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Abstract. Let G be a compact Lie group acting on a compact manifold M.
In this article, we associate to a G-transversally elliptic symbol on M a G-
invariant generalized function on G, constructed in terms of equivariant closed
differential forms on the cotangent bundle 7*M.

1. Introduction

Let M be a compact smooth manifold with a smooth action of a compact Lie
group G. We consider the closed subset T;M of the cotangent bundle 7*M,
union of the spaces (I'EM )., x € M, where (TiM), C T)M is the orthogonal
of the tangent space at x to the orbit G.x. Notice that TZM is not a sub-bundle
in general, as the dimension of the orbit may vary. We consider Kg(75M ), the
group of equivariant K-theory of the space T5M. It is a module over R(G),
the representation ring of G. Let &% be smooth G-equivariant vector bundles
over M. Let P be a pseudodifferential operator on M, mapping sections of &+
to sections of &~. Let p: T*M — M be the natural projection. The principal
symbol o(P) of P is a bundle map p*&* — p*&~ defined over T*M\0.
The operator P is said to be G-transversally elliptic if it is G-invariant and if
its principal symbol o(P)(x,¢) is invertible for every (x,¢) € TgM such that
& # 0. If P is G-invariant, its kernel Ker P is a G-invariant vector space. If P is
moreover G-transversally elliptic, the representation of G in Ker P is trace class
[1]. We choose G-invariant metrics on M and &*. The adjoint P* is G-invariant
and G-transversally elliptic, with principal symbol a(P*)(x,&) = o(P)(x, &)*.
The G-equivariant index of P is the generalized function on G defined by

index®(P)(g) := Tr (g, Ker P) — Tr (g, Ker P*).

The principal symbol (P) defines an element [6(P)] of Kg(T5M ). Moreover,
for any m € Z, any element of Ks(T;M) can be represented by the principal
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symbol of an operator P of order m. As proven in [1], the G-equivariant index
of P depends only on the class [6(P)] € Kg(T5M). Thus the G-equivariant
index induces a map

indexf’M Ko(TeM) — C~>=(G)°

which is called the analytical index. Clearly index®* is a homomorphism of
R(G)-modules.

Our purpose in this article is to define the cohomological index indexSM,
a homomorphism of R(G)-modules from Kg(TiM) to C~°°(G)°, by means
of the bouquet integral of a certain family of equivariant differential forms on
the cotangent bundle 7*M. We make use of the concept of superconnection
introduced in [16]: our family is the bouquet of Chern characters of a particular
superconnection attached to the symbol o(P). In the article [11], we will show
that these two maps — the analytical and the cohomological index — coincide.
The bouquet integral is a generalized function on G defined locally; around
s € G, it is constructed by the method of descent [14] from the integral over
T*M(s) of a G(s)-equivariant differential form on T*M(s), where M(s) C M
is the fixed point set of s and G(s) C G is the centralizer of s. The precise
result is stated in Theorem 30.

Let us describe the formula which defines the cohomological index around
the identity e € G. Let ¢ : p*6T — p*&~ be a G-equivariant smooth bundle
map over T*M. Let V* be a G-invariant connection on &*. We choose a
G-invariant Hermitian metric on &*. Let ¢* be the adjoint of ¢ with respect
to the metrics. Let o™ be the canonical 1-form on 7*M. We consider the two
following superconnections A and A® on the superbundle p*(&* @& &7 ):

_. (0 o vt 0
2=(a0) (70 )
B =B — i g gy,

Let g be the Lie algebra of G and let f : T*M — g* be the moment
map defined by (f(x,&),X) = (&,(Xy)x), for X € g, where X), is the vector
field on M associated to the action of G. Then the Chern characters of these
superconnections are related by

ch(A®)(X) = & e~ chp)(X).

Assume that ¢ is G-transversally elliptic and satisfies the growth conditions
of definition 10, for instance ¢ coincides far from the zero section with the
principal symbol of a transversally elliptic operator of order m = 1. Our first
main result, Theorem 16, is

Main Theorem 1. If ¢ is a test function on g, the differential form
fq ch(A)X)P(X)dX is rapidly decreasing on T*M.

This theorem follows from the assumption of transversal ellipticity and
some estimates on Fourier transforms: for instance, consider the simple situation
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where M is a product M = G x M; with G acting on the left on itself and
acting trivially on M;. Let o be the pull-back to M of an elliptic symbol on
M. In this case, the theorem amounts to estimates on the integrals (&p, &;) —
J; e e8I (XY dX, for & € g* and & € T*M;, where ¢(X) is a test
function on g.

We introduce the J-genus J(M )(X) of M, an equivariant differential form
on M which is invertible for small X € g. Then we can define a generalized
function 0.(¢)(X) near 0 in g by

() X) = [ 2im)~"™Meh (A”)(X)p*(J(M)(X) ™).

T*M

From the above theorem it follows that this integral makes sense as a gener-
alized function on a neighbourhood of 0 € g : if ¢ is a test function on g we
define

J 0.0 dx = [ (([(im)= M eh (7)) p M) P ) dX ).
9 g

T*M

For any s € G, a generalized function 0,(c)(Y) is defined for small Y €
g(s) by a similar integral over T*M(s).

We prove that all the generalized functions 0 can indeed be glued together,
(Theorem 30):

Main Theorem 2. There exists a G-invariant generalized function indexf’M (o)
on G whose germ at s € G is given, for Y € g(s) small enough, by
indexCG’M((r)(s expY) = 04(Y).

Formally, this is a consequence of the localization formula in equivariant
cohomology, but it requires a rather technical proof, as we deal with equivariant
differential forms on 7*M whose integrals exist as generalized functions on
g, although they cannot be integrated pointwise. Furthermore we show that
the G-invariant generalized function thus defined depends only on the class
[o] € K(TEM).

In the elliptic case, the cohomological index is a smooth function, and, as
proven in [10], our definition of the cohomological index at s € G coincides
with the Atiyah-Segal-Singer fixed point formula, [4], [5], [6].

Thus, by the results of [11], the cohomological index defined here gives a
cohomological Atiyah-Segal-Singer type formula for the equivariant index of
transversally elliptic operators.

2. Kg-theory and symbols
2.1. Bundle maps and Kg-theory
Let 7~ be a locally compact topological space with an action of a compact

group G. We consider G-equivariant bundle maps &+-5&~, where 6+ are G-
equivariant complex vector bundles with base ¥". The characteristic set of a
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bundle map 567 is the set of points y € ¥~ for which o, : &5 — &
is not invertible. We consider only G-bundle maps with compact characteristic
set. Two G-bundle maps o;, i = 0,1, over ¥~ with compact characteristic
set are said to be homotopic if there exists a G-bundle map © with compact
characteristic set over ¥~ x [0,1] (with trivial G-action on [0,1]) such that
Ty x@) = 0:. We denote by Bg(7") the set of homotopy classes of G-bundle
maps over ¥ . It is a semigroup under direct sums. The subset of classes
represented by bundle maps with empty characteristic set is a sub-semigroup.
The quotient is the group of “equivariant K-theory with compact supports”
K(7"). Thus two bundle maps with compact characteristic set &*-%¢&~ and
F+ 57~ define the same class in Kg(7") if and only if they are stably
homotopic: there exist G-equivariant vector bundles .#, /" such that the G-

bundle maps & & .4 Ol st and FroN" L F @ are homotopic.
The class of a bundle map §*->&~ is denoted by [6*,0,&~] or simply by
[a].

Let £*5&~ be a G-equivariant bundle map with compact characteristic
set. Assume that &t = &~ and, for some G-invariant Hermitian metric on
&t = &7, the map o, is selfadjoint for every y € 77, then [¢] = 0 in
KG(77). Indeed, if o, is selfadjoint and invertible, then for any ¢ € [0, 1], the
map tl,++(1—1)ioy is also invertible. Thus [6T,0,6T1=[6T,1,6§T]=0.As a
consequence, for any bundle map &*-5&~ , let 6* : §~ — & be the adjoint
bundle map defined with respect to a choice of G-invariant metrics, then the
opposite in Kg(¥") of [6,0,67] is [6,0%,E7].

The following construction will be important: let ¢ : &7 — &~ be a G-
equivariant bundle map. Consider the super vector bundle & = &" ® £~. By
choosing G-invariant Hermitian metrics, we associate to ¢ the odd selfadjoint
bundle endomorphism of & @ &~ given by

o(o)(y) = ( 0 "0;>. (1)

Oy

Then v(a)(y)* = (J;an J}?J; ) is positive and the characteristic set of ¢ is the

complement of the set of points y € ¥ such that v(c)(y)? is strictly positive.

2.2. Transversally elliptic symbols on a G-manifold

Let M be a smooth manifold and G be a compact Lie group acting on M.

A point of the cotangent bundle 7*M will be denoted by (x,&), where
x€M and & € T)M. We denote by p the projection 7*M — M.

For any X in g, the Lie algebra of G, we denote by Xj, the vector field
on M generated by the action of G:

d
exp(—tX) - x|,—o for x € M. 2)

Xu(x) = dr
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We denote by fMY : T*M — g* the moment map for the action of G on
T*M with respect to the canonical Hamiltonian structure,

(90 0. X) = (& Xu(x)). 3)

We denote by f™-C the restriction of /™Y to T*M.
For x € M, we denote by (75M ), the subspace of 7'M which is orthogonal
to the tangent space to the orbit G.x. Thus

(TEM), = (f29)7(0)

The dimension of (75M ), is equal to the codimension of G.x. It depends
on x. We denote by T5M the closed subset of 7*M union of the spaces
(TgM )y, x € M. We call TgM the G-transversal space.

For brevity, a smooth bundle map over T*M of the form ¢ : p*&t —
p*&~, where &% are smooth vector bundles over M, will be called a symbol
on M. Remark that we do not make any homogeneity assumption, but we want
o to be defined and smooth on the whole space T*M, not only outside of the
zero section. Thus the principal symbol of a pseudodifferential operator must
be modified near the zero section in order to define a symbol in the above
sense.

Definition 1. A symbol ¢ : p*&" — p*&~ on M is said to be G-transversally
elliptic if the following conditions are satisfied:

(1) &F and & are G-equivariant vector bundles and o is a G-map.

(2) The projection p : T*M — M is proper on the intersection of TEM
with the characteristic set of a.

For G = {e}, a transversally elliptic symbol is said to be elliptic.

If M is paracompact, every G-vector bundle over 7*M or over TGM is
isomorphic to the pull back of its restriction to the zero section and every
G-vector bundle on M is G-homotopic to a smooth one. Therefore, if M is
compact, every element of Kg(7*M) is represented by an elliptic symbol and
every element of Kq(T5M) is represented by a transversally elliptic symbol.

3. Equivariant differential forms
3.1. Equivariant differential forms, integration

Let M be a manifold with a smooth action of a Lie group G. We denote by
o/ (M) the algebra of smooth differential forms on M. If & is a vector bundle
over M, we denote by o/(M, &) the space of &-valued differential forms on M.

