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Abstract. We apply the existence theorem for solutions of the equations of
motion for infinite systems to study the time evolution of measures on the set of
locally finite configurations of particles. The set of allowed initial configurations
and the time evolution mappings are shown to be measurable. It is shown that
infinite volume limit states of thermodynamic ensembles at low activity or for
positive potentials are concentrated on the set of allowed initial configurations and
are invariant under the time evolution. The total entropy per unit volume is shown
to be constant in time for a large class of states, if the potential satisfies a stability
condition.

§ 1. Introduction

In [1], we proved an existence and uniqueness theorem for solutions
of the equations of motion for systems of infinitely many particles. In
this article, we will apply this theorem to the study of the time-evolution
of states of classical statistical mechanics. Let us recall briefly the
notation and results of [1]. We denote by & the set of locally finite con-
figurations of labelled particles and by [Z] the corresponding set of
configurations of unlabelled particles. A state of classical statistical
mechanics is 2 probability measure on [Z'] invariant under space trans-
lations. Let & denote the set of labelled configurations satisfying con-
ditions 1) and 2) of [1]. Theorem 2.1 of [17] asserts the existence of a solu-

tion of the equations

dq,(t
2 = pt

W 37 F(g.(t) - ,(8)
+1

i

and the initial conditions

2:(0)=¢:, p:0)=p;,
provided that F has compact support and satisfies a Lipschitz condition
and that the initial configuration (g;, p;) is in &'; it also asserts the uni-
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258 O. E. Laxrorp III:

queness of the solution in the class of trajectories satisfying a certain
regularity condition. This theorem enables us to define a one-parameter

group T* of evolution operators mapping [.981 ] (the set of unlabelled con-

figurations corresponding to the set Z of labelled configurations) onto
itself. If the mappings 7'* are measurable, they define a time evolution

of measures on [Z] and in particular of states of classical statistical

mechanics which are concentrated on [é” 1 (i.e., for which [& ]\[3:‘” 1 has
measure zero). This time evolution will be the object of our investigations.

In § 2, we develop some notation and tools which will be needed in
the course of this article, and we restate in a convenient form the results
we will need from {1]. Section 3 is devoted to some measurability ques-
tions WAhich are technically important if not very interesting; we prove
that [Z7] is a Borel subset of [Z] and that th? time-eAvolution mapping
(¢, x) — Ttz is a Borel mapping from R x [Z] to [Z]. In §4 we show
that for a state p of classical statistical mechanics to be concentrated on
[.5’? 11t is sufficient that o:

i) has a Maxwellian velocity distribution,

ii) has correlation functions g,(g;, ..., ¢, of all orders (see [2])
admitting a majorization of the form

Q-n(QI’ R qn) é An
with A independent of n, ¢, . . ., .

These two conditions are satisfied if g is an infinite volume limit state
obtained from the grand canonical ensemble at small activity and, for
a non-negative potential, at arbitrarily large activity.

In § 5, we prove an approximation theorem which will be our main
technical device for the rest of this article and which asserts that the
time evolution of the part of an infinite system contained in a bounded
region can be arbitrarily well approximated by the evolution of the
corresponding part of a system with a large but finite number of par-
ticles. We apply this approximation theorem in § 6 to show that states
obtained by taking infinite volume limits of grand canonical ensembles
with a given twice-continuously-differentiable stable! potential of com-
pact support are invariant under the time-evolution defined by that
potential, provided again either that the activity is small or the potential
non-negative.

In §7, we show that the entropy per unit volume is conserved by
the time evolution. Here, for the first time in our investigations, thermo-
dynamic stability properties of the potential defining the interparticle

1 A function @ on R is a stable potential if there exists B such that, for all n
and all g5, . . ., Qs

Z Pa—g)=z—nB.
isi<jsn
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force play an essential role. We assume that the interparticle force is the
derivative of a potential @ with compact support which may be written
in the form

D =D, + D,

with @, stable and of compact support and @, non-negative, continuous,
and strictly positive at the origin. We consider a state ¢ which is concen-
trated on [fg” 1 and which has:

i) finite mean kinetic energy in (0, 1),

i) finite mean square number of particles in (0, 1),
and we let gf denote the time-evolved measure g o 7'-%.
Under all these hypotheses we show that, for any ¢, the entropy per unit
volume of ¢t is equal to that of g.

