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We study a nonlinear Choquard equation with weighted terms and critical Sobolev-Hardy exponent.We apply variational methods
and Lusternik-Schnirelmann category to prove the multiple positive solutions for this problem.

1. Introduction


e main goal of this paper is to consider the multiplicity
of positive solution for the following nonlinear Choquard
equation:

−Δ� = � (�) (∫
Ω

|�|2∗������ − 	����� 
	) |�|2∗�−2 �
+ �� (�) |�|�−2 �, � Ω,� = 0, �� �Ω,

(1)

whereΩ ⊂ R
� is a bounded open set with smooth boundary.� > 3, 0 < � < �, 1 < � < 2, 2∗� = (2� − �)/(� − 2),

and � > 0 is a parameter. 
ere are two continuous weight
functions, ��, � satisfying the following conditions:

(�1) �� = ��+ + �−, (�± = ±max{±�, 0} ̸≡ 0).(�1) � ∈ �(Ω) and �+ = max{�, 0} ̸≡ 0.(�2) there exist two positive constants �0, �0 such that�(0, 2�0) ⊂ Ω and ��(�) ≥ �0 for every � ∈ �(0, 2�0).(�2) |�+|∞ = �(0) = max	∈Ω�(�), ∀� ∈�(0, 2�0), �(�) > 0, there exists � (� > � − �) such
that

� (�) − � (0) = � (|�|�) , (� "→ 0) . (2)

In recent years,much attention has been paid to nonlinear
Choquard equation involving the Hardy-Littlewood-Sobolev
inequality, which generalizes and complements the classical
elliptic boundary value problems and Schrödinger-Poisson
system [1–21]. In particularly, more and more authors have
studied the critical problems [22–36]. In the case that �(�) =��(�) = 1, Gao and Yang [22] considered the existence
and multiplicity of (1) with upper critical exponent 2∗� =(2�−�)/(�− 2). 
e authors focus on the case that how the
sublinear perturbation term has in�uence on the multiplicity
of (1). When 2∗� > 2, �(�) = 1, ��(�) = 0, Xiang [33] showed
the uniqueness and nondegeneracy solutions for ground
states of Choquard equation. Furthermore, by means of the
tool of Nehari manifold, Zhang et al. [36] established the
existence theorem of ground states for generalized Choquard
equation when the nonlinear term is concave-convex. On the
other hand, there are a great deal of results on the existence of
elliptic boundary value problems with sign-changing weights
[37–45]. We should point out that Hsu and Lin [38] showed
the existence of positive solutions for elliptic equations with
concave-convex nonlinearities and sign-changing weights.
What is more, Wu [39] obtained three positive solutions
discussed in [38] by using of the method of Nehari manifold
combining with the Lusternik-Schnirelmann category. In
view of the same method, Chen and Wu [41] obtained
the existence of positive solutions for a class of critical
semilinear problem. Chen et al. [42] established multiplicity
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theorems for Kirchho� type equation with sign-changing
weight functions. Goyal and Sreenadh [45] used �beringmap
approach to study $-fractional Laplacian equation with sign-
changing weight function.

Motivated by above results, we use variational approach
to analyze the existence and multiplicity of positive solutions
for (1). To the best of our knowledge, there is no result
studying Choquard equation with upper critical exponent
and two sign-changing weight functions.

Set

�∗ = ( 2 − �22∗� − � �����+����−1∞)(2−�)/(22∗�−�)(22∗� − 222∗� − � �����+����−1∞)
⋅ |Ω|(�−2∗)/2∗ � (�, �)�/22∗� 4(2∗� (2−�)/22∗� )+(�/2)�, .

(3)

Our main results are the following theorems.

�eorem 1. Assume that (�1), (�1) hold, for every � ∈ (0, �∗),
the problem (1) has at least one positive solution in51

0 (Ω).
�eorem2. Assume that (�1), (�1), (�2), (�2) hold; there exists�∗ > 0, such that, for every � ∈ (0, �∗), the problem (1) has at

least two positive solutions in51
0 (Ω).

Furthermore, we will utilize the following condition.

(G)
ere are a nonempty closed set 6 = {� ∈ Ω | �(�) =
max�∈Ω�(	) ≡ 1} ⊂ Ω and � > � − � such that

� (7) − � (�) = 8 (|� − 7|�) ,
ℎ�:
; ����?@:	 ��? 7 ∈ 6 � AℎB :@A � "→ 7. (4)

Remark 3. Let 6� = {� ∈ R
� | 
;A(�, 6) < ?} for ? > 0.

According to (G), we can assume that there exist two positive
solutionsC and ?1 such that

� (�) > 0, ∀� ∈ 6�1 ⊂ Ω,
� (7) − � (�) ≤ C |� − 7|� ∀� ∈ �� (7, ?1) , ∀7 ∈ 6. (5)

�eorem 4. Assume that (6) holds; for every E ∈ (0, ?1),
there exists �� > 0 such that for � ∈ (0, ��), (1) has at leastFGAM�(6) + 1 positive solutions.
De	nition 5. � ∈ 51

0 (Ω) is called a positive weak solution of
(1), if

∫
Ω
∇�∇I
= ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗�−2 � (	) I (�)����� − 	����� 
�
	

+ ∫
Ω
�� (�) |�|�−1 I, ��? BVB?	 I ∈ 51

0 (Ω) .
(6)


e energy functional associatedwith the problem (1) is given
by

J�,� (�) = 12 ‖�‖2
− 122∗� ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) |�|� ,

(7)

where ‖�‖2 = ∫Ω |∇�|2
� is the norm in51
0 (Ω).

2. Preliminaries

Proposition 6 (Hardy-Littlewood-Sobolev inequality [22]).
Let A, ? > 1 and 0 < � < � with 1/A + �/� + 1/? = 2, � ∈M�(R�) and ℎ ∈ M�(R�). 
ere exists a constant �(A,�, �, ?)
independent of �, ℎ, such that

∫
R
�
∫
R
�

� (�) ℎ (	)����� − 	����� 
�
	 ≤ � (A,�, �, ?) ���������� |ℎ|� . (8)

If A = ? = 2�/(2� − �), then� (A,�, �, ?) = � (�, �)
= N�/2 Γ (�/2 − �/2)Γ (� − �/2) {Γ (�/2)Γ (�) }−1+�/� . (9)

For � ∈ C1,2(R�), by Proposition 6, we have

(∫
R
�
∫
R
�

|� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	)1/2∗�

≤ � (�, �)1/2∗� |�|22∗ .
(10)


e best constant 4�, is de	ned as4�,
fl inf

�∈�1,2(R�)\{0}

∫
R
� |∇�|2 
�(∫

R
� ∫

R
� |� (�)|2∗� ����� (	)����2∗� / ����� − 	����� 
�
	)1/2∗� .

(11)

Proposition 7 (see [22]). 
e constant 4�, is attained if and
only if

� = �( GG2 + |� − V|2)
(�−2)/2 , (12)

where � > 0, V ∈ R
�, G ∈ (0,∞); therefore
4�, = 4� (�, �)1/2∗� , (13)

where

4 = inf
�∈�10 (Ω)\{0}

{{{
∫Ω |∇�|2(∫Ω |�|2∗)2/2∗ , � ∈ 51

0 (Ω) \ {0}}}} . (14)
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For _ > 0
` (�) = [� (� − 2) _2](�−2)/4(_2 + |�|2)(�−2)/2 (15)

is a solution of the problem

−Δ� = ∫
R
�

|�|2∗������ − 	����� 
	 |�|2∗�−2 �, � R
�, (16)

with ∫
R
� |∇`|2
� = ∫

R
� ∫

R
� |`(�)|2∗� |`(	)|2∗� /|� − 	|�
�
	

= 4(2�−�)/(�−�+2)�, .

De	nition 8. (i) For � ∈ R, if J�,�(��) = � + �(1), J��,�(��) =�(1) strongly in5−1(Ω) as � → ∞, then the sequence {��} is
a (c4)� sequence in51

0 (Ω);
(ii) J�,� satis�es the (c4)� condition51

0 (Ω) if every (c4)�
sequence in51

0 (Ω) for J�,� has a convergent subsequence.

ough J�,� is not bounded below on 51

0 (Ω), we can
construct the following Nehari manifold:

M�,� = {� ∈ 51
0 (Ω) \ {0} | ⟨J��,� (�) , �⟩ = 0}

= {{{� ∈ 51
0 (Ω) \ {0} | ‖�‖2

− ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) |�|� = 0}}} .

(17)

De�ne the �ber map Φ�,� : R+ → R by Φ�,�(A) = J�,�(A�).
Lemma 9. J�,�(�) is coercive and bounded below onM�,�.

Proof. If � ∈ M�,�, by (14) we have

J�,� (�) = 12 ‖�‖2 − 122∗�
⋅ ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) |�|� = (12 − 122∗�)‖�‖2

− (1� − 122∗�)∫
Ω
�� |�|� = (12 − 122∗�)‖�‖2

− (1� − 122∗�)∫
Ω
(��+ + �−) |�|� ≥ (12 − 122∗�)

⋅ ‖�‖2 − (1� − 122∗�)� jjjj�+jjjj∞ 4−�/2 |Ω|(2∗−�)/2∗ ‖�‖�
≥ (12 − 122∗�)‖�‖2 − (1� − 122∗�)� jjjj�+jjjj∞ |Ω|1/22∗
⋅ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� ,

(18)

so J�,�(�) is coercive and bounded below on M�,�. 
is
lemma is completed.