A G-equivariant differential form on M is a smooth G-equivariant map,
defined on the Lie algebra g, with values in the space /(M) of differential
forms on M. We will denote by X either an element of g or the function
X — X. Thus a map o : ¢ — /(M) can be denoted also by a(X). Similar
notations will be used also for other functions, thus the notation f(x) means
either the function f itself or its value at a point x, depending on the context.
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We denote the space of G-equivariant differential forms by .&/2°(g,M).
The symbol oo refers to the smoothness as functions of X € g. We denote
by &ié"l(g,M ) the subalgebra of equivariant differential forms which depend
polynomially on X € g. Thus, if we denote by S(g*) the algebra of polynomial
functions on g, 72" (g,M) is the algebra (S(g*) & .2(M))C.

We will consider equivariant differential forms «(X') which are defined only
for X in a G-invariant open subset W C g. We denote by /F(W,M) =
C®(W,.o/(M))“ the space of these forms. An element of C°(W,.o«/(M)) will
be refered to as a differential form on M depending on X € W.

The equivariant coboundary dgy : AF(W,M) — oA/ ZF(W,M) is defined by

(dgo)(X) = d(a(X)) — 1 (Xp J(x(X)),

for o € AF(W,M) and X € W, where 1(X)s) is the contraction with the
vector field Xj,. An equivariant differential form « is said to be (equivariantly)
closed if dqo = 0.

We will consider these notions in the framework of the total space of a
G-equivariant Euclidean bundle ¥~ over M, with in mind the case where ¥~
is the cotangent bundle 7*M. Let My C M be a coordinate chart such that
V|, is trivialized in 77|y, ~ My x IR” and let (x,¢) be the corresponding
local coordinates on the total space of ¥7|y,. Then a differential form on 7~
is locally a map on ¥~ with values in the fixed vector space AIR”, with local
expression o(x, &) = Za,b%,b(%f) dx,d&,. By a derivative of o, we mean
0l oka(x, &) = 3" 010k a, p(x, &) dx, d&y.

We denote by .o/ ?fmpid(W, 7") the space of equivariant differential forms on
7" such that «(X,x, &) and its derivatives ol ﬁéfoc(X,x,é) are rapidly decreasing,
uniformly on compact sets of W x M. Let o € /¢,,.,(W,7"). Then do(X)
is rapidly decreasing, and so is also (X, )u(X), as the vector field X, de-
pends linearly on &, thus the equivariant coboundary d, maps o/ G, rapid W>7")
into itself. We denote by #°¢,,,.,(W,7") the corresponding cohomology space
Kerdy/Imd,.

Definition 2. A differential form o € C(W, (V")) is said to be rapidly
decreasing in g-mean if, for every test function ¢ on W C g, the differential
form fq W X)P(X)dX on V" is rapidly decreasing along the fibers, as well as

all its derivatives, and such that, moreover, the map ¢ — fg a(X)P(X)dX is

continuous, with respect to the natural semi-norms on the space of rapidly
decreasing differential forms.

We denote by A ,u-rapia( W, 7") the space of G-equivariant differential
forms on ¥~ which are rapidly decreasing in g-mean. The equivariant cobound-
ary dg maps G oan-rapia(W>7") into itself. We denote by A ,eanmrapia(W> 1)

the corresponding cohomology space Kerd,/Imd,.

Remark 3. Let o € C®(W,o/(7")) be rapidly decreasing in g-mean and let
q € C¥(W,d(7")). If q(X) is the pull-back of a form on M, or if g does not
depend on X and is slowly increasing along the fibers, uniformly on compact
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sets of M, together with its derivatives ﬁféagq(x, &), then the product o(X )g(X)
is also rapidly decreasing in g-mean.

Remark 4. We will often identify a differential form o on M and its pullback
on 77, thus denoted also by « instead of p*a.

Assume that M is compact. When the total space of ¥~ is oriented, the
integral [ .o over 7 of a form .o/ G, mean-rapia(W>7") is defined as a generalized
function on W by

J (foc)(X)qS(X)dX =/ (fac(X)qS(X)dX)
g \7 7 NG

for any test density ¢(X)dX on W. (We recall that the integral of a differential
form on a manifold means the integral of its term of maximum exterior degree).
The generalized function [, o is G-invariant. For o € A G mean-rapia W>7"), We
have [, dqo = 0. Therefore the integral o — [, o is a map

‘ﬂ(o}?mean-rapid(Wa AV) - Cioo(W)G

3.2. Chern—Weil equivariant differential forms

Let M be a manifold and G a Lie group acting on M. Let & = &7 @& &~ be a
G-equivariant vector bundle over M and let A be a G-invariant superconnection
on &. We recall some definitions (see [7], chapter 7). We denote by £¢(X)
the infinitesimal action of X € g on the space of differential forms .o7(M, &).
The moment of A is the map u? : g — «/(M,End &) given by

pAX) = 29(X) — (XA + Bi(Xy)). (4)

This equality means that the endomorphism of .&Z(M, &) in the right hand side
is the multiplication by the form u®(X).
We denote by FA € .o/(M,End(&)) the curvature of the superconnec-
tion A
FA = A%
The equivariant curvature of A is defined by
FAX)=F2 + 2 (X) for X €g.

If &(z) is a power series in one indeterminate z with infinite radius of con-
vergence, the Chern—Weil equivariant differential form associated to @(z) is
defined by Str(®(F2(X))), for X € g, where Str denotes the supertrace map:
/(M,End (&)) — .«/(M). The equivariant differential form Str(®(FA(X))) is
equivariantly closed and its equivariant cohomology class is independent of
the choice of the superconnection on &, as a consequence of the following
transgression formula. Let A;, 0 < ¢ < 1, be a smooth path of G-invariant
superconnections on &. Let

w0 (X) = Str (dj;’ qa’(F“‘f(X))) ) (5)
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Then

d
&t Str (@(F*(X))) = (dgo )(X),

whence 1
Str (@(F21(X))) — Str (P(FP(X))) = (dgfa,) (X).
0

In particular the equivariant Chern character form of the superbundle &
with superconnection A is defined by

ch (&, A)(X) = Str(exp (FA(X))).

We warn the reader about the omission of the factor 2im in this definition of
the Chern character, in agreement with [16] and [7].
The transgression formula for the Chern character is

ch(&, A )(X) — ch(&, Ao)(X) = dQ}Str <d£’ exp(F‘At(X))) . (6)
0

We will sometimes denote the Chern character form by ch(&) or ch(A).
We will often use superconnections of the form A = v+ V, where v =

(E(l ”; ) is an odd endomorphism of the superbundle & = " ® &, and

V = V+t@® V™ is a connection on & such that V* is a connection on &*. It
will be useful to observe that the associated Chern-Weil forms are 0 in the case
where §7 = &, Vt = V™ and v* = v~; indeed, in this case the curvature
FA(X) belongs to the subalgebra of elements of the form (; 5 ), consequently

Str (®(FA(X))) = 0 for any @; moreover if v;” = v™; is a smooth path, then
the transgression form given by (5) is also 0.

Similarly one defines the equivariant Euler form of a G-equivariant Eu-
clidean oriented vector bundle & with G-invariant metric and G-invariant met-
ric connection V. Let o be an orientation on &. The choice of o determines a
square root of the determinant on so(&):

Definition 5. If A € so(&) is an endomorphism with matrix in a positive
basis made of diagonal blocks ( 00 _00/ ), then det(l,/ 2(4) = [10;.
J

The curvature IFV and the moment uY(X) are both elements of
o/ (M,s0(&)). The equivariant Euler form associated to the orientation o is
the element of .«72” (g, M) given by

Eulo (&, V)(X) = (—21) "™ ¢2det!>(FV (X)).

The equivariant cohomology class of the equivariant Euler form depends on
the choice of the orientation, but not on the metric and connection.

Finally, we recall the construction of the equivariant Thom form of a G-
equivariant oriented vector bundle, with respect to a G-invariant Euclidean
metric and a G-invariant metric connection V. This form is the equivariant
extension of the Thom form defined in [15]. The metric and the orientation
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determine a trivialization A"§ = M x IR, with » = rank &. We denote the
projection by pg: & — M. Let T be the map

A(6,Apg(&)) — A(8)

obtained by taking the term of maximal degree » in Ap;(&). Let e; be a local
positive orthonormal frame of & with corresponding coordinates & = ). e
for (x,&) € &. Let wg be the connection form of V' with respect to this frame
and let F(X), X € g, be the equivariant curvature of V.

Definition 6. The equivariant Thom form uo(&, V'), associated to a choice of
an orientation o, of a metric and of a connection V, is the G-equivariantly
closed differential form on the total space of & given locally for X € g by

up(&, VYX) = (—=1y=D2g=72
) T(eXp<_ 6P+ 2 Ci+ {wsle)) @ei+ 5 LAF(Xeie) @ei /\ej)).

i<j

Let 6, : & — & be the homothety 6,(x,&) = d(x,t&) in the fibers of &. The
rescaled Thom form is defined for t = 0 by

uo(&, VY()(X) = 7 (uo(&, V)(X)).
For ¢t > 0, the integral on the fibers of uo(&, V' )(¢)(X) is equal to 1, for any
x € g. For t = 0, the Thom form is equal to the pullback p%(Euly(&, V)(X))

of the Euler form associated to the same data. There is a transgression formula
for the rescaled Thom form:

d
o (D) = dgy M
where

0 =1y 2T (CE @ e)
x exp(— €I+ 12 (dE+ (0sCe) Bt ) L (F(Xeie)) Dei Ae;) ).
i i<y
4. The Chern character of a G-transversally elliptic symbol
4.1. Volterra expansion formula

We will make constant use of Volterra’s expansion formula for the exponential
(see [7], Chapter 2, Sect. 4). Consider the simplex

Ay = {(so,...,sk) € RFH!
i=0

k
ZS,‘ZI, Si 20}
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with the measure ds;...ds;. Let A and Z be two elements of a Banach algebra.
Then

A7 e = § I, (8)
k=1

where
Iy = [ 77 .. 117 dsy .. dsy. 9)
Ak

This infinite sum is convergent: the volume of the simplex A; is kl!, thus
A VA3 (10)

Volterra’s formula can be viewed as a Taylor’s formula for the exponential
map. It contains Duhamel’s formula for the derivative of the exponential map:
assume that 4(z) depends smoothly on z € R, then
d 1 dA
AC) [ AG) (1=9)4(2) g 11
= [ L an
We will also use the expansion of the derivative: assume that Z depends on a
parameter z € R, then by differentiating (8) we get 1 e'™) =3 ¢ [(z)
with
d
) (12)
z

k
J=

dzZ
=3 [&MZ(z)eZ(z)... e i e e =172 e ds L dsy.
1 4, z

We will use Volterra’s expansion in the case of an algebra End EQL, where E is
a finite dimensional Hermitian vector space and L® = Zf)v L' is a normed finite
dimensional Z,-graded algebra, such that L' = € (for example an exterior
algebra). We identify End £ with the component of degree 0 of End £ ® L°®.
We consider L acting on itself by left multiplication. The norm on End £ ® L
is the operator norm on End(E ® L). Assume that 4 is a Hermitian element
of EndE and let 4 € IR be the largest eigenvalue of 4. Then |le*| = e** for
every s = 0, whence ~

761l < €*l|z]* k. (13)

e ]| = e I7. (14)
We obtain a refinement of (13) by decomposing Z = Zy+Z;, where Zy € End £

is the degree zero component of Z € End £ ® L®. The integral /; expands in
the sum of 2* terms of the form

[ ez, M7, .. 117, & ds ... dsy.
Ay

Let N be the highest degree allowed in L°®. Then any term which contains
more than N factors Z; is zero, therefore there are at most N factors Z; and
k factors Zy. If we set zg = sup (||Zy]|, 1), and z; = sup(||Z,]],1), we have

|| < ez k2 jier. (15)
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4.2. Transversally good symbols

When the manifold M and the group G are compact, every element of
KG(TEM) is represented by a G-transversally elliptic symbol o : p*é* —
p*&~. In order to define the equivariant Chern character of [¢] in terms
of differential forms, it is useful to impose on ¢ a stronger assumption. By
choosing G-invariant Hermitian metrics on &+ we associate to ¢ the Hermi-
tian endomorphism v(c) of p*& = p*(&T @ &) defined as in (1) by v(o)
(58 = (pmey 75D Then u(0)? (v, &) = (70570 0 ) is a pos-
itive endomorphism of &, for every (x,&) € T*M and positive definite for
(x,&) € TsM with & large enough.