§ 2. Preliminaries

We will need, unfortunately, a rather complicated set of tools; these
are developed in this section. Most of the results given here are of
limited originality. In particular, Sections 2.1 and 2.2 draw heavily on
[2], and Section 2.3 on [3].

2.1. The Space of Locally Finite Configurations

Recall that the set Z of locally finite labelled configurations is defined
as the set of all mappings (g,, p;) from an index set [which is either
(1,2,3,...,n)or(1,2,3,...)] to B x R, subject to the restriction that
lim |g;| = oo if the index set is not finite, and that [#] denotes the set
{00

of all equivalence classes of such mappings, two mappings being equi-
valent if they differ only by a permutation of the index set. We will
define a topology on [Z] by specifying a class of functions on [Z7] and
giving [Z] the weakest topology making each function in this class
continuous.

Let 27", denote the set of all continuous real-valued functions f on
R x R whose supports have bounded projections onto the first factor.
In other words, a continuous real-valued function f is in 277 if and only
if there is a bounded set /4 C R such that (g, p) = 0 whenever ¢ ¢ A. For
fin 27, we define a function Sf on [Z]

Sf(z) = 2 g 22)

if (g;, p;) is a representative of x. The sum has only finitely many non-
zero terms because of the support properties of f and the local finiteness
of a; moreover, Sf(x) evidently does not depend on the choice of the
representative (g;, p;) of z. We give [Z'] the weakest topology making
S§f continuous for every f in 4.

18*
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We can give another description of this topology. For any z in [Z7],
let (g;, p;) be a representative of z, and define a measure y, on B x R by

”w:264i®6pi'

In other words, u, is the measure which assigns, to every subset of
R x R, the number of particles whose position and momentum lie in
that set. It is easy to see that u, determines x, so [Z] may be thought
of as a set of measures on R x R. From the formula

it follows that the topology on [Z] is just the weak topology on measures
defined by the space ¢, of functions. Using measure theory, one proves
the following:

Lemma 2.1. The set of positive linear functionals on A7y of the form
f— Sf(z) is closed in the weak topology in the algebraic dual of ;.

By TycrONOV’S theorem, this implies the following compactness
criterion :

Proposition 2.2. 4 closed subset X of [Z] is compact if and only if
each Sf is bounded on X.

We want to transform this criterion into one which is more directly
applicable. Before doing this, we will define some notation. For any
bounded set A C R, we define three functions on [Z]:

Ny(x)= 4 {i:9; €4},
KEA(x 22{27@ q'/,EA}

Py(@)=0vsup{lp:q; €4}
Here, as usual, (g;, p;) is a representative of z. N, K.E.4, and P, are
respectively the number of particles in A, the total kinetic energy of the
particles in A, and the maximum velocity of any particle in 4. The
following proposition is easily obtained from Proposition 2.2.

Proposition 2.3. 4 closed subset X of [Z'] is compact if and only if,
for every bounded open set A, N 4 and P, are bounded on X.

We also have:

Proposition 2.4, Let A be a bounded open subset of R. Then N4, K.E. 4,
and P4 are lower semi-continuous functions on [Z].

Proof. Let y, be an increasing sequence of non-negative continuous
functions on R x R converging pointwise to the characteristic function
of A x R.Then N4 = Sup Sy,; since each Sy, is continuous by defini-

n

tion, NV 4 is lower semi-continuous. A similar argument shows that K.E. 4
and that

P = [ {|pdr: qs €A}
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are lower semi-continuous. Every point of [Z'] has a neighborhood on
which N 4 is bounded; on such a neighborhood, P?% converges uniformly
to P, as n goes to infinity. Hence, P4 is lower semi-continuous.

The following proposition is proved by showing that the topology of
[Z] may be defined by a suitably chosen countable subset of the fune-
tions of the form Sf, f in J77.

Proposition 2.5. The space [Z] is a Polish space, i.e. it is separable
and s topology is compatible with a metric with respect to which it is
complete.

2.2. Borel Measures on [Z]

For any bounded non-empty set A C R, we let [2'] (4) denote the set
of configurations of finitely many unlabelled particles in A :

['/gg‘] (/1) = 1]0 (A X R)gymm
ne=

where [ denotes disjoint union and (4 % R)%,,, the symmetric product
of n copies of A x R, i.e., the set of all equivalence classes of n-tuples
of points in A x R, two n-tuples being equivalent if they differ only by
a permutation of their labels. Since [Z7] (A) is a disjoint union of quo-
tients of products of copies of 4 x R, it has a natural topology. This
topology in itself is not very useful, and we will use it only to define the
Borel subsets of [2'] (A).

