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THE CHROMATIC NUMBER OF KNESER HYPERGRAPHS

N. ALON, P. FRANKL, AND L. LOVASZ

ABSTRACT. Suppose the r-subsets of an n-element set are colored by t colors.

THEOREM 1.1. Ifn > (t — 1)(k — 1) + k- r, then there are k pairwise
disjoint r-sets having the same color. This was conjectured by Erdds [E}
in 1973.

Let T(n,r, 8) denote the Turdn number for s-uniform hypergraphs (see §1).

THEOREM 1.3. If¢ > 0, t < (1—-¢)T(n,r,8)/(k—1), and n > ng(e, 7, 8, k),
then there are k r-sets Ay, As,...,Ar having the same color such that
[A;NAj| <s forall1<i<j<k. Ifs=2, ¢ can be omitted. .

Theorem 1.1 is best possible. Its proof generalizes Lovész’ topological proof
of the Kneser conjecture (which is the case k = 2). The proof uses a general-
ization, due to Bardny, Shlosman, and Sziics of the Borsuk-Ulam theorem.

Theorem 1.3 is best possible up to the e-term (for large n). Its proof is
purely combinatorial, and employs results on kernels of sunflowers.

1. Introduction. Let n, k,r,t, s be positive integers and let X be an n-element
set. We denote by ()f ) the collection of all r-element subsets of X.

Suppose that n < (kr —1) +(t —1){(k — 1) and write X = XU U X;_4, where
| Xo| =kr — 1, |X1] =+ =|X;-1| = k — 1. Define

%= ():0) ;g:{pe (‘f) :FﬂXi;£®}, i=1,...,t-1

It is easy to check that none of these families contains k pairwise disjoint members,
moreover, o U---U F_1 = (¥).

Our first result states that such a partition does not exist for n > (kr — 1)+
t—1{k-1).

THEOREM 1.1. Suppose that n > kr+(t—1)(k—1) and () s partitioned into
t families. Then one of the families contains k pairwise disjoint r-element sets.

For k = 2 the statement of the theorem was conjectured by Kneser [Kn| and
proved by Lovdsz [L1] (cf. also [B4]). The validity of Theorem 1.1 was conjectured
by Erdos [E] in 1973 (cf. also [Gy]). The case r = 2 was proved by Cockayne and
Lorimer [CL] and independently by Gyarfas (Gy]. The case t = 2 was proved in
[AF].

Theorem 1.1 immediately implies the following extension.

COROLLARY 1.2. Supposeky > - > ks> 2 andn > kyr+ Ezsist(ki ~1).
If()f) =FHU---UZF, then for some i, 1 <1 < t, the family 7 contains k; parrwise
disjoint members.
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360 N. ALON, P. FRANKL, AND L. LOVASZ

PROOF. Let Ya,...,Y; be pairwise disjoint sets which are disjoint from X, with
cardinality |Y;| = k1 —k;. Set X' = XUY,U.--UY; A =F and 7 = FU{F ¢
()il): FnY; #3},i=2,...,t. Now an application of Theorem 1.1 to ()f/) gives
the result. O

Barany suggested the following problem. What is the maximal number m so
that whenever ()f ) is partitioned into m classes one of the classes contains k r-sets
with all pairwise intersections of size less than s. The case s = 1 is settled by
Theorem 1.1.

Suppose r > s > 2. Let § C (%) be such that for every H ()f) there exists
S € S with § C H, i.e., S contains no independent set of size r. The minimum
possible size of such § is denoted by T'(n,, s). The problem of determining T'(n, r, s)
was raised by Turdn [T1, T2] who settled the case s = 2. In that case the only
extremal graph is the disjoint union of r — 1 complete graphs of nearly equal sizes.
In the general case the exact value of T'(n,r, 3) is unknown. Katona, Nemetz, and
Simonovits [KNS] proved that T'(n,r,s)/(") is monotone increasing as a function
of n and thus t(r,s) = lim, . T'(n,r,s)/(7) exists. However, the value of t(r, s) is
unknown for all » > s > 3.