Let ¥~ be a Euclidean vector bundle on a manifold M, with projection
p: 7V — M. Let g be a Euclidean vector space with dual g* and let f be a
smooth map from 7 to g*, such that f is linear in each fiber g,. Let & be a
Hermitian vector bundle on M.

Definition 7. Let h be a Hermitian endomorphism of p*&. We say that h is
f-good, or good with respect to f, if there exist r > 0, ¢ > 0 and a > 0
such that

W, &) = cllélPle,

Sor every (x,&) € V" such that || f(x,&)| < a||&|| and ||E|| = r.
If f =0, we simply say that h is good. The condition is then h(x,&) =
clléliPls, for all & such that ||E]| = r.

The inequality in this definition means that the Hermitian endomorphism
h(x,&) — c||é|)1g, of &, is positive, that is, all the eigenvalues of h(x, &) are
greater than c||&|?.

Remark 8. For a > 0, let

Iy ={x&) € 75l f (Ol < alll}.

If M is compact, the sets I', form a basis of conic neighbourhoods of £ ~1(0)\0
in 7.

We now consider the case where ¥~ = T"M. We choose a Riemannian
metric on M. Let &7 and &~ be two vector bundles over M.

Definition 9. 4 symbol ¢ : p*&" — p*&~ on a manifold M is said to be
good if

(1) o is smooth,

(2) a(x,¢&) and all its derivatives 6’;620()@5) are slowly increasing along
the fibers,

(3) For some (equivalently, for any) choice of Hermitian metric on &%,
the endomorphism v(c)? is good.

For the rest of the chapter, M is a manifold with an action of a compact
Lie group G. All metrics are assumed to be G-invariant. Let & and &~ be
two G-equivariant vector bundles over M.
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Definition 10. A G-transversally elliptic symbol ¢ : p*&T — p*&~ is said to
be G-transversally good if

(1) o is smooth,

(2) a(x,&) and all its derivatives ﬁl;ﬁga(x,f) are slowly increasing along
the fibers,

(3) For some (equivalently, for any) choice of G-invariant metric on &%,
the endomorphism v(c)?* is good with respect to the canonical moment map
MG T s g,

Remark 11. Assume that ¢ is a symbol on M which coincides for large &
with the principal symbol of a pseudodifferential operator P of order m = 1.
Then v(o)?(x, &) is homogeneous of degree 2m > 2 with respect to ¢, for &
large. Clearly, if P is elliptic then ¢ is a good symbol, and if P is transversally
elliptic then ¢ is a transversally good symbol, as (™ ¢)~1(0) = TiM.

The following lemma is easy [10]:

Lemma 12. Assume that M is compact.

(i) Every element of Ko(TiM) is represented by a transversally good
symbol. More precisely let o : p*&t — p*&~ be a transversally elliptic
symbol. Assume that o(x,) is invertible for & € (TEM)y, ||& = 1. Let
¥ € C°(R) such that 9(t) =0 for t < ; and 9(t)=1 for t = 1. Let

a1(x, &) = [[E[1(IE[DaCx, /11D

Then ¢, is a transversally good symbol with the same class as ¢ in Ko(TGM ).
(ii) Let o9, o, : p*€t — p*&~ be two transversally good symbols.
Assume that there exists a homotopy o, between oy and o) such that o, is
G-transversally elliptic for every t. Then there exists a homotopy 6, : p*&+ —
p &~ such that each 6, is G-transversally good and such that furthermore
d ~ . . . Ak d ~ .
510 and all its derivatives 6‘)’(05 5101 have at most polynomial growth along
the fibers.

4.3. More conventions about the cotangent bundle of a G-manifold

Let M be a manifold. We denote by o™ or simply by @ the Liouville 1-form
on T*M. The moment map f™ ¢ will sometimes also be denoted simply by

/-
We make the convention that the canonical symplectic 2-form is —dw".
If a Lie group G acts on M, the map f™ ¢ satisfies, for X € g,
d(f"9X) = —1(Xr=p)do™,

thus it is a moment map for the canonical symplectic structure. The canonical
equivariant two-form on 7*M is then given by

—(dgo™)(X) = —do™ + (M, X). (16)
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As in [6], the total space of T*M 1is oriented by the volume element
(_ de )dim M .

4.4. The Chern character of a transversally good symbol

Let M be a compact manifold and G be a compact Lie group acting on M. Let
o: p*ét — p*& be a G-transversally good symbol. On & = & @ &~ we
choose a G-equivariant connection V = V@V~ and a G-invariant Hermitian
metric A.

We associate to these data two superconnections on the superbundle p*&:

MA(o,V,h) =iv(e) + p*V (17)
A0, V., h) =iv(c) + p*V — ioM. (18)

When some of the data (o, V,%) are understood, we may omit them in the
notation A and A®. We denote by IFA(X), X € g the equivariant curvature of
the superconnection A(o, V,h) and by IFM(X ) that of A”(a,V,h). Let F(X)
be the equivariant curvature of the connection V. Then

FAX) = —v(0)’ + p*(F(X)) + ip*(V).0(0), (19)
FY(X) = — idyo™ + FA(X) (20)

We consider the equivariant Chern characters and ch (A“(q, V,h))(X) =
Str (exp ]FN](X)) ch(A(e, V,h))(X) = Str(expIFA(X)). They are related by

ch (A®(a, V, b)) = e~ 4" ch (A(a, V, h)). 1)

As we are going to see, (Theorem 16), the use of the 1-form —iw" in the
superconnection A® is to make the Chern character ch (A“(g, V,h)) rapidly
decreasing in g-mean, if ¢ is transversally good.

If ¢ is good, not only transversally good, then, as we will see in Theorem
18, the equivariant Chern character ch (A(a, V,h))(X) is rapidly decreasing
for each X € g, therefore it follows from (21) that ch (A“(g, V,h)) is also in
A G vapia(8 T°M), and that the two Chern characters have the same class in
%g,)rapid(g’ T*M)

In the following lemmas 13, 36 and 15, we collect the estimates which we
will need. Let g be a Euclidean vector space with dual g*. Let ' be a Euclidean
vector space. On the space C*°(g,F) we consider the family of semi-norms,
for m an integer and K a compact subset of g,

]vm,K(lp) = sup ||a“lp(X)||

XEK, o] <m

where 0% is a partial derivative. Let V' be a Euclidean vector space. The
elements of V' are denoted by . Let My be an open subset of M and let
f :MyxV — g* be a smooth map, linear with respect to the second variable.
The following lemma is the crucial technical point of this article.
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Lemma 13. Let q(X,x, &) be a smooth F-valued function on g x My x V with
the following properties:

(1) there exists an integer P and, for every integer m = 0 and every
compact subset K C g, there exists a constant C,, g such that

N k(q(..x%,8)) £ Cux(1+ |IE]P) for all (x,&) e My xV,  (22)

(2) there exists a > 0, ¢ > 0 and, for every integer m = 0 and every
compact subset K C g, there exists a constant C,,  such that

N k(q(ox%,8)) < Ch eI i £ 6| < allE])- (23)

Let
(X, x, &) = VDX g(x x, &), (24)

Then the function o(X,x, &) has the following property of decrease in g-mean
on My x V : for every integer d > 0 and for every compact subset K C g
there exists a constant Cyj - such that, for every ¢ € C2(g) with support in
Ka

| [axx oo ax|| < e+ 1ER Nawerrn (@) @5)
9
Sfor all (x,&) e My x V.

Proof- Let ¢ € C(g). For (x,&) € My x V, let
o, = [ VEDIVg(X,x, OpX) dX.
3
Then v(x, &) is the value at the point — f(x,¢&) € g* of the Fourier transform
of the function X — q(X,x, {)P(X) on g. Therefore, for every compact subset

K C g and for every integer m = 0, there exists a constant C; = C;(m,K) > 0
such that, if ¢ is supported in K,

[0, O SCIA A+ [ £ @ O " Nam, k(g% E)b)

<2"Cr(1 A+ [ /06 ONP) " Nam, k(g %, E))Nam, k().

Let m = d 4+ P and let a,c be as in condition (2). We may assume that
a < L If || f(x,&)]] > a||¢|| we have the majorations

A+ [f @O =+ @[E) ™ < a0 + ¢~ 7,
Nogaspy. k(4% €)) < Copavry k(14 [IE]P),
thus the inequality (25). If || f(x, &)|| < «||€|| we have the majorations
212
(T4 I/ OIP™ < 1 and Nagipy£(q(2x.)) £ Cigipy eI

thus a fortiori (25).
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We will apply this lemma when g is the Lie algebra of G and f = f™C :
T*M — g* is the moment map.

Let & be a vector bundle on M. Let My C M be a relatively compact
open coordinate chart, let ¥ = RYI™M o that T*M|y, is identified with
My x V. We assume that & is trivialized above M, so that &y, ~ My x E.
Let F = AV @& V) ® EndE. Recall p : T*"M — M. Then above M,
an element of C*°(g, &/(T*M,End(p*&))) is identified with a smooth F-
valued function on g x My x V. Thus it makes sense to consider those forms
q € C™(g,(T*M,End (p*&))) which satisfy the conditions of Lemma 13
locally, that is, above any small enough open subset My C M, with g the Lie
algebra of G and f the moment map /™.

Definition 14. We denote by Q(&) C C™(g, L (T*M,End (p*&))) the space
of forms which satisfy the conditions of Lemma 13 locally, with g the Lie
algebra of G and f the moment map f™©.

Lemma 15. Let & be a Hermitian vector bundle on M. Let h be a positive
Hermitian endomorphism of p*&, where p : T*M — M. Assume that h
is good with respect to fMG. Let Z € C®(g,/(T*M,End(p*&))) be a
differential form depending on X € g. Denote by Zy(X) the component of
exterior degree 0 of Z and let Z\(X) = Z(X) — Zo(X). Assume that the zero
degree term Zy(X) is the pull back of a form on M, that the term Z, does
not depend on X and has at most polynomial growth along the fibers. Then
the form

g(x) = e M) (26)

belongs to the subspace 2(&).

Proof. We fix (x,&) € T*M and we bound e #®9+2(X) by means of Volterra
expansion
e HEOIEN D) _ ohwd) L SN (X x )
k=1
applied to 4 = —h(x,¢) and Z = Z(X,x, &) = Zy(X,x) + Z1(x, &).

