THE CHARACTERS OF THE FINITE
GENERAL LINEAR GROUPS

BY
J. A. GREEN

Introduction. In this paper we show how to calculate the irreducible char-
acters of the group GL(n, ¢q) of all nonsingular matrices of degree n with
coefficients in the finite field of ¢ elements. These characters have been given
for n=2 by H. Jordan [8], Schur [10], and others, and for n=3 and »=4 by
Steinberg [12], who has also [13] done important work in the general case.

We are concerned here with “ordinary” characters, that is, characters of
representations by matrices with complex coefficients. Let x1, - - -, xa be the
distinct absolutely irreducible ordinary characters of a group ® of order g.
By a character of @ (often called a “generalised character” or “difference
character”) we mean a class-function ¢ on @ of the form

h
¢ =2, ax:
$==1
where the a; are rational integers. If the a; are non-negative integers, so that
¢ is the character of a matrix representation of ®, ¢ will be called a proper
character.
For any two complex-valued class-functions x, ¢ on &, define the “scalar
product”

1
¥ =— 2o x(%)¥(x),
g €0
and “norm?”

Il = G %)

We have two classical principles for calculating the irreducible characters of
©:
A character x of ® is irreducible 1f and only if Hx” =1, and x(1) >0 (we use
1 for the identity element of @), and :
Two irreducible characters x, ¥ of ® are distinct if and only if (x, ¥) =0.
Let g be a fixed prime-power, and write ®,=GL(#n, ¢). Characters of @,
are derived from two sources; from the subgroups of &, on the one hand, and
from the defining representation of ®, (this is of course a modular representa-
tion) on the other. The use of subgroups is based on Frobenius’ treatment
(Frobenius [S]) of the characters of the symmetric group &, (cf. Steinberg
[13]). Let V., be the space of n-vectors with components in §=GF(g), the
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CHARACTERS OF THE FINITE GENERAL LINEAR GROUPS 403

finite field of g elements. An element A€ ®, is a linear operator on V, by the
usual product v4 (W EV,).

Let n=s;+s2+ - - - +sx be a partition of » into positive integers s;, and
let V& be the subspace of V,= V(® consisting of vectors whose first s;4s;
<+ - - - +s; components are zero. Then the subgroup $.,,,.. .5, of all elements
of ®, which leave invariant the chain of subspaces

VO SJPTH S .05 PR =0

consists of all matrices
All Alz A Alk

0 A22"'A2k

A _—
0 0 - Ak
for which 4,€0,, (i=1,2, - -, k).
If a; is a character of ®&,; (¢=1, 2, - - -, k), then it is clear that Y(4)
=o(dn) - - - aw(Am) is a character of D,ysy...5. We defineay oz 0 - - - 0aig

to be the character of &, which is induced by . It is shown in §2 that the
binary multiplication oy 0 o is commutative, associative, and bilinear, and
thatoy o 0 - - - 0 oy is equal to the k-fold product ( - --- (a0 ) 0 + + -0 o).
Let <4, be the space of all class-functions on @, (=1, 2, - - - ), and let 4
be the (restricted, or weak) direct sum Y ., e4,. Since Frobenius’ induced
character formula can be applied to any class-function ¥, we may define
a) O ay, as above, for any a1 EeA,,, @s€eA,,, and extending this definition by
linearity, <4 becomes a commutative, associative algebra over the complex
field G.

This o-product generates characters of @, from those of the groups
®m (m <n). To start this inductive process and to keep it going, we need our
second construction. This is the following theorem, which is based on R.
Brauer’s fundamental characterisation of characters of finite groups (Brauer
[1]).

Write M() for the multiplicative group of any field §, and € for the
field of complex numbers.

THEOREM 1. Let x—R(x) (xE®) be any representation of a finite group ®
by nonsingular n Xn matrices R(x) with coefficients in a finite field F*. Suppose
that §* contains, for each xE®, the latent roots

£1(2), -+ -, &a(2)
of R(x). Then if
0:a— a (x € M(FY)
is any homomorphism of M(F*) into M(C), and if S(ty, - + -, ta) is any sym-
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404 J. A. GREEN [November

metric polynomial in by, - - -, t. with rational integer coefficients, the function

x(®) = SE(x)o, * * -, Ea(2)0)

is a character of ®.

This theorem is proved in §3.

The nature of the characters of ®,, as functions on ®,, is of great interest.
All characters are what I have called uniform functions (Definition 4.12).
This means that the value at any conjugacy class of &, is given, by a certain
fixed “degeneracy rule,” in terms of the functions which describe the char-
acter on the classes of principal matrices; these are the matrices whose latent
roots are all distinct. For example, the different conjugacy classes of &; are
typified by matrices with the following canonical forms:

Class ¢ Co 3 C4

i (1) () () ()

where o, BE M(GF(q)) and a8, while 5, n9E€ M(GF(¢?) are roots of an
irreducible polynomial over GF(q) of degree 2. A uniform function U on &
is characterized by two independent functions (“principal parts”): U'(«, B),
which is defined for o, BE M(GF(q)) and is symmetric in-«, 8, and U"'(9)(}),
defined for nE M(GF(¢%) and satisfying .U’ (n) = U”(n%). The values on the
different classes are then given by

UCe) = (¢ + DU (e, &)/2 + (—g + DU ()/2,
Ues) = Ule, @)/2 + U"(e)/2,

Ules) = U'(e, B),

Ulcd = U"(n).

In the degeneracy rule occur polynomials Q}(g), defined for each pair p, A
of partitions of each positive integer n. These are expressed in terms of further
polynomials which were first introduced by P. Hall (in unpublished lectures,
Hall [7]); the Q}(g) are closely connected with the characters x} of the sym-
metric group &,.

The uniform functions on ®,, for n=1, 2, - - -, generate a subspace U
of the algebra 4. Theorems 7 and 8 (§5) show respectively that U is a sub-
algebra of ¢4, and that U contains the characters which are provided by
Theorem 1. Theorem 11 (§6) gives, with the aid of certain remarkable
orthogonality relations (Theorem 10) satisfied by the Q}(q), a formula for
the scalar product of two uniform functions. The simplicity of this formula
is the chief technical advantage from introducing this type of function.

(!) We use a slightly different notation for U’ and U” in the general case (see Definition
4.12).
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1955] CHARACTERS OF THE FINITE GENERAL LINEAR GROUPS 405

In Theorem 14 (§8) we give explicit formulae for all the irreducible char-
acters of ®,, in terms of certain “basic characters,” whose values at any class
can in turn be computed by the degeneracy rule. A complete table of char-
acters can therefore be written down as soon as the polynomials Q)(g) are
known. Tables of Q}(g) for partitions p, A of n=1, 2, 3, 4, 5 are given in an
Appendix. Theorem 14 includes also explicit formulae for the degrees of all
the irreducible characters.

There is an extremely complete duality between the rows and columns
of the character table of .. The rule given in Theorem 14, by which the
characters are obtained from the basic characters, is in effect a dual degen-
eracy rule which involves the characters x) of the symmetric group &, in
place of the Q)(q).

I should like to express my gratitude to Professor P. Hall for permission
to use two unpublished theorems of his (Theorems 3 and 4) and also to Dr.
W. Ledermann, who read the manuscript and made many valuable sugges-
tions.

1. Notation, conjugacy classes, and class types. Let § = be the Galois
field GF(g) with ¢ elements. Write Fa=GF(¢%) (d=1, 2, - - - ). We regard
each §a as an extension of § = &1, and we can think of the {4, for 1=d<n,
as subfields of §*=Fa. The automorphisms of F* over § are the mappings

a—a? (e €T

for r=0, 1, - -+, nl—1, the elements a of degree d (over §) are those for
which exactly d of the conjugates

2
o, al, a®, - - -

are distinct, and the subfield §q consists of 0 together with all elements of
degree dividing d. (The zero element 0 is conventionally excluded from the
set of elements of degree 1.) The roots of an irreducible polynomial f(¢) over
& of degree d <# are regarded as being in our universal field §*; they form of
course a set of conjugate elements

a1
a, af, -, al

of degree d (unless f(¢) =¢).

Two matrices 4, BE®, are conjugate in &, if and only if they are similar
over §§ (for which we shall write A~B) in the usual sense of matrix theory.
Let f() =t*—ag at?'— - - - —ao be a polynomial over §, of degree d. Define
the matrices

1

UN=Uf)=| -+ ,
Qo G c G4
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406 J. A. GREEN [November

u(fy 1a
U(f) 1a
U"l(f) = . . 0 . . - . »
Uu(f)
with m diagonal blocks U(f), and 14 is the identity matrix of Ga, and finally,
ifA={h L& - -, I,} is a partition of a positive integer ¥ whose p parts,

written in descending order, are 1, =1, - - - 21,>0,

UN(f) = diag {Un(f), U, -+ -, Us,(N}.

The characteristic polynomial Itl - Ux(f)[ is f(#)*. Let A <®, have character-
istic polynomial

ky Kk k

fifat e i
where fi, fa, - - -, fa are distinct irreducible polynomials over §, k:;20
(1=1, 2,:---, N) and, if dy, ds, - - -, dv are the respective degrees of

fu fa, ooy Iy 2oy kdi=n. Then we have(?)
A ~ diag {U'l(fl)’ U':(fﬁ)’ Tt U'N(fN)}

where vy, v, - - -, vy are certain partitions of &, ks, « - -, by respectively. By
convention 0 is the only partition of the integer 0, and in the formula above,
a term U,(f) is to be omitted. We may denote the conjugacy class ¢ of 4 by
the symbol

o= (fifs e ).

For many purposes, however, we shall prefer the following more systematic
description of classes. Let F be the set of irreducible polynomials f =f(t) over
&, of degrees <n, excepting the polynomial t. Write d(f) for the degree of
fEF. The class ¢ is described by the function v.(f) on F, whose value ».(f)
is the partition (possibly zero) with which f is associated in the canonical
form of a matrix of ¢ (as, for example, f; is associated with »; in the case
above).

Let us write |»| for the integer of which » is a partition. Then we see at
once

LeMMA 1.1, Let »(f) be a partition-valued function on” F. Then there exists a
class ¢ of &, such that v(f) =v.(f) (each fEF) if and only if

(®) Cf. Jacobson, Lectures in abstract algebra, vol. I1. The canonical form displayed there
differs from ours, in that the matrix which corresponds to our Un(f) (see Jacobson, p. 97) has,
in place of 14, a d Xd matrix whose coefficients are all zero, except for a coefficient unity in one
corner. However our matrix is similar to Jacobson’s, provided that the roots of the irreducible
polynomial f(t) are all distinct, which is certainly the case when the coefficients are in a finite

field.
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2 v = n.
JEF

We shall denote the class ¢ by the symbol
C=(...f’(f)..-).

By the latent roots, characteristic polynomial of a class ¢, we mean the
corresponding things for a matrix of ¢. A class ¢ is principal if each v,(f) = {1}
or 0; alternatively, the characteristic polynomial F() of ¢ has no repeated
factors, so that the latent roots of ¢ are all distinct. If F(#) has r4 factors of

degree d (d=1, 2, - - -, n) we say ¢ is of principal type p, p being the parti-
tion {1m27 . . . yr»} of m=r1+2r2+ - - - 4-nr, which has r; parts 1, r; parts
2, -+ - . A class ¢ is primary if v,(f) =0 except for one particular fEF; ¢ has

the form (f*) for some partition ». Primary classes (f*) and (g*) (f, g&F) are
said to have the same type if A =y and d(f) =d(g).

In general, let c=( - - - f*t» - . . ). Let d be a positive integer, and let »
be a partition other than zero. Let 7.(d, ») be the number of fE F of degree d,
for which v.(f) =». Let p.(») be the partition

{lrc(l.v)zn(z.r) e }
Then two classes b, ¢ are of the same type if and only if p(¥) =p.(v) for each
nonzero partition ». For example, all the matrices
a
ﬂ 1 (av ﬂ E M(%l))'
B8

are of the same type in @, although of course each new pair (o, 8) describes
a new class. Here p({1})=p({2})={1}, and p(») =0 for »= {1}, {2}.