Lemma 10. Assume that �1 is a local minimizer for J�,� on

M�,� and �1 ∉ M
0
�,�. 
en J��,�(�1) = 0. Moreover, if �1 is

a nontrivial nonnegative function in Ω, then �1 is a positive
solution of (1).

Proof. Since �1 is a local minimizer for J�,� on M�,�, �1 is a
solution of the optimization problem

@�@7B J�,� (�);�VlBFA A� Γ (�) = 0, (19)

where

Γ (�) = ∫
Ω
|∇�|2

− ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) |�|� .

(20)

Hence, using Lagrange multipliers, there exists m ∈ R, such
that J��,�(�1) = mΓ�(�1), which implies

⟨J��,� (�1) , �1⟩ = m ⟨Γ� (�1) , �1⟩ . (21)

Since �1 ∈ M�,�, ⟨J��,�(�1), �1⟩ = 0 and ∫Ω |∇�1|2 −∫Ω ∫Ω �(�)(|�1(�)|2∗� |�1(	)|2∗� /|� − 	|�)
�
	 − ∫Ω ��(�)|�1|�,
one has

⟨Γ� (�1) , �1⟩
= (2 − �) jjjj∇�1jjjj2

− (22∗� − �)∫
Ω
∫
Ω
� (�) �����1 (�)����2∗� �����1 (	)����2∗������ − 	����� 
�
	.

(22)

Hence, if �1 ∉ M�,�, ⟨Γ�(�1), �1⟩ ̸= 0, combining (21) m = 0,
then J�,�(�) in51

0 (Ω). Using Harnack inequality, thus, �1 is a
positive solution of (1) inΩ. 
e lemma is completed.
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FromΦ�,�(A) = J�,�(A�), we obtain that

Φ�,� (A)
= 12 ‖A�‖2

− 122∗� ∫
Ω
∫
Ω
� (�) |A� (�)|2∗� ����A� (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) |A�|� ,

(23)

for A > 0, � ∈ 51
0 (Ω), we get

Φ�
�,� (A) = A ‖�‖2
− A22∗�−1 ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− A�−1 ∫
Ω
�� (�) |�|� ,

Φ��
�,� (A) = ‖�‖2 − (22∗� − 1)
⋅ A22∗�−2 ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− (� − 1) A�−2 ∫
Ω
�� (�) |�|� .

(24)

Obviously, Φ�
�,�(1) = 0; we divide M�,� into the following

three sets

M
+
�,� = {� ∈ M�,� | Φ��

�,� (1) > 0} ;
M

0
�,� = {� ∈ M�,� | Φ��

�,� (1) = 0} ;
M

−
�,� = {� ∈ M�,� | Φ��

�,� (1) < 0} .
(25)

For any � ∈ M�,�, one hasΦ��
�,� (1)
= ‖�‖2

− (22∗� − 1)∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− (� − 1)∫
Ω
�� (�) |�|�

= (2 − 22∗�) ‖�‖2 − (� − 22∗�)∫Ω �� |�|�
= (2 − �) ‖�‖2

− (22∗� − �)∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	.

(26)


erefore, we can derive

Lemma 11. (i) For every � ∈ M
+
�,�∪M0

�,�, then∫Ω ��(�)|�|� >0.
(ii) For every � ∈ M

−
�,� ∪ M

0
�,�, then∫Ω ∫Ω �(�)(|�(�)|2∗� |�(	)|2∗� /|� − 	|�)
�
	 > 0.

Lemma 12. For � ∈ (0, �∗), thenM
0
�,� = 0.

Proof. Assuming the contrary, there is � ∈ (0, �∗) such that

M
0
�,� ̸= 0, then for � ∈ M

0
�,�, by (26) and Proposition 6,

which implies

‖�‖2 = 22∗� − �2 − � ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

≤ 22∗� − �2 − � |�|2.2∗�2∗ 4−2∗��,
�����+����∞ ,

(27)

so

‖�‖ ≥ ( 2 − �22∗� − �42∗��, �����+����−1∞)1/(22∗�−2) . (28)

Similarly, coupling with (26) and (14), which infers that

‖�‖2 = � − 22∗�2 − 22∗� ∫
Ω
�� (�) |�|� ≤ � − 22∗�2 − 22∗� � jjjj�+jjjj∞

⋅ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� = � − 22∗�2 − 22∗�
⋅ � |Ω|(2∗−�)/2∗ jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� ,

(29)

hence

‖�‖ ≤ [� − 22∗�2 − 22∗� � |Ω|(2∗−�)/2∗ jjjj�+jjjj∞
⋅ (4�,� (�, �)1/2∗�)−�/2]1/(2−�) .

(30)

From the above inequalities, we deduce that

� ≥ ( 2 − �22∗� − � �����+����−1∞)(2−�)/(22∗�−�)(22∗� − 222∗� − � �����+����−1∞)
⋅ |Ω|(�−2∗)/2∗ � (�, �)�/22∗� 42∗� (2−�)/22∗�+�/2�, fl �∗,

(31)

which is a contradiction.

Letting � ∈ Φ�,�(A), one has

AJ�,� (A�) = A ‖�‖2
− A22∗�−1 ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− A�−1 ∫
Ω
�� (�) |�|� = A�−1(A2−� ‖�‖2
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− A22∗�−� ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) |�|�) .

(32)

Let

I (A) = A2−� ‖�‖2
− A22∗�−� ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	. (33)

Assume A� ∈ M�,� if and only if I(A) = ∫Ω ��(�)|�|�. So
I� (A) = (2 − �) A1−� ‖�‖2 − (22∗� − �)

⋅ A22∗�−�−1 ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	. (34)

Clearly, A� ∈ M�,�, then A�−1I�(1) = Φ��
�,�(1). Hence, A� ∈

M
+
�,� (or M

−
�,�) provided I�(A) > 0 (or < 0). I(A) can attain

its maximum at A = Amax duo to lim�→∞I(A) = ∞, where

Amax = [[
(2 − �) ‖�‖�(22∗� − �) ∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	]]

1/(22∗�−2) > 0,
I (Amax)

= [[
(2 − �) ‖�‖�(22∗� − �) ∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	]]

(2−�)/(22∗�−2) ‖�‖2

− [[
(2 − �) ‖�‖�(22∗� − �) ∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	]]

(22∗�−�)/(22∗�−2) ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

= [[
(2 − �) ‖�‖�(22∗� − �) ∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	]]

(22∗�−�)/(22∗�−2)(‖�‖2 − 2 − �22∗� − � ‖�‖�)
= ( 2 − �22∗� − �)

(22∗�−�)/(22∗�−2)(22∗� − 222∗� − �) ‖�‖� 42∗� ((22∗�−2)/(22∗�−�))�, ‖�‖−22∗�
≥ jjjj�+jjjj−1∞ ( 2 − �22∗� − �)

(22∗�−�)/(22∗�−2)(22∗� − 222∗� − �) 42∗� ((22∗�−2)/(22∗�−�))�, ‖�‖−22∗� ∫
Ω
�� (�) |�|� > �̃ ∫

Ω
�� (�) |�|� ,

(35)

where �̃ = ‖�+‖−1∞((2 − �)/(22∗� − �))(22∗�−�)/(22∗�−2)((22∗� −2)/(22∗� − �))42∗� ((22∗�−2)/(22∗�−�))�, ‖�‖−22∗� .
Lemma 13. For every � ∈ 51

0 (Ω), it follows that
(i)if ∫Ω ��(�)|�|� ≤ 0, � > 0, there exists a unique A− =A−(�) > Amax(�) such that A−� ∈ M

−
�,�, and Φ�,� is increasing

on (0, A−), decreasing on (A−,∞).
Moreover

J�,� (A−�) = sup
�≥0

J�,� (A�) ; (36)

(ii)if∫Ω ��(�)|�|� > 0, then there exist unique 0 < A+ = A+(�) <Amax < A− = A−(�) such that A−(�)� ∈ M
−
�,�, A+(�)� ∈ M

+
�,�

and Φ�,� is increasing on (A+, A−), decreasing on (A−, +∞) ∪(0, A+). Moreover

J�,� (A−�) = sup
�≥�max

J�,� (A�) ,
J�,� (A+�) = inf

0≤�≤�max

J�,� (A�) . (37)

Proof. (i)Assume that ∫Ω ��(�)|�|� ≤ 0. 
ere exists a

solution A− (A− ≥ Amax), with I = ∫Ω ��(�)|�|�, then I��− < 0,
and Φ�

�,�(A−) = 0. Consequently, Φ�,� has a unique critical

point at A = A− and I���− < 0. Since A�−1I�(1) = Φ��
�,�(1). Hence,

(36) holds and A−� ∈ M
−
�,�.
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(ii) Assume ∫Ω ��(�)|�|� > 0, then I�max
(�) >∫Ω ��(�)|�|�. 
ere are two solutions A−, A+, (A+ < Amax < A−),

satisfying I(A) = ∫Ω ��(�)|�|�, such that I�(A−) < 0, I�(A+) >0, whichmeans that these two solutions of � depend onM�,�,

where A−� ∈ M
−
�,�, A2� ∈ M

+
�.�. So according to A�−1I�(1) =Φ��

�,�(1), Φ�,� has critical points at A− = A+, Φ�,�(A−) <0, Φ�,�(A+) > 0. 
us, Φ�,� is increasing on (A+, A−), and(0, A+) ∪ (A+, +∞), (37) holds.

is lemma is completed.