Given any bounded non-empty subset 4 of R, there is a natural
mapping from [Z] to [Z] (A) which simply forgets about all particles
outside of A. We will refer to this mapping as the resiriction from R to
A; it is a Borel mapping? if A is a Borel set3.

Let [a, b) be a non-trivial bounded interval in R; then we can de-
compose R into a countable union of disjoint translates of [a, b). It is
easy to see that this decomposition gives a bijective mapping from [Z]

to ]] [Z] ([0, b)) (@ = a + n(b— a), b, _b—}—n (b —a)) and that
N =—00
this mapping is in fact a Borel isomorphism if H (2] ([an, by)) is given
7 =-—co

the product topology. Thus, we have a fairly simple description of the
Borel structure on [Z].

? A mapping from one topological space to another is Borel if the inverse image
of every Borel set is Borel.

? The restriction mapping is not continuous: A continuous trajectory in [Z]
can have a varying number of particles in / (since particles can move in and out
of A), whereas the number of particles is constant on continuous trajectories in
[Z](A). This is why the topology we have defined on [Z'] (A1) is not very useful.
If A is open, a better topology can be defined on [Z] (A) by imitating the definition
of the topology on [Z]; this topology makes the restriction mapping continuous
and has the same Borel sets as the topology we are using.
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The representation of [Z] as a product space gives a useful technique
for constructing measures on [Z']. Let u be a probability measure on
[Z] ([, b)). For each =, translation by n(b — a) gives a Borel iso-
morphism of (Z'] ([a,, b,)) with [Z'] ([a, b)), and we get therefore a proba-
bility measure on each [Z] ([, b,)). Taking the product of all these
measures gives a probability measure on [Z]. We will refer to this
procedure for passing from a measure on [Z] ([, b)) to a measure on
[Z] as the product measure construction. It gives a measure which is
periodic under translations, with period b — a.

We can apply this construction in particular to thermodynamic
ensembles. Thus, let a stable two-body potential @, an inverse tem-
perature 8, and a chemical potential u be given. For any interval [a, b),
we define a measure on ([a, b) x R)* as:

fL,eXp {ﬁ [ﬂ N - YD~ q,-)]}dqp e dgndpy, ..., dpy,
e 25 i<j
(where dgq; dp,; is Lebesgue measure on [a, b) x R). Because of the sta-
bility of the potential @, this collection of measures defines a finite
measure on [Z'] ([a, b)), and by normalizing we get a probability measure,
which we will call the grand canonical ensemble on [a, b). Applying the
product measure construction to this measure gives a probability measure
on [%Z] which, physically, corresponds to the grand canonical ensemble
for the infinite system with insulating walls at the points a,,.

Let A [Z] denote the set of Borel probability measures on [Z7].
We will introduce two topologies on .4 [Z], each of which is a weak
topology defined by regarding .#* [Z7] as a subset of the dual of a space
of bounded measurable functions on [Z']. Thus, let 2 be the C* algebra
of functions on [Z'] generated by the set of all functions of the form
@(Sfy, ..., Sf), where f;, . . ., fi belong to 7, and ¢ is a bounded con-
tinuous function on R*. The O* algebra U defines a topology on .41 [Z]
which we will refer to as the A topology. When we speak of convergence
in A [Z] without specifying a topology, we will always mean conver-
gence with respect to the A topology. It is sometimes useful to consider
the topology defined by the C* algebra Q. generated by all functions
obtained by composing a bounded Borel function on [Z'] (A) (A some
bounded Borel set) with the restriction mapping from [Z'] to [Z7] (A).
We will refer to this topology as the 21, topology; it is evidently strictly
stronger than the 2 topology.

We may regard [Z] as a subset of the spectrum of 2, and it may be
seen that the 2 topology on [Z'] coincides with the initial topology. Since
QA is defined as an algebra of functions on [Z7], it is clear that [Z] is dense
in the spectrum of 2. The following proposition further clarifies the way
[Z] lies in the spectrum of .
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Proposition 2.6. There exists a family (@) of elements of A
0= Qrn S Pmarn = 1, such that, if the ¢, , are regarded as functions
on the spectrum of U, then the characteristic function of (] is

inf sup @,y -
k(2 m

In particular [Z'] is a Baire set* in the spectrum of U.