Let p(v) be a partition-valued function on the nonzero partitions » (p(»)
may take the value 0). The condition for p(v) to describe a type of @, is

(1) X lem||v] =

For example, p(v) describes the principal type p if p(¥) =0 (v {1}), and
p({1}) =p. The number () of functions p(») satisfying (1) is naturally inde-
pendent of ¢, and is the number of types of classes of @,. For sufficiently large
g there will be classes of every type, but for small values of ¢ certain types
may not be represented. For example, if ¢=2, there is no class of principal
type {13}, because there are no matrices

2

Y
in which «, 8, ¥ are in § and are distinct.
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The number () appears as the number of rows or columns of a character
table of ®&,. This is because the irreducible characters, which by a well-
known theorem of representation theory are the same in number as the
conjugacy classes, themselves collect into types in a corresponding way, and
the values of all the characters of a given type at all the classes of a given
type can be included in a single functional expression.

It is not hard to show that {(n) is the coefficient of x* in the power-series
expansion of

p()mp(x?)Pap(x¥)7s - - -
where p, is the number of partitions of #, and p(x) is the partition function
Z;‘f_o pax*=1/(1—x)(1—x?) - - - . We suppress the proof, because the result

is not required for our investigation of the characters of ®., but give below
some values of {(n); these are most easily calculated with the help of this
formula.

n=1 2 3 4 5 6 7
tny=1 4 8 22 42 103 199.

For the number ¢(#, q) of classes of ®,=GL(n, q), there is a similar gener-
ating function

a0

> o(m, g)an = LT pladyeao,

n=0 d=1
where
1
w(d, @) = — 2. u(k)g®'*
d K4

is the number of irreducible polynomials f(¢) of degree d over GF(q). We see
from this that for given #n, c(#, ¢) is a polynomial in ¢ with constant rational
coefficients.

2. Hall’s polynomials. Induced characters. A module (V, Q) is an abelian
group V equipped with a set Q of endomorphic operators. We shall assume
also that © contains the identity automorphism of V. Two modules (V, Q),
(V?, Q) are equivalent if the abelian groups V, V’ are isomorphic (we shall
then identify V and V'), and @ and @' generate the same ring of endo-
morphisms of V. It is clear that equivalent modules have isomorphic sub-
module lattices, and isomorphic automorphism groups.

Let A be any nXn matrix with coefficients in §. Write V4= Va(%) for
the module which has V=V, as abelian group, and for operators the scalar
multiplications §, together with A. Write Vi=Vi(q) = Vu,n(§F), where
f(t) =¢, and X\ is any nonzero partition; we may also define Vy(g) =0. It is
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clear that V) is equivalent to Vy, ), where [=t—a (¢ € §) is any linear poly-
nomial over §. Next let fE F have degree d>1. The matrix U(f) generates,
in the algebra of linear transformations of V,, a field §s. We then see at
once that Vi, (§) is equivalent to Vi(g%).

Suppose now that AE®, and that 4 is in the class c=(f7'f3* - - - fi¥).
Matrices which are similar determine isomorphic modules, so we may write
Va=7V, in what follows, without ambiguity. Since 4~diag (41, 4s, - - -,
Ay) where A;=U,(f;) (¢4=1, 2,---, N), V., is isomorphic to the direct
sum

Va, @ Vi, ® + - - ® Vay;

and since fy, fy, - - -, fxv are distinct, this is the unique decomposition of V,
into indecomposable characteristic submodules.

Write L(c), L\(q) respectively for the lattices of submodules of V., Ti(q),
and let A(c), Ax(g) be the groups of automorphisms of the same modules.
We have now

LEmMMA 2.1, If c=( - - - fPD - - ), then
L(o) = I Lo (g9,
IEF

and
Afe) =2 I Avn(g?®).
FEF

(H in each case stands for direct product, in the usual sense of abstract algebra.)

This lemma shows that L{c), A(c) depend only on the type of the con-
jugacy class c.

The group A(c) is just the centralizer in &, of an element A Cc. Let a(c)
be its order, and let ax(¢) be the order of 4)(q); ax(g) is therefore the order
of the centralizer of the matrix Uy= U\(f), where f(¢) =¢. It can be shown
that

L 1
a(q) = ¢M+im E Drikint <"q—>(3)y
Pe=]

where k1 =Zk:= - - - 2k, >0 are the parts of the partition conjugate to A,
and k.41=0 (see, for example, Littlewood [9]), and by
DErFINITION 2.2. ¢,(8) = (1 —8)(1 —42) - - - (A=) i r 21, po(t) =1;

(®) Hall [7]. This formula is easily obtained by considering the centralizer algebra C of the
of the matrix U\, whose dimension Frobenius has given by an expression (see, for example,
Wedderburn, Lectures on matrices, or Jacobson, Lectures in abstract algebra, vol. 1I) which may
be reduced to || +2n. It is not hard to see that the quotient of C by its radical is the sum of
total matrix algebras of degrees ky—k;, k;—k;, - - -, k,, respectively, and from this the order
ax(g) of the group Ax(g) of units of C may be written down.
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DerFinITION 2.3. If the conjugate partition of N has parts ki, ks, - - -, ks,
then n, = Z:-l Ch, 2
We have then

LEMMA 2.4, If c=( - - ..., then a(c)=[L;er anpn(g?P), where
ax(q) is the polynomial defined above, of degree I)\l +2n) in q.

We consider next the character x=a1 0 a2 0 + - - 0 ay described in the
introduction. The character y* of a group ® induced by the character ¥ of a
subgroup § which has cosets

(2) G = £,.9Gs, - - - (G, Ge, - - - €0)
is given by the formula (Frobenius [3])
VH(A4) = T H(GAGT) 4 €W

summed over those cosets $G; for which G;AG '€ 9, that is, for which
\S:)G.A = @G,

In our case the cosets (2) are in 1-1 correspondence with the different
chains

3) VOs gy s .05 YD S Y =0

of subspaces of V=V® which have factors of dimensions si, s2, -+ +, Sk
respectively. If $GA =9G, all the subspaces in the chain (3) which cor-
responds to HG are closed to A, which means that they are submodules of
V4. The matrix GAG™! lies in = Dsyay. - o5 and if

All A12"'A1k

GA(I‘“1 = o (Aii E @a;)r

Akk

then the factor module V&2 /V® of V, is isomorphic to Vu,; (i=1,2, - - -,
k).
Thus we get the following

THEOREM 2. Let oy, - - -, ax be characters of ®,,, - - -, &, respectively,
where si, - - -, sk are positive integers such that s+ - - - +si=n. Then the
value of the character cy 0 - - - © ou of ®, at a class ¢ is
@ (@10 0a)() = 2 goe--amle) - - - axe),
where the summation is over all rows o, - - -, cx of classes respectively of
OGup -+ Oy, and g..., ts the number of chains (3) of submodules of a
module VO =V, in which VG /V® {s isomorphic to V,;, 1=1,2, - - - , k).
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We remarked in the introduction that a3 o0 - - - 0 ax can be defined if
oy, - - -, oy are any complex-valued class-functions on ®,,, - - -, ®,, respec-
tively; it is clear that formula (4) still applies. We prove in the next lemma
certain statements which were made in the introduction.

LemMMA 2.5. The binary product oy o oy is bilinear, associative and sym-
melric, and a1 0 a2 © « + + O o 15 equal to the k-fold product of oy, s, « -+, ax
in any order.

That the binary product a; o0 ag is bilinear is clear; that it is associative
follows from the equations

d c 13 e c
E 8crcp8des = Z 8eyeBegey = Bepcacs
d e

which results from counting the g, chains V> VD> TV®>0 of sub-
modules of V(® =7V, which have factors isomorphic to V,,, V., V., respec-
tively, in two ways: first we take all such chains for which V©®/V® =V, and
then sum over classes d of ®,,..,,; for the second way we sum, over classes e of
®eyt+s5 the number of our chains in which Vv~V

This formula shows in fact that a; 0 (2 0 @3) =(01 0 a2) 0 az=0u 0 @2 © a3,
and similarly, we can show thata; o - - - 0 oy is equal to any k-fold product of
oy, + + -, ax in that order. To complete the proof of Lemma 2.5, we must show
that oy 0 ap=as 0 1. Let A belong to the class ¢ of @;,44,. It is well known
that the transpose A’ of any square matrix 4 is similar to 4, because t1—4
and ¢1— A (¢ is an indeterminate) have the same elementary divisors. This
means that Va2 V. But Vg is isomorphic to the “dual module” W, of Vi,
whose elements are the linear mappings of V, into §, and whose operator set
consists of § and the operator 4’ defined by

(wd")(v) = w(vd) (w € Wa, v E Va)

(we have used the same symbol A’ for this linear transformation as for its
matrix with respect to a suitable basis of W,). Using the familiar correspond-
ence between the subspaces of a vector space and its dual, we find that each
chain

Va> VO >0
with factors isomorphic to V,,, V., respectively, corresponds to a chain
O< WO < W,

with factors again isomorphic to V., V.. Thus g, =g, and this proves
that a1 0 cwn =03 0 a.

P. Hall [7] has defined, for any partitions Ay, Ag, - - -, Ax, N such that
I)\ll-l—l)\zl—l— - +|M] =|A|, and for any prime-power ¢, the function
Dre---2(9), as the number of chains (3) of submodules of V3 in which the
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factor VG-0/V® is isomorphic to Vy; (¢=1, 2, - - -, k). We shall make use
of the following two theorems from this paper:

THEOREM 3. ghy,..a,(q) is a polynomial in q, with rational integer coeffi-
cients.

For a given partition X, let {\} represent the Schur function (see Little-
wood [9]) in an infinite (or any sufficiently large finite) number of variables
t, ty, - - - . The product {M:}{A2} -+ - {\¢} can itself be written as a linear
combination of Schur functions; let ¢y, . .1, be the coefficient of {\} in this
expression. We have then

THEOREM 4. If ch..., # 0, then g{l...)‘b(q) has the leading term
A ong @™ N byt of C;‘;"'M=O’ then gh..,(q) vanishes identically. (nx
1s given by Definition 2.3.)

(We shall use from this theorem only the fact that the degree in ¢ of
g{‘l...xk(q) is mA—mny,— - -+ —#a,, unless g{l...)‘,‘(q) vanishes identically.)

The following is a very brief sketch of the proofs of these results. Hall in-
troduces for each partition N a symbol T’y and among these a multiplication

I\C, = . gl

(It will be seen from the proof of Lemma 2.5 that it is enough to prove Theo-
rems 3 and 4 for the g,.) If we write En=Lpm), and ®y=Ey,Eyx, - - - Ex, (in
the notation of Definitions 2.2 and 2.3), we find

& =T+ 2 ol

in which the ¢, are zero unless u is a partition of n= l)\l which precedes A
in the usual ordering of partitions.

Next, the ¢y, are polynomials in ¢ with rational integer coefficients; this
is proved inductively by first calculating explicitly the coefficient g5 (m) of
T, in T\ E,, (for given partitions A, p and given integer m). This implies that
the T, can be expressed in terms of the ®, with coefficients which are poly-
nomials in q. Theorem 3 now follows at once, for we have ®&,=®,, where x is
the partition whose conjugate has for its parts those of the conjugates of A
and p taken together.