When X remains in K the term Zy(X,x) is bounded in norm by a constant
z9, which we choose = 1, and the term Z;(x, &) is bounded in norm by some
power ci(1 + ||¢||>)Y. By using the positivity of h(x,¢) and applying the in-
equality (15), we get ||| < 2FzEeN(1 + ||E)*YMP k!, where N = 2dim M,
whence, for every (x, &),

||e—h(x,€)+Z()(,x,cf)|| é 622061(1 + ||6H2)N1N'

Consider the neighbourhood I', of TjM\0O and the number » > 0 from
the definition of a good bundle endomorphism (Definition 7). For (x,&) €
Iy ||E]] = r, the smallest eigenvalue of A(x,&) is greater than c|[¢||?, thus
from inequality (15) we obtain in this case

T R R N Pl
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hence, there exists a constant C > 0 such that
§ . cNel2
e Me T ZERO| < Cem2 167 for all X € g, (x,&) € T

In order to estimate the derivatives with respect to X € g we use formula
(12) and we bound 0Oyl similarly to (15), by decomposing Z = Zy + Z;. As
there can be at most N = 2dim M terms Z;, we get, for every (x,¢),

[xe ™" HAERD < e0cl (1 + 1] (| ox Zo (X x)l,

and, for (x,&) € Iy, ||€|| = 7,
P P 2112
[0y e AXx D < emellelT ol (1 4 |1&|2 YNV 0 Zo (X))

The higher derivatives with respect to X are bounded by similar computations.
Thus we obtain the conditions of Lemma 13, with P = 2N|N.

Theorem 16. Let o : p*&+ — p*&~ be a G-transversally good symbol.
Assume that §Y & E™ is endowed with a G-invariant metric and a G-invariant
connection V.= VT @ V™. Then the Chern character ch(A®(c,V)) is a G-
equivariant differential form on T*M which is rapidly decreasing in g mean.
Moreover its cohomology class in H'E ,ean-rapia(8, T*M ) depends only on the
class [a] in Ka(TEM).

Proof- In order to prove the first claim, it is enough to show that the
End (p*&)-valued differential form on 7*M

X — exp FA” X))

is rapidly decreasing in g-mean.

Let IF(X') = IF+ u(X) be the equivariant curvature of the connection V' on
the bundle & = &+ @ &, with IF the curvature of V and u(X) its moment.
By (19) and (16), we have

FY'(X) = —0(o)* + pF —ido™ +i(p* V) - v(e) +i(f 9, X) + p*u(X).
We write
F(X) = i(f* 9. X) — u(0)? + Z(X)
where Z(X) is defined by
Z(X) = —ido™ +ip*V - v(c) + p*TF(X). (27)

Thus . v
exp FA"(X) = &'/ Mg(x)

with g(X) = e’ +2(0),

Let Zy be the zero exterior degree term of Z and let Z; = Z — Z;. Then
Zo(X) = p*u(X), while Z; = —ido™ +ip*V - v(c) + p*IF does not depend
on X. Moreover, the polynomial growth hypothesis on a(x, &) (Definition 10)
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implies that Z;(x,¢) has at most polynomial growth with respect to . Thus
we may apply Lemma 15 to ¢ = e "*4, with & = v(c)?. The form «(X) in
Lemma 13 is then a(X) = exp (]FNO(X )), thus by Lemma 13, for any test
function ¢ € C2°(g), the differential form [ exp (FA”(X))p(X)dX on T*M
is rapidly decreasing along the fibers. )

We must also show that all derivatives fg é‘,’;&’gexp (IF2° (X, x, ))p(X ) dX
are rapidly decreasing with respect to & (with estimates depending on ¢ as in
Lemma 13). In the derivative afééf(ei<-f MOwOX) ¢(X,x, £)), the derivatives of
(fM-G(x,&),X) cause no problem since f™ (x,&) is linear with respect to .
As for the derivatives of ¢ = e~"@’+Z(") we compute them using Duhamel
formula (11). Then we proceed with computations similar to the above ones.
This proves the first claim.

In order to prove the second claim, we consider two transversally good
symbols 69 and ¢ with the same class in Kg(T;M ). We must show that

ch (A”(01, V1,)) — ch (A”(00, Vo, ho)) = df, (28)

with an equivariant differential form f rapidly decreasing in g-mean.
The equality of the classes in K(T5M ) means that there exist G-equivariant
bundles #, and %, on M, G-equivariant isomorphisms

E§ © Fo =67 @ T,
&y © Fo =6 ©F
and a homotopy between the bundle maps
00 B 1z, 0 P (65 & Fo) —=p*(6y & Fy),
01 @1z, 0 pI(E7 & F)) —p* (6] & F1)

made of G-bundle maps which are invertible outside of a fixed compact subset
of T¢M. In order to deal only with transversally good symbols, we replace
00 D1+ 7, by the homotopic oo @ || ||I(||&[|)p+ 7, and we do the same for o.
(The function ¥ is that of Lemma 12). After a change of notations, we must
prove (28) in the three following cases:
(1) 69 = o1, but the connections and the metrics on (5"0i and & f[ are not
necessarily the same.
(2) a1 = a0 @ [[[[([E[D] =
(3) o9 and g, are G-transversally good symbols which are linked by a
homotopy made of G-transversally elliptic symbols.
The second case follows immediately from the additivity of the Chern char-
acter and the following remark:

Remark 17. Assume that & = &~ with the same Hermitian metric and con-
nection and that o(x, £) is selfadjoint for all (x, &) € T*M. Then ch (A®(a, V,h))
=ch(A(o,V,h)) =0, as observed in Sect. 3.2.
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We deal with cases 1 and 3 at the same time, by making use of the
transgression formula for the equivariant Chern character. Applying Lemma 12,
we may assume that gy and o) are linked by a homotopy ¢, which satisfies
the conditions in part (2) of this lemma. Let /, be the segment, in the space of
Hermitian metrics on &, which joints the given metrics and let v, = (ft “6* ),
where ¢} is the adjoint of ¢, with respect to /,. Let Ay be the superconnection
A? = jv, + p*V, — ioM, with V, = V + £(V, — Vp). Let FA'(X) be the
equivariant curvature of A. The transgression formula reads here

ch(A”(a1, V1)) — ch (A”(00, Vo)) = dyf,
with
1
B(X)= [Str ((l‘i;;t + p*(V, — Vo)> epr“‘?)(X)> dt.
0

Thanks to the assumption that ‘il”; and its derivatives with respect to (x, &)
have at most polynomial growth with respect to &, we show that f is rapidly

decreasing in g-mean, in a manner similar to the proof of the first claim.

Remark 18. Let ¢ : p*&T — p*&~ be a G-invariant symbol which is good, not
only transversally good. Then, by computations similar to those in the above
proof, we show that the Chern character ch(A(g,V)) is a rapidly decreasing
G-equivariant differential form on 7*M and that, moreover, its cohomology
class in %g‘fmpid(g, T*M) depends only on the class [¢] in Kg(T*M).

From (21) it follows that, in this case, ch(A“(a,V)) is also rapidly de-
creasing and has the same cohomology class as ch(A(g,V)) in Jf("fmpid
(g, T*M).

If ¢ is a G-invariant elliptic symbol, its equivariant Chern character can also
be defined as a compactly supported equivariant form on 7*M by the excision
procedure of embedding 7*M as an open subset of a compact manifold. By
using the transgression formula (6) and estimates derived from the Volterra
expansion, we can prove that ch(A(c)) has the same cohomology class in
HE rapia(8, TM) as the Chern character defined through excision. A detailed
proof is given in [10]. The case G = {e} follows from a result of Quillen [16].

4.5. Fixed points submanifold

Let G be a compact Lie group acting on a manifold M. In this section M
is not necessarily compact. Let s € G, and let M(s) be the fixed points set
{x € M|sx = x}. Let G(s) be the centralizer of s in G. As G is compact,
M(s) is a submanifold of M and T(M(s)) = (TM)(s). (The manifold M(s)
may have several connected components of various dimensions). Moreover, the
action of s on T*M determines an identification

T*M(s) ~ (T*M)(s) (29)
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with the set of fixed points of s in 7*M. Indeed for x € M(s), the action
s™ on the fiber T,M is semi-simple, so that the decomposition in eigenspaces
defines a canonical supplementary subspace of (7:M)(s) invariant under the

action of s:
T*M, = (T,M)(s) ® (I —s™).T.M (30)

thus a canonical identification of T(M(s)) with (7'M )(s).

The centralizer G(s) acts on the fixed points set M(s). If ¢ is a G-invariant
symbol on M then the restriction of ¢ to T*M(s) C T*M is a G(s)-invariant
symbol on M(s).

Lemma 19. (i) The Liouville 1-form o™ on T*M(s) is the restriction of
the Liouville 1-form on T*M.

(ii) Let my be the projection §* — §(s)*. Then the moment map M) 0
is 70 /™ G e pss)-

(iii) The G(s)-transversal space T M (s) coincides with the intersection
TEM N T*M(s).

(iv) If o is G-transversally elliptic, then o|r=p(s) is G(s)-transversally
elliptic. If o is G-transversally good, then |r=us) is G(s)-transversally good.

Proof. The first two statements follow immediately from the identification (30).
Let (x,¢) be an element of (T*M)(s). Then (&, Yy (x) — sYy(x)) = 0 for any
Y e€g. As g=g(s)® ([ —ads)g, we see that £ € T7M(s) is transverse to the
G-orbit of x if and only if it is transverse to the G(s)-orbit, whence (iii). The
last statement follows from the third.

Similarly, let S be an element of the Lie algebra g. We denote by G(S)
the stabiliser of S in G and by g(S) the Lie algebra of G(S). We denote
by M(S) C M the set of x € M such that Sy (x) = 0. Then M(S) is a
submanifold of M and the infinitesimal action of S determines a canonical
identification of 7'(M(S)) with the zero set (TM)(S) and of T*M(S) with the
zero set (T*M)(S). One can observe that M(S) = M(exptS) for generic ¢.

Furthermore, the action of S determines also an orientation og of the conor-
mal bundle A" = A (M/M(S)) of M(S) in M, as follows. For x € M(S), the
one parameter group (exptS)™ preserves the fiber T,M. Denote by S™M the
infinitesimal action of S on T, M thus defined. Then S™*™ is semi-simple. The
decomposition in eigenspaces defines a canonical supplementary subspace of
the 0-eigenspace Ker S™M = (T, M)(S)

M = Ker 5" & 5. ILM,
TM = Ker ST™M @ §M 1M, (31)

thus
(T:MY =TIM(S)® N
Moreover, for x € M(S), the action S'* of S on .4 has eigenvalues +i0;
with 0; # 0. The orientation is defined by setting positive a basis of .4 such
that S*'* is made of diagonal blocks ( 6?, _00./') with 0; > 0. In other words,
J
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if we recall the definition of the square root of the determinant, Definition 5,
the orientation og is defined by the condition

1 .
detZ,(S"*) > 0.

4.6. The bouquet of Chern characters

Let G be a compact Lie group acting on a manifold #¥~. We recall the definition
of a bouquet of equivariant differential forms on ¥~ [14]. Let s € G and
S € g(s). If S is sufficiently small, then

G(se’) = G(s)N G(S), g(se5) = g(s)Ng(S) and 7 (se5) = ¥ "(s)N ¥(S).