Furthermore, we have

M�,� = M
+
�,� ∪M

−
�,�. (38)

De�ne z�,� = inf
�∈M�,�

J�,� (�) ,
z+�,� = inf

�∈M+�,�
J�,� (�) ,

z−�,� = inf
�∈M−�,�

J�,� (�) .
(39)

�eorem 14. (i) z+�,� < 0 for all � ∈ (0, �∗).
(ii) If � ∈ (0, (�/2)�∗), then there exists a positive number
1, such that z−�,� > 
1.
Especially, z+�,� = inf�∈M�,�J�,�(�) for all � ∈ (0, (�/2)�∗).

Proof. (i) Supposing that � ∈ M
+
�,� from (26), one has

‖�‖2 < � − 22∗�2 − 22∗� ∫
Ω
�� (�) |�|� , (40)

by Lemma 9, we derive

J�,� (�) = (12 − 122∗�)‖�‖2
− (1� − 122∗�)∫

Ω
�� (�) |�|�

≤ (12 − 122∗�) � − 22∗�2 − 22∗� ∫
Ω
�� (�) |�|�

− (1� − 122∗�)∫
Ω
�� (�) |�|�

= � − 22� ∫
Ω
�� (�) |�|� < 0,

(41)


us, z+�,� < 0.
(ii) Suppose that � ∈ M

−
�,� from (11), (26), and (�1), we

get

‖�‖2 ≤ (2 − �22∗� 42∗��, �����+����−1∞)1/(22∗�−2) , ∀� ∈ M
−
�,�. (42)

Moreover

J�,� (�) ≥ (12 − 122∗�)‖�‖2 − (1� − 122∗�)
⋅ � |Ω|(2∗−�)/2∗ jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖�
= ‖�‖� [2∗� − 122∗� ‖�‖2−� − 22∗� − �22∗�� � |Ω|(2∗−�)/2∗
⋅ jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2] ≥ ( 2 − �22∗� − �
⋅ 42∗��, �����+����−1∞)�/(22∗�−2)

⋅ [[
2∗� − 122∗� ( 2 − �22∗� − �42∗��, �����+����−1∞)(2−�)/(22∗�−2)

− 22∗� − �22∗�� � |Ω|(2∗−�)/2∗ �����+����∞
⋅ (4�,� (�, �)1/2∗�)−�/2]] .

(43)

Hence, if � ∈ (0, (�/2)�∗), such that

J�,� (�) > 
1, ∀� ∈ M
−
�,�, (44)

where 
1 depends on �, �, ;, �,�, 4�,, |Ω|, |�+|∞, |�+|∞.

is completes the proof.

Lemma 15. Every sequence {��} ∈ 51
0 (Ω) that satis	esJ�,�(��) = �1 + �(1) with �1 < z+�,� + 4�/2�,�(�, �)�/22∗� andJ��,�(��) = �(1) in 5−1(Ω) has a convergent subsequence.

Proof. For {��}, there exists �0 ≥ 0 such that

�� ⇀ �0, � 51
0 (Ω) ,

�� "→ �0, � M� (Ω) , 1 ≤ $ < 2∗,�� (�) "→ �0 (�) , G.B. � Ω.
(45)


erefore

⟨J��,� (�0) , �0⟩
= jjjj�0jjjj2 − ∫

R
N

∫
R

N

�����0 (�)����2∗� �����0 (	)����2∗������ − 	����� 
�
	
− ∫

Ω
�� (�) �����0����� = 0,

∫
Ω
�� (�) ����������� = ∫

Ω
�� (�) �����0����� + � (1) .

(46)
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So, by 
eorem 14, J�,�(�0) ≥ z+�,�, we know that

∫
Ω

����∇ (��)����2 = ∫
Ω

����∇ (�0)����2 + ∫
Ω

����∇ (�� − �0)����2
+ � (1) . (47)


us J�,� (��) = J�,� (�0) + J�,� (�� − �0) + � (1) ,
� (1) = ⟨�� − �0, J�,� (��)⟩

= ⟨�� − �0, J�,� (��) − J�,� (�0)⟩
= jjjj�� − �0jjjj2

− ∫
Ω
∫
Ω

�����0 (�)����2∗� �����0 (	)����2∗������ − 	����� 
�
	,
(48)

which implies4 − �2 (2� − �) jjjj�� − �0jjjj2 = J�,� (�� − �0)
= J�,� (��) − J�,� (�0) + � (1)
≤ J�,� (��) − z+�,� + � (1) .

(49)

Furthermore jjjj�� − �0jjjj2 < 4�/2�,� (�, �)�/22∗� . (50)

Lemma 16. For every � ∈ (0, �∗), then J�,� has a minimizer�1 inM
+
�,�, satisfying that

(i) J�,�(�1) = z+�,�;
(ii) �1 is a positive solution of (1);

(iii) J�,�(�1) → 0 as � → 0.
Proof. (i)FromLemma 15, there exists aminimizing sequence{��} for J�,�, such that

J�,� (��) = � + � (1) ,
J��,� (��) = � (1) ,

� 51
0 (Ω) .

(51)

Noting that J�,� is coercive and bounded on M�,� in 51
0 (Ω).

Going if necessary to a subsequence, we can assume that there

exists �1 ∈ 51
0 (Ω) such that

�� ⇀ �1, � 51
0 (Ω) ,

�� "→ �1, � M� (Ω) , 1 ≤ $ < 2∗� ,�� (�) "→ �1 (�) , G.B. � Ω.
(52)

We show that �1 is a solution of (1). �� ∈ M�,�, which derives
that

J�,� (��)
= 12 jjjj��jjjj2

− 122∗� ∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

− ∫
Ω
�� (�) �����������

= (12 − 122∗�)jjjj��jjjj2 − (1� − 122∗�)∫
Ω
�� �����������

≥ 2∗� − 122∗� jjjj��jjjj2 − 22∗� − �22∗�� �∫
Ω
�+ ����������� ,

(53)

thus

�∫
Ω
�+ ����������� = (22∗� − 1) �22∗� − � jjjj��jjjj2

− 22∗��22∗� − �J�,� (��) .
(54)

By
eorem 14, (51), (52), (54), one has

�∫
Ω
�+ ����������� ≥ 22∗��22∗� − �J�,� > 0, (55)

combining Fatou’s Lemma, which implies that

z+�,� ≤ J�,� (�1) = 2∗� − 122∗� jjjj�1jjjj2 − 22∗� − �22∗�� ∫
Ω
�� �����1�����

≤ lim inf�→∞ (2∗� − 122∗� jjjj��jjjj2 − 22∗� − �22∗�� �∫
Ω
� �����������)

≤ lim inf�→∞ J�,� (��) = z+�,�.
(56)

Clearly,

J+�,� (�1) = z�,�,
lim�→∞

jjjj��jjjj2 = jjjj�1jjjj2 . (57)



8 Journal of Function Spaces

(ii) Let �� = �� − �1. Using Brézis-Lieb Lemma, such that

jjjj��
jjjj2 = jjjj��jjjj2 − jjjj�1jjjj2 + � (1) , (58)

which infers that �� → �1 in 51
0 (Ω) and �1 ∈ M

+
�,�.

On the contrary, if �1 ∈ M
−
�,�, from (26), (55), which

gets ∫Ω ∫Ω �(�)(|�1(�)|2∗� |�1(	)|2∗� /|� − 	|�)
�
	 > 0 and∫Ω ��|�1|� > 0. 
erefore, by Lemma 13, there are uniqueA1 and A2 such that A1�1 ∈ M
−
�,�, A2�1 ∈ M

+
�,�. Moreover,A2 < A1 = 1. By simple calculation, one has

J��,� (A2�1) = 0,
J���,� (A2�1) > 0. (59)

So there exists A� ∈ (A2, A1) such that J�,�(A2�1) < J�,�(A��1).
Coupling with Lemma 13 which indicates that

J�,� (A2�1) < J�,� (A��1) ≤ J�,� (A1�1) = J�,� (�1) , (60)

which is a contradiction. Furthermore, J�,�(�1) = J�,�(|�1|)
and |�1| ∈ M

+
�,�. From Lemma 10, we claim that �1 is

a positive solution of (1). Combining the standard elliptic

regularity argument and�, � ∈ �(Ω), we can get �2 ∈ �2(Ω)\{0}. By Harnack inequality, we have that �1 > 0 inΩ\{0}; that
is �1 is a positive solution of (1).