Let § C (%), |S| = T(n,r,s), and assume that each H € (<) contains a
member of §. Partition § into m = [T(n,r,s)/(k—1)] subfamilies §i,..., S, with
|S;| < k — 1. Define % to be the collection of those r-subsets of X which contain
some member of §;, i.e.,

.ﬁ':{FE(}:):aSESi,SCF}, t=1,...,m.

One readily checks that 7 U+ U %, = (¥) and none of the % contains k sets
whose pairwise intersections have less than s elements.
Our next result shows that this is essentially best possible.

THEOREM 1.3. Suppose ()f) =AU---UZF, and for alli, 1 <1 < m, and for
arbitrary k sets Fy,...,Fr, € % there exist 1 < a < b < k so0 that |F, N Fy| > s.
Then for r,s,k fized and n — oo.

(1) m 2> (1 - 0(1))T(n, T, 3)/(k - 1)

Also if s =2 and n > no(k,r), then

(2) m>T(n,r,2)/(k—1).

The case k = 2 of the above theorem was proved by Frankl [F2] (cf. also [FF]).

The proof of Theorem 1.1 is topological and uses some of the ideas of [L1],
whereas the proof of Theorem 1.3 is purely combinatorial.

The paper is organized as follows. In §2 an outline of the proof of Theorem 1.1
is given. The actual arguments are contained in §§3 and 4. The proof of Theorem
1.3 is given in §85 and 6. §7 contains some final remarks.

2. An outlined proof of Theorem 1.1. The basic ideas in the proof of
Theorem 1.1 are similar to those used by Lovdsz in [L1], but there are several
additional complications. We outline the arguments below and then discuss each
step in full in the following two sections.

First it is useful to reformulate Theorem 1.1 in terms of the chromatic number
of the Kneser hypergraph.
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Let Gy k,r,s be the k-uniform Kneser hypergraph defined as follows. The vertices
of G are all the r-subsets of {1,2,...,n}, and a collection of k vertices forms an
edge if each pair of the corresponding r-sets have intersection of cardinality smaller
than s. Put also Gy k,r,1 = Gnk,r. Theorem 1.1 is equivalent to the statement that
if n > (t — 1)(k — 1) + kr, then Gj, i is not t-colorable.

For any k-uniform hypergraph H = (V, E), define a simplicial complex C(H) as
follows: the vertices of C(H) are all the |E|k! ordered k-tuples (vi,vo,...,vg) of
vertices of H, where {v1,...,vx} € E. A set of vertices (v%,...,v})icr of C(H)
forms a simplex if there is a complete k-partite subgraph of H on the (pairwise
disjoint) sets of vertices V1,Vs,. .., Vg such that v; eVyforallicTand1 <5< k.

Recall that for s > 0, a topological space T is s-connected if for all 0 <1 < s,
every continuous mapping of the [-dimensional sphere S! into T can be extended
to a continuous mapping of the [ 4+ 1-dimensional ball B! with boundary S* into
T. Thus 0-connected means arcwise connected, and 1-connected means arcwise
connected and simply connected. It will be convenient to agree that (—1)-connected
means nonempty, and that every space is s-connected for all s < —1. Theorem 1.1
now follows from the following three assertions.

PROPOSITION 2.1. For any k-uniform hypergraph H, where k is an odd prime,
if C(H) 1s ((t — 1)(k — 1) — 1)-connected, then H 1is not t-colorable.

PROPOSITION 2.2. C(Gpk,r) 8 (n — kr — 1)-connected. Thus if n > (t — 1)-
(k — 1) + kr, then it 1 ((t — 1){(k — 1) — 1)-connected.

PROPOSITION 2.3. The validity of Theorem 1.1 for (r,t,k) and (v = (t — 1)-
(k—1) + kr,t, k') implies its validity for (r,t,kk').

Proposition 2.1 appears interesting in its own right. It probably holds for every
positive integer k. If we replace Lemma 3.1 below by the Borsuk-Ulam theorem
then the proof given in §3 shows its validity for k = 2. {This, in fact, easily follows
from Lovész’ regult [L1].) At the moment we cannot prove Proposition 2.1 for
nonprime k.

Propositions 2.1 and 2.2 imply the assertion of Theorem 1.1 for every odd prime
k. By Lovisz’s proof of the Kneser conjecture [L1], Theorem 1.1 holds for k = 2.
Thus, by Proposition 2.3, Theorem 1.1 holds for all r,t, k.