Definition 20. 4 bouquet of equivariant forms is a family (os)scc Where each
s € A G)(8(s), 7(s)) is a closed G(s)-equivariant form, which satisfies the
following conditions:

(1) Invariance. For all g € G and s € G,

Lysg=1 = 9 + Os-
(2) Compatibility: for all s € G, for all S € g(s) and for all Y € g(s)Ng(S),

s (Y) | nrs) = %S + 1) v )nrs)-

Remark 21. This definition of a bouquet is more restrictive than the definition
in [14], where the forms (YY) are defined only for small Y € g(s).

Let & be a G-equivariant superbundle on ¥~ with a G-invariant supercon-
nection A of equivariant curvature IFA(X). For s € G the action s¢ of s on
the bundle & preserves the fibers of &, (). The G(s)-equivariant differential
form on #"(s) defined by

ch, (B)(X) = Str (7™ D], ) for X € o(s) (32)

is closed. Furthermore the family (chy(A))s;cc is a bouquet of equivariant
differential forms. We call it the bouquet of Chern characters of the supercon-
nection A.

We introduce the notations of section 4.4 and we consider the bouquet of
Chern characters of the superconnection A”(g) on T*M.

Lemma 22. Consider the bundles & = &*|ys) with the restricted connections
and denote by oy the restriction of o to T*M(s). Consider the superconnec-
tion A(ay) on &,. Its G(s)-equivariant curvature ") coincides with the
restriction to T*M(s) and o(s) of the G-equivariant curvature "),

Proof. This is a consequence of Lemma 19.
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Theorem 23. Let s be an element of G. The G(s)-equivariant differ-
ential form chy (A (0)) is rapidly decreasing in g(s)-mean. Its class in
H &s), mean-rapia(8(8)s T"M(s)) depends only on the class [a] in Ke(T5M).

Proof. The proof is similar to the proof of Theorem 16, using the fact that o
is G(s)-transversally good, and Lemma 22.

5. The cohomological index
5.1. Descent of generalized functions on G and g

Let G be a compact Lie group, s an element of G with centralizer G(s) C G
and let U be a G(s)-invariant open neighbourhood of s in G(s). If U is small
enough, the set W = G.U is a G-invariant open neighbourhood of the orbit
G.s. The method of descent sets up a one to one correspondance between
the G-invariant generalized functions on # and the G(s)-invariant generalized
functions on U, as follows. Let ® be a G-invariant generalized function on .
Then O restricts to the submanifold W NG(s) which contains U as an open set.
In the other direction, the correspondance comes from the integration formula
associated to the diffeomorphism (g,u) — gug™' from G XgG(s) U onto W, as
follows. Let the left invariant measures on G, G(s) and G/G(s) be choosen in
a compatible way. If ¢ is a test function on ' we have

£ dg)dg= [ ( [ p(gug™")dety g (1 — u)du)dg

G/G(s) N\ U

If n is a G(s)-invariant generalized function on U, we define a G-invariant
generalized function @ on W by setting for any test function ¢ on W

i@(g)qﬁ(g)dg = (f n(u)p(gug ™" )detyqs)(1 — u)du) dg.  (33)

G/G(s) \U

The restriction of @ to U is equal to # and every G-invariant generalized
function on W is obtained by this way.

Let Us(0) be an open neighbourhood of 0 in g(s) such that the map ¥ —
se? is a diffeomorphism of Uy(0) on the neighbourhood U of s in G(s). If
O € C~°(W)Y, we denote by O the generalized function on U(0) defined
by O4(Y) = O|y(se").

There is a similar correspondance for invariant functions on the Lie algebra.
Let S be an element of the Lie algebra g and let U be a G(S)-invariant open
neighbourhood of S in g(S). If U is small enough, the map (g,Y) — ¢g.Y is
a diffeomorphism of G x sy U on the open subset W = G.U C g. Every
G-invariant generalized function ® on W restricts to U. Let the Lebesgue
measures on g and ¢(s) and the left invariant measure dg on G/G(S) be
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chosen in a compatible way. For n € C~°(U)%®) we define @ € C~°(W )Y
by
JOPX)dX = [ [n(Y)p(g.Y)detyqs)(Y)dY dg. (34)
W G/G(S) U
The restriction of @ to U is equal to 5 and every G-invariant generalized
function on W is obtained by this way.

If @ € C~°(W)Y, we denote by @g the G(S)-generalized function defined
on the neighbourhood —S + U of 0 in g(S) by Os(Y) = O|y(S+ T).

We recall the conditions which ensure that a family of invariant general-
ized functions 0, € C~°(U,(0))°®), s € G, is the family ©; associated in
this manner to a global generalized function ® € C~>°(G)Y ([14], Definition
46 and Theorem 47). Consider a family Uy(0),s € G, where U,(0) is an open
neighbourhood of 0 € g(s), such that the map (g,Y) — gse'g~! is a dif-
feomorphism of G X (s) Ug(0) on a neighbourhood of G.s in G and such that
U,sg-1(0) = g.Us(0), for any g and s € G. Such a family will be called a bunch
of neighbourhoods. We have then G(se®) = G(s) N G(S) for all S € Us(0). If
0, is a G(s)-invariant generalized function on the neighbourhood U;(0) C g(s)
and if § € Uy(0), we can define the generalized function (0,)s(Y) = 0,(S+7Y)
on a neighbourhood of 0 in g(s) N g(S).

Theorem 24. Let G be a compact Lie group. Consider a family (Us(0), 0)sec,
where (Ug(0))seg is a bunch of neighbourhoods, and, for every s € G, 05 €
C~°(Uy(0))°Y), such that the following conditions are verified.
Invariance: for any g and s € G, 0,,-1(g9.Y) = 05(Y) on Us(0).
Compatibility: for every S € Uy(0), there exists a neighbourhood U' C
Us exp s(0) such that S+ U' C Uy(0) and such that we have the equality of
generalized functions on U’

HsexpS(Y) = QS(S + Y)

Then there exists a unique generalized function ©@ € C~°°(G)¢ such that, for
all s € G, the equality 0,(Y) = O(se’) holds in Uy(0).

5.2. Bouquet-integral of the bouquet of Chern characters of a symbol

Let ¢ be a G-transversally good symbol, representing the element [¢] €
KG(TEM ). Our purpose in this section is to construct a G-invariant generalized
function on G by applying to the bouquet of Chern characters chy (A”(0))
the bouquet-integral construction introduced in [14]. The construction is the
following. Let ¥~ be a G-manifold and (o)sc¢ a family where oy is a G(s)-
equivariantly closed differential form on 77(s) defined near 0 in g(s). For each
s € G, we multiply o, by an adequate equivariant differential form and we
integrate on ¥ (s) (Definition 29 below). We thus obtain a germ of general-
ized function near 0 as g(s). If the family o, is a bouquet, ([14] introduces
the notion of twisted bouquet, to avoid the difficulty of orienting the submani-
folds 77(s)), and if ¥~ is compact, the compatibility condition in Theorem 24
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is verified as a consequence of the localisation formula (Theorem 25). Here,
we are dealing with the manifold ¥~ = T*M, we will thus need to prove a
localisation formula for certain equivariant differential forms which are rapidly
decreasing in mean. On the other hand, we do not need twisted bouquets, as
T*M(s) is naturally oriented.

First, we recall the localisation formula for G-equivariant differential forms
on a compact manifold 7.

Let S € g and consider the zero set #7(S). The normal bundle 4" =
N7, 77(S)) is orientable as explained in section 4.5. We choose a G(S)-
invariant metric connection on 4" and we denote by R, (Y) its G(S)-
equivariant curvature. We choose an orientation o on ./° and we denote the
Eul - ,(Y) the G(§)-equivariant Euler form of the bundle A" on ¥7(S), (with
respect to the choosen orientation and connection), thus

. 1
Eul - o(Y) = (—2m) ™) 2det2 R (Y)

where rank (/") is the rank of the normal bundle A4~ — ¥7(S) and the square
root of the determinant is determined by the orientation o as in Definition 5.
For ¥ = S the zero exterior degree term of Eul 4 ,(Y) is non zero; it
remains non zero for Y in a neighbourhood of S in ¢(S), thus the inverse
Eul - o(Y )*1 is defined for Y near S, as ¥~ is compact.
The localization formula is the following (cf. [7], Theorem 7.13 and [12]):

Theorem 25. Let V" be a compact oriented manifold and G a compact Lie
group acting on V". Let S be an element of the Lie algebra g. Let o €
A Gs)(U,77) be an equivariantly closed G(S)-equivariant differential form on
V", defined on a neighbourhood U of S in §(S). Then for Y € §(S) sufficiently
close to S, we have

Ju¥Y)= [ oY)y Bul sy (¥Y)""
J. Ss)

In this formula, the orientations on ", ¥°(S) and the orientation o on N
must be chosen in a compatible way.

If o is a G-equivariantly closed differential form on 7#~, defined on W C g,
its integral on ¥~ is a smooth function on W, defined pointwise by ( [, - 0)X) =
j:,, a(X). It is G-invariant and depends only on the d; cohomology class of .
The localisation formula computes the restriction of f, o to a neighbourhood
of S in g(S). When 7~ is no longer compact, we may sometimes still define

,~o as a generalized function on W as in Section 3.1, although it may no
longer be defined pointwise. Since it is G-invariant it has a restriction to a
neighbourhood of S in g(§), as explained in Section 5.1. When the inverse of
the Euler class makes sense, one expects that the localisation formula should
still hold as an equality of generalized functions. As we will see, it holds for
the forms on 7*M(s) involved in the bouquet integral of the Chern character
of a transversally good symbol.
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The definition of the bouquet-integral requires the following two particular
Chern-Weil equivariant differential forms.

Definition 26. Let v~ be a G-equivariant real bundle V" to M, with a G-
equivariant connection V. Let R(X), X € g, be the equivariant curvature of
V. The J-genus of the bundle V", with respect to the connection V, is the
G-equivariantly closed form on M defined by

ROX)2 _ p—R()2

J(V",M)(X) = det R

The J-genus J(TM, M) of the tangent bundle TM is denoted simply by J(M).

Definition 27. Let s € G. Denote by N the normal bundle to M(s) in M
and by R (Y), Y € g(s), the equivariant curvature of N~ with respect to a
G(s)-equivariant connection. We define a G(s)-equivariantly closed form on
M(s) by

Dy(N)Y) =det(l —s" expR(Y)) for Y € g(s).

As for all Chern-Weil forms, the cohomology classes do not depend on the
choice of connection. The forms J(M )(X) and Dy(A"(Y) have a non vanishing
zero exterior degree term for X = 0 and ¥ = 0; as M is compact, they have
inverses for X and Y sufficiently close to 0.

In the application, we will use these Chern-Weil differential forms in the
case where M is replaced with the total space of T*M. Then they are given
by pull-backs of Chern-Weil forms on M itself, in the following way:

Let " be a G-equivariant real vector bundle over M, with projection
p: v — M. Let us choose a G-invariant connection for the fibration ¥~ — M.
Then we can write 7Y = p*TM @& p*7" as a sum of two G-equivariant
vector bundles, where p*TM is identified to the horizontal tangent bundle
to ¥~ and p*7  is identified to the vertical tangent bundle. From the multi-
plicativity of the J-genus and the obvious relationship between pullbacks and
Chern-Weil forms, we see that the G-equivariant J-genus of the tangent bundle
T to the total space of ¥~ is equal to the product p*(J(7",M))p*(J(M)).