(iii) By (26), we get

jjjj�1jjjj2 = � − 22∗�2 − 22∗� ∫
Ω
�� (�) �����1�����

≤ � − 22∗�2 − 22∗� � jjjj�+jjjj∞ (4�,� (�, �)1/2∗)−�/2 jjjj�1jjjj� .
(61)

Moreover

jjjj�1jjjj2−� = (� − 22∗�) � jjjj�+jjjj∞(2 − 22∗�) (4�,� (�, �)1/2∗�)�/2 . (62)

Obviously, J�,�(�1) → 0 as � → 0. 
is completes the proof.

Lemma 17. For every � ∈ M�,�, there exist _ > 0 and a

di�erentiable function � = �(�) > 0 with � ∈ 51
0 (Ω) and‖�‖ < _ such that

� (0) = 1,� (�) (� − �) ∈ M�,�,
⟨�� (0) , �⟩ = 2 ∫Ω ∇�∇� − 22∗� ∫Ω ∫Ω (|� (�)|2∗� ����� (	)����2∗�−2 � (	)� (	) / ����� − 	�����) 
�
	 − � ∫Ω �� |�|�−2 ��(2 − �) ‖�‖2 − (22∗� − �) ∫Ω ∫Ω (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	 .

(63)

Proof. ∀� ∈ M�,�; de�ne a function � : R × 51
0 (Ω) → R:

� (�, �) = ⟨J��,� (� (� − �)) , � (� − �)⟩
= �2 ∫

Ω
|∇ (� − �)|2

− 22∗��22∗� ∫Ω ∫
Ω

|� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	
− �� ∫

Ω
�� |� − �|� .

(64)

�(1, 0) = ⟨J��,�(�), �⟩ = 0, and
���� (1, 0)

= 2∫
Ω
|∇�|2 − 22∗� ∫Ω ∫

Ω

|� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	
− �∫

Ω
�� |�|�

= (2 − �) ‖�‖2
− (22∗� − �)∫

Ω
∫
Ω

|� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	 ̸= 0.
(65)

Applying the implicit function theorem, we obtain

⟨�� (0) , �⟩ = 2 ∫Ω ∇�∇� − 22∗� ∫Ω ∫Ω |� (�)|2∗� ����� (	)����2∗�−2 � (	)� (	) / ����� − 	����� 
�
	 − � ∫Ω �� |�|�−2 ��(2 − �) ‖�‖2 − (22∗� − �) ∫Ω ∫Ω (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	 ,
� (� (�) , �) = 0,

(66)
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which infers that

⟨J��,� (� (�) (� − �)) , � (�) (� − �)⟩ = 0,
� ∈ 51

0 (Ω) , (67)

so (�(�)(� − �)) ∈ M�,�.

3. Proof of Theorem 1

According to Lemma 16, we can derive that the problem (1)
has a positive solution.

4. Proof of Theorem 2

Proposition 18. (i) For every � ∈ (0, �∗), there exists (c4)��,�
sequence {��} ⊂ M�,� in51

0 (Ω) for J�,�;
(ii)For every� ∈ (0, (�/2)�∗), there exists (c4)�−�,� sequence{��} ⊂ M

−
�,� in51

0 (Ω) for J�,�.
Proof. By Lemma 9 and Ekeland variational principle there
exists a minimizing sequence {��} ⊂ M�,� such that

J�,� (��) < z�,� + 1� ,
J�,� (��) < I�,� (�) + 1� jjjj� − ��jjjj ∀� ∈ M�,�. (68)

� is large enough, from
eorem 14(i), which yields that

J�,� (��) = (12 − 122∗�)jjjj��jjjj2
− (1� − 122∗�)∫

Ω
�� |�|� < z�,� + 1�

< � − 22� ∫
Ω
�� |�|� ,

(69)

which derives that

� jjjj�jjjj∞ 4−�/2 |Ω|(2∗−�)/2∗ jjjj��jjjj� ≥ ∫
Ω
�� �����������

> 2�� − 2 (�1 + � (1)) . (70)

Hence � ̸≡ 0 by (70). From Lemma 15, we have

‖�‖ > [ 2�� − 2 (�1 + � (1)) |Ω|−(2∗�−�)/2∗� 4�/2]1/� ; (71)

‖�‖ < [� − 22∗�2 − 22∗� � |Ω|(2∗−�)/2∗ (4�,� (�, �)1/2∗�)−�/2
⋅ �����+����∞]1/(2−�) .

(72)

We claim that lim�→∞ ‖J��,�(��)‖ = 0. Using Lemma 17, then

there exists a di�erentiable function �� : �(0; ��) → R
+ for

some small enough number �� > 0, such that ��(�)(�� −�) ∈
M�,�. Take � ∈ (0, ��), and let � ∈ 51

0 (Ω) (� ̸≡ 0), � =�(J��,�(��)/‖J��,�(��)‖�−1), �� = ��(�)(�� − �). Coupling with
(68), for �� ∈ M�,�, we obtain

1� jjjjj�� − ��jjjjj ≥ J�,� (��) − J�,� (��)
= (1 − �� (�)) ⟨J��,� (��) , ��⟩

+ ��� (�)⟨J��,� (��) , J��,� (��)jjjjjjJ��,� (��)jjjjjj�−1 + � (�)⟩ ,
(73)

lim
�→0

1� jjjjj�� − ��jjjjj = lim
�→0

1� jjjj(�� (�) − 1) �� − �� (�)�jjjj
= lim
�→0

jjjjjjjjjjjjj
1� (�� (�) − 1) �� − �� (�) J��,� (��)jjjjjjJ��,� (��)jjjjjj�−1

jjjjjjjjjjjjj≤ �������� (0)����� jjjj��jjjj + 1.
(74)

where

��� (0) fl (�� (0) . J��,�jjjjjjJ��,� (��)jjjjjj�−1) . (75)

Dividing by � > 0 in (73) and passing to the limit as � → 0,
which infers that

1� (1 + �������� (0)����� jjjj��jjjj) ≥ −��� (0) ⟨J��,� (��) , ��⟩
+ jjjjjJ��,� (��)jjjjj�−1= jjjjjJ��,� (��)jjjjj�−1 .

(76)

Applying (71), (72), we have

jjjjjJ��,� (��)jjjjj ≤ ��� (1 + �������� (0)�����) . (77)
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Noting that

⟨��� (0) , �⟩ = 2 ∫Ω ∇��∇� − 22∗� ∫Ω ∫Ω ������ (�)����2∗� ������ (	)����2∗�−2 �� (	)� (	) / ����� − 	����� 
�
	 − � ∫Ω �� �����������−2 ��(2 − �) jjjj��jjjj2 − (22∗� − �) ∫Ω ∫Ω ������ (�)����2∗� ������ (	)����2∗� / ����� − 	����� 
�
	 . (78)

By Lemma 17, for some constant ��� > 0, we have
�������� (0)����� ≤ ��� ‖�‖(2 − �) jjjj��jjjj2 − (22∗� − �) ∫Ω ∫Ω (������ (�)����2∗� ������ (	)����2∗� / ����� − 	�����) 
�
	 . (79)

Now we prove that

(2 − �) jjjj��jjjj2
− (22∗� − �)∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	
> F, (F > 0) .

(80)

Arguing by contradiction, assume that there exists a subse-
quence {��} such that

�����������(2 − �) jjjj��jjjj2
− (22∗� − �)∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	�����������= � (1) .
(81)

From Lemma 17 and (72), there exists a constant ] > 0 such
that

∫
Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	 ≥ ],
��? � ;���FB�A:	 :G?�B, (82)

∫
Ω
�� �����������
= jjjj��jjjj2 − ∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	
= 22∗� − 22 − � ∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	
+ � (1) .

(83)

Set

Ψ (��) fl � (�, �) jjjj��jjjj2(22∗�−�+1)/(22∗�−2)
− (∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)(2∗�−�+2)/2∗� (22∗�−2)

⋅ ∫
Ω
�� ����������� ;

� = inf
�∈Ω

{� (�, �) ‖�‖2 − ∫
Ω
�� |�|�} ,

��

= ��(∫Ω ∫Ω (������ (�)����2∗� ������ (	)����2∗� / ����� − 	�����) 
�
	)1/22∗� .

(84)

Moreover

Ψ (��)
= (∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)(2∗�−�+2)/2∗� (22∗�−2)

⋅ (� (�, �) jjjj��
jjjj2 − ∫

Ω
�� ������

�����)
≥ �(∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)(2∗�−�+2)/2∗� (22∗�−2)

≥ �](2∗�−�+2)/(2∗� (22∗�−2)) > 0,

(85)
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On the other hand, combining (82) with (83), we conclude
that

Φ(��) = � (�, �) jjjj��jjjj2(22∗�−�)/(22∗�−2)
− 22∗� − 22 − � (∫

Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)(22∗�−�)/(22∗�−2)

+ � (1) = ( 2 − �22∗� − �)
(22∗�−�)/(22∗�−2)

⋅ 22∗� − �2 − � jjjj��jjjj2(22∗�−�)/(22∗�−2)

− 22∗� − �2 − � (∫
Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)(22∗�−�)/(22∗�−2)

+ � (1) = 22∗� − 22 − � [[( 2 − �22∗� − � jjjj��jjjj)(22∗�−�)/(22∗�−2)

− (∫
Ω
∫
Ω

������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)(22∗�−�)/(22∗�−2)]]
= � (1) ,

(86)

which is a contradiction; thus (80) is true.
Using the same methods to prove (ii). 
e proof is

completed.