Theorem 4 results from relating the possible structures of a module V
which has a chain (3) in which V&D/ V@O =V, (i=1, 2, - - -, k), with the
law of multiplication of the Schur functions {\.}, - - -, e}

From Lemma 2.1 we have at once

LemMma 2.6, If c=(---fO ..., and if c;=(-- 5N .. <) (2=1,
2, -+, k), then
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(/)
gclcz H g"l(f)"‘l‘lc(f)(qd(n>'

We conclude by considering two special cases of (4). In the first of these
(which comes most easily direct from Frobenius’ formula *(4)
= Y Y(G:AG;"Y)), 1 denotes the identity matrix of any appropriate degree.

LeMMA 2.7. If e, - -+, ou are class-functions on &, - - -, ®,, respectively,
and if a=0; 0 + - - O o, then
N ()]
at) = L) L ay(1),

%1(9) T 1/’:;,((1)
where Ya(g) =(¢"—1)(g" ' —1) - - - (¢—1) =(=1)"¢a(g).

The proof follows from the easily verified facts, that g.=y.(qg) ¢¢»* is
the order of ®,, and that the order of D,,...., 15 g5, * * * g4;- ¢°, Where
s = D 55
<i
LEMMA 2.8. If oy, + + -, ok, @, are as in Lemma 2.7, and if c=(fifs - + - fn)
is a principal class of ®,, then alc) can be calculated from the values of oi(cy)
at principal classes c;: only; in fact

a(c) = Z ay(c1) - - - axler)

summed over those rows (ci, - - -, ¢x) of principal classes of ®yy, - - -, Oy,
respectively, which are such that each of the polynomials f1, fa, - - -, fw occurs
in exactly one of the c..

For V. is the direct sum of characteristic submodules V= Vyy, (i=1,
2, , IV); each V;is irreducible, and so the only submodules of V, are sums
of subsets of Vi, Vy, - -+, V. From this can be seen that each 2o nvee 18
either O or 1, and is 1 only if (¢1 - + - cx) has the properties mentioned at the
end of the lemma.

3. Brauer’s theorem. The characters I}[v]. In this section we first prove
the Theorem 1 stated in the introduction, and then construct with its help a
large number of characters of the groups ®,.

BRAUER’S CHARACTERISATION OF CHARACTERS (BRAUER [1]). 4 class-
function x on a finite group & is a character of ® if and only if the restriction
of x to € is a character of €, for every elementary subgroup G of ®.

A subgroup € of ® is elementary if it is generated by an element x &,
together with a Sylow p-subgroup P of the centralizer of x in &, p being any
prime which does not divide the order of x. Thus € is the direct product of
P with the cyclic subgroup generated by «.

Proof of theorem 1(*). We may assume that the homomorphism

(*) This theorem, and its proof, were suggested by one of Brauer’s own applications of his
characterisation of characters (Brauer [1, Theorem 12]).
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f:a— ag (a0 € M(T*)

is in fact any prescribed isomorphism of M({F*) into M(E€). For otherwise,
since M(F*) is cyclic, we have 0§ =¢* where ¢ is the prescribed isomorphism
and 7 is some integer. (By ¢°* we understand here the function defined by
¢i(a) =¢(a?).) Then we have only to apply the theorem (supposed proved
for ¢) to the symmetric function S(#, #, - - -, th).

Suppose F* has characteristic p and contains p® elements, and let K be
the algebraic number field obtained by adjoining the (p*—1)th roots of
unity to the rationals. For any prime ideal divisor p of p in the ring I of inte-
gers of K, we have I/p==§*; let us identify I/p with §*. Let R be the group
of (p*—1)th roots of unity in K, then distinct elements of R have distinct
residues modulo p. Since we may choose the isomorphism 8 arbitrarily, we
assume that it is the inverse of the isomorphism k—k=«x+p (k&R) of R onto
M(F*), so that ay=a for each a C M(F*).

Our theorem is true if the order g of  is not divisible by the characteristic
p of F*. For in this case there is a complex representation Ro(x) of & with
coefficients in I, such that

Ro(z) = R(x), all z € ®

(see for example Speiser [11, p. 223]). The latent roots of R,(x) are complex gth
roots of unity «;(x), which can be arranged so that

ki{x) = &i(x) (1=1,2,---,).
On the other hand £;(x), is also a complex gth root of unity such that
£dx)o = &i(x),

by our remarks above. Since p does not divide g, no two distinct complex gth

roots of unity are congruent modulo p (see for example, Brauer and Nesbitt,
[2]), and therefore

E(x)o = xi(x) (i=12---,n).

This shows that the £i(x), are the latent roots of a complex representation
Ry(x) of @, and it follows by a well-known theorem (Frobenius [4]) that any
elementary symmetric function of the £;(x), is a (proper) character of &.
This proves our theorem in the present case.

Suppose now that ¢ is an arbitrary finite group. Any elementary subgroup
@ of ® can be written as a direct product §X & of subgroups §, & of &,
where § has order prime to p, and 8 is a p-group. By what we have proved,
x restricted to © is a character of $. On the other hand, if x€$ and yE &,
then

(5) x(xy) = x(=).

For R(y), whose order is a power of p, has all its latent roots equal to 1. R(x)
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and R(y) commute, so they can be transformed simultaneously to triangular
matrices; we can assume that

31, . * 1
R(x) = . ;RO = _
0 £a(2) 0 1
Thus R(xy) =R(x)R(y) has latent roots &(x), - - -, £s(x), which proves (5)

(cf. Brauer and Nesbitt, loc. cit.).

Suppose for a moment that x denotes an arbitrary proper character of $.
We may extend x to X & by (5), and this extension is a character of X &,
because xy—x is a homomorphic mapping of § X & onto . By linearity this
result applies to any character x of §, and therefore to our present case. We
have now shown that x is a character on every elementary subgroup € of
®, and so by Brauer’s Theorem, x is a character of .

We take R to be the defining representation R(4) =4 (AE®,) of ®,, and
F*=GF(g™) as in §1. Let @ be a fixed isomorphism of M(F*) into M(€). 8 is
a generator of the character group of the cyclic group M(F*), so that 8 has
multiplicative order ¢® — 1. The restriction of 8 to M(Fa) (1=<d=<n) is a gen-
erator of the character group of M(§.), and so 6 has order ¢?— 1, as function
on M($a).

If ay, - - -, @, are the latent roots of 4 &®,, we have by Theorem 1 that
k k k
O'r(A) = 20 (al) RN (ar):
the rth elementary symmetric function in 8*(ay), - - -, 8%(,), is a character

of ®,, for any integer %, and any positive integer r <#n. The case r =n gives
the linear character #*(det 4); we get ¢—1 different linear characters in this
way, and it will later appear that these are all the linear characters of &,
(except in the case n=¢=2).

Let us consider the value of the character ¢ at a principal class

c=(fifs - - - fn) of On; f1, fo, - - -, fw are distinct polynomials from F whose
degrees dy, dz, * - -, dy add up to #n. From each f; (=1, 2, - - -, N) choose a
single root v, so that ¥ (u=0, 1, - - -, d;—1) are all the roots of f;. Write

t;=0%(y;) and £ =0¢(y%). We shall consider £, £ to be distinct “variables”
if and only if v (mod d,); we have then a set of # variables

N R L

© S S
........ ,
b b By

By its definition, of(c) = Y_m, the sum of the C,, monomials 7 of degree r
in these variables, which contain each variable at most once.
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If P is a set of permutations of the variables (6), and m is a monomial,
write Pm for the sum of the different monomials which can be obtained from
m by application of elements of P. Let D; be the cyclic group of order d;
generated by the permutation which takes & to tf"ﬂ (u=0,1, ---,d;—1)
and leaves fixed the variables in the other rows of (6). Let T be the-subgroup
generated by Dy, - - -+, Dy; it is the direct product of these groups.

If we collect the terms m of ¢F(c) = Zm into sets of monomials m transi-
tive under T, we get

(7) o0 = X M,

summed over all sums M of such T-transitive sets. Each M in (7) has the
form M =Tm, for some m, and if we write

m = mimsy + -+ My,

m; being the product of the factors in m which are from the 7th row of (6)
(m;=1 if there are no such factors), it is clear that

N
(8> M=Tm-= HD,M.'.
]

To study a single factor Dym; of (8) let us write for the moment ¢;=¢,
di=d, m;=m and D;=D. m has the form

m = (o2 . . . % = (A say,
where A stands for the (unordered) set (a;, - - -, as) =(¢™, - - -, g™) of h=r
powers of g. Because =% if u=v (mod d) we thinkof r,, - - -, 7, as residues

(mod d), and as such they are distinct. Such a set A of powers of ¢, in which
we identify g* and ¢° if u=v (mod d), we call a d-set, and we say A is primaitive
if all the d-sets

(9) Av Aq: Tty Aqd—l

are distinct. In general a d-set A is not primitive. Let s be the least positive
integer for which Ag® =A; then s divides d and there are exactly s distinct sets
(9), namely

A, Aq, -+ -, At

Because A =Ag®, we can collect the # members of A into g = hs/d subsets of the
form

q“(l, g, e, qs((d/-!)——l)),
qn,(l, g, -, qa((d/a)—l))’
and now B=(¢?, - - -, g?) is a primitive s-set.
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DEerinITION 3.1. If 5, € are positive integers, k is any integer, and v E §*,
let

{e—1)s

T, o(kiy) = gk(,yl+q'+... ) 4 fak(yltat .. e )
(e—1)z2

+ e + gqc‘lk(,yl+qa+...+q )

+q(e—1)a

This function, which is fundamental in the present work, will appear only in
cases where the degree of v divides se (that is, when ¥ € M(F..)). In this event
Ty o(kiy) =T, (k:v9, so that T, (k:v) is really a function of the irreducible
polynomial f which has y as a root. We can therefore write T (k:y) =T, .(k:f)
without ambiguity.

We have from the definitions of A and s,

1

Dm =4 tha ... 4 (A",

Taking B to be the primitive s-set derived from A above, and writing
kB =k(gr1+ - - - +q%9), this gives

(10) Dm = Ts'd/s(kBlf>,
where f=f; is the polynomial from (fife - - - f») which is under consideration.
It is clear that B could be replaced by any of the sets Bg, Bq?, - - - with-

out altering the right-hand side of (10). We shall call a pair (s, B) in which
(i) s is a positive integer, and
(ii) B is a primitive s-set,
an index. Two indices (s, B), (s, B’) are considered equal if and only if s=s’
and B=B’g" for some integer u. The pair (1, 0), where 0 stands for the empty
set, will be called the zero index. Except when this is expressly included,
“index” will mean “nonzero index.”
We have now from (8) and (10)

N
(11) M= JI T.. 0 (kBi: )
f=a1
where (s;, B:) is an index, possibly zero, such that s; divides d.
(=1, 2, -+, N). If |Bi| denotes the number of elements in B;, then
Ty;.a.005(EBizf:) is of degree d;|B:|/s; in the variables (6).
Let us define, for every pair v, s of positive integers, and for every integer

k, a function If [v] on the principal classes of ®,,, as follows. Let (giga - - - ga)
be a principal class of &,,; g1, go, * - -, gur being distinct polynomials from F.
Then
& M
(12) Llvl(gige - - - ga) = T1 Toaconra(k:go)
=1
if s divides d(g:) (=1, 2, - - -, M), and is equal to zero otherwise.
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Let c(s, B) be the set of those fs occurring in ¢=(fifs - - - f~), which are
such that (s;, B;) in (11) is a given index (s, B), and write v(s, B) =1/s (sum
of the degrees of these f;). v(s, B) is an integer because each s; divides d,
and if we use the symbol c(s, B) to denote also the principal conjugacy class
determined by the f; which it contains, ¢(s, B) is a class of G, 5. We can
now write

kB
(13) M = II 1. [v(s, B)](c(s, BY),
(s.B)
the product being taken over all (nonzero) indices (s, B), with the convention
that a factor for which v(s, B) =0 is equal to unity.
We have shown that every term M of the sum

(1) o) = S M

determines the following pair of functions:
First, we have the non-negative integer-valued function v, defined for each
index (s, B). This satisfies

(V1) 2 v(s,B)|B| =7,
(s,B)

and

(V2) 2 sv(s, B) < u;

(s.B)

the first equation expresses that each monomial in M is of degree r in the
variables (6), while the left-hand side of the second is the sum of the degrees
d; of those polynomials f; for which (sq, B;) 0, in (11).