In the particular case of ¥~ = T*M we obtain

J(T*M) = J(M ). (35)

Similarly, let s € G and let A" be the normal bundle to M(s) in M. Let
ps be the projection T*M(s) — M(s). A choice of G-invariant metric and
connection on TM allows us to write the normal bundle A (T*M,T*M(s)) to
T*M(s) in T*M as

N(T*M,T*M(s)) = pi N @ pi N

Thus
Dy(N(T*M, T*M(s)) = Dy(N ). (36)



Transversally elliptic symbols 35

Finally, let s € g. We compute the G(S)-equivariant Euler form of the normal
bundle N (T*M,T*M(s)) to T*M(S) in T*M. Let A" denote now the normal
bundle to M(S) in M and let ps be the projection T*M(S) — M(S). A choice
of G-invariant metric and connection on 7M allows us to write

N(T*M, T*M(s)) = piN & pit'.

Lemma 28. Let the total space of T*M and T*M(S) be oriented by the
symplectic orientation (Sect. 4.3) and the normal bundle be oriented by the
quotient orientation. Then

Eul i rearomesy(Y) = (—=2m) ™™ det (R (Y)).

Proof. This follows easily from the following computation. Let e, e5,... be an
orthonormal basis of 4. Let R be an endomomorphism of .4 with matrix

made of diagonal blocks ( 90_ 700,- ), then det(R) =[] 0]2-. On the other side, let
J

ej,es,... be the dual basis of A7, then the basis (e, e}, ez, €5,...) is positive

for the canonical symplectic orientation o of Ny & N} ~ N, & A, thus for

1
the endomorphism R ® R of A, ® A we have det?(R D R) = H(—Qf).

The general definition of the bouquet-integral on a manifold ¥~ involves square
roots of the Chern-Weil forms J(7"(s)) and Dg(A" (7", 7" (s)), [14]. In the case
of the manifold ¥~ = T*M, as we have a canonical choice of these square roots
by (35) and (36), we introduce the following forms:

Definition 29. Let o be a G-transversally good symbol on M. Let A(c) and
A“(0) be the superconnections associated to o as in Sect. 4.4, (the other
data are kept implicit). Let s € G and N be the normal bundle to M(s) in
M. The following two G(s)-equivariantly closed forms on T*M(s) are defined
on a sufficiently small neighbourhood Us(0) of 0 in g(s) :

I(s,0)(Y) =ch, (A(0))(Y)J(M(s))(Y )™ Dy(A)T) 7, (37)

17(s,0)(Y) =ch (A(0)(Y)J(M())(Y) ™' Dy(N YY) ™" (38)

As J(M(s))(Y) and Dg(A")(Y) are pullbacks of forms on M(s), it fol-
lows from Theorem 23 and Remark 3 that the form /“(s,¢c) belongs to
A &5, mean-rapia(Us(0), T*M (s)). Therefore we define a G(s)-invariant gener-
alized function on U(0) as the integral

0(Y)= [ Qin)""™MO[(s,a)(Y) (39)
T*M(s)
where the manifold 7*M(s) is oriented by the volume form (—d () )dimM(s)
Moreover the cohomology class in A'G . prapia(Us(0), T*M(s)) of 1°(s,a)
depends only on the class [g], therefore the function (39) depends only on
[o] € Ko(TGM).
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Similarly, if ¢ is a G-invariant good symbol, the form /(s,o) is rapidly
decreasing and we define pointwise a smooth G(s)-invariant function on U,(0),
depending only on [o] € Kg(T*M), as the integral

[ Qin) MM (s, a)(Y). (40)
T*M(s)

At last, we are ready to state the main theorem of this article.

Theorem 30. Let M be a compact manifold, let G be a compact Lie group
acting on M. Let ¢ be a G-transversally good symbol on M. Then there
exists a G-invariant generalized function on the group G, which we denote by
indexf’M(J), whose germ at s € G is given by

index.(c)(se’) =

[ Qin)y " mMEOch (A°(0))(Y)J(M(s)(Y) ' Dy(AN)Y) !
T*M(s)

for Y € g(s) near 0.
The generalized function index®™(a) depends only on the class [o] €
Ko(TEM).

Proof. We will verify the conditions of Theorem 24 for the family of gener-
alized functions

HS(Y):( I (2in)—d““M(”l“’(s,o))(Y).

T*M(s)

We have already explained that 0,(Y) depends only on [o].

The invariance condition of Theorem 24 is clear. There remains to prove the
compatibility condition 0,s,(Y) = 0,(S+7Y), for Y € g(seS) = g(s)Ng(S), Y
small enough.

Recall that M(seS) = M(s) N M(S) if S € g(s) is sufficiently small. For-
mally, the compatibility of the family of functions 6, is a consequence of the
localisation formula and of the following lemma.

Lemma 31. Let Uy(0) be a bunch of neighbourhoods such that J(M(s))(Y)
and Dy(N)(Y) are invertible for Y € Uy(0) and such that M(se) = M(s) N
M(S) for S € Uy(0). Let s € G. Then, for all S € Us(0) and Y € U,s(0)
such that S +Y € Uy(0), we have

. _\—dim —1
Q2im) =M MOT(s, 0 )(S + V| ms)s Bl reasis). 7 aesysn S + 1)

= 2im) "M MO 12(5¢5, 5)(Y).

Proof. Let us consider the case s = e. For Y € g(S) we have

ch (A”(0))(S + Y)|ucs) = chys (A”(a))(Y).
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Thus we need to verify
Qim)"™ MO (M)(S + Y )Euly(rear, Teaa(s)) (S + Y)
= Qim)™™ME) (M (S))(Y )det(1 — e exp R i, misy(Y)).

From the decomposition TM |y sy = TM(S) & A" and the fact that 4" has even
rank, we see that

det(1 — eSexp Ry, m(s)(Y))

JMYS +Y)=JMENY) o vonmisyS + )

Thus the equality follows from Lemma 28.
There remains to prove the localisation formula in our situation:

Lemma 32. Let Uy(0) be a bunch of neighbourhoods satisfying the conditions
of the previous lemma. Let s € G and S € Ug(0). Then there exists a neigh-
bourhood U of S in g(s)Na(S) such that the following equality of generalized
Sfunctions on U holds:

Os|u(Y) = T*M{ )(S)(ziﬂ)fdimM(s)I“’(s,a)(Y YEUL reprco), remissn(Y):

Proof. Let us consider the case s = e. We observe that the G(S)-equivariant
Euler form Eul y(r*u, 7+ pm(s))(Y) is indeed the pull back of a form on M(S),
therefore it is invertible when ¥ € g(S) is close enough to S and the above
integral is well defined. Formally Lemma 32 is the localization formula of
Theorem 25 applied to the equivariant form /“(e, o )(X). But, as here the inte-
grals do not make sense for each Y individually, we first replace /”(e, 0)(X)
by a form which is rapidly decreasing in g(S)-mean and not only in g-mean.
Once this is done, it is easy to adapt the proof of Theorem 25 given in [13],
Proposition 25.

We write Z = G(S) and 3 = g(§). We fix a G-invariant Euclidean metric
on g. Then g =3 @® q where q = [S, g] is the orthogonal of 3 in g. We fix
an orientation on (.

Let uq(Y) be the Z-equivariant Thom form of the Euclidean space q (see
[71). Let ey,...,exq be a positive orthonormal basis of q. Let 7 : o/(q) ®
Aq — /(q) denote the coefficient of e; Aey A--- A ey. For Y € 3 and

f1=>fleeq,
ug(Y)(f1) =
(7n)*de*\|f1\|2T(exp( dei R e; + é Zxadq Ye;,ej)e; N e_/)).

i<j
We denote by f, : T*M — q the composition of the moment map f* ¢ :
T*M — g* and the projection p, : g* — q* ~ q. Let

w(Y) = f3@ue(Y)) = (/") (py(ug(Y))).
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We choose an open neighbourhood U C 3 of S such that the open subset
W =G.U C U,(0) is a tubular neighbourhood of the orbit G.S, diffeomorphic
to G xz U, and such that Eul”} .y e pss)(Y) is defined for Y € U.

Let (X)) = I”(e,0)(X). By means of the form u we give a first expression
for the restriction of (f;.,, ) (X) to the open subset U C 3 .

Lemma 33. (i) The Z-equivariant form u(Y)a(Y) on T*M is rapidly decreas-
ing in 3 -mean.
(i1) We have the equality of generalized functions on U C 3}

det;/z(Y)( I oc)U(Y):(—2n)d [ u(¥)(Y)

T*M T*M

Proof. We write fM9(x,&) = fo(x,&) + fi(x, &) with fo(x, &) € 3* and
f1(x,&)eq*. Then

W)Yy = S P(V)e WP oy )d £,

where P;(Y) depend polynomially on Y. Thus, as f(x,&) is linear in &, it is

sufficient to prove that e~ /1 H2oc(Y) is rapidly decreasing in 3 -mean. We triv-
ialise 7*M and & in a neighbourhood of x € M and we employ the notations
of Lemma 13. We write

a(X) = V=X g(xX x, &)

with g(X,x, &) = Str (e 7" 2% 9y Here, Z(X,x, &) = Zo(X,x)+Z1(x, &), the
term Zo(X,x) = p*u(X) is linear in X, the term Z;(x,¢) does not depend on
X and & = v(a)?. Let hi(x, &) = || f1(x, E)||* + h(x, ). Then for ¥ € 3

eI g(yy = oY) g v &)

with ¢o(Y,x, &) = Str(e M O+2(x9Y Tet us observe that 4; is good with
respect to the map fo: T"M — 3 *. Indeed, let @ and ¢ be such that A(x, &) =
cllE if | /(e Ol < all€]l. Let [| folx, O < SIEIL I /10O = §]IE]] then
mE) z IR A1) < §1E then 00O < allé], hence
m(x, &) Z v(e)*(x,¢) = cl|¢|.

Thus we can apply Lemma 15 to the situation where f is f and conclude
that e~ I/ 1H2oc(Y ) is rapidly decreasing in 3 -mean.

Let us prove (ii). Formally, this equality is a consequence of the equality

1
in Z-equivariant cohomology of the forms (—27)?u(Y) and det(Y) on T*M.
Our method will be to use a homotopy of G-equivariant differential forms on
the manifold G xz T*M. Let us consider on the principal bundle G — G/Z the
connection defined by the decomposition g = 3 @ q. We denote its curvature
by Q and its moment by u(X), for X € g. We view Q2 and u(X) as 3 -valued
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differential forms on G. We denote by yo(X), X € g, the Euler form of the tan-
gent bundle 7(G/Z). Then y, corresponds by the Chern-Weil homomorphism

1
SG*)Y — &ié"](g, G/Z) to the polynomial function (—27) “detZ(Y) on 3 :

Jo(X) = (—27)det? (2 + u(X)). (1)

The subalgebra 3 has same rank as g. Hence the map G x; 3 — g
given by [g,Y] — ¢.Y is surjective. Let ) be a Cartan subalgebra of 3. Let
N(G,}) be the normalizer of ) in G. Let w be the number of elements in
N(G,H)/ZNN(G,}). Then w is the number of elements in the generic fiber of
the map G Xz 3 — g@. Hence, if @ is a G-invariant generalized function on
g, we have the following integral formula for the restriction of & to W N3
(compare with (34)). Let the Lebesgue measures on g and 3 and the left
invariant measure dg on G/Z be chosen in a compatible way. Then for any
test function on g with support in W

[OX)PX)dX =w" [ [ Olwm; (Y)p(g.Y )dety(Y)dY dg. (42)
g G/Z 3

For a regular X € g, the number of zeroes of the vector field Xg/; is equal to
w. By applying Theorem 25 to yo(X), for X regular, we obtain

J 20(Z) =w.
Gz

By continuity this formula holds also for any X € g.