Lemma 19. Assume that (�1) and (�1) hold, if {��} is a (c4)�
sequence, for J�,� with �� ⇀ � in51

0 (Ω), then J��,�(�) = 0 and
there exists a constant �1, such that J�,�(�) ≥ −�1�2/(2−�).
Proof. Since {��} is a (c4)� sequence for J�,� with �� ⇀ � in51
0 (Ω). Obviously,

⟨J��,� (�) , �⟩ = 0,
∫
Ω
∫
Ω

|� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	 = ‖�‖2 − ∫
Ω
�� |�|� . (87)


us

J�,� = (12 − 122∗�)‖�‖2 − (1� − 122∗�)∫
Ω
�� |�|� . (88)


erefore

J�,� (�) = (12 − 122∗�)‖�‖2 − (1� − 122∗�)∫
Ω
�� |�|�

≥ (12 − 122∗�)‖�‖2 − (1� − 122∗�)�∫
Ω
�+ |�|�

≥ (12 − 122∗�)‖�‖2 − (1� − 122∗�)� |Ω|(2∗−�)/2∗
⋅ jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� ≥ (12
− 122∗�)‖�‖2 − 2� ([[

2 (2∗� − 1)22∗�� ]]
�/2 ‖�‖�)

2/�

− 2 − �2 {{{
(22∗� − �) (22∗��)(�−2)/2[2 (2∗� − 1)]�/2 �����+����∞

⋅ |Ω|(2∗−�)/2∗ (4�,� (�, �)1/2∗�)−�/2}}}
2/(2−�)

⋅ �2/(2−�) = −�1�2/(2−�),

(89)

where �1 = ((2 − �)/2){((22∗� − �)(22∗��)(�−2)/2/[2(2∗� −1)]�/2)|�+|∞|Ω|(2∗−�)/2∗(4�,�(�, �)1/2∗� )−�/2}2/(2−�).

e proof is completed.

Lemma 20. Assume that (�1), (�1) hold. For F ∈ (−∞, ((2∗� −1)/22∗�)|�+|−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�, −�1�2/(2−�)), J�,� sat-
is	es the (c4)� condition.
Proof. Let {��} ⊂ 5 be a (c4)� sequence, which implies

J�,� (��) = F + � (1) ,
J��,� (��) = � (1) . (90)

By Lemma 9, {��} is bounded in 51
0 (Ω), so there exists a

subsequence still denoted by {��}, we can suppose that there

exists � ∈ 51
0 (Ω) such that

�� ⇀ �, � 51
0 (Ω) ,

�� "→ �, � M� (Ω) , 1 ≤ $ < 2∗,�� (�) "→ � (�) , G.B. � Ω.
(91)

By (�1), (�1) and Lemma 19, we know that J��,�(�) = 0 and
∫
Ω
�� ����������� = ∫

Ω
�� |�|� + � (1) . (92)
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Let �� = �� − �. According to Brézis-Lieb Lemma and the
Vitai’s theorem, one has

jjjj��
jjjj2 = jjjj��jjjj2 − ‖�‖2 + � (1) ;

∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

= ∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

− ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	 + � (1) .

(93)


us

F + � (1)
= 12 jjjj��

jjjj2
− 122∗� ∫

Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

+ J�,� (�) ,
(94)

jjjj��
jjjj2 − ∫

Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

= � (1) . (95)


erefore, we suppose that

lim�→∞
jjjj��

jjjj2
= lim�→∞∫

Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	 = :. (96)

By the Sobolev inequality, one has

jjjj��
jjjj2 ≥ 4 jjjj��

jjjj22∗� . (97)

Applying (94), we deduce that

: ≤ �����+����∞ (:4−1�,)2∗� , (98)

and, obviously, : = 0, or : = |�+|−(�−2)/(2+�−�)∞ 4(2�−�)/(�−�+2)�, .
In fact, : = 0. Arguing by contradiction, suppose : ≥|�+|−(�−2)/(2+�−�)∞ 4(2�−�)/(�−�+2)�, .

Coupling with (91)-(94), we have

F = J�,� (��) − 122∗� ⟨J��,� (��) , ��⟩ + � (1)
= (12 − 122∗�)jjjj��

jjjj2 − (1� − 122∗�)∫
Ω
�� ������

�����
≥ 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�),

(99)

which is a contradiction, that is, �� → � in51
0 (Ω).


is completes the proof.

Lemma 21. Assume that (�1), (�2), (�1), (�2) hold, then there

exist V ∈ 51
0 (Ω) and �∗ > 0, such that, for � ∈ (0, �∗),

sup
�≥0

J�,� (AV)
< 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�).
(100)

In particular, for every � ∈ (0, �∗), we have z−�,� < ((2∗� −1)/22∗�)|�+|−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�, − �1�2/(2−�).
Proof. Set

5(�)
= 12 ‖�‖2 − 122∗� ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	,

� (�)
= ‖�‖2(∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	)1/2∗� .

(101)

Based on (�2), we get that there exists E ∈ (0, �0), for every� ∈ �(0, 2E) such that

� (�) − � (0) = � (|�|�) . (102)
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For _ > 0, let � ∈ �∞
0 (Ω) be a cut function, such that

0 ≤ � ≤ 1,
� (�) = {{{

1, |�| ≤ E,0, |�| > 2E, ����∇����� ≤ �. (103)

Let

�� (�) = � (�) �̀ (�) , (104)

where

�̀ (�) = _(2−�)/2`(�_ ) ,
` (�) = [� (� − 2)](�−2)/4(1 + |�|2)(�−2)/2 . (105)

Step 1. We will show that sup�≥05(A��) ≤ ((�−�+2)/(2(2�−�)))|�+|−(�−2)/(2+�−�)∞ 4(2�−�)/(�+2−�)�, + 8(_�−2).

At �rst, we prove the following estimates (_ → 0):
(∫

Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)1/2∗�

≤ _2−� �����+����(�−2)/(2�−�)∞ � (�, �)(�(�−2))/(2(2�−�))
⋅ 4(�−2)/2�, + 8 (_�−2) ;

(106)

jjjj��jjjj2 = � (�, �)�/22∗� 4�/2�, + 8 (_�−2) . (107)

From [22] and de�nition of ��, let �/ = �, (�1, �2, . . . , ��) =(�1, �2 ⋅ ⋅ ⋅ , ��) �� = _��, 
�� = _
��, which derives that

(∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)1/2∗�

≤ � (�, �)�/2 4(2�−�)/2 �����+����∞ + 8 (_2�−�) .
(108)

Furthermore

_�−2� �����+����∞ � (�, �)�/2 4(2�−�)/2�, − ∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

= ∫
R

N\ (0,�)
∫
R

N\ (0,�)

� (0) − � (�) �2∗� (�)(1 + |�/_|2)(2�−�)/2 ����� − 	����� (1 + ����	/_����2)(2�−�)/2
+ 2∫

R
N\ (0,�)

∫
 (0,�)

� (0) − � (�) �2∗� (�)(_2 + |�|2)(2�−�)/2 ����� − 	����� (_2 + ����	����2)(2�−�)/2
+ ∫

 (0,�)
∫
 (0,�)

� (0) − � (�)(1 + |�/_|2)(2�−�)/2 ����� − 	����� (1 + ����	/_����2)(2�−�)/2 − ∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	 = �1

+ 2�2 + �3 − � (�, �)�/2 4(2�−�)/2�, ,

(109)

where

�1 = ∫
R

N\ (0,�)
∫
R

N\ (0,�)

� (0) − � (�) �2∗� (�)(1 + |�/_|2)(2�−�)/2 ����� − 	����� (1 + ����	/_����2)(2�−�)/2
= _2�−� [� (� − 2)](2�−�)/2 ∫

R
N\ (0,�)

∫
R

N\ (0,�)

� (0)(_2 + |�|2)(2�−�)/2 ����� − 	����� (_2 + ����	����2)(2�−�)/2 
�
	
≤ _2�−� [� (� − 2)](2�−�)/2 ∫

R
N\ (0,�)

∫
R

N\ (0,�)

� (0)|�|2�−� ����� − 	����� ����	����2�−� 
�
	



14 Journal of Function Spaces

≤ _2�−� [� (� − 2)](2�−�)/2 ∫
R

N\ (0,�)

� (0)|�|2�−� 
�∫
R

N\ (0,�)

� (0)����	����2�−� 
	
= ���_2�−� [� (� − 2)](2�−�)/2 ∫∞

�
� (0) ?�−1?2�−� 
?∫∞

�
� (0) ?�−1?2�−� 
?