Secondly we have the function c¢=c(s, B) whose values are subsets of
(fifs - - - fn) (or, equivalently, the principal conjugacy classes which these
subsets determine). For this we have

(C1) c(s, B) is a class of @y, 5y (each (s, B)),

(C2) c(s, B), c(s’, B’) are disjoint unless (s, B) =(s’, B’), and

(C3) s divides the degree of each member of c(s, B) (each (s, B)).

Conversely, such a pair of functions v and c determines, by means of
(13), a term M of (7).

Now suppose that for each v satisfying (V1) and (V2), we define a class-
function ®, on the principal classes ¢ of @, by

(14) Py = {H IfB[v(s, B) ]} 0ln
(#,B)
where [] denotes the o-product, I.. is the identity character on &,, and

m=mn— Y sv(s, B).
(2,B)
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By Lemma 2.8 this function is well defined on principal classes ¢, because we
have defined the values of If[v] at principal classes.
The purpose of the foregoing analysis is the proof of the following

LeMMA 3.2. For each principal class c=(fifs - - - fn) of ®a,

k
(15) {2} () = 0:(0),
the summation being over all functions v which satisfy (V1) and (V2).

Proof. Lemma 2.8 shows that

() = Y { I 2215, B e, B>)} ,

© (s,B)

where the sum is over all functions ¢ which satisfy (C1), (C2), and (C3).
Thus the left-hand side of (15) is

S{I 2w mets 5}

v;¢ \(s,B)

taken over all pairs v, ¢ which satisfy (V1), (V2), (C1), (C2), (C3). By (13).
this is exactly

M = o).
We can now prove

THEOREM 5. Let d, v be positive integers, and let k be any integer. Then there
is a character It[v] of ®a, which has on the principal classes ¢ the value defined

by (12).
Proof. This is by induction on the pair (v, d). We shall say (v, d) < (?', d)

if either v<v', or v=9’" and d <d’. This is a well-ordering of the set of pairs
(v, d) of positive integers. For the first pair (1, 1) the theorem is true, for

I1[1](a) = 64a) (« € M(F))

is a character of &, = M(§).

Take n=dv, r=v in Lemma 3.2. Each ®, on the left-hand side of (15) is a
o-product of I*®[v'] (together possibly with some identity character I,—see
the definition (14) of ®,) for which

v v, and s’ < dv

by (V1) and (V2) respectively. Therefore ®, has, as factors, only such I [v']
as satisfy (v’, s') =< (v, d), and equality here can occur only if v is the function
such that v(s, B)=0 unless (s, B) =(d, ¢%), while v(d, ¢°) =v. In this case,
o, =1I:[v].

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



420 J. A. GREEN [November

Therefore if we have found characters IX[v'], for every (v', s") <(v, d),
which take on principal classes the values given by (12), we can use formula
(15) (with n=dp, r=0) to extend the function I;[v] to the whole of ®g,.
Because the o-product of characters is again a character, and because o is a
character, I%[v], so defined, is a character of ®g,.

ExaMpLE. Take d=1, and we are led to consider the equation (15) in the
case n=r=v. Any function v(s, B) on the left must satisfy, by (V1) and (V2),

Z |B[ v(s, B) = 9, and Z sv(s, B) = v,

(s,B) (s,B)
However, B is a primitive s-set, so that |B‘ =<s, with equality only if s=1.
Therefore v(s, B) =0 unless (s, B) =(1, ¢, and for this index we must have
v(1, ¢°) =v. Equation (15) now reads

L] = o,
and so we find that If[v] is one of the linear characters of ,.

4. Uniform class functions. In this section and the next we are con-
cerned to show that the characters I5[»] are functions on ®,, of a special
sort, called uniform functions. One result of this is a rule for calculating the
value I%[v](c) at any class c; another is that it becomes very easy to compute
the scalar product of two such characters.

DEFINITION 4.1. If X is a partition with p =1 parts, let (N, ¢) =¢,1(q)
(¢ is given in Definition 2.2).

DEFINITION 4.2. If A, p are partitions of %, and if p=(171272 . . .), let

0D = 3 g (@FAL QkOs, @) - - -,

the sum being over all rows (A1, Ay, - + - ) of partitions, such that Ay, - - -, A,
are partitions of 1, N\p 41, © -+, Asyyr, are partitions of 2 etc.

There are close connections between these polynomials Q}(g) and the char-
acters x, of the symmetric group &,, and in §6 we shall discover certain
“orthogonality relations” among thé Q). For the moment we content our-
selves with two elementary observations.

LEMMA 4.3. The degree in q of Q}(q) does not exceed ny.

This follows from Hall’s Theorem 4, together with the fact that the de-
gree of k(v, ¢) does not exceed #,.

If p=(171272 . . . ), o=(112%2 . - . ) are partitions of /, m respectively, let
p+o denote the partition (17+a12rzds2 . ..,

LEMMA 4.4. If v is any partition of n, then

v y A
Qe = 2 8000,

summed over pairs N, u of partitions respectively of I, m.
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Proof. Suppose that ai, as, - - - and Bi, B2, - - - are any two rows of
partitions, such that |a:| +|as| + - - - =1, and |B:| +|B2| + - - - =m. Then
we have the identity

v A »
(16) 2 oD (D81 () = Saras- - 5:8:(0)-
=i, {p]=m

For the right-hand side of (16) is the number of chains
(17) V>VOSVO S ... >SW>WOSWD>...>0

of submodules of V=7V, which have factors respectively isomorphic to
Vay Vag © =+ Vg Vpy - - - . The left-hand side is the sum for different
pairs A, p of the number of chains (17) in which V/W=V,, W=V,.

Thus

> 000 = 3 grar s (@) ks, @ B(as, @) - - - R(By, )R (Brrq) - - -

and this equals QJ,,, in view of the fact that the Hall polynomial glp,... is
symmetric in the suffixes Ay, N\g, - - - (this follows by induction from the
formula g, = g, proved in §2).

We may observe that Lemma 4.4 still holds if the 2(\, ¢) are replaced by
indeterminates k. If p= {1”2’2 cee } is a partition of n, there is a principal
type of class of &,, represented by

C=(fil"'f1r1f2l"'f2r2"')y

fa, © -, fana©EF being distinct polynomials of degree d (d=1, 2, - - -).
We introduce a set X? of variables xf,=x4;, called p-variables. For each posi-
tive integer d there are r, variables xa, + + + , X4r,, and each xy4; is said to have
degree d(x4;) =d (=1, 2, - - - | ry). Define a further set Ef of “p-roots”; these
are n variables, d of which are called the roots of x4;, and are written
d—1
Eai, Bao -+ o Fai
(#=1,2,---,rs;d=1, 2, - - ). The p-roots are to be thought of as the
latent roots of a “typical class”
¢ = (xll"'xlrlxﬂ"' x27_2...)‘

DEFINITION 4.5. A substitution of X? is a mapping « of X? into F such that

(81) d(xo) divides d(x), for each x & X~

We apply « to Z¢ as well, by the following convention; for each xs,EX?,
choose any root y4: of xair, and define & to be ¥4 (u=0,1, - - -, d—1).
(We shall use this notation only in contexts where it is irrelevant which root
w4 is chosen.)

DEFINITION 4.6. Substitutions «, ' of X* are equivalent if there is a de-
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gree-preserving permutation ¢ of X* such that ga=a’. A class of equivalent
substitutions is called a mode of substitution.

Let o be a substitution of X?, and let f& F have degree d(f) =d. For each
positive integer 1, let ri(e, f) be the number of x&X? such that d(x) =44 and
xa=f. Then let p(c, f) be the partition

ple, f) = {1nt@nn@n ...}
We have immediately

LemMA 4.7. a, o’ are equivalent substitutions of X if and only if p(a, f)
=p(a’, f) for each fEF.

Thus if m is the mode of a, we can write p(e, f) =p(m, f) without am-
biguity.

It is clear that |p(a, D | d(f) is the total degree of all the p-variables which
are mapped into f by «, and consequently Z,ep |p(a,f) | a(f) = |p! =n. The
converse of this is

LEMMA 4.8. Let w(f) be a partition-valued function on F for which

2. =) = n
IEF

Then there is a unique partition p of n, and a unique mode m of substitution of
X, such that p(m, f) == (f), each fEF.

Proof. Let w(f) = {17020 . . . Y(fC F). Define p= {1727 - . - } by
rq = Z 2:(f)

summed over the pairs (3, f) (¢ is a positive integer, fE F) for which #d(f) =d
(d=1, 2, - - -), and then m is the mode of any substitution which takes, for
each f& F, exactly p(f) of the p-variables of degree ¢d(f) to f.

DEFINITION 4.9. A p-function U,(x?) =U,(x1n1, * - =, X1ry; Xa1, * * * 5 X2rg)
- - ) is a function in the p-variables which takes, for each substitution & of
Xr, a complex value U,(xfa) = U,(xne, * = =, X100} Xal, * + +, Xorg@l; * * ),
and is symmetric in each set xa, + - -, Xay (d=1, 2, - - - ); in other words
U,(x*a) = Uy(x*a’) if a, o’ are equivalent. We write U,(x?a) = Uy(xm), if m
is the mode of a. U, is in fact just a complex-valued function on the set of
modes m of substitution of X,

In practice it is often convenient to express U, in terms of the p-roots. We
shall write

Up(E”) = Up(Ell; SRR ST L TR Eargr v - )

for U,(x*), and, if ya; € M(Fa) isaroot of xgi (6=1,2, + « - ,74;d=1,2, - - -),
we define

Uy(ra) = Uyom) = Uplyan, =+ = s Yiri Yan == s Y2rgs = * )
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to be U,(xfa). Conversely if we have a function U,(yw, * * *, Yirys Va1, = © *
Yar; - - - ) which takes a complex value whenever v¢; G M($a) (¢=1,2, - - -,
ra;d=1, 2, - - - ) is symmetric in each set ya, * * +, Yarg (d=1,2, -+ ) and

is unaltered if any <4 is replaced by any conjugate, then the equation
U,(k2a)) = U,(x*c) can be used to define U,(x?a) unambiguously, and we
may regard U, as a p-function.

ExAMPLE. Let p= {22 } There are two p-variables xa, x22 each of degree 2.
Then

Uo(%21, %22) = Up(a1, £22) = T21(k: E21) T2 1(k: £20)
{0 (821) 4 09 (En) } {0%(£2) + 0% (60) }

is a p-function, for clearly it gives a well-defined complex value U,(énc, £2c)
for each substitution «, and equivalent substitutions give the same value.

DEFINITION 4.10, Let ¢c=( + - - f*) - - . ) be a class of &,, and let p be a
partition of n. Then a substitution of the p-variables into ¢ is a substitution
a of X which satisfles

(2) | ole, )] = |9l ] (each f € F).

It is clear that if m is a mode of substitution into ¢, it is equally a mode of
substitution into ¢/, where ¢’ is any class for which

v ] = |ve(N)] (each f € F).

When this is the case we write c=¢’, and say that ¢, ¢’ are ssobaric. A given
mode of substitution defines, by (S2), a unique set of isobaric classes.
DEeFINITION 4.11. If p= {1’12'2 S }, let z,=177127250 - . .| and
wy=rlrl -,
DEerFiNITION 4.12 (DEFINITION OF UNIFORM FUNCTION). For each parti-
tion p of n, let there be given a p-function U,(x*). Then the uniform function
U=(U,) on §, is the class function defined at the class ¢ by

(18) Ue) = 22 2. Qm, YU, (a*m)

summed over partitions p of #, and all modes m of substitution of X* into c;
and

(19) Q(m, c) = ]]

JEF Zp(m.f)

ve(f) 4

Qeemn (g ).