Let us consider the manifold (G/Z) x T*M with the diagonal action of G.
We have

| @) =w [ aX). (43)
(G/Z)XT*M T*M

Let us consider the manifold (G/Z) x g* with the diagonal action of G. We
consider it as a vector bundle over G/Z. We identify g* with the Z-invariant
submanifold {e} x g*. In the next lemma we use the following notation: for
7" a Euclidean vector bundle, we denote by .7, (7") the space of differential
forms on the total space ¥~ which are slowly increasing on the fibers as well
as their derivatives and we get

AU N(8.77) = (5(87) @ L s10n(17))C.

Lemma 34. There exists a G-equivariantly closed differential form y,(X), X €
g, on (G/Z) x g* depending smoothly on t = 0 such that

(1) for t = 0, the form yo is the pullback to (G/Z) x g* of the form y,
defined in (41).

(i) the form y, belongs to the space AP (6,(G/Z) x g*); moreover

G, slow
11— 20 =dyo, with o € /L%, (8,(G/Z) x g*).
(iii) for t = 1 and Y € 3, the restriction of y1(Y) to g* is equal to
p;”q(Y)
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Proof. Consider the diffeomorphism m : (G/Z) x ¢* — G xz g* defined by
m(g, f) = [g,g~" f]. It induces an isomorphism of the complexes of equivariant
differential forms

m* (AL (8.G Xz 8% dg) — (A5, (8,(GIZ) x %), dy).
Let us recall the Chern-Weil homomorphism of complexes ([7])
C: (A5G .g")ds) = (AG'(8,G Xz 8).dy).

determined by the choice of a connection on G/Z. Let k(Y), ¥ € 3, be a
Z-equivariant form on g*, we consider k(£ + u(X)) as a G-equivariant form
on G x g*. The connection on G/Z determines a horizontal projection 4 from
the space of Z-invariant forms on G x g* to the space of Z-basic forms on
G x g*, identified with the space of forms on G xzg*. The map C is defined by
C(xk)(X) = h(1(Q + w(X))). One easily verifies that C sends &/éﬁ’ilow(g ,0")
to ‘Q{gi)élow(g’ G Xz g* )
Let u, (Y) be the rescaled Z-equivariant Thom form of q,

uq, «(Y)(f1)
= (—n)_de_“’fl“zT(exp(t Sdff@e + 3> (adgYe, e))e; A ej)).
i i

We have
d

Uy t = d Oy
dt q, 3 H
where

)
o = (_n)*de*”tfl”

xT((ZfiQ@ei)exp(tdei ®ei+ ) > (adgYe;, e))e; /\ej)).

i<j
Thus we define 3, = m*C(p;(uq,.)) and y, has the required properties.

We also denote by ¢ the map (G/Z) x T*M — (G/Z) x g* which
extends the moment map f™C : T*M — g*. We take ¢t = 1. Let y(X) =
(fM 9y, (X). By Lemma 34 and Equation (43), we have

[ aX)=w""" [ 2@aX)=w" [  xXuX) (44)
T*M (GIZ)XT*M (GIZ)XT*M

thus we need to compute the restriction to U C 3 of f(G/Z)X oy XXX,
We denote by (.,.) the G-invariant Riemannian metric on G/Z determined
by the chosen Z-invariant Euclidean metric on q. We define a G-invariant one-
form 6 on G/Z by (0(X), &) = (X(G/z), &) for X € g. If we consider d,0 as an
equivariant form on (G/Z) x T*M we have, by Remark 3, for every ¢ = 0,

[ XaX)= [ (X)),
(G/Z)XT*M (G/Z)xT*M
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d30(X) when t — oo is the last step in the proof of

Analyzing the behavior of e
Lemma 33.

Denote by Tgiz : A(G/Z x T*M) — o/(G/Z x T*M ) the projection on the
component of exterior degree 2d with respect to G/Z. Let ¢ be a test function
on g. As « is the pullback of a form on 7*M, we have

[ 20" (X )p(X)dX
(GIZ)XT*M §

= [ [ Tez(uX)e " Na(x)dpX) dx.
(GIZ)XT*M g
We write Tgz(x(X)es" ™)), = 1012 2ay(X)(dG)e, With (15 20y €
o g?i,ow(g, T*M), where we denote by dg the G-invariance volume form on
G/Z. By G-invariance we have

[ 20" (X )p(X ) dX
(G/Z)XT*M g

= (] 200000 X)a0)d(g.X) dX ) dg.

G/Z NT*M g

Then we have for every ¢,

[ XXX )dX

(GIZ)XT*M g

= [ (J Jm2aatX0uX)d(g.X) dxX ) d. (45)
Gz NT*M g
Let us describe €/4s?)X)) (see [14]). Let ey,...,esq be our orthonormal basis

of q and let us denote by dq;,...,dqss the dual basis of *. If X € g, we write
X =Y+0Q,withY €3 and Q € q. Let Q = ), Qje;. Then 0.(X) = >, Qi dq;,
and (d0).(X) = ZKJ. 0;/(X)dq; N dg;, where the 0;; are linear forms on g.
Furthermore for ¥ € 3 we have

(d0).(Y)= -2 Zl<adq(Y)ei,ej> dq; Ndq;.

i<j
As ((Xg12)0(X))e = (X612, XG/2)e = ||O||*, we obtain

2
("X, = ol ZPI(Y,Q)tVW(dq)],
1

where P;(Y, Q) are polynomials in Y, Q. Furthermore, for ¥ € 3 and Q = 0,
we have

s

From the definition of the Chern homomorphism C and of the map m we have

n(X0e = S P, De WP @ sy, Adg),,
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where P; ;(Y, f) are polynomials in ¥ € 3 and f € g* and f = fo+ f1 is the
decomposition according to z* & q*. For Y € 3, the term of exterior degree
zero with respect to (dgq;) in (Y ).|q is equal to Pq(uq(Y)). We obtain

2 - 112
10,2y (6.X) = e~1€l IzJP,<Y,Q)PII,J<Y,f)t“'/ze*”fl” df1),  (46)

where I’ is the complement of 7 in {1,...,2d}. Thus the form yq; _ »41(£,X)
belongs to the space /%", (9,7*M) and is of the form

S e NPy, (e 19 @ f )
LJ,K,I<d

where P; and ¥, are polynomials. Furthermore, for Y € 3, the coefficient of
tin 1, 24y(1,Y) is equal to

1012 (2 )idet? (Y )u(Y). (47)

The right hand side of Formula (45) is thus equal to

> [ e WP, rydr ik

LJ,K,1=d G/ZT*M

< ([ e 1O Uy + Q)Y +Q)plg. V) dY dQ)dg (48)

3 Xq

Thus if  is a test function on g, we introduce

v(t) = [ e 19 (Y + 0)p(Y + Q)dY dO
3 xq
= [ ey (Y 1m20) y (Y +1720) ar do.

3 Xq

Let us show that when ¢t — oo the form e*”f'l”Qtdv(t) has a limit in the space
of rapidly decreasing differential forms on 7*M. For Y + Q0 € 3 ® q, we have

eIy + 0) = &0V go(Y, 0, x, &),

with go(Y,0,x,¢&) = Str(e MEOHRIMOXIN with hy(x, &) = || f1]]> + h(x, &)
and R(Y,Q,x,¢) = Zo(Y,x) + Zo(Q,x) + {1, 0) + Zi(x, ).

Recall that %, is good with respect to the map fo : T*M — 3*. As Zy(0,x)
is linear in Q we have a majoration ||Zo(Q,x)|| < 2||Q||- By a method similar
to that of Lemma 15, we prove the following estimates for the function gy,
where we denote by N,?L  the seminorms on C*°(3 ).

(1) There exists an integer P and ¢ > 0 and, for every integer m = 0 and
every compact subset K C 3, there exists a constant C,, g such that, for all
0.x.¢,

Ny (90(, 0:%,8)) < G111+ [1¢1)".
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(ii) There exists @' > 0, ¢’ > 0 and, for every integer m = 0 and every
compact subset K C 3, there exists a constant C;, ; such that

NS k(qo( . 0.x.8)) = C e I9lle=/II7

if [| fo(x, O < &[]

Then, by a proof similar to that of Lemma 13, we conclude that for every
integer d = 0 and every compact subset K C 3, there exists a constant C(;f %
such that, for every Q € q, for every smooth function f on 3 supported in K,

2
eV Pay + 0B ar | < €1+ 1R e NS g k(B
With these estimates, we see that

e~ IIf1 Hztdv(t) = e~ IS Hza(y + t_;Q)lp(Y 412 Q)e—IIQH2 dy dO
3 Xq
has a limit in the space of rapidly decreasing differential forms on 7*M, when
t — 0o. Furthermore, the limit is

eI/ II2 [ oc(Y)zp(Y)e_”QHZ ay dQ = e~ I ||2nd J oY W(Y)dY.
3 3

As yq1,.. 243(t,X) is a polynomial in ¢ of degree < d, by Formula (48) it
follows that fq 141, .. 20y (LX)UX )P(X)dX has a limit when ¢ — oo and we

see that the coefficient of 7/ is the only one to contribute to the limit. Thus
we obtain

B 71020 (6 XOCOGO X =7 [ Py ay (V)Y )Y ) dY
9 3
— (-2m)" [ detd (Vu(Y )oY )(¥ ) Y.
3

We can do similar computations for the derivatives with respect to (x, £). Tak-
ing the limit in Equation (45) we obtain

J( ] @)@ =w™ [ [0s009(0) X

g “T*M (GIZ)XT*M g

=wo 2y [ ([ ([ ded(ur ¥ )dg.¥)ar ) )d.

G/Z N\T*M 3

By the formula (42), we have

f( [ oc)(X)d)(X)dX:w’l [ f( I oc)(Y)detq(Y)gb(g.Y)deg',

g T*M G/Z 3 T*M

if ¢ is a test function on g with support in the tubular neighbourhood G.U
of G.S. Thus we have proven the equality of generalized functions stated in
Lemma 33.
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The next step is to prove the localization formula for the Z-equivariant dif-
!
ferential form f(Y) = (—27r)"’detq 2(Y)u(Y)(Y). As T*M(S) is mapped into

1
3% by /M6, we have (—2n)dety >(Y)u(Y)|r+msy = 1. Thus the following
lemma is the localisation formula for f. It completes the proof of the crucial
Lemma 32, for s = e.