= ���_2�−� [� (� − 2)](2�−�)/2 �����+����2∞ ( E�−�� − �)2 ;
�2 = ∫

R
N\ (0,�)

∫
 (0,�)

� (0) − � (�) �2∗� (�)(1 + |�/_|2)(2�−�)/2 ����� − 	����� (1 + ����	/_����2)(2�−�)/2
= _2�−� [� (� − 2)](2�−�)/2 ∫

R
N\ (0,�)

∫
 (0,�)

� (0)(_2 + |�|2)(2�−�)/2 ����� − 	����� (_2 + ����	����2)(2�−�)/2 
�
	
≤ _2�−� [� (� − 2)](2�−�)/2 ∫

R
N\ (0,�)

∫
R

N\ (0,�)

� (0)|�|2�−� ����� − 	����� ����	����2�−� 
�
	
≤ _2�−� [� (� − 2)](2�−�)/2 ∫

R
N\ (0,�)

� (0)|�|2�−� 
�∫
 (0,�)

� (0)����	����2�−� 
	
= ���_2�−� [� (� − 2)](2�−�)/2 ∫∞

�
� (0) ?�−1?2�−� 
?∫�

0
� (0) ?�−1?2�−� 
?

= ���_2�−� [� (� − 2)](2�−�)/2 �����+����2∞ ( E�−�� − �)2 ;
�3 = ∫

 (0,�)
∫
 (0,�)

� (0) − � (�)(1 + |�/_|2)(2�−�)/2 ����� − 	����� (1 + ����	/_����2)(2�−�)/2
= _2�−� [� (� − 2)](2�−�)/2 ∫

 (0,�)
∫
 (0,�)

� (|�|�)
(_2 + |�|2)(2�−�)/2 ����� − 	����� (_2 + ����	����2)(2�−�)/2 
�
	

≤ _2�−� [� (� − 2)](2�−�)/2 ∫
 (0,�)

∫
 (0,�)

� (|�|�)|�|2�−� ����� − 	����� ����	����2�−� 
�
	
≤ _2�−� [� (� − 2)](2�−�)/2 ∫

 (0,�)

� (|�|�)|�|2�−� 
�∫
 (0,�)

� (|�|�)����	����2�−� 
	
= ���_2�−� [� (� − 2)](2�−�)/2 ∫∞

�
� (|?|�) ?�−1?2�−� 
?∫∞

�
� (|?|�) ?�−1?2�−� 
?

= ���_2�−� [� (� − 2)](2�−�)/2 (� (1) E�−�+�� − � + � )2 .
(110)

Hence

�1 + 2�2 + �3 − � (�, �)�/2 4(2�−�)/2�,
�����+����∞

≤ 3���_2�−� [� (� − 2)](2�−�)/2 �����+����2∞

⋅ ( E�−�� − �)2 + ���_2�−� [� (� − 2)](2�−�)/2
⋅ (� (1) E�−�+�� − � + � )2 − � (�, �)�/2 4(2�−�)/2�,

�����+����∞
fl �3. (111)
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(�� = 2N�/2/�Γ(�/2) is the volume of the unit ball �(0, 1)
in R

N.)

us

0 ≤ _�−2� �����+����∞ � (�, �)�/2 4(2�−�)/2�,

− ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	 ≤ �3, (112)

moreover

0 ≤ 1 − _2�−� �����+����−1∞ � (�, �)−�/2
⋅ 4(�−2�)/2�, ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

≤ _2�−� �����+����−1∞ � (�, �)−�/2 4(�−2�)/2�, �3,
(113)

which implies that

1 − _2�−� �����+����−1∞ � (�, �)−�/2 4(�−2�)/2�, �3

≤ _2�−� �����+����−1∞ � (�, �)−�/2
⋅ 4−(�−2�)/2�, ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	

≤ 1.
(114)

Taking su�cient small _ such that_2�−�|�+|−1∞�(�, �)−�/24(�−2�)/2�, �3 < 1, by (114), we
have

1 − _2�−� �����+����−1∞ � (�, �)−�/2 � (�, �)−�/2
⋅ 4(�−2�)/2�, �3 ≤ (1 − _2�−� �����+����−1∞ � (�, �)−�/2
⋅ � (�, �)−�/2 4(�−2�)/2�, �3)1/2∗� ≤ (_2�−� �����+����−1∞
⋅ � (�, �)−�/2 4(�−2�)/2�, ∫

Ω
∫
Ω
� (�)

⋅ |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	)(�−2)/(2�−�)

= _�−2 �����+����−(�−2)/(2�−�)∞ � (�, �)−�(�−2)/2(2�−�)
⋅ 4−(�−2)/2�, (∫

Ω
∫
Ω
� (�)

⋅ |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	)(�−2)/(2�−�) ≤ 1,
(115)

so

_2−� �����+����(�−2)/(2�−�)∞ � (�, �)�(�−2)/2(2�−�) 4(�−2)/2�,

− _�−�+2 �����+����(−�−2+�)/(2�−�)∞ � (�,
�)�(−�−2+�)/2(2�−�) 4(−�−2+�)/2�, �3 ≤ (∫

Ω
∫
Ω
� (�)

⋅ |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	)(�−2)/(2�−�)

≤ _�−2 �����+����(�−2)/(2�−�)∞ � (�, �)(�(�−2))/2(2�−�)
⋅ 4(�−2)/2�, ,

(116)

that is,

(∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	)(�−2)/(2�−�)

= _2−� �����+����(�−2)/(2�−�)∞ � (�, �)�(�−2)/2(2�−�)
⋅ 4(�−2)/2�, + 8 (_�+2−�) .

(117)

From (106),(107), we conclude that

�(��) = jjjj��jjjj2(∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����) 
�
	)(�−2)/(2�−�)

= � (�, �)�(�−2)/2(2�−�) 4�/2�, + 8 (_�−2)_2−� �����+����(�−2)/(2�−�)∞ � (�, �)�(�−2)/2(2�−�) 4(�−2)/2�, + 8 (_�+2−�)
= �����+����−(�−2)/(2�−�)∞

C (�, �)�(�−2)/2(2�−�) 4�/2�, + 8 (_�−2)_2−�� (�, �)�(�−2)/2(2�−�) 4(�−2)/2�, + 8 (_�+2−�) ,

(118)
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moreover

�(��) − �����+����−(�−2)/(2�−�)∞ 4�, = �����+����−(�−2)/(2�−�)∞
[[

� (�, �)�(�−2)/2(2�−�) 4�/2�, + 8 (_�−2)_2−�� (�, �)�(�−2)/2(2�−�) 4(�−2)/2�, + 8 (_�+2−�) − 4�,]]
= �����+����−(�−2)/(2�−�)∞

� (�, �)�(�−2)/2(2�−�) 4�/2�, + 8 (_�−2) − 4�, (_2−�� (�, �)�(�−2)/2(2�−�) 4(�−2)/2�, + 8 (_�+2−�))
_2−�� (�, �)�(�−2)/2(2�−�) 4(�−2)/2�, + 8 (_�+2−�)

= 8 (_�−2) .
(119)

Let

� (A) = A22 G − A22∗�22∗� V, G, V > 0, (120)

in fact ��(A) = AG − A22∗�−1V, and A = (G/V)1/(22∗�−2) fl Amax, so

max
�≥0

� (A) = � + 2 − �2 (2� − �) ( �V1/2∗� )(2�−�)/(�−�+2) , (121)

which leads to

sup
�≥0

5(A��) = � − � + 22 (2� − �)� (��)(2�−�)/(�−�+2) . (122)

From (119), we have

sup
�≥0

5(A��)
≤ � − � + 22 (2� − �) �����+����−(�−2)/(2+�−�)∞ 4(2�−�)/(�+2−�)�,

+ 8 (_�−2) .
(123)

Step 2. Let _ = �2/(�−2)(2−�), there exists �3 > 0, for all � ∈(0, �3), and we have

sup
�≥0

J�,� (A��)
< 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�) fl F�.
(124)

We denote E1 > 0 satisfying2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�) > 0, ��? � ∈ (0, E1) .
(125)

By (�2), (�2), we obtain that

J�,� (A��) ≤ A22 jjjj��jjjj2 , ��? A ≥ 0, � > 0, (126)

which implies that there exists A0 ∈ (0, 1) such that

sup
0≤�≤�0

J�,� (A��)
≤ 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�) > 0, ��? � ∈ (0, E1) .
(127)

Moreover, set 0 < _ ≤ E(�−2)(2�+1)/2, which leads to

sup
�≥�0

J�,� (A��) = sup
�≥�0

(5(A��) − A�� ∫
Ω
�� �����������)

≤ 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

+ 8 (_�−2) − A�0� �0�∫
 (0,�)

����������� .
(128)

Furthermore

∫
 (0,�)

����������� = ∫
 (0,�)

_(�−2)/2 ������������
[� (� − 2)](�−2)/4(1 + |�/_|2)(�−2)/2

������������
�

= _(�−2)/2 [� (� − 2)](�−2)�/4
⋅ ∫

 (0,�)

������������
1(1 + |�/_|2)(�−2)/2

������������
�

≤ [� (� − 2)]�((�−2)/4) E(�−2)(2�+1)/2 fl �4.