Proposition 2.1 is derived in §3 from an extension, due to Bériny, Shlosman,
and Sziics [BSS], of the well-known Borsuk-Ulam theorem of algebraic topology.

Proposition 2.2 is proved in §4 using several standard results from topology.

We conclude this section with the (easy) proof of Proposition 2.3.

PROOF OF PROPOSITION 2.3. Supposen > (t—1)(kk’—1)+rkk’ and let c be a
coloring of the r-subsets of N = {1,2,...,n} by t colors. Put ' = (t—1){k—1)+rk
and define a coloring ¢’ of the r/-subsets of N by ¢ colors as follows. Let A be an
r'-subset of N. By Theorem 1.1 (for r,t,k) A contains k pairwise disjoint r-sets of
the same color. Color A by the first such color. Notice that n > (t—1)(k'—1)+k' -7’
and hence by Theorem 1.1 (for v/, ¢, k) there are k' pairwise disjoint r’-subsets of N
having the same color. Each of these subsets contains k pairwise disjoint r-subsets
used in defining its color, and all these k' - k pairwise disjoint r-sets have the same
color. (I



362 N. ALON, P. FRANKL, AND L. LOVASZ

3. The chromatic number of H and the connectivity of C(H). We begin
by stating a result of Bardny, Shlosman, and Sziics from [BSS]. Let k be an odd
prime, and suppose m > 1. Let X = X, , denote the CW-complex consisting
of k disjoint copies of the m(k — 1)-dimensional ball with an identified boundary
S§m(k=1)=1_We define a free action of the cyclic group Z on X by defining w, the
action of its generator, as follows (see [Bou, 13]). Represent S™(k~1~1 a5 the set
of all m by k real matrices (a;;) satisfying

k

Zaiﬂ' =0 foralll1<i<m and Za?j =1.

Jj=1 2%
Define now w(a;;) = (a;,;41), where j+1 is reduced modulo k. Thus w just cyclically
shifts the columns of a matrix representing a point of S™(*~1~1  Trivially, this
action is free, i.e., w(z) # z for all £ € §™(*~V~1, The map w is extended from
§mk=1-1 to X,, x as follows. Let (y,7,q) denote a point of Xy, x from the gth
ball with radius r and S™(k—1~1.coordinate y. Then

w(y,r,q) = (wy,r,q+ 1),

where ¢ + 1 is reduced modulo k. One can easily check that w defines a free Zj
action on X = X, .

The following result of Barany, Shlosman, and Sziics is crucial for the proof of
Proposition 2.1.

LEMMA 3.1 [BSS]|. For any continuous map h: X — R™ there eristsanz € X
such that h(z) = h(wz) = - - - = h(w*lz).

Let H be a k-uniform hypergraph and let C(H) be the associated simplicial
complex defined in §2. Define a free Z; action on C(H) by defining ~, the action of
its generator, as follows. For a vertex (vy,vs,...,vx) of C(H), y(v1,v2,...,) =
(vg,...,Vk,v1). Over the other points of C(H), ~ is extended by linearity.

Let X and Y be topological spaces and assume that Zj, acts freely on both. Let
a and S denote the action of the generator of Zx on X and Y, respectively. We say
that a continuous mapping f: X — Y is Zy-equivariant if f oo = B0 f (cf. [Bou,
Chapter 13]).

LEMMA 3.2. IfC(H) is (m(k — 1) — 1)-connected, then there exists a Z, equi-
variant map f: Xpx — C(H).

PROOF. Given an equivariant cell subdivision of X = X, » we construct f
by induction on the dimension of the cells. (We note that we can, using certain
circulant matrices, explicitly define such a cell subdivision (containing precisely k-
cells, i.e., one orbit, of each dimension 7, 0 < 7 < m(k — 1) = dim X), but this is
not required here.)