1
Lemma 35. Let B(Y) = (—2n)/dety 2(Y)u(Y)u(Y). On a sufficiently small
neighbourhood of S in 3, we have the equality of generalized functions

( I a)(Y): J B = [ a(VEu s ().

T*M T*M T*M(S)

Proof. We adapt the proof of Theorem 25 given in [13], Proposition 25. It
relies on the Thom isomorphism in equivariant cohomology. Let N be a tubu-
lar neighbourhood of M(S) in M. Then p~!(N) is a tubular neighbourhood
of T*M(S) in T*M, isomorphic with the normal bundle of 7*M(S) in T*M.
The first step is to replace ff with a Z-equivariant form ' on T*M supported
in p~!(N). For this purpose, we introduce the one-form t on M which corre-
sponds to the vector field Sy, by means of the Riemannian metric, that is

(&) = (Sy, &) for &€ TM.

As 1 is Z-invariant, its coboundary d;t is Z-equivariant; it is given by
(dy;t)Y) = dtv — (Su,Yy) for Y € 3. Let a(t) be a smooth function on
R such that a(0) = 1. Let b(¢) = (1 — a(¢))/t. We define the Z-equivariant
form a(d; ©)(Y) = a(dt — (Sp, Yir)) by means of the Taylor series of a at the
point fp = —(Sy(x), Yir(x)), for x € M. We define b(d, 7) in the same way.
Let

B = p*(a(d; ) A .

A straightforward computation gives
p=p+d;p"

where the form " = p*(t A b(d; 7)) A B is rapidly decreasing in 3 -mean.
Therefore we have the equality of generalized functions on 3 :

[ BY)y= [ B().
T*M T*M

The condition a(0) = 1 implies that the forms S(Y) and f'(Y) have the same
restriction to 7*M(S). Moreover, we may choose the neighbourhood U C
3 of S and ¢ > 0 such that (Sy/(x),Yu(x)) = ¢ for Y € U and for all
x € M\N. If we choose a with support contained in ] — ¢, ¢[, then the form
a(d, t)(Y) is supported in N when Y remains in U. Thus f'(Y) is supported
in p~!(N) for Y € U.

We identify N with the normal bundle .4~ of M(S) in M. Recall that the
projection T*M(S) — M(S) is denoted by ps. By means of the metric and
a G-invariant connection on TM, we identify p~'(N) with the vector bundle
ps(N DAN) — T*M(S). We consider on the bundle p5(A @ .4") the quotient
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orientation deduced from the symplectic orientation of the total space of 7*M
and that of T*M(S), as in Lemma 28. Let v(Y) be the Thom form of the
oriented bundle pg(A" @ A7). Let 6(¢) be the homothety on the fibers of the
bundle p5(A" @ A7). Then, by the transgression formula for the Thom form
(7), we have for every t = 0

5(t)*(V)Eul_Vl(T*M’ T*M(S))B/ - ﬁ/ = d3 (Vt)

where y,(Y) is rapidly decreasing in 3 -mean. Thus for ¥ € U,

I BFM= [ 8@ OB s pearesy(YB X,

PN DN PEHANDN)

Applying the inverse homothety 3(#~!) we obtain, as Eul;}(T* m, sy (Y) 18
a form on the basis M(S),

B = [ DB gy sy (D (B,

PLA BN pLA®N)

We let ¢ tend to +oo. Then 6(¢~')*(B/(Y)) tends to the restriction B/(Y)|r+us)
= B(Y)|r*m(s). As the integral on the fiber of the Thom form is 1, the lemma
will be proven if we can take the limit # — oo under the integral. Thus,
changing to ¢ = ¢!, we must show that the form v(Y)d(¢)*(B/(Y)) is rapidly
decreasing in 3-mean uniformly with respect to ¢ = 0. Let us trivialize locally
T*M with coordinates (xo, &{, &o, 1) where (xo, &}) are coordinates on N ~ 4~
and ¢ = o+ ¢ is the decomposition according to 7y M(S) @ A"x,. Then v(Y)
is of the form e~ I41I°=IE1I% S Py (Y)W, (&1, & )(dE))(dE)); where the P; are
polynomials in Y and ¥, are polynomials in (&, ¢;). Therefore, if ¥ is a test
function on 3, we have

2v(Y)S(e)" B (Y W(Y ) dY

3

— e IS8 e E e o) ([ BRI WY dr ).
3

There exist constants C, x such that Hj; BP(YW(Y)dY|| = Cp k(1 +
[[€]1*)~PNR(Pr). Then for any & > 0, we have [|0(e)* [, B'(Y)P/(Y W(Y)dY ||
< Cp (14 [|&o)? + || |1*)PN2(Pr). This proves our claim.

We have thus proven the case s = e of Theorem 30. The general case is
similar, with M(s) in place of M and G(s) in place of G.

5.3. The wave front set of the cohomological index
The purpose of this section is to give some information about the wave front

set of the generalized function index.(¢) on G. For this we will make use of
the following refinement of Lemma 13. We take the notations of Lemma 13.
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Lemma 36. Let € be a closed cone in My x V\O such that f='(0)N% = (.
Let q(X,x,&) be a smooth F-valued function on g x My x V which satisfies
Condition (1) of Lemma 13 and the following condition:

(2) For every (x¢,&0) € €, & # 0, there exists ¢ > 0 and a conic neigh-
bourhood A(xy,&y) of (xo,&0) in My x V and, for every integer m = 0 and
every compact subset K C g, there exists a constant C,, . such that

N (g%, 8)) < Cly eI if (x,8) € I'(xo, &o). (49)

Let a(X,x,&)) = V0N g(X,x,&). Let fo & f(%), fo# 0. Let My C My
be a compact subset. Then there exists a conic neighbourhood I'(fy) of fo in
g* and for every integer d and for every compact subset K C g, there exists
a constant Cj i such that, for every ¢ € C*°(g) with support in K, for all
p € I(fo) and (x,&) € My x V,

| fe e Datr o0 ax | < e+ 1IPY (1 + IR Naarr (),
9
(50)

Proof. Let ¢ € C°(g). For p € g* and (x,&) € My x V, let

v(p,x, &) = [e X y(X,x, E)P(X) dX.
g

Then v(p,x, &) is the value at the point p — f(x,&) of the Fourier transform
of the function X — ¢(p,x,)p(X) on g. Therefore, for every compact subset
K C g and for every integer m = 0, there exists a constant C; = C;(m,K) > 0
such that, if ¢ is supported in K,

[o(px, O = Ci(L+[lp = F & OIP) " Naw, k(4(-,x, ) )
< 2"Ci(1+[lp = SN Nam, k(G( %, E)WNam k(). (51)

Let (x,&0) € My x V. Assume first that (xp,&y) € €. Then (xo,&y) &
£71(0), therefore there exists a conic neighbourhood I'( f) of fo in g* and a
conic neighbourhood 4(xo, &y) of (xg, &y) in My x ¥V such that || /(x, &)|| = al|]]
for (x,&) € A(xp, &) for some a > 0 and such that

I'(fo)N f(A(x0,&0)) = {0}

Assuming that these neighbourhoods are closed, we can find a constant ' > 0
such that, for p € I'(fy) and (x, &) € A(xo, &),

o= fOI* = dlpll> + | £ OIP) = d'(lp])* + a*||€[1*),

hence, assuming a < 1, we have

o — £ O = Al + 1€,
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for A = a’'a*> which we may assume < 1. Then for all u,v we have (14 A(u*+
v*))? = 22(1 + u?)(1 + v*). Thus we set m = 2(d + P) in (51). We have

(1 llp = O OIPY XD < a7 DA 4 [|p])~ 0 + &)=,
Naa+p)&((-5%€)) = Caaeryx(1+[IE]2),

hence we obtain (50) for (x, &) € A(xg, &) and p € IT'(fo).
In the other case, when (x, &) is not in %, we set m = d in (51), and we
use Peetre inequality

A+ 1lp— fEOIH™ <2901+ [lp) (1 + || £Cx, O]

We consider a conic neighbourhood I'(xg, &y) as in condition (2), such that

112
Naak(q(.,x, &) £ Cpy e Il

for (x,&) € I'(xg,&p). As M, is compact there is a constant A > 0 such that
/GO = A€ for (x,&) € My x V. Then we obtain (50) for (x,&) €

I'(xp,&p), x € My and any p. As M, is compact, this completes the proof.

Let ¢ : p*&éT — p*&~ be a symbol on M. We define the closed conic
subset €(a) C T*M\0 by

Definition 37. ¥(0) is the complement in T*M\O of the set of elements
(x0, o) which satisfy the following condition: there exist a conic neighbour-
hood T'(xo,&0) of (x0,&0) in T*M\O, » > 0 and ¢ > 0 such that

(o), &) = || €|y,

Sor every (x,&) € I'(xo, &) with ||&]] = r.

Thus a symbol ¢ is G-transversally good if and only if %(¢) is disjoint
from TGM. If o(x,&) is positively homogeneous of degree m = 1 for large
&, then clearly (o) is the set of (x,&) € T*M\O such that a(x,#£) is not
invertible for large # > 0. In particular if o(x, ) coincides for large ¢ with
the principal symbol of a pseudodifferential operator P of order m = 1, then
%(0) = Char P.

Proposition 38. Let M be a compact manifold and G a compact Lie group
acting on M. Let o be a G-transversally good symbol on M. Then the gen-
eralized function index. (o) has its wave front set at s € G contained in
SHCO(E ()N T*M(s)) C o(s)* C g*.

Proof. We consider first s = e. In a neighbourhood of the origin we have
index. (o )(expX) = 0,(X), where

0.X)= [ Qin)" ™M [%(e,a)(X).
T*M
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Thus we study the wave front set at 0 € g of the generalized function 0,. Let
§(X,x, &) be the form given by

17(e,0)(X) = ch (B ()XW (M X) ™" = U™ 00 0x, x. €),

Thus
G(X,x, &) = Str (g(X,x, ) J (M, X) ™",

where g(X,x, ¢) has been computed in the proof of Theorem 16. By arguments
similar to Lemma 15 we see that the form ¢ satisfies locally the conditions of
Lemma 36. Let f € g* such that fo & f™9%(c)). By Lemma 36 and the
compacity of M, we conclude that f, has a conic neighbourhood I'( fy) C g*
such that for any ¢ € C°°(g) with small support, for any integer d > 0 there
exists a constant C; such that, for ¢ € I'(f) and for all (x,¢) € T*M.

| f e 00 17,0000 OB x| = Calh + 1ol 1+ 7).
g

Clearly it follows that f does not belong to the wave front set at 0 of 0.

Let s € G. We identify g(s)* with a subspace of g*. From the definition of
the topological index by descent, it follows that the wave front set of index.(a)
at s coincides with the wave front set at ¥ = 0 of the generalized function 0,
on g(s) defined in (39). This is computed as in the case s = e.

Remark 39. In particular, let M be a G x H-manifold, where H is a second
compact Lie group, let ¢ be a G-transversally elliptic symbol on M and assume
that ¢ is also H-equivariant. Then the G x H-equivariant cohomological index of
o is a generalized function on G x H which is in fact smooth with respect to the
H-variable, as its wave front set is contained in 7}5(GxH) = Gxg* x H x{0}.
This property is easily seen on the definition.

Acknowledgements. We thank Jean-Michel Bony, Michel Duflo and Christian Gérard for
useful conversations.
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