This proposition is due to RUsLLE ([2], Proposition 4.2 and Corollary
4.4). The proof in this reference is inseparable from other and more com-
plicated considerations; for the convenience of the reader we will give
here a direct proof. The idea of the proof is simple: A point of the spec-
trum of A which does not belong to [Z] heuristically represents a situa-
tion in which some bounded interval, which we can take to be of the
form (— n, n), contains either infinitely many particles or a particle with
infinite velocity ; we will therefore construct ¢,,,, so that ﬂ%im Pryn =1

on [Z] but such that ¢, , = 0 for all m if there are infinitely many par-
ticles, or a particle with infinite velocity, in (— », n).

Let y be a continuous non-increasing function on R such that x(t) = 0
fort = 1 and y(f) =1 for £ = 0. Let g, be a continuous non-negative
function on R which has compact support and which is equal to one on
(— m, n). We will prove that we may take:

(pm,n(x) = X(an<.%') - m) ,
with f,(q, p) = ¥, (g) (1 + p?). Since f, is in 7, and y is bounded and
continuous, it follows from the definition that ¢,,,, belongs to 2[. Since
0 = y = 1, and since y is non-decreasing, we have

0= Pun = Prga,n = 1.
Clearly, lim ¢, ,(x) =1 for all z in [Z"].
m—>00

It remains to be shown that the ¢,, ,’s have the desired property of
separating [Z ] from the rest of the spectrum of . Thus, let x be a point
of the spectrum of 2 which does not belong to [%'], and let 2, be a net in
[Z] converging to x. We claim that, for some n, lim sup 8§, (z,) = co.

If this were not the case, it would follow from Proposition 2.3 that
the net (z,) has a cluster point in [Z], and this would contradict the
assumption that lim z, ¢ [27]. Thus, for that value of n, we must have

(Pm,n(x) = 11;11 (pm,n(xz) =0

¢ On any topological space, we define the set of Baire functions to be the
smallest set of functions containing the continuous functions and closed under
pointwise limits, and the Baire sets to be those sets whose characteristic functions
are Baire functions. Every Baire set is also a Borel set; the converse is true if the
topological space in question is metrizable.
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for all m. Hence, inf sup ¢,,,, = 0 on ([Z], whereas we have seen that
n m

inf sup ¢,,,, = 1 on [Z].

n m

Let E () denote the set of states of 2; K (2) may be identified with
the set of regular Borel probability measures on the spectrum of 2. Any
Borel probability measure on [Z'] may be regarded as a Borel probability
measure on the spectrum of 2 which assigns measure zero to the com-
plement of [Z']. Moreover, such a measure is antomatically regular. To
see this we remark first that, since any finite Borel measure on a compact
space is regular on the Baire sets [4], it suffices to show that any Borel
set in [Z] is a Baire set in the spectrum of QI. This last assertion follows
from the fact that [Z] is a Baire set in the spectrum of U and the fact,
eagily verified, that there is a countable set in 2 which generates the
topology of [Z]. We may therefore, when convenient, regard #*[%Z] as
a subset of E (). 1t is easy to construct integrals of functions with values
in F(A); we will need some technical results which assure us that, if we
consider such a function whose values actually lie in .#1[Z], then the
integral is also a measure on {Z'].

Proposition 2.7. Let (X, v) be a probability measure space and ©— g,
a mapping from X to B (A} such that x+— o, (p) is measurable for every
w n U, Define a state p of A by

o(y) = [dv(@) 0a(p) - (2.1)

Then, for all bounded Baire functions f on the spectrum of U, x+— [ fdo,
s measurable and
[tdo=[dv(x)[]dg,.

Proof. Let # denote the class of all bounded Baire functions on the
spectrum of 2 for which the proposition holds. Since the continuous
functions on the spectrum of 2 are just the elements of A, % contains
the continuous functions by the definition of . On the other hand, if
(f,) is a uniformly bounded sequence of functions in &% converging
pointwise to f, then a double application of the dominated convergence
theorem shows that f is in &% . Hence, & contains all bounded Baire
functions.

Corollary 2.8. Let the notation be as in Proposition 2.7. Then g belongs
to A [Z] if and only if o, belongs to M1 [Z] for almost all .