The functions U,(x?) are called the “principal parts” of U, U, being the
“p-part.” Formula (18) is called the degeneracy rule.

ExaMmPLEs. (1). Let c=(fu - * - fir,for - - - for, - - + ) be a principal class of
type p= {1”2" s } There are no substitutions of X7 into ¢, unless ¢ =p;
there is exactly one mode of substitution of X* into ¢, namely that repre-
sented by
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xdi_)fdi (1:=1,2,"',f;d=1,2,"‘).

Thus (18) gives U(c) =U,(fu, - -+, firgs for, + * * y fargs + - - ). (2) Let ¢ be the
class of the identity element of ®,, so that »,(f) =0 unless f({) =t—1; while
v.(t—1)={17}. The only mode of substitution of X into ¢ is that repre-
sented by

Xag—t— 1 (1=1,2,--,r55d=1,2,---),

and for this, p(m, t—1) =p. So we have

1
U(1)=E—;QP (q)Up(li"')1;11"'11;"')'
lel=n 25
DEFINITION 4.13. A uniform function U whose principal parts are all zero
except for U, is called a basic uniform function of type p.
We have at once

LEMMA 4.14. Any uniform function U is the sum Y., U? of basic uniform
Sfunctions U? of types p(| p| =n).

5. Properties of uniform functions.

THEOREM 6. If U=(U,), V=(V,) are uniform functions on ®,., and \, un
are any complex numbers, then N\U+uV is a uniform function on &,.

The proof is immediate, we take AU, +uV, as the p-part of N\U+uV.

TuEOREM 7. If U, V are uniform functions on &, @, respectively, then
Uo Vis a uniform function on &pyn.

Proof. By Lemma 4.14 and Theorem 6 it is enough to show this for basic
uniform functions U, V. Suppose that U, V are basic of types p= {17272 . . . }
and o= {1'12" “es } respectively, and that U,(x*) is the p-part of U, and
V,(x°) is the g-part of V. Write 7= {1‘12‘2 s } for the partition p+a of
m-+n.

A distribution = will mean a 1-1 mapping of X\UX? onto X7 which pre-
serves the degree of each variable; w, 7’ are equivalent if ¢ =x" for some
degree-preserving permutation ¢ of X*\UX? which leaves each of the sets
Xe, X¢ invariant. An equivalence class p of such distributions may be called
a mode of distribution of X*\JX" into X*. We shall prove

LeEMMA 5.1. If U, V are basic uniform functions of types p, o respectively,
then U o V is a basic uniform function of type T =p-+o with v-part

(U o V).(x7) = 32 Uy(xp)Vu(2°p),

summed over all modes p of distribution of X*\J X7 into X*.
Thus for general U= (U,), V=(V,), ther-partof Uo Vis
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(20) (UoV)(a) = 22 22 Ul=p)Vo(xp).
pio,pta=1 P

Formula (20), less precisely described, is just Lemma 2.8 in the case k=2,
a1 =U, ap=V, with ¢ the “typical r-class”

T

T T T
G=(xll"'xltleI"'x2l2"')-

Proof of Lemma 5.1. Let ¢=(---f*9 ...) be a class of ®na. By
Theorem 2 and the degeneracy rule (18),

E g:sz(cl) V(02)

€1,

PIEDD gzlczQ(mly c1)Q(ms, c3) Up(xpml) V,(xamz)

C1.¢2 M1,my

(Uo V) ()
(21)

summed over all classes ¢1, ¢z of ®,, &, respectively, and all modes m,, m, of
substitutions of X?, X° respectively into ¢, c.

If m, is a mode of substitution of X* into ¢, it is equally a mode of sub-
stitution of X into any class ¢/ isobaric to ¢;, and with this in mind we can
write (21) as
(22) (Uo V)@ = 2 Rlmy, mo)Uy(army)Vo(a7ms),

my.ma
summed over all pairs m,, m2 of modes of substitutions respectively of X», X°;
and

R(my, my) = 2 geieQ(my, c)Q(ma, c3)

A= 1,047 ¢y

if m1, ms are modes of substitutions into ¢, ¢, respectively.
Write n:(f) =|v.,(f)| (G=1, 2; fCF). By (19) and Lemma 2.4, we have

v(f), d)
R(my, mg) = lErI Z g (g )
(23) JEF  [nil=n1(f).Irsl=n2(f)

a4 4
).

Qremun (@ )Qrimyn(g

Zp(my,f)%0 (ms.f)

What we require to show is that (U o V)(c) is equal to
22 Qm, ) (U 0 V)(xm) = 30 30 Qm, U, (x#pm)V,(x7pm) = ¥, say,

the last summation being over modes m of substitution of X7 into ¢, and over
modes p of distribution of X?\JX" into X".

If o, a1, &y are substitutions of the respective modes m, m;, ms, then there
exists a distribution « such that
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(24) a; = wa (restricted to X*), and
az = 7o (restricted to X7),

il and only if
(25) p(my, 1) + almy, f) = v(m, f) (each f € F).

With given m; and m,, equations (25) determine m (Lemma 4.8), and the
number of modes p of distributions = which satisfy (24) is easily found to be

Wr (m,
Stmy, my) = [ ——=
JEF Wpimy. ) Wo(ms.f)
(w, is given in Definition 4.11). However this number is the number of terms
Q(m, ¢) Uy(x2pm) Vo(x"pm) in ¥, for which U,(x*pm) = U,(x*m,), and V,(x7pm)
= V,(x°ms), so that the coefficient in Y of U,(xPmy) Vy(x"m,) is

S(my, ma)Q(m, ¢) = T(my, ms), say.

If we apply Lemma 4.4, together with (25), to the expression (23) for
R(my, ms) we find with little difficulty that T'(m;, m,) is the same as R(m, ms).
Thus comparing ¥ with (23) we have Y=(U o V)(c¢), and the lemma is
proved.

As far as the last two theorems are concerned, the nature of the k(\, ¢)
which appear in the definition of Q}(g) is irrelevant; in Lemma 4.4 we could
replace the k(\, ¢) by indeterminates k. Our next theorem, however, which
is the link between uniform functions and the characters I [v] obtained in §3,
depends essentially on the definition (4.1) k(\, ¢) =¢,_1(q).

THEOREM 8. Let S(v1, va, * * -, ¥n) be a function symmetric in y1, Ya, = * *,
¥n Which takes complex values whenever vy, 7z, + + - , Yo EM(F*). Then the class-
function S(c) on ., whose value at a class ¢ with latent roots v1, Y2, * * *, Y=

is defined to be
S(G) = S('Ylv Yo, t y'Yﬂ)r

is a uniform function on &,, with principal p-part

So(&) = S, &, - -+, £,
where £, 85, - - -, £, are the p-roots in any order (p is any partition of n).
Proof. We have to show that for the class c=( -« - ff@® - . . ),
SCys, -y m) = 22 220(m, 0)Sy(&°m),
»

Y, * * -, v being the latent roots of ¢. By the definition of S,(x?),

Sﬂ(gpm) = S(E:av T E:a) = S(‘Yly R 77&),
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a being any substitution of a mode m, and m being a mode of substitution of
X into ¢. This holds for every partition p of . Thus it is enough to show that

(26) 2. 0Q(m, ¢) =1,

where the summation is over all partitions p of #, and all modes m of sub-
stitution of X* into ¢. By (19)

1 14
Tomo =3 II Orimnr(@™ ™

pm JEF Zp(m.f)

-I{ = —a"6"},

1EF zlalv(n)l Zx

because as p, m take all the values we have mentioned, the function p(m, f)
runs over precisely the set of partition-valued functions #(f) such that
l7r(f)| = I V(f)] (fEF), by Lemma 4.8. Therefore (26) follows from

LEMMA 5.2. Let v be a partition of n. Then

1,
E —Qu(g) = 1.

lpl=n Zp
Proof. This is by induction on #. If r= {1‘12‘* cee } is a partition of #,
if 1=s=mn, and if £,21, let 7* be the partition {11 - - - st=1 ...} of n—s.

Any partition p of #—s can be written uniquely in the form p=7*, for some
partition 7 of n.
By Lemma 4.4,

0i= X g0

I, ||

and so, observing that z, =st,2,,
14 1 A 1 »
22 ow — 0700 = —st,-Q,
A 2.* 2y

if 7* exists, that is, if £,>0. If £,=0, 7* does not exist, but in this case the
right-hand side is zero, so we have, summing over all partitions p(=7*) of
n—s,

4 1 # 1 »
E E 4\ ’z_‘Q:Ql= E — Q1 5ty

lpl=n—s Au I7|mn Zr

By the induction hypothesis, Y., (1/z,)Q%=1 if s=1, therefore
. 1.,
EgMQ’:= E _QT'Stl (S= ly 2"")”)'
A l7l=n 27

Define now polynomials &}, =#(g) by
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(27) b= 2 g (Ir] =n |u| =),
A |=n—s
and then summing the preceding equation over s=1, 2, - - -, n, we have
’ 1, 1,
S K@ked ={E —} Ta-a{E - q}.
o<[ul=n irl=n 27 s T 2,

The proof of this lemma, and hence of Theorem 8, now rests on the following
final result:

LemMa 5.3. If v is a partition of n, and if k,(q) are the polynomials defined
in (27), then
(28) > Bk g) = n.

0<|p|=n

Proof. %,{q) is by Definition (27) the number of submodules of V, (see §2)
which are isomorphic to V,. It is clear that every submodule S of V, is iso-
morphic to some V,, where |u| <. Let us define for submodules S of V, the
functions

f(S) = k(y, q), if SV, (f(0)=0), and

2{S) = dimension of S as vector space over §.

Then equation (28) says
(29) g(Vy) = 2 £(5)
s

summed over all submodules S of V,. If |v] =1, the only submodules of V,
are V, and 0, so that the formula holds in this case. We shall prove (29) by
induction on lvl =g(V,). To this end we quote an easy adaptation of P.
Hall's enumeration formula for p-groups (Hall [6]), as follows. Write U for
the matrix U,(¢) (see §1); V, is by definition the module whose operators are
U and the field §§. The submodule D= V, U is the intersection of the maximal
submodules of V,, and V,/D has §-dimension d=number of parts of the
partition ». Further, since 2U=0 (mod D) for every v& V,, we have that any
F-subspace of V,/D is a submodule. It is easy to see that the number of sub-
spaces of V,/D which have dimension d—%k (0Zk=d) is

(- D =1 (g - 1)
(¢ - Dt —1)---(¢g— 1)

Hall's enumeration formula (Hall, loc. cit., Theorem 1.4, p. 39) says that if
f(S) is any function defined on the submodules S of V,, and for each submod-
ule T we define g(T) to be Zf(S), summed over all submodules SCT, then

gVy) = f(V,) + 2 g(S) — g 25 g(So) + -+ - + (—1)¥ %2 37 g(Sk)
+ o (=)ol 3T (S ),

d
Ni = Ni(g) =
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where in Zg(Sk) the summation is over all submodules .S, containing D, for
which the dimension of S;/D is d —k (and for which, therefore, the dimension
of Sy is #—k). This formula (which is based on the identity (30) below) can
be proved in just the same way as the corresponding formula for p-groups.

In our case, 2 .g(Si)=(n—E)N? for by the induction hypothesis, g(Sx)
is equal to the F-dimension of Si, provided that this is less than #; that is, if
k= 1. Therefore

k—1 Cg,»

8V2) = ko 0) + 2 (n BN(—1)g

d d
k(u, q) + " Z (_l)k—lqck,:de_ Z (_1) k—lchk.,Nli

k=1 k=1

We have however the identity (Hall, loc. cit.)
d
SN = A0 +e) - T+,

k=0

Putting t= —1 in this gives

d
(30) > (=)t =,
k=1
while if we differentiate with respect to ¢, and then put = —1, we find

a
> (=0 RN = $a(e).
k=1

Thus g(V,)=k(v, @) +n—das(g) =7, which completes the proof of Lemma
5.3.