(129)

Combining with (128) and (129), for _ = �2/(�−2)(2−�) ∈(0, E(�−2)(2�+1)/2), we have
sup
�≥�0

J�,� (A��)
≤ 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

+ 8 (�2/(2−�)(�−2)) − A�0� �0�4�.
(130)
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It is easy to �nd E2 > 0 such that

8(�2/(2−�)) − A�0� �0�4� < −�1�2/(2−�),
��? � ∈ (0, E2) . (131)

Hence, set �3 = min{E1, E(�−2)(2�+1)/2, E2} > 0 and _ =�2/(2−�)(�−2), if � ∈ (0, �3), then
sup
�≥0

J�,� (A��)
< 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�).
(132)

Step 3. For every � ∈ (0, �3) then z−�,� < ((2∗� −1)/22∗�)|�+|−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�, − �1�2/(2−�).
By (�2) and (�2), we get

∫
Ω
�� ����������� > 0,

∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� > 0. (133)

Using Lemma 13 and the de�nition of z−�,�, we have that for
every � ∈ (0, �3) there exists A� > 0 such that A��� ∈ �−

�,� and

z−�,� ≤ J�,� (A���) ≤ sup
�≥0

J�,� (A��)
< 2∗� − 122∗� �����+����−(�−2)/(�−�+2)∞ 4(2�−�)/(�−�+2)�,

− �1�2/(2−�).
(134)


e proof of (73) is valid.

�eorem 22. Suppose that (�1), (�2), (�1), (�2) hold, then

there exists � > 0 (� = min{�3, (�/2)�∗}) such that for� ∈ (0, �), J�,� has a minimizer �2 ∈ M
−
�,� and

(i) J�,�(�2) = z−�,�;
(ii) �2 is a positive solution of (1) in51

0 (Ω).
Proof. According to Proposition 18 (ii), for any � ∈(0, (�/2)�∗), there exists a (c4)�−�,� sequence {��} ⊂ M

−
�,�

in 51
0 (Ω) for J�,�. In terms of 
eorem 14 (ii) and Lemmas

20 and 21, for all � ∈ (0, �3), J�,� satis�es z−�,� > 0 and(c4)�−�,� condition. From Lemma 9, J�,� is coercive on M�,�,

so {��} is bounded. Moreover, there exists a subsequence still
denoted by {��}, and �2 ∈ M

−
�,� such that �� → �2 in51

0 (Ω),
for � ∈ (0, �), J�,�(�2) = z−�,�. At last, we apply the same

arguments as those of Lemma 16 to prove fore � ∈ (0, �), �2
is a positive solution of (1).


e proof is completed.
Proof of
eorem 2. According to Lemma 16 and
eorem 22,
we admit that �1 ∈ M

+
�,� and �2 ∈ M

−
�,� are two solutions of

(1). It is easy to verify that �1, �2 is di�erent because M+
�,� ∪

M
−
�,� = 0.

e proof is completed.

5. Proof of Theorem 4

In this part, we will show the proof of
eorem 4. At �rst, we
consider the following problem:

−Δ� = ∫
Ω
∫
Ω
(����� (	)����2∗������ − 	����2 
	)�2∗�−2�, � Ω,

� ∈ 51
0 (Ω) ,

(135)

and the associated energy functional J∞ of (135) in51
0 (Ω) isJ∞ (�)

= 12 ‖�‖2
− 122∗� ∫

Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	����� 
�
	.

(136)

Recalling that

inf
�∈M∞(RN)

J∞ (�) = inf
�∈M∞(Ω)

J∞ (�)
= � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, ,

Ω ∈ R
N,

(137)

where

M
∞ (R�)
= {� ∈ C1.2 (R�) \ {0} | ⟨(J∞)� (�) , �⟩ = 0} ;

M
∞ (Ω)
= {� ∈ 51

0 (Ω) \ {0} | ⟨(J∞)� (�) , �⟩ = 0} .
(138)

Lemma 23.

inf
�∈M0,�

J0,� (�) = inf
�∈M∞(Ω)

J∞ (�)
= � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, . (139)

Moreover, (135) has no positive solution �1 satisfying J0,�(�1) =((� − � + 2)/2(2� − �))�(�, �)�(�−2)/2(2�−�)4�/2�, .

Proof. By Lemma 13, for any _ > 0, we can obtain that A0(��) >Amax(�) and A0(��)�� ∈ �0,� .B.,
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A0 (��) > Amax (��) = ( (2 − �) jjjj��jjjj2(22∗� − �) ∫Ω ∫Ω � (�) (����A0 (��) �� (�)����2∗� ����A0 (��) �� (	)����2∗� / ����� − 	�����)
�
	)
1/(22∗�−2) . (140)

jjjjA0 (��) ��jjjj2 = ∫
Ω
�− ����A0 (��) ������� + ∫

Ω
∫
Ω
� (�) ����A0 (��) �� (�)����2∗� ����A0 (��) �� (	)����2∗������ − 	����� 
�
	. (141)

Furthermore

lim
�→0

(∫
Ω
∫
Ω
� (�) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	)1/2∗�

= � (�, �)�(�−2)/2(2�−�) 4(�−2)/2�, ,
(142)

lim
�→0

∫
Ω
�− ����������� = 0. (143)

Using (140)-(143), we have

lim
�→0

A0 (��) = 1. (144)

Consequently

inf
�∈M0,�

J0,� (�) ≤ lim
�→0

J0,� (A0 (��) ��)
= � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, ,

inf
�∈M0,�

J0,� (�) ≤ inf
�∈M∞(Ω)

J∞ (�)
= � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, .

(145)

Applying Lemma (18)(i), for every � ∈ M0,�, J0,�(�) =
sup�≥0J0,�(A�). In addition, there exists a unique A3 > 0 such

that A3� ∈ M
∞(Ω). Hence

J0,� (�) ≥ J0,� (A3�) ≥ J∞ (A3�)
≥ � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, . (146)

Furthermore,

inf
�∈M0,�

J0,� (�)
≥ � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, , (147)

so

inf
�∈M0,�

J0,� (�) = inf
�∈M∞(Ω)

J∞ (�)
= � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, . (148)

Next, we assume that (135) has a solution �1 satisfyingJ0,�(�1) = inf�∈M0J0,�(�). By contradiction, suppose there
exists �1 ∈ M0,� such that J0,�(�1) = inf�∈M0,�J0,�(�). In
fact, �1 is a positive solution owing to J0,�(�1) = J0,�(|�1|)
and |�1| ∈ M0,�, from Lemmas 10 and 13, we conclude thatJ0,�(�1) = sup�≥0J0,�(A�1), and there exists a unique A3 > 0
with A3�1 ∈ M

∞(Ω) such that

� − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�,

= inf
�∈M0,�

J0,� (�) = J0,� (�1) ≥ J0,� (A3�1)
≥ J∞ (A3�1) + A22∗�22∗�
⋅ ∫

Ω
∫
Ω
(1 − � (�)) �����1 (�)����2∗� �����1 (	)����2∗������ − 	����� 
�
	

> � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, + A22∗�22∗�
⋅ ∫

Ω
∫
Ω
(1 − � (�)) �����1 (�)����2∗� �����1 (	)����2∗������ − 	����� 
�
	,

(149)

which indicates that ∫Ω ∫Ω(1 − �(�))(|�1(�)|2∗� |�1(	)|2∗� /|� −	|�)
�
	 < 0.
at is 1−� < 0, which contradicts with � ≤ 1.

is proof is completed.

Lemma 24. Assume that {��} is aminimizing sequence for J0,�
inM0,�, then (i) ∫Ω �−|��|� = �(1).

(ii)∫Ω ∫Ω(1 − �(�))(|��(�)|2∗� |��(	)|2∗� /|� − 	|�)
�
	 =�(1).
In addition, for J0,�, {��} is a(c4)((�−�+2)/2(2�−�))!(�,�)�(�−2)/2(2�−�)"�/2�,	 sequence in51

0 (Ω).
Proof. For any �, there exists A� > 0 such that A��� ∈ M

∞(Ω),
which implies that

A2� jjjj��jjjj2 = A2∗�� ∫
Ω

����������2∗� . (150)



Journal of Function Spaces 19

Form Lemma 13(i)

J0,� (��) ≥ J0,� (A���) ≥ J∞ (A���) − A��� ∫
Ω
�− �����������

+ A22∗�22∗� ∫
Ω
∫
Ω
(1 − � (�)) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

≥ � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, − A���
⋅ ∫

Ω
�− ����������� + A22∗�22∗�

⋅ ∫
Ω
∫
Ω
(1 − � (�)) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	.

(151)

By Lemma 23, we can getA��� ∫
Ω
�− ����������� = � (1) ,

A22∗�22∗� ∫
Ω
∫
Ω
(1 − � (�)) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�
	

= � (1) .
(152)

Indeed, ∀�, there is �5 > 0 such that A� > �5. Arguing with
contradiction, assume that A� → 0 as � → ∞. Noticing that

J0,� (��) = � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�,

+ � (1) ,
J0,� (��) = � − � + 22 (2� − �) jjjj��jjjj2 + � (1) .

(153)

By Lemma 9, we know that ‖��‖ is bounded, thus ‖A���‖ → 0
or J∞(A���) → 0 which is a contradiction with J∞(A���) ≥((�−�+2)/2(2�−�))�(�, �)�/24(2�−�)/2�, > 0, which derives

∫
Ω
�− ����������� = � (1) ,
∫
Ω
∫
Ω
(1 − � (�)) ������ (�)����2∗� ������ (	)����2∗������ − 	����� 
�

	

= � (1) ,
(154)

and sojjjj��jjjj2 ∫Ω ����������2∗� + � (1) ,
J∞ (��) = � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�,

+ � (1) .
(155)

Using the same method as those of (i), we can prove (ii).