We first choose a 0-cell (= vertex) from each orbit of O-cells, define f on these
vertices arbitrarily, and extend the map to a Zi-equivariant map of all vertices.
Assuming f has already been defined on the (i —1)-skeleton of X (0 < ¢ < m(k—1)),
define it on the i-cells as follows. Choose a cell from each orbit of the ¢-cells. (Note
that from the freeness of the action it follows that each orbit of i-cells contains
k members.) Now f is defined on the boundary of these cells and thus, since X
is (¢ — 1)-connected it can be extended continuously to those chosen i-cells. Now
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extend f to a Zx-equivariant map of all the ¢-cells. This completes the proof of the
lemma. [J
Let Y = R(t-1D(k—1) _ (5} be represented by the set of all ¢ by k real matrices
(a;;) satisfying
k

Zaij =0 foralll<i<t¢,
=1

t
Za¢j=0 forall1<j<k and Za?j>0.

i=1 1,7

Clearly, there is a free Zj action on Y its generator, 8, maps (a;;) € Y to
(aij+1) € Y, where j + 1 is reduced modulo k.

LEMMA 3.3. If H ist-colorable, then there exists a Zy-equivariant map g: C(H)
- Y.

PROOF. For a real vector u of length k and for 1 < 1 < ¢, let R;(u) denote
the ¢ by k matrix whose 7th row is u and all other rows are the zero vector. If
u = (u1,uz,...,ur) define cu = (ug,u1,...,ux—1). Let z be the following vector
of length k; z = (1,-1,0,...,0). Notice that Zf;ol o'z = 0 and this is the only
nontrivial linear relation between the vectors o*z.

Let H = (V,E) be a t-colorable hypergraph and let ¢: V — {1,2,...,t} be a
proper t-coloring of it. We define g: C(H) — Y by defining it on the vertices of
C(H) and extending it by linearity. For a vertex (vy,vs,...,vx) of C(H), put

k
(3.1) g(v1,v2,...,0) = ) _ Re(u)(02).
i=1
Notice that since {v1,...,vx} is an edge of H and ¢ is a proper coloring, not all the

¢(v;)’s are the same and thus the right-hand side of (3.1) is a nonzero matrix. One
can easily check that this matrix has zero row and column sums and thus belongs
to Y. It is not difficult to check that g is equivariant, i.e., go~(z) = Sog(z) for all
x € C(H). This easily holds for all vertices z of C(H) and hence for all z € C(H).
It remains to show that g(z) € Y for all z € C(H). Clearly g(z) is a t by k matrix
with zero row and column sums. We must check that it is a nonzero matrix. The
point z is a convex combination ), Ai(v%,...,v}) of the vertices of some face of
C(H), YA =1, A; >0 for all 1 € I. By definition there are k pairwise disjoint
subsets Vq,...,V of vertices of H such that v} eViforalll<j<kand:e€l,

and all the H§=1 |V;| edges (ws,...,wx), where w; € V; are edges of H. Since c is
a proper coloring of H, this means that every color is missing from at least one of
the V;’s. By definition

k
g(III) = Z Ai Z Rc(v;) (sz)'

i€l g=1

We claim that the c(v;i)th row of this matrix is nonzero foreacht € Tand 1 < j < k.
Indeed, this row is a combination, with positive coefficients, of the vectors o7z for
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all 77s such that c(v§) appears as a color of some vertex in V;. These are not all the
07 2’s and hence such a combination cannot be zero. This completes the proof. [
To prove Proposition 2.1 we need one more observation.

LEMMA 3.4. Let Y = RO-U(=1 _ (5} and let B be as above. Then there is
a continuous map h: Y — R'™! such that no y €Y satisfies h(y) = h(By) = - =

h(B*1y).

PROOF. For y = (aij)lsist,15jgk, y €Y, define h(y) = (a“)lgigt. Clearly h
maps Y into a t — 1 dimensional space (since Z§=1 a;1 =0 for each y = (a;;) € Y).
If y = (a;;) €Y and h(y) = h(By) = --- = h(B*ly), then a;; = a3 = -+ = ag
for all 1 < 7 < ¢, and since Ef;:l a;; = 0 we conclude that a;; = 0 for all ¢, 7,
contradicting the definition of Y. This completes the proof. U