THEOREM 9. For given positive integers d and v, and a given integer k, the
character It[v] is the uniform function I5[v]= U on ®a, with the following prin-
cipal parts:

U, =0 unless all the parts of p are divisible by d, while if p = { arn(2d)» - - - } ,

Uy() = U(82) = TLT1 Tau(k: £20.0),

e §=1
where
d—1
Td,e(k;f) — Zoqik(£1+qd+...+q(¢—l)d).
=0
Proof. Let p= {1'1,2'2 cee } be a partition of #, and let ¢ stand for a
“typical p-class” (xn - - * X %m - - Xy, - - - ). Define o*(c) to be D 6x(ED)
- - 0%(E), where £, - - .| £ is the set E° of p-roots, in some order. This

purely formal definition makes the principal p-part of the function of (which
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is known to be uniform, by Theorem 8) the “value” of ¢* at the “class” ¢. It
is easy to verify that Lemma 3.2, which is the result of an analysis of the
value of o%(c) at a principal class ¢=(fifs - - - fv), will still hold for this
“typical p-class” c. The only changes needed are to replace, in the argument
leading to equation (13), the latent roots 4¢ (#=0, 1, - - -, d;—1;i=1, 2,

- - -, N) by the p-roots, and to interpret each I*®[v(s, B)] which occurs in
(14) as the uniform function defined in the present theorem. By Theorem 7
the function ®, so defined is uniform, and its p-part is the result of evaluating
®,(c) formally by Lemma 2.8 (see equation (20), Theorem 7). With these
interpretations the proof of Lemma 3.2 still holds, and (15) is now a relation
between the principal p-parts of the uniform functions ®, and o%.

The character It[v] is defined, in the proof of Theorem 5, inductively with
the help of (15). We have shown that the same relation (15) holds between
the uniform functions I[v] defined in Theorem 9. Therefore we can prove,
inductively, that the character and uniform function coincide, and this is the
assertion of Theorem 9.

The degeneracy rule (18) allows us to calculate, in terms of the poly-
nomials @}, the values of these characters I;[v] at any class.

ExampLE (i). U=1I3[2] is a character of ®,. We have that U,=0 for all
partitions p of 4 except p= {22} and p={4}. Let s, x3 be the {22}-variables,
and let x4 be the { 4}-variable (in our general notation these sets of variables
would be distinguished by superscripts {22} and {4} respectively). Then

Ut (%21, 222) = {0"(521) + 0""(521)} {0"(522) + 0""(522)}, and

1+¢ ak , 14+q°

Ut(za) = ek(&l Y+ 0 (Ea )

Let c=(f“’1), where f& F has degree 2; this is a class of ®,. In each of the
cases p= {22} and p= {4}, there is only one mode of substitution of X* into
¢; these are the modes m;, m. of the substitutions

Xg1, %22 — f, and zxy— f,
respectively. Writing v for a root of f, we have

U(e) = Q(my, Ui(y, v) + Q(ms, c)Uta(y)
2-1(g? + 1) {6%(v) + 09k (v) }2 + 27 (— g + D {0*(v?) + 0*(v?)}
= 0%(y?) + 09%(v?) + (¢* + 1)6*(v)09%(y).

ExaMpLE (ii). Let U=1I3[1], a character of ®;. We have U,=0, unless
p= {d} There is only one {d}-variable, xq1, and Utgi(q) =Taa(k:Ea). The
only classes ¢ fo- which there exist substitutions of X4 into ¢ are the primary
classes ¢=(f*), with l)\ld(f)=d. Write e=d/d(f), and let v be a root of f.
The only mode m is that of the substitution x;u—f, and for this, p(m, f) = {e }
Therefore
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1 2 ap
U(e) = Q(m, )T an(kivy) = :Q(a)(q )Taa(k:7).

It is easy to see from Definition 4.2 that Q},(q) =k, ¢); while

d—1 a(f)—1 .
Taa(kiy) = 2, 0%k(y) = ¢ D, 0%k(y),
1= =0

because v has degree d(f). Thus we have I3[1](c) =0 unless c is primary, while
a1,

) = kO )0 0) + 6% + - - - + 6"

where vy is any root of the polynomial f.
6. Scalar product of uniform functions. If U, V are any complex-valued
class-functions on @,, the scalar product

a)

™},

1 — 1 —
U, V)=— 2 UATA) =3 ;@v(cw(c).

§ A€@,

summed over classes ¢ of &,. For g/a(c) (see §2) is the number of elements in
theclass¢. If c=( - - f - . .) we have by Lemma 2.4

a(e) = 22 aun(g*?).
JEF

We shall find that when U, V are uniform functions, (U, V) has a very
simple expression (Theorem 11). First however we shall write down certain
remarkable “orthogonality relations” satisfied by the polynomials Q).

DEFINITION 6.1. If p= {1727 . . . } | et

() = (g— D> — 12 -
THEOREM 10. If p, o are partitions of n, then
) 0 if p # o,
LPRRRY
Z 0,(90:A9) =1 2z
ni=n ar(q) —— if p = @.
co(q)
The proof will be given later. With the help of these relations we can prove
TrEOREM 11. Let U=(U,), V=(V,) be uniform functions on ®,. Then

(U, V)= 2, KU, V),

lplw=n

where, if p= {17272 - . . ],
1

1
Kp(U' V) = Z UP(‘YllY STy ’Ylfl; Yeu * * 721‘2; ¢t ),
%p CP(Q)
‘VP(’YII) Tty 711’1; Y21y ° * ¢y 7212; vt ),
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summed over all rows Y, * -, Yiry, Yat, © * *, Yarg - - Such that va: & M(Fa)
(1:=1r 21 Ty rd;d=11 2, s )'

Proof. By Lemma 4.14 it is enough to prove this for basic uniform func-
tions U, V, of respective types p, o, say. We have then to show

31) (u,v)y=0 if p 5 o,

(32) (U, V) =K, (U, V) if p=o0.

If U,, V, are the principal p- and g-parts of U, V respectively, and if ¢ is the
class ( - - - f*¥ - . . ), we have by the degeneracy rule (18),

1 — 1 -
——U(V(0) = —= 2 Q(m, )Q(m’, U, (EEm)Vo(E°m"),

(33) a(c) a(c) mom

summed over modes m, m’ of substitutions respectively of X», X into c.
The set W of classes isobaric to ¢ consists of all ¢/=( - - - f*'(f) - - -+ ) such
that

‘ v'(f) [ = [ v(f) l, = n(f), say (each f E F).
The result of summing (33) over the classes ¢ of W is

IW) = 2. A(m, m)U,(e2m)Vo(Em'),

m,m’

where

1 1 1 W, A D a
Am,m') = 3 11 Qoem(@ " )Qom.1)(g

v 1€F G (%) Zomug) Foemt )

)

the summation being over all partition-valued functions v(f) such that
|»(f)| =n(f) (fEF); we can factorise this and obtain

1 1 1 2
(34) Am,m') = ]] —— = Qe (g
JEF Zoomp) Zogm ) D=n() AA(g?)

a) afy

A
)Qocm (g )
According to Theorem 10, this is zero unless p(m, f) =o(m’', f) for each fEF,
that is, unless p=0 and m=m’ (Lemma 4.8). (U, V) is the sum of the I(W),
for the different isobaric sets W, so this proves (31). Now suppose that p=o0;
we get this time

1 1 _
> { I } U (erm)V (rm).

d
m U7 Zomn Gmn(@?Y)

We can verify that [[rer comn(g®?) =c,(q), and so

={1I

¢(9) m 7 Zpm.p)

W) = } U (w7 (m),
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the summation being over all modes m of substitution of X* into a class ¢ of
W. Adding for the different W we get

=41
(@ ‘m Ut Zomp
summed over all modes m of substitution of X*. An elementary calculation
shows that this is the same as K,(U, V) described in the theorem.

Before we prove Theorem 10, we shall construct certain characters of @,,
which are basic uniform functions of a given type p={1m2r . . . } As we
remarked at the end of §5, the character I5[1], which we now write Ju(k), is
a basic uniform function on & of type {d}, with {d}-part Tai(k:Ea)
=0*Ea) H0%Ea) + - - - 67 H(Ea).

Let & stand for the row (hu, - - -, Buy; B2, - -+, Bary; - - - ) of integers ha;,
one integer for each part of p.

DEFINITION 6.2. Let B=B?(h) be the character

Be(k) = Jy(hi) 0+« - o Jy(har) 0 Jo(bar) 0 - - - 0 Ja(hap) 0 - - ¢

w, v) = } U, (em)V(om),

of &.. By Theorem 7, this is a basic uniform function of type p, with p-part

B, = B,(h:¢) = H{ > Sa(harta)Sa(hasitay) - - - Sd(hardlfdr;}

191 u gt
d 172 T:

where the summation is over all permutations 1’2’ - - - 7] of 12 - - - 74, and
Sa(k:§) = Taa(k:E) =04€) +0%(E) + - - - +0¢%(E).

Be(h) will be called a basic character of type p.

Proof of Theorem 10. This proceeds by induction on #. The case n=1 is
trivial. If we know that the relations hold for the Q) when |\|, [p| <#, we
may carry out the calculation in the proof of Theorem 11, in so far asonly
these relations are required. Examining (34), we see that Q) with l)\| =7 can
only occur if the class ¢ has all its latent roots equal, so that ¢= () for some
linear polynomial I(t) =t—v (yEM(F)). Write

1

Yol)) = X —— 0n(9)0n(@) (ol |o| = m),
= ax(q)
and then, by (34), if p¢
(35) (UyV) =ZZ YPV(q)Z UP(‘Y:"‘ y Y3 Y "')I_IV('Yy"' )'Y;'Yv"')
summed over Yy & M(F), while if p=a,
1 1 1 —
(36) (U, 7V) = KU, V) + {ZT Vo) = — —=b Z 0 W),
A z, ¢(q)) 5

Let us now take
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U = Bp(h) =]1(h11) [o IR OJl(hl,-l) O]z(hz]_) [0 LIS O]z(hz,,) Q- -,
V=Bl =Ji(lwo--oJilhs) oJs(lss) o - 0Jsllay) 0.
Then 2, Uy, -0 %%, % OVely, oo v, )

=2,3, )_y 6°(y)P(v), where a= D a.¢ hai, and b= D 4.¢ lss. By the character
relations for the multiplicative group M(%),

X 05(n)B(y) = dan (g — 1),
y
where we write
5 - {0, if @ # b (mod ¢¢ — 1),
b 1, if a =10 (mod g% — 1) @=12---).
We have in general

37) T W)E () = dus(gf — 1).
1EMGY

Turning now to the case p =0, we can easily calculate K,(U, V) in our present
case. By Definition 6.2,

1 1 —
K, (Be(h), B*())) = — Z H ZSd(hdl:'Ydl’)Sd(ldl:'7d1"> .

Zo €(q) vai 4

.Sd(hdrd:‘ydr’d)gd(ld'd:'yd,;é)

in which the first summation is over rows (yu, * * *, ¥1r,; * * * ) @s in Theorem
11, while the second summation is over all pairs (1’ - - - #)), (1" - - - #¥) of
permutations of 12 - - -r;. We may write this as
1 1
3 -ral E Z Sa(kariyar)
a drrg! (g8 — 1)7e Ly, v

'gd(ldl':'Ydl) s Sd(hdrd:'Ydrd)gd(ldrd’:'Ydrd)v

where the first summation is over all rows va, - * -, 7Yar, of elements of
M(§a). We see that the term

> Sa(hariva)Sallarvival) - - - Sd(hdrd:')’drd)gd(ldr"i:'Ydr)

Tar" e,

factorises to give

ﬁ E Sa(hai:v)Sa(la1v).