Proof. By Proposition 2.6, the characteristic function y4y of [27]
is a Baire function. The assertion therefore follows from (2.1) and the
remark that g belongs to .#*[%] if and only if

Jdell - ya)]=0.
Corollary 2.8a. Let the notation be as in Proposition 2.7, but assume
that o, is tn M1[Z] for almost all x. Let | be a bounded or non-negative
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Borel function on [Z]. Then
[fdo=[dv(x)[fdo,. (2.2)

Proof. The assertion for non-negative functions follows from the
assertion for bounded functions by the monotone convergence theorem.
The assertion for bounded functions follows from the corresponding
assertion for characteristic functions of sets, by a standard approxima-
tion argument. The assertion for characteristics functions of sets follows
from Proposition 2.7 and the fact that every Borel set in [Z'] is a Baire
set in the spectrum of 2.

If p belongs to A*[Z'], we define a translated measure 7,0 by

(ts0) (p) = o(p 0 7y)

for ¢ in QL. It is easy to see that, for any ¢ in 2 and any z in [Z],
8 — @(T,x) is continuous. Hence, by the dominated convergence theorem,
s — 7,0 is continuous in the A topology. We may therefore construct

a
1/a [ ds 7,0, which belongs to A[%]. If we temporarily denote this
0
measure by g, then by Corollary 2.9 we have

ffdgz%fads Ud@(fors)] 2.3)
0

for any semi-bounded Borel function f on [Z]. If p is periodic with
period a, then g is translation invariant. We will refer to this measure
as the average of ¢ over translations. We can apply this construction in
particular when p is obtained by the product measure construction from
a measure g; on [Z'] ([a, b)); we will refer to the operation of passing
from p, to this invariant measure as the averaged product measure
construction.

2.3. Entropy

We will need the notion of the total entropy per unit volume of
a measure on [Z] which is periodic under translations. In our discussion
we will follow, roughly, the work of Rosinson and RurLLE [3]. The
infinite volume of momentum space, however, introduces some com-
plications not present in the theory of the configurational entropy.

We will start by defining, abstractly, the entropy of a probability
measure with respect to an arbitrary o-finite measure. Let X be a set
and & a o-algebra of subsets of X. We will consider the ¢-algebra & to
be fixed and suppress it from our notation, i.e., we will speak of measures
on X rather than of measures defined on & and of measurable functions
on X rather than of functions measurable with respect to . Let ¢ be
a g-finite measure on X. If p is a probability measure on X, we want to
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define the entropy of o with respect to ¢ as — o if g is not absolutely
continuous with respect to ¢ and as

— f (%) log (%{Q{) do

if p is absolutely continuous with respect to ¢. Unfortunately, this
integral need not make any sense; the positive and negative parts of the
integrand may both have infinite integrals. If ¢ is a finite measure, this
difficulty does not arise because x logxz is bounded below. If ¢ is not
a finite measure, we must restrict the class of probability measures g that
we consider. This we do by choosing a non-negative measurable function
¢ which is rapidly increasing in the sense that [e~? do < oo, and con-
sidering only g’s such that [ ¢ dp < co.

Lemma 2.9. Let X, o, ¢ be as above; let f be a non-negative measurable
function on X such that [ fdo =1 and [f ¢ do < co. Then the positive
part of —f logf has finite o-integral, and

— [flogfdo < [f.ddo+log(f e ?do). (2.4)

Proof. The first statement of the lemma follows at once from the
identity
—flogf=f.¢ — e~ (fle~?) log (fle~*) (2.5)

and the integrability of f.¢ and e~%. The inequality (2.4) is proved by
integrating this identity and using the concavity of —x logz.

‘We now make the following definition : Let p be a probability measure
on X such that [ ¢ dp < co. Then we define s(p, o), the entropy of p

relative to o, by
d d
s{p, 0) = — f (73—) log (E(Q;) do

if p is absolutely continuous with respect to o,
= — oo otherwise.

(We could have given a more general definition by defining the entropy
for any probability measure g for which there exists a ¢ with the desired
properties. For our purposes, it will be convenient to work with a fixed ¢.)

We will denote by .# (X) the set of probability measures on X. There
is an obvious pairing between .#1(X) and the space of all bounded
measurable functions on X; we will refer to the weak topology induced
on the set of measures by this pairing as the £ topology. Any state-
ments implying a topology on .#1(X) are to be understood in the #*
topology. If we identify probability measures which are absolutely con-
tinuous with respect to ¢ with elements of L' (¢), then the #* topology
corresponds to the weak topology on L'(c).
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Proposition 2.10. Let ¢ be a finite measure, and let N be a real number.
Then s(p, o) is an upper semi-continuous function of p and

{e:s(e.0) = — N}
is compact.
Proof. Using the concavity of —x logz, one checks easily that

e(dy)
5(g, 0) mf{ 2 e(4,) log G(A‘)}

where the infimum is to be taken over all partitions of X into a finite
number of disjoint measurable sets {4,,...,4,} each of which has
strictly positive o-measure. Since g — p(4,) is continuous, s(g, o) is the
infimum of a collection of continuous functions and is therefore upper
semi-continuous. In particular, {p:s(p, 0) =2 — N} is closed in .#*(X).