PROOF OF PROPOSITION 2.1. Let k be an odd prime and let H be a k
uniform hypergraph whose associated simplicial complex C(H) is ((t—1)(k—1)—1)-
connected. We must show that H is not ¢-colorable. Suppose H is t-colorable.
Since C(H) is ((t — 1)(k — 1) — 1)-connected, Lemma 3.2 implies that there exists
an equivariant f: X;_;x — C(H). By Lemma 3.3 and the assumption that H is
t-colorable, there exists an equivariant g: C(H) — Y = Rt=1D(=1 _ (G} Finally,
let h: Y — R!"! be as in Lemma 3.4 and put F = hogo f: X; 3, — R7L
F is clearly continuous. We claim that there is no £ € X = X, _1 % such that
F(z) = F(wz) = -+ = F(w*z). Indeed, if 2 € X satisfies the above, then by the
equivariance of f and g, y = go f(x) would satisfy h(y) = h(By) = --- = h(B*y),
contradicting Lemma 3.4. Thus the claim holds, and this contradicts Lemma 3.1.
Therefore our assumption was false and H is not ¢-colorable, as claimed. [

4. The connectivity of C(Gn k). Let G = Gp i be the k-uniform Kneser
hypergraph defined in §2, and let C(G) be the corresponding simplicial complex.
The vertices of C(G) are ordered k-tuples (Ry,..., Rx) of pairwise disjoint r-sets
of N ={1,2,...,n}, and a set of such k-tuples (R, R, ..., R}):cs forms a simplex
if there exists an ordered partition of N into k pairwise disjoint parts N = N, U
««+ U N, and R} C N; forallz €I and 1 <j <k In this section we show that
C(G) is (n— kr — 1)-connected. We need a few known results from topology. For a
(finite) family of sets ¥, the nerve of 7 is a simplicial complex whose vertices are the
members of F of 7 and a set (F;);cr of members of 7 forms a face if ;¢ F; # .

The following is a classical result (cf. [Bo, BKL]).

LEMMA 4.1 (NERVE THEOREM). Let C be a simplicial complex and N the
nerve of the family of its mazimal faces. Then N and C are homotopy equivalent
(and thus have the same connectivity).

LEMMA 4.2. Let Ci and C3 be two stmplicial complezes. If C1,Cy are both s-
connected, and their intersection C1NC3 1s (s—1)-connected, then the union C1UC,
is s-connected. (Recall that by definition (—1)-connected means nonempty.)

PROOF. This well-known result follows from the Mayer-Vietoris long exact se-
quence together with the Van Kampen and Hurewicz theorems. It also follows from
Lemmas 4.8 and 4.9 in [BKL].
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COROLLARY 4.3. Let Cy,Cq,...,Cy be simplictal complexes. If the intersec-
tton of any famaly of Il > 1 of them is (s — | + 1)-connected, then C1UCyU---UCy,
18 3-connected.

PROOF. We use induction on m. For m = 2 this is Lemma 4.2. Assuming
the assertion holds for m — 1 (and every s) we prove it for m (m > 2). By the
induction hypothesis C = C; U -+ U Cy,—1 is s-connected, and so is C,,. Now
CNCp=(CiNCR)U---U(Cp1 N Cy) is a union of m — 1 (s — 1)-connected
simplicial complexes, the intersection of any ! of whichis s —{ = ((s — 1) = + 1)-
connected. Thus, by the induction hypothesis, C N C,, is (s - 1)-connected and by
Lemma 4.2 CUC,, = C1 U---UCy, is s-connected. This completes the induction
and the proof. O

For nonnegative integers n,ri,72,...,7%, let C = C(n,r1,...,7r,) denote the
following simplicial complex. The vertices of C' are all the ordered partitions
(N1,...,Ng) of N = {1,...,n} into k parts such that [N;| >r;for 1 <7<k A
family (N%,...,N{)ier of such partitions forms a face if |();c; Ni| > r; for each
1<j<k.

LEMMA 4.4. C=C(n,r1,...,7) 18 (n— Yoh_;

r; — 1)-connected.