=1 1EM @)

By (37),
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2 Saam)Sabiy) = dae, b)-(¢° ~ 1),
€M)
where
A%a, B) = ban 4 bapg + - o+ F o,
and so we get

K, (U, V) = H{ IT Ad(has, Lar)A%(has, Lag) - - - Ad(hdrdy ldré) } .
1

d

Taeep?

This shows in particular that K, is an integer.

Since U, V are characters, (U, V) must be an integer. Let us specialise
U, V still further, making all %4;=13;=0. It follows then from (35), (36) and
what we have just proved, that

%
Yo(g)-(¢g— 1) and {Ypp(q) ~ (q)} (g—1)

are integers, and this must be true for each prime-power ¢. Now by Lemmas
2.4 and 4.3, these are each rational functions in ¢ whose numerator is of
smaller degree than the denominator, provided that #>1. Thus they tend to
zero as g— . This means that for all sufficiently large prime-power values of
g they are zero, and therefore they are identically zero.

Incidentally we have proved

LEMMA 6.3. Let p={1n27 - - - }, a={122 . . . } be partitions of n, and
let k, | stand for the rows

(Bag, « + + ) hargs Bagy = Bargy - - - ), and
(layy » + vy Dy Doy, o - 0y Doy o - ) respectively.

Let B#(h), B*(l) be the characters defined by 6.2. Then (Br(h), B°(])) =0 if
po, and

(Bo(h), Bo®) = T1 { X A(hay ) - - A, ld,,;>} ,

where
A, B) = bay + Smpg -+ oavgs  (d=1,2 )

7. The primary irreducible characters. Let s be an integer, and
T= {1*’12" s } a partition. Write s- for the partition {s?1(2s)72 . . . }

The basic character B#(h) has p-part B,(h:£#) given in 6.2. By Theorem 9
the character If[v] has p-part zero unless p=s-7 for some =, while its s-7-

part is Ue .,(k:z) = H“ Hf:l Ts.e(kzgss,‘l’)-
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LEMMA 7.1.
ks
B..,(k —:5"*) = 2, U,.(k:&7),
s
where kw /s stands for the row (Ryy, + -+, Bapy; Bosyy, - - ¢, Bas,pgy -+ + ) i Which
Booi = k(14 g+ - -+ + gD, (1=1,2,---,psse=1,2,---).

This follows from the definitions, using the easily verified identity
Seolk(1 4 ¢+ -+ - 4 gleVig) = eT, (k:8).

Two uniform functions with the same principal parts must be equal.
Thus we have

LEMMA 7.2. If kw/s is the row defined above, then

(38) Lpl= % —I—B”(k—:—)-

|x|=2 Zx

By Definition 6.2,

ks
B“'(k—)=Z10---oZloZzo---ozzo---
s

there being p, factors Z,=J,.(k(1-+g*+ - - - +q¢ V) (e=1, 2, ). We
may compare (38) with the formula

1
o} = 2 —P.
|x|=v Zx
in which {v} represents the Schur function in #2v variables ti, #5, - * -, ta

(this particular Schur function is often written &, and called the homogeneous
product sum of degree v. See, for example, D. E. Littlewood [o]), P.=£+4

4+ 48 (e=1, 2,---), and P,=PDPPE ... for any partition
T= {1”12“ R } Py, P;, - - -, P, are algebraically independent generators
of the algebra § of symmetric polynomials in f, t, - - -, £, with complex

coefficients, and on the other hand the o-product is commutative and associa-
tive, so that the mapping

P,—2Z, (8=1121"'1n)

defines a homomorphism of § into the algebra <A/ defined in the introduction.
To the Schur function {v} =h,, there corresponds, under this homomorphism,
the function I¥[v], by Lemma 7.2.

For a partition \ of », the Schur function {)\} is defined (Littlewood, loc.
cit.) by
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(= ¥ e,

|x|=mv Zx

x> being characters of the symmetric group &,, and to this corresponds the
class-function on @&,
DEFINITION 7.3

IIpl=X _I_X:B..,(kl).

|x|=v Zx B

We have yet to show that this is a character; the coefficients x}/z, are not all
integers. But we do know (Littlewood, loc. cit.) that {)\} can be expressed
as a rational integral combination of products of the form

hvlhvg ¢ hv,y

and using the homomorphism of § into <4, we have that I*[\] is a rational
integral combination of characters

Lo o L[sz] o - - - o 1.,

and is therefore itself a character.

By the degree of a character x of & (even if x is not a proper character)
we mean x (1), where 1 is the identity element of . The degree of Ja(k) =I3[1]
is

Ja(k)(1) = $as(®) (Example (ii), §5).
By Lemma 2.7 the degree of the basic character B#(k) is
¥n(q)
(39 = . ri, T2 ¢« o o
) i V(g a(g)™ - - - ¢o(9) 1)
= ¢"(Q) : 8P(q)1
writing

1
1—gn (1—gn)m
Consider now the homomorphism of the algebra § into the field of ra-
tional functions in a variable ¢, which is defined by

e,(q) =

1
Pe_) (8=1,2,"‘,ﬂ).
1—gq
Under this mapping a certain rational function
1
(40) g} = 20 —xe()
] (4
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corresponds to the Schur function {\}. Comparing P.=f+#4+ - - - +£
with the formal expansion

1/ =g)=1+g+ (P + -,

we see that (provided |\] <#) {\:¢} is just the formal Schur function in the
infinity of variables

17 q, q2y ctTt .
D. E. Littlewood (loc. cit., Chapter VII) has calculated these functions ex-
plicitly and found that, if \= {4, b, - - -, l,,} where hzlh=z - - - 2[,>0, then
P
(41) (g =gt I (1 Q”""'*’)/ 11 6145+ (9).
l§r<a§p r=1

We may remark that if p=s-m, then e,(¢) =e.(¢*); and then using 7.3,
(39), and (40) we have

LEMMA 7.4. Let s, v be positive integers, sv=n, and \ a partition of v. Then
the degree of the character I} [\] of ®n is

¢n(@)- {A1g*}
where {)\:q} 15 the function defined in (41).
Two special cases are of interest: if A= {v}, {)\; q} =1/¢.,(q), so that
The degree of I} [v] is $..(9)/d+(¢°);
and if A= {1,,}, {)\:q} =qCv.2/¢,(q), so that
The degree of I5[17] is q%2¢..(q) /u(q?).

The character I}[1"], whose degree is ¢°».2, has been calculated by Steinberg
(13), who was the first to discover characters which are effectively the I}[A].
By examining (41) we have

LEMMA 7.5. The degree of I¥[\] has the sign of (—1)¢~Do=(—1)"""

LEMMA 7.6. Let s, v be positive integers, and N any partition of v. Then
I =1, 4
k, kq! quv T kq‘_l

are s distinct residues mod (¢*—1).

It is easy to give a direct proof of this, but it is a special case of a Lemma
(8.3) which will be proved in the next section. The condition on & which is
described is equivalent to the statement A*(k, k) =1.

Let € be a generator of M(F*), and let ¢ = DI (1S5<n). ¢ is a
generator of M(§.,). Each nonzero element of §, has an expression € and in
this, £ is uniquely determined mod (¢*°—1). The condition for € to have the
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degree s is that all its s conjugates ¢, &7 - .., & should be distinct,
which means that
(42) R, kg, - -, k¢!

are distinct residues mod (g*—1). In this circumstance we shall say that
each of the integers (42) is an s-primitive, and that the set (42) is an s-simplex
g (or a simplex g of degree s) with k, kq, - - -, kg*~! as its roots. The cor-
respondence between the s-simplex g and the irreducible polynomial of degree
s which has ¢, €%, - - - | ¥ as its roots, proves

LemMA 7.7. There are exactly as many simplexes of degree s as there are

irreducible polynomials f& F of degree s.

It is easily seen from the definitions 7.3 and 6.2 that I*[\]=I¥[A] if
k, k' are roots of the same s-simplex g (in other words, if &’ =kg* (mod (g*—1))
for some integer #). Thus there is no ambiguity in writing

@) = (-7l

The lemmas in this section allow us to deduce

THEOREM 12. Let s, v be positive integers. Then for each s-simplex g, and
each partition \ of v, we have an irreducible character (g) of ®,., of degree

(= 1)V, () {A:gr].

Further, U= (g") is a uniform function, and if k is any root of g, the prin-
cipal parts are U, =0, unless all the parts of p are divisible by s, while if p=s-m,
u,sithw:{lmZm .. },

UE) = (=D TLIL 7o okt .
e 1=1

The (g*) may be called the primary irreducible characters.
8. The irreducible characters of ®,. Let G be the set of all s-simplexes,
for 1 <s=<#, and let d(g) denote the degree of g&G. Our object is the

THEOREM 13. Let v(g) be a partition-valued function on G such that

2 (@] d@) = n
i€

Then
(+oog@.) = H(g”(”’)
PISYe]

(11 stands for o-product, and a factor for which v(g) =0 is omitted) is an irre-
ducible character of ®n, and the only irreducible characters of &, are those ob-
tained in this way.
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Lemmas 1.1 and 7.7 show that there are exactly as many characters
(:--g® -..) as there are classes of ®,. Therefore we have only to show
that these characters are all irreducible and distinct, and then we know there
can be no further irreducible characters.

Let uscall (- --g@ .. .) the “symbol” of a “dual class” e. If g is an
s-simplex with root &, and if N is a partition of 9, it will be convenient to
write I¥[\]=1I,[\]; so that (g8 =(—1)¢-D*[,[\]. Now define, for a dual

classe=( - - - g"@ . . .), the character
(43) I.= Il 1@l
aEG
This character I, is of course connected with the character ( - - - g@ . . .)

defined in Theorem 13 by the trivial relation
Io= (= 1)2E@-1PGI( ... p@ . ..)
= (—1)rz@I( ... gt ...

where Y stands, in each case, for ), ¢. However I,is the more convenient
or computation.

For each partition p= {1'12'2 ce } of n, define the set Y* of “dual
p-variables” v5,=v4 (4=1,2, -+, rq4; d=1, 2, - - ), and say that y4 has
degree d(ys) =d. A substitution o of Y? is a mapping of Y? into G which
satisfies

(T1) d(ya) divides d(y), for each y & V».
Equivalence, modes, and the partition p(e, g) are defined just as in §4;

we have lemmas analogous to 4.7 and 4.8. a is a substitution into the dual
classe=( - - g*@ ...)if and only if

(T2) | o, )] =1vuo)| (e €0).

Isobaric dual classes can be defined, as in §4.
We depart from the strict analogy with §4 when dealing with the “dual
p-roots.” We define a set H? of #n symbols, of which

(44)

has = hai, haig, - - -, hdiqd_l
are the “roots” of ¥} =y4 (1=1,2, - - - ,ra;d=1,2, - - - ). We may think of
these as “exponents” of corresponding p-roots, say € =£4; (€4 is the generator
of -M(§a) which was defined in §7). If a substitution o of X* takes £;; to an
element v = ¢ of M({*) which has degree s (s divides d), the effect in terms
of exponents is to take
hdi ¢ e@d-1)/(g*-1)
fai=¢€1 to Yy=¢€ =€ .
Here ¢ is an s-primitive, since € has degree s.
We do not propose to use any such explicit correspondence between H?
and Zr as that just described, but give this as explanation of the following
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DEFINITION 8.1. If @ is a substitution of Y?, we define « as a mapping of
Hr into the rational integers, by
hae = caig® — 1)/(g*s — 1),

where cq; is a root of the simplex yac, and sg; is the degree of yauo.