De�ne

�0,� (�) = {� ∈ M0,� | J0,� (�)
≤ � − � + 22 (2� − �)� (�, �)�(�−2)/2(2�−�) 4�/2�, + �, �
> 0.}

(156)

Let Ψ : 51
0 (Ω) → R

� be a barycentre map:

Ψ (�) = ∫Ω � |�|2∗�∫Ω |�|2∗� . (157)

Lemma 25. For E ∈ (0, ?1), there exists �� > 0 such thatΨ (�) ∈ 6�, ∀� ∈ �0,� (��) . (158)

Proof. According to Lemma 24, there exist a(c4)((�−�+2)/2(2�−�))!(�,�)�(�−2)/2(2�−�)"�/2�,	 sequence {��} ⊂ �0,�

in 51
0 (Ω) and E0 < ?1. Since Ω is bounded and using

concentration compactness principle, there exist two

sequences {��} ⊂ Ω and {¡�} ⊂ R
+ with �1 ∈ Ω, and

V1 ∈ C1,2(R�) is a positive solution of (16), such that�� → �1 and ¡� → ∞ as � → ∞ satisfyingjjjjj�� (�) − ¡(�−2�)/2� V1 (¡� (� − ��))jjjjj�1,2(R�) "→ 0,
G; � "→ ∞. (159)


us

Ψ (��) = ∫Ω � ����������2∗�∫Ω ����������2∗� 
�
	
= ∫Ω � �����¡(�−2�)/2� V1 (¡� (� − ��))�����2∗�∫Ω ������¡(�−2�)/2� V1 (¡� (� − ��))������2∗� + � (1)
= ∫Ω ((�/¡�) + ��) ����V1 (�)����2∗�∫Ω ����V1 (�)����2∗� + � (1)
= �1 + � (1) .

(160)

In fact, �1 ∈ 6�0 .We know that {��} is aminimizing sequence
for�0,�, and, combining with Lemma 24 (ii), we have

0 = lim�→∞∫
Ω
(1 − �) ����������2∗�

= lim�→∞∫
Ω
(1 − �) �����¡(�−2�)/2� V1 (¡� (� − ��))�����(�−2�)/2

= lim�→∞∫
Ω
(1 − �) ( �¡� + ��) ����V1 (�)����(�−2�)/2

= (1 − � (�1)) 4�/2�
= (1 − � (�1)) (4�,� (�, �)1/2∗�)�/2� ,

(161)
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which deduce that �(�1) = max	∈Ω�(�) = 1 and
�1 ∈ {� ∈ Ω | � (�) = max

�∈Ω
� (	) = 1} = 6, (162)

and this contradicts with assumption. 
is completes the
proof.

Set

M�,� (F) = {� ∈ M
−
�,� | J�,� (�) ≤ F} . (163)

Lemma 26. For every 0 < E < ?1, there exists �� ∈(0, (�/2)�∗), such that, for every� < ��, we haveΨ (�) ∈ 6�, ��? BVB?	 � ∈ M�,� (F�) . (164)

Proof. For � ∈ M�,�(F�), combining (26) with Lemma 13(i),
there exists a unique A3 > Amax(�), such that A3� ∈ M0,�. Based
on Sobolev and Höder inequalities, one hasJ�,� (�) = sup

�≥�max(�)
J�,� (A�) ≥ J�,� (A3�)

= J0,� (A3�) − �A�3� ∫
Ω
�+ |�|�

≥ J0,� (A3�) − �A�3� jjjj�+jjjj
∗ 4−�/2 ‖�‖�
= J0,� (A3�)

− �A�3� jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� .

(165)

We assume that there exists a positive constant @ such thatA3 ≤ �6. Using (26) and Sobolev inequality, we deduce that

‖�‖2 ≤ 22∗� − �2 − � ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	�����

≤ 22∗� − �2 − � � (�, �)2∗�−1 |�|22∗�
= 22∗� − �2 − � � (�, �)2∗�−1 ‖�‖22∗� 4−2∗��,.

(166)

So

‖�‖ ≥ (2 − �) 42∗��,(22∗� − �)� (�, �)2∗�−1 . (167)

We may assume that A3 ≥ 1, which leads to

A22∗�3 ∫
Ω
∫
Ω
� (�) |� (�)|2∗� ����� (	)����2∗������ − 	�����

= A23 ‖�‖2 − A�3 ∫Ω �− |�|�
≤ A23 (‖�‖2 + ∫

Ω

�����−���� |�|�) .
(168)


at isA3
≤ ( ‖�‖2 + ∫Ω �����−���� |�|�∫Ω ∫Ω � (�) (|� (�)|2∗� ����� (	)����2∗� / ����� − 	�����))

1/(22∗�−2) . (169)
Combining (167), (169), one gets

A3 ≤ [22∗� − �2 − � (‖�‖2 + ∫Ω �����−���� |�|�‖�‖2 )]1/(22∗�−2) ≤ [22∗� − �2 − � (1
+ ∫Ω �����−���� |�|�4�/2 ‖�‖2−� )]1/(22∗�−2) ≤ [[[

22∗� − �2 − � (1

+ jjjj�−jjjj∞(4�,� (�, �)1/2∗�)�/2 ‖�‖2−�)]]]
1/(22∗�−2) ≤ {{{

22∗� − �2 − � (1

+ jjjj�−jjjj∞(4�,� (�, �)1/2∗�) [[
(2 − �) 42∗��,(22∗� − �)� (�, �)2∗−1]])}}}

1/(22∗�−2)

fl @.

(170)

From (165) and (170),J0,� (A3�)≤ J�,� (�)
+ �� A�3 jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖�

≤ F� + �@�� jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� .
(171)

Using Lemma 9, if J�,�(�) ≤ F� < ((� − � + 2)/2(2� −�))�(�, �)�(�−2)/2(2�−�)4�/2�, . For every � ∈ (0, (�/2)�∗),
there exists�6 > 0 such that ‖�‖ ≤ �6 for every � ∈ M�,�(F�).


usJ0,� (A3�)
≤ F� + �@�� jjjj�+jjjj∞ (4�,� (�, �)1/2∗�)−�/2 ‖�‖� . (172)

Taking �� > 0, for � < ��, there exists �� ∈ (0, (�/2)�∗), and
we have

J�,� (�) ≤ � − � + 22 (2� − �)� (�, �)(�(�−2))/(2(2�−�)) 4�/2�,

+ ��, ∀� ∈ M�,� (F�) . (173)

Based on Lemma 25, we derive that A3� ∈ M0,�(��) and
Ψ (�) = ∫Ω � ����A3�����2∗�∫Ω ����A3�����2∗� = Ψ (A3�) ∈ 6�,

∀� ∈ M�,� (F�) .
(174)
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Let Γ(7) = �1 + A3�� ∈ M
−
�,�, and

J�,� (�1 + A3��) < F�= z+�,�
+ � − � + 22 (2� − �)� (�, �)(�(�−2))/(2(2�−�)) 4�/2�,

+ ��,
(175)

so, �1 + A3�� ∈ M�,�(F�). At the same time, we conclude that

Ψ (�1 + A3��) ∈ 6�. (176)

Lemma 27 (see [41]). Let closed sets ¤,¥, ¦ with ¥ ⊂ ¦
and ℎ1 ⊂ �(¤, ¦), ℎ2 ⊂ �(¥, ¦), and suppose ℎ1 ∘ ℎ2 is
homotopically equivalent to identity mapping id in ¦, thenFGA	(¤) ≥ FGA#(¥).
�eorem 28. For every � ∈ (0, ��), J�,� has at least FGA$�(6)
critical points onM�,�,+(F�) = {� ∈ J�,�(F�) | � ≥ 0}.
Proof. By Lemma 15, for every � ∈ (0, ��) and 7 ∈ 6

J�,� (Γ (7)) < F�= z+�,�
+ � − � + 22 (2� − �)� (�, �)(�(�−2))/(2(2�−�)) 4�/2�, ,

Ψ (Γ (7)) = ∫Ω � |Γ (7)|2∗�∫Ω |Γ (7)|2∗� = ∫Ω � �����2 + A%������2∗�∫Ω �����2 + A%������2∗�
= ∫Ω (� + 7) �����2 (� + 7) + A%� (�)����2∗�∫Ω �����2 (� + 7) + A%� (�)����2∗�
= 7 + ∫Ω 7 ������2 (� + 7) + A& (�) V (�)�����2∗�∫Ω �����2 (� + 7) + A%� (�) V (�)����2∗� = 7 + � (1)

(7 "→ 0) .

(177)

From Lemma 27, ¤ = M�,�(F�), ¥ = 6, ¦ = 6�, ℎ1 = Ψ, ℎ2 =Γ, which implies that FGAM�,�(F�) (M�,�(F�) > FGA$�(6)).
Combined with Lemma 16, (1) has at least FGA$�(6) + 1
solution.


is proof is completed.
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