PROOF. The lemma clearly holds for n < Z§=1 r;. For the general case we
prove it by induction on n. For n = 1 the result 1s trivial. Assuming it holds for
all n < n we prove it for n. If r; =79 = --- = r, = 0, then every set of vertices
of C =C(n,ry,...,7x) forms a face and C is I-connected for every [. Thus we can
assume, without loss of generality, that 1 > 0. For 1 < ¢ < n, let C; denote the
induced subcomplex of C on the set of all vertices (Ny,...,Ng) of C with ¢ € Ny.
Clearly C=C1UCs---UC,. Put s=n-— Z;?:l r; — 1. Consider the intersection
of l C; —s. Ifl < rq, it is isomorphic to C(n — lL,ry — ,72,...,7,) and is, by
the induction hypothesis, s-connected and hence certainly (s — ! + 1)-connected.
If I > ry this intersection is isomorphic to C(n — [,0,7rq,...,7,) and is, by the
induction hypothesis, n — | — ZL? rj—1=3s—-1+r > (s -1+ 1)-connected.
Therefore, by Corollary 4.3, C is s-connected. This completes the induction and
the proof. [

PROOF OF PROPOSITION 2.2. One can easily check that the nerve of max-
imal faces of C(Gn k) is C(n,r1,72,...,7), where r; = r for 1 < j < k. The
proposition thus follows from Lemma 4.1 and Lemma 4.4. []

5. Families of r-sets without k¥ members with mutually small intersec-
tion. To avoid long sentences like the title of this section, let us say that ¥ has
property P(k,s) or shortly ¥ has P(k,s) if there are no sets Fy,Fa,..., Fx € ¥
satisfying |[F; N Fj] <sfor1 <i<j<k.

We will be only concerned with the case when ¥ C (%), i.e. when ¥ is r-uniform
and |X| = n > ng(k,r,s). Then P(k,s) makes sense only for 1 < 8 < r, which we
suppose. Also, we assume that k > 2.

The simplest way of constructing ¥ having P(k, s) is the following. Let A4,...,
A; be distinct s-element subsets of X. Define F(4;,...,4;) = {F € (f }: 34,
1<i<1, AC F}. It is easy to check that F(Ay,...,A;) has P(k,s) whenever
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I|<k-1and

n—s k-1 n—-—s—1 n-—s
(k—1)<r_s>_< 9 )<T_S_1)S‘?.(Ala"‘,Ak—l)lS(k_l)(,'._S)'
It is not hard to see that |#(A41,..., Ax_1)| is maximal if A;,..., Ax_; are pairwise

disjoint. Hajnal and Rothschild [HR] proved that this provides the maximum size
ofany ¥ C ()f) having P(k, s) for n > ng(k,r, s).
Let us mention that the special case k = 2 is the Erdés-Ko-Rado theorem [EKR].
We need a strengthening of the Hajnal-Rothschild theorem. A similar strength-
ening of the Erdos-Ko-Rado theorem was given in [F1].

THEOREM 5.1. Suppose ¥ C ()f ) and ¥ has property P(k,s). Then there
exists an l, 0 <1 < k, and a family A = {A,1,..., A} of s-element sets so that

|F—F(Ay,...,A)|={FeF: 35, AiCcF} < > (n:j>i!(k—1)iri(i—3+1).

. k
1=s8+1
Moreover, if L=k — 1, then ¥ C F(Ay,...,Ax-1) holds.

To prove Theorem 5.1 we introduce the family F*. Let us define b(j) =
(k—1)r+1forj<sandb(s+i)=(k—1)r*t141for1 <4< r—s. Let F* consist
of those subsets G of X for which one can find b = b(|G|) members Fy,..., F;, of
F such that F; N F; = G for 1 <1 < j <b. The collection {Fi,..., Fp} is called
a sunflower with center G. The sets F; — G are the petals. Note that they are
pairwise disjoint.

Define B as the family of inclusionwise minimal members of ¥ U *, i.e.

B={BeFU¥: B eFu7,B' G B).
Note that B is a basis for 7, i.e., for every F € 7 there exists B € B with BC F.
PROPOSITION 5.2. FU 7* (and hence B) has P(k,s).

PROOF. Suppose for contradiction that Fy,...,F;, Giy1,..., Gk have pairwise
intersections of size strictly less than s, Fy ..., F, € ¥, Gi41,...,Gr € F*, and | is
maximal with respect to these assumptions. Since 7 has P(k,s), | < k holds.