Let 2, (o) be the set of non-negative elements of L' (¢) with integral
one; to complete the proof of the proposition it will suffice to prove that

A ={f € (0): [ flogfdo = N}
is relatively compact for the weak topology on L{(g).
To prove this, it is enough to show that
im [fdo=0
o(E)y—~0 E
uniformly for f in 2" [5].
Let 4 be a real number greater than one. Then
[fdo= [ fdo+ [ fdo<ZLAc(B)+ [ fdo.
E En{f=s 3 En{>1 {f>4
We therefore want to show that
m [ fdo=0
Ao {12}
uniformly for f in 2". But

Nz [ flogfds = log(h) ffda—— fdor,
{f>2}
or

N+ 28 209 f fdo,
¢ U>n
which completes the proof of the proposition.

Proposition 2.11. Let (X, 0) be a measure space, and let ¢ be a non-
negative measurable function on X such that [ e=** do < o for all o > 0.
Let M, N be real numbers Then o — s(p, 0) 8 an wpper semi-continuous
function on {o ¢ M(X): [ddo < M}, and {p € 4 (X): [ddo= M
and s(p, o) = — N} is compact.

Proof. Tt follows from the hypotheses on ¢ that there exists a non-
negative measurable function ¢ on X such that | e=% do < oo and such
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that

d(X)
¢(§fl_1,w $(X) (26)

Let ¢’ denote the finite measure e~% ¢. Then we have

s(o,0) = (o, o) -+ [ $ de
by (2.5). Proposition 2.10 asserts that s (g, ¢’) is an upper semi-continuous
function on .#1(X). We will prove the upper semi-continuity of s(g, o)

by proving that g — [ ¢ dg is continuous on
{oc(X): [dde= M}.

Let ¢An = g[; A 7 then (i;n is a bounded measurable function on X, so
¢ — [ ¢, dois continuous. On the other hand,

'f¢de f¢nde]< f¢d9< sup {¢(X)} [ #de.

{¢=n}
and, by (2.6), the right-hand side goes to zero as n goes to infinity
uniformly for ¢ in {po: [ ¢ do < M}. Hence, 9 — [ ¢ dp is a uniform
limit of continuous functions and is therefore continuous.
It remains to prove the compactness of
{o M (X): [ $pdo = M, s(g,0) = — N}.
Since [ ¢ dg = sup [ (¢ An) do, o — [ ¢ dp islower semi-continuous, so
n
{o€M(X): [ddo< M, s(p,0) = — N}isclosed. Let 0"’ = e~ % ¢; then

s(p,0)=s(p,0")+ [ ddao.
It therefore suffices to prove that {p € #*(X):s(p,0"") = — (M + N)}
is compact; this follows from Proposition 2.10 since ¢’’ is a finite measure.
Proposition 2.12. Let g, g, € A (X), and suppose [ ddp, < o and
[ddo,<oo. Let 0= < 1. Then

28(01,0) + (1 — @) 8(gs,0) = s(@ g + (1 — &) 05, 0)
< a 8o 0) + (1 — ) s(gp, 6) + log2.
Proof. This follows, just as in [3], from the concavity of —xlogz
and the monotonicity of logz.
Proposition 2.13. Let T be a one-one measurable mapping of X onto
stself with a measurable inverse. Suppose that ¢ is invariant under T, i.e.,

that ¢ (T-1E) = o (E) for every measurable subset E of X. Let g be a proba-
bility measure on X such thot

Joddo<oo, [ddlpoT V) <.

(2.7)

Then
s{g,0)=8(pc T, 0).
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Proof. This proposition follows at once from the definitions.

‘We now apply this general construction to statistical mechanics. For
any bounded Borel set A, let 6,4 be the Borel measure on [Z'] (A) whose
restriction to each (A4 x R)%,, is given by the measure

1
n—!dql, e A, dpy, .., dpy,

on (A x Ry If p is a probability measure on [%], the image of g under
the restriction mapping is a probability measure g4 on [Z] (4). The role
of the function ¢ of the preceeding propositions will be played by