complete of {(Yx, ¥jy)}jer for k,m € K in (H & H); and
SPA{(Yji Vi) jerhmex, = spani(e;0),(0,e;)}jer, we can
obtain (f, f) = (0,0). This implies that {®j}jd is minimal
g-complete in (H & H);. Then, for any (f, f) € (H® H);, we
have

> le; EAF =X (fepel =21 NP s
jel el

By Theorem 14, {®,},; is a g-Riesz frame for H & H with
respect to {H;} je;.

Let ¢ € (0, 1). Define the bounded linear operator Q K
HeH — Hjas follows:

2¢e
Qj(f’f):®j(f>f)+]-+_1<f’ej+1>ej+l' (39)

By direct calculation, forany g; € H;, suppose that g; = c;e;+

* .
¢js1€j41> and we have Qig;= (cje; + (e/(j+ 1)cjy1€j15 Ciej +

(e/(j+ D)cjrejir)- Lety; =e;, ¢, = (€/(j + 1))ej,,. Then

{(#0 i)} jelkmeK; ~ {(ej’ ﬂ%ej+l> (eper)s

€ € € °°
oo o ) \Gereea )

j=1

Now we prove that{(};} ;; is nota g-Riesz frame for HoH
with respect to {H } ;.

The proof is by contradiction. Suppose that {Q} ;; isa g-
Riesz frame for H @ H with respect to {H } ;. Let I = {j}. By
Lemma 10, we have

(H ® H); = 5pan {(y l//J'm)}jez,k,meK,-

- &
= Span ej, J_+—1€j+1 ,(ej,ej),

(41)
€ € €
(j+_1€j+1’ j+_1€j+1)’<j+_1€j+1’ej)]’
=span {(ejre;), (e eju1) > (eenrej) s (eje o)} -
Choosing (e}, . e;,,) € (H & H)j, then
462
o (‘31‘+1’ej+1)||2 - T jl)z' (42)

Since {Q) j} jerisa g-frame for (H®H); with respect to {H j}
there exists A > 0 such that

2 2
A=af(ermep)] = X % (e
kel

jer

42 (43)

(j+1)°

2
= | (epenesn)| =

Letting j — +o0o0, it implies that A = 0. But this is a
contradiction. We conclude that {Q};} ;; is nota g-Riesz frame
for H @ H with respect to {H} ;;.

On the other hand, for any (f, f) € H @ H, we have

1/2
(Zhe-a)ur)

(3

From Example 22, we can realize that A, 3 = 0, u # 0.
Suppose that {®;} ;; is a g-Riesz frame for H® K with respect
to {H;} ;. Evenif{®};.; and {Q);} ;c; satisfy the inequality of
Proposition 21, it is uncertain to get that {2} ;.; is a g-Riesz
frame for H @ K with respect to {H j}

(44)
2¢e
j+1

A\ 12
<f’ej+1>ej+1 > st"(ﬁf)"

el
Theorem 23. Let {®;},; be a g-Riesz frame for H & K with

respect to {H} ;c; with bounds B and A, A, B € [0,1). If{Q); €
L(H® K, Hj)}je] satisfies

1/2
($10-0)0 )
1/2
A(3ley ol )

j€h

1/2
+ﬁ<ZHQAﬁwW>
J€h

forany (f,g) € H@® K, where ]| is any finite subset of ], then
{Q;} jes is a g-Riesz frame for HOK with respect to {H;} jc; with

bounds
2
A<1—A) )
1+

2
B<1+A>.

1-p
Proof. Since {®};; is a g-frame for H & K with respect to

{H j} jes with bounds A and B, for any finite subset J, C J,
then

Y lo; (o) <Y ]e; (£ < Bl
j€n j€J

V(f,g) e Ho K.

(46)

(47)

By the triangle inequality, we have

(zher-aycar )

Jj€h

172
z(zunju,g)r) )

j€h

1/2
(glowar) -



From (45), (47), and (48), we have

1/2
Py
; 1/2
(Zhe,-a)al)
12
(gloar) .
j€h

1/2
(S lewor )

je€h

< DBy g

Therefore, the series ) jel, 1€2;( f g)||2 is convergent. By (45),
we have

1/2
(Zhe,-a)sal )
1/2
A(3le Gl ) 0
j€J

1/2
+ﬁ<Z||Qf(ﬁg>||2> |
j€J

By Proposition 21, we get that {Q} ;; is a g-frame for H & K
with respect to {H,} ;. For any finite subset J; C J, by the
triangle inequality, we obtain

(sher-aycal )

j€h

1/2
-(Sterar) o

je€l

1/2
(Zleor) -

Using (45) and (51), we have

1/2
(z lo, g>|r)
j€h

1/2
A (Shvar)

j€h

(52)
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For any finite subset I C J, denote

U, = «IZQ;gj:vgjeHj, jel}. (53)
jeI

If {Q}} j¢; is minimal g-complete in Uy, we need to prove
that U; ¢ (H @ K); that is, (H @ K); ¢ Uj. For any
(,9) € (H® K);j,since Ho® K = U; & UIl, there
exist (f,9,) € U; and (f5,9,) € Uj such that (f,g) =
(f1>91) +(f5> g5)- From Lemma 10, we obtain that (He& K); =
span{(y jx, (ij)}jel,k,meKj and UI = W{(lp]k,@m)helkmex >
where ¥ = Aley, @4 = Ljey, for j € L km € K;.
Therefore, for any finite j € I, we have

®;(f.9) = Z <(f’g)’(ll’jk>q)jk)> ej =0,

keK;

Z <(f: 9))(1pjk)¢jk)> €ik

keK;

= Z <(f1’91) +

keK;

= Z <(f1’91) > (1l~’jk»¢jk)> €k

keKj
= (fioq1)-

By (45), we have (3 19;(f, 9)I)'""
gl

Then for any j € I, it follows that Q;(f},g,) = 0. Since
{Q}} jer is g-complete in Uy, we have (f}, g;) = 0. Therefore
(f,9)=(f9,) € UIL, and it implies that (H EBK)IL C UIL.

Forany f € U; ¢ (H ® K), since {©}; is a g-frame for
(H @ K); with respect to {H]'}]'EI with lower bound A, by (52),
we have

A(155) 109 < S0, ol

jel (55)

Q; (f.9) =

(f29) (T Pie)) e (59

B e 19,

V(f,g) €U,

By Theorem 14, we get that {Q);}; is a g-Riesz frame for
H & K with respect to {H;} ;. The proof of Theorem 23 is
completed. O
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