By definition Gy is the center of a sunflower {F},..., F,} where b > (k — 1)r,
F;c 7. Since |Fy U---UF,UG1aU---UGk| < (k- 1)r, this set cannot intersect
all b pairwise~disjoint petals Fi — Gy4.1 of the sunflower. Say (FyU---UF UG 12U
- UGE)N (Fj~— Giy1) # 4.

Set Fi11 = F; and verify that Fy,...,Fi11, Gy, ..., Gy have pairwise intersec-
tion of size strictly less than s, in contradiction with the maximal choice of [. [

Let b; denote the number of i-element members of B. The next proposition
clearly implies Theorem 5.1.

PROPOSITION 5.3. (i) b; =0 fori <s,

(ii) bs < K, ‘

(iii) b; < sl(k — 1)%riC=s+1) for s < i <.

PROOF. To prove (i) note again that if G € B but G ¢ 7, then G is the center
of a sunflower of size at least (k — 1)r + 1 > k, i.e., there exist Fy,...,Fx € ¥



THE CHROMATIC NUMBER OF KNESER HYPERGRAPHS 367

satisfying F; N Fj; = G and thus |[F; N Fj| = |G| for 1 < ¢ < j < k. Since ¥ has
P(k,s), |G| > s,i.e., b;=0fori<s.

By Proposition 5.2, B has P(k, s), thus (ii) holds. To prove (iii} we are going to
show the i-element members of B form no sunflower of size b(z — 1).

Suppose for contradiction that By,..., By;—1) are i-element sets in B which
form a sunflower with center C.

We are going to define sets Fi,..., Fy;_1) € 7 inductively so that F; N F; =
B; N Bj holds for 1 <14 < 7 < b(i —1). Then {Fy,...,Fy;_1)} is a sunflower with
center C implying C € #*. However, C g B, € B, a contradiction.

So let us suppose that F;» was defined for 5 < 7, j < b(i — 1), B; is the center of
a sunflower {ﬁ‘l, 17},(1)} with F, € . Consider A = F, U-- UFj_ 1UB,+1U ‘U
By 1 Then |A] < b(z — U)r < b(z) Therefore among the b(7) pairwise dlSJOlnt
petals F, - Bj there is one, say F, - — By, which is disjoint to A. Set F; = F, and
verify that F1, ++y Fy(;—1) fulfill the requirements.

Now the bound (iii) is a direct consequence of a classical result of Erdés and Rado
[ERJ, which says that any family of more than 5!(b — 1)* distinct ¢-sets contains a
sunflower of size b. [

PROOF OF THEOREM 5.1. Set ! = bs and let A = {A;,..., A;} be the collection
of s-element members of B. There is a last thing to check, namely that b, =
k — 1 implies b; = O for + > s. In fact, if B € B, |B| = ¢ > s, then the sets
Aj,...,Ax_1 and B have pairwise intersections of size strictly less than s (4; ¢ B!)
in contradiction with Proposition 5.2. [

6. The chromatic number of the generalized Kneser hypergraphs. Sup-
pose now (%) is colored by ¢ colors, i.e., (¥) = # U---U %, in such a way that
none of the 7’s contains an edge of Gp i rs. That is % has property P(k,s) for
i=1,...,t

Apply Theorem 5.1 to % to obtain a family A®) consisting of at most k — 1 s-
element subsets of X and so that “most” of the members of ¥ contain at least one
of these s-sets.

Set A =AD U...UA®. Then |4] < (k- 1)t.

Let ¢ be an arbitrary positive number. We have to show that for n > ng(k, 7, s, €)
one has t > (1 —¢)T(n,r,s)/(k - 1).

Suppose the contrary. Then |4| < (k — 1)t < (1 — &)T(n,r,s). By the theory of
supersaturated graphs (cf. Theorem 1* in [ES] or Theorem 3.8 in [FR]) there are
at least £yn” r-element subsets of X which contain no member of A. Let G be the
collection of these sets, i.e.,

g:{%(f); JJAEA,ACG}.