Conversely any such mapping of H?, in which for each ¢=1, 2, - - - | 74,
i=1, 2, - , €di is an sg-primitive and s4; divides d, defines a substltutlon
of Y,

Finally a dual p-function is a function U,(yu, -, Yir; - )
=U,(by, * -+, b1y -+ - ) which takes a value U,(yra) = U,(h*a) = U,(h*m)
=Uy(bue, + + +, lypo; + -+ ) for each substitution @ of ¥?, this value de-

pending only on the mode m of a. An example of a dual p-function is
B,(k:£#) defined in 6.2 (regarded as function of the hg;).

LeMMA 8.2. Lete=( -+ - g®@ . - . ) be a dual class of On, then
= > > x(m, €)Be(h*m)
) m

summed over all partitions p of n, and all modes m of substitution of Y* into e,
and where

1 o
x(m, e) = H XP(:hU)'
€@ Zp(m.g)
This is a dual “degeneracy rule,” which enables us to compute the char-
acter I,, and thence ( - - - g"® . - .} in terms of the basic characters B*(k*).
Proof. Write k(g) for a root of g &G, and d(g) for the degree of g. Definition
7.3 gives

1 »{(g d(g) e~
Lb©] =E0L@] = 5 X 2% (k()—)

Irl=l ()| Zx d(g)
Substituting this in (43) we have

1 (g d(g) x(g kg
I, = Z H Xr((g))B (9) ()( () (g)>

(g) 9EE6 Zx(y) da(g)

where ][] is a o-product, and the summation is over all partition-valued func-
tions w(g) on G, which are such that |7(g)| =|¥(g)| (¢€G). By (T2) and the
analogue of Lemma 4.8, such functions w(g) are exactly the functions p(m, g)
taken over all partitions p of #, and all modes m of substitution of ¥ into e.
Finally, we can see that if 7(g) =p(m, g), then

m(g)
d(g)-x(g) — ) = Be(}r
QG B (k(g) x )) Be(hem),

by writing each character B4@ =@ on the left as a product of J's, according
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to Definition 6.2. (We see here the connection between Definition 8.1, and
the symbol kr/s defined in Lemma 7.1.) This proves the lemma.

LEMMA 8.3. Let e=(---g@ . ..), e=(-:-g"'@ ...) be two dual
classes of &a. Then
(I Io) =0 if ex¢,

while (I,, L) =||L|| =1.
Proof. From Lemma 8.2,
(T Ie) =25 2 x(m, x(m', ¢)(B*(krm), B*'(k*'m’)),

pm p’,m’

summed over all pairs p, p’ of partitions of %, and all pairs m, m’ of modes of
substitutions of Y*, Y*' respectively into e, ¢’. By Lemma 6.3,

(B?(h*m), B*' (h*'m’)) = 0, unless p = p’.
If p=p’, and if o, o’ are substitutions of the modes m, m’ respectively, then

(B*(h*m), B*(h*m'))

(45)
= H{ Z A¥(haia, haya') - - - A¥ha, o, hay a’)} )
a ... d d
f
If, for given 7, 7/, the simplexes g=y4:it, g =y4/a’ have degrees s, s’ respec-
tively, then according to our convention (8.1)

haia = c(g® — 1)/(¢° — 1), hapa' = /(g% — 1)/(¢* — 1),

where ¢, ¢’ are roots of g, g’ respectively.

We remark now that Ad(a, b), by its definition (see Lemma 6.3), is zero
unless € and € are conjugate. Now €4*=¢, and €% = ¢’. These cannot
be conjugate unless, first, s=s’ (for s and s’ are their respective degrees), and
further, c=c'q* (mod ¢*—1) for some integer %; that is, unless g=g’. If g=¢'
we find very easily that

(46) A kg, havd) = d/s = d/d(g).

Thus (45) is zero unless for each d=1, 2, - - -, there is some permutation
1’2’ - - - 7} for which yua=yg40a’ (=1, 2, - - -, rg). This is exactly the con-
dition for a, o’ to be equivalent. Therefore (45) is zero unless m =m’, and this
means that e, ¢’ must be isobaric (|v(g)| = l v’(g)| for each g&QG), because

there exists a substitution which is into both.
When m=m’, we find by some elementary calculations from (45) and

(46), that
(B (kom), Be(bom)) = I1 2,0m,00-
UEG

We have therefore

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



1955] CHARACTERS OF THE FINITE GENERAL LINEAR GROUPS 443

(Iey Ie’) = Z X(mr C)X(mv el) H Zp(m,g)
pm PLsYed

1 v(g) v (g)

= Z H Xo(m,0)Xp(m,g)
pm g Bp(m,g)

By the analogue of Lemma 4.8, every partition-valued function 7w(g) on G

which is such that ]r(g)[ = [ v(g)| (= | V’(g)l) for each g&G, occurs as p(m, g)

for some p, m. Therefore we may factorize the above expression, and obtain

(I., Iy) = H Z _1' X:'(”)X:’(a)’
€6 Ixi=lr(n)] %=
and the character relations for the x, then show that this is zero unless
v(g) =v'(g) for each g&QG, that is, unless e=¢’; while (I,, I.)=1.
This lemma, taken together with (44), proves Theorem 13, and this com-
pletes our investigation. We collect the main results in a final

THEOREM 14. For each partition p= {1'12'2 S } of n, write
Be = (hyy, - -y hargs Bag, - vy by v - ),
o= (b, - b b, o Byt ),
and let B,(hr:£°) be the function (Definition 6.2)

B,(he:pe) = |1 {

d

>, Sa(kayitar) - - - Sd(hdrd:gdr:i)} )

d
where

Sa(h:g) = 04(F) + 00(F) + 094(F) + - - - + 9 HE),

and 0 is a generating character of M(F*). For given integers hu, « « -, B
hat, = -, hary, - - -, the basic uniform function (Definitions 4.12, 4.13) B#(k) of
type p which has B,(h:£?) as its p-part, is a character of ®&,. Each irreducible
character of . 1s characterized by a partition-valued function v(g) on the set G of
simplexes (§7) of degrees <n, which satisfies

2 | d) = n,
qEG

and conversely each such function v(g) determines an irreducible character

(- -g® .. ) which is given (Lemma 8.2, equation (44)) by
47 (eorg@ ) = (=1)2@1 Y x(m, ¢)B(hem),
pm

which expresses it as a linear combination of basic characters (the definitions of
x(m, e), Be(h*m) are given in §8). This character may also be expressed (Theo-
rem 13) as a o-product (see the introduction) of primary irreducible characters
(Theorem 12, §7)
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( e gv(a) e ) = H (g”(”’),
gEG

and its degree (Lemmas 2.7, 7.4) is
(@ I (=)@ {s(g): g4}
Eq

where Yu(q) =(¢"—1)(¢"7*=1) - - - (¢—1) =(—1)"$a(q), and, if the parts of \,

written in descending order, are i, b, - - -, 1,
D
{Arg} = gmowt JT (1= gty [T 61 4pi(0).
l§r<a§p r=al r

REMARKS. (1) If m= D _r is the number of parts of p, then(—1)"mBs(k)
is itself an irreducible character, provided that, for each d=1, 2, - - -,

hai, haz, - - -, har, are d-primitives, and are the roots of distinct d-simplexes
ga1, gaz, - - -, gar, Tespectively. For, according to (47), (—1)*m=Be(k) is the
irreducible character described by the “principal” dual class

(48) (Bu1* " - girgor* " g2y 0 ).

For general values of the Ay, this character is of course not irreducible.

(2) Dual class “types” can be defined in the same way as class types were
defined in §1. For example, all the “principal characters” (48) (for a given
partition p) are of the same type. It is quite easy to set up systems of “type
variables,” both for nonprincipal types, and for nonprincipal dual types,
and to show, using the two degeneracy rules (18) and (47), that all the values
of characters of a given type, at classes of a given type, are expressible by a
single function in these variables. For example, the value of any character
(48) at any principal class of type p is obtained by suitably specializing the
variables in the formula (—1)»—"B,(k*: £¢). All the characters of a given type
have the same degree.

(3) Linear characters. A linear character L=( - - -g"®@ . . .) must be
primary, for by Lemma 2.6 no o-product of more than one character can
have degree 1. Let L =(g*), for an s-simplex g, and a partition \ of v, say. The
degree (— 1)@ V%, (q) {)\:q‘} of L is soon seen to be a polynomial in ¢, multi-
plied by g*(s+2is+..9 (see [41, §7]), and if thisis unity, wemusthavely=l= - - -
=0; that is, A = {v } By one of the special cases mentioned below Lemma 7.4,
the degree of L is now

(= 1) D%,,(9) /(") = ¥us(9)/¥:(g").
If ¢>2, ¥u(q)/¥:(g®) =1 only if s=1. If ¢=2 there is also the case s=2,
v=1. The character L=1}[n] has been found (see example at the end of §3)
to have value 6*(det 4), at an element 4 €©,. We have then the well-known
result

If ¢>2, or if n>2, the only linear characters of GL(n, q) are 6% (det A)
(k=0,1, - - -, q—2).
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The group GL(2, 2), which is isomorphic to the symmetric group &;, has
the further linear character —I3{1].

Appendix. Tables of Q}(¢). From the definition (4.2) we may soon verify
the following special cases of Q}(q) (|)\| = |p| =n):

{n}

QP = 1 ( t Pl = n);
{1n} 1 1
Q=8 = ¢a(9) (p = {1272 .. ],

1-9gn(1-g)m
A
Qua = kA, g) (A =m).
Lemma 4.4 provides a method for calculating in succession the tables of @3,
forn=1,2,3,---.
From Theorem 4 of P. Hall, it is easy to show that the symmetric group
character x3 is the coefficient of ¢™ in Q}(q).

n=1. n=3.
olij=1.
p
n=2 {13} {21} {3}
A
p
)\ e} | {2} (3} 1 1 1
(2} ) . {21} 2g+1 1 1—¢
{13} || (@+g+D) | 1-¢* | U—g)(1—¢)
{2} || ¢+t | 1-¢ (@+1)
n=4,
P
\ (14} {212} (31) {4 {2}
A
{4} 1 1 1 1 1
{31} 3g+1 g+1 1 1—¢ 1—¢
{22} (2g+1)(g+1) g+1 1—-¢ 1—-¢q 1—g+2¢
{212} |} G +2¢+41) ~@+g+q+1 1—¢ 1-9(1—-¢» | 1—g)(1+¢?)
(g+1)
(19 | @+a+a+D) | (@+aDU—g0] A—@A—g)] =1~ | (1—g)(1+¢?)
(@+g+1)(g+1) (1-¢9 (1-¢»
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(=1 | G+D)(a+5b+D)
B-D6-1) (P-1) (b—1) (-1 (P—1) (1+D0+D) (1+Db+D+eb) || {a1}
B=1@—=1) | P—DE—-1) |(P—DE+TD) |B—1)B—1) B—-10+5) (1+5+5+4b) | (1+5+ D+ eD+:D)
(D—1) B—-1) (14+5+3D) | (14D)(1+54-D)
@=1C-D | B=DC~1 [P—DGB+T1) |P—1)(B—1) | G+D+D+eb+ib—) | (1+Db+D+d+bz—) | (1+Dg+Pe+:Dp) || {e12}
, (B—B+1) (14+5) (145)
B=1@—=1) | D+1)B—1) | D+eb—D+1 ®&-1 (1+d)(b—1) (14B4bg+d—) | (1+De+209+5S) || {122}
(1+Db)
DB—10-1) b—g 14P+ebr— d—1 1+b 1+bz+b¢ (1+b¢+209) {a1¢}
b—q 1+5—-b D+1 H—1 1+5+45— {(1+5) T+0%+:Bs {ze}
b—q b—1 I 1 1+b 1+5z 1+b% {17}
1 T I 1 1 1 1 {s}
X
{s} {ze} {1t} {17} {a1¢} N {a1}
d
g u
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