However, Theorem 5.1 guarantees that for n > ng(k, r, s)

gnal< (7:::11> (s + 1)l — 1)sF1p2let),
Thus

t
ein” <Gl < Z 1GNF| < tn™°712(s + 1)k — 1)>T 126+ /(r — s — 1)1,

1=1
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This yields ¢t > e9n®t1, where ¢ is a positive constant, depending only on k, 7, s,
and ¢. Consequently, we obtained ¢t > T'(n,r, s) for n > ng(k, 7, 8), a contradiction,
which concludes the proof of (i).

To prove (ii) suppose s = 2. Let us first recall Turan’s theorem. Denote T'(n, r,2)
by T(n,r), i.e., T{n,r) is the minimum number of edges in a graph on n vertices
and without an independent set of size r.

Suppose n =ny + -+ N1,

n n
<n; < ], ) = yeeoy T — L,
lr lJ n ‘Vr 1] ? 1 2 1

Let T(n,r) be the graph on n vertices which is the vertex disjoint union of r — 1
complete graphs of respective sizes ny,...,ny_1.

TURAN’S THEOREM [T1]. Suppose § is a graph on n vertices and with no
independent set of r vertices. Then |G| > | T (n,r)| with equality holding if and only
if G 1s wsomorphic to T (n,r).

Turdns theorem clearly implies

T(n,r) = [T (n, )| = (T——i—l +o(l)> (;) .

TWJ)—TMJ+J):i;iq;(g)'

Thus for n > ng(k,r) the first part of Theorem 1.3 implies |A| > T'(n,r + 1).

We are going to use the following theorem of Bollobés. Let us denote by m(n, e, r)
the minimum number of independent sets of size r in a graph on n vertices and e
edges.

THEOREM 6.1 [B]. Suppose T(n,r) >e >T(n,r +1). Then
T(n,r) —e B
T(n,r)—T(n,r+1) '

If |A] > T(n,r), then t > T'(n,r)/(k — 1) follows. We thus assume |A| < T'(n,r).
Let us renumber the families 7, ..., % so that for some number £y, 0 < tg <, one
has |A®] =k —1if and only if 5 < to. Then |4] = 30, [AD] < (k= 1)t — (t —to).
Therefore |A] < T(n,r) — (t — to). Let us define

R={RE(§):£A€&ACR}.

In view of (6.1) one has

62)  IRI2 (0~ to) 2 /Tr) ~ Do + 1) > (¢t

Consequently,

n

(6.1) m(n,e,r) 2 .

On the other hand R C U::t(ﬁ»l(?i — F(A®)). Applying Theorem 5.1 with s = 2
gives

[R| < (t —to)12(k — 1)3® (r ﬁ 3> for n > no(k, ),
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which contradicts (6.2) and thus concludes the proof of the theorem. [

REMARK. From the proof it is clear for large n that t = T(n,r)/(k — 1) can
hold only if ¢y = ¢t and A is the edge set of the corresponding Turdn graph, i.e., the
disjoint union of r — 1 complete graphs with almost equal sizes. That is, there is
basically a unique coloring.

7. Concluding remarks. (1) Notice that both Theorem 1.1 and Corollary
1.2 are best possible for all possible values of parameters. Theorem 1.3(ii) is best
possible only for large n and the e-term in Theorem 1.3(i) is probably unnecessary.
It would be interesting (but appears difficult) to find the exact chromatic number
of Gy, k,r,s for all possible n, k,r, s.

(2) Lovész’s proof for the Kneser conjecture supplied some other applications
(see [L2]). It seems that our proof of Theorem 1.1, and especially Proposition 2.1,
might yield some further consequences besides Theorem 1.1. It turns out that a
very similar method can be used to prove the following result conjectured in [AW]
(see also [GW]).

Let N be an opened necklace consisting of na; beads of color ¢, 1 < ¢ < k.
Then it is possible to cut N in at most (n — 1)k places and to divide the resulting
pieces into n classes, such that each class will contain precisely a; beads of color 1,
1 < ¢ < k. This will appear in [A1].

(3) As shown in §1, if n = (¢t — 1)(k — 1) + kr — 1, then there is a coloring of the
r-subsets of an n-element set such that no k pairwise disjoint r-sets have the same
color. One can easily check that this coloring is not unique, in fact there are many
optimal colorings. This is in sharp contrast with Theorem 1.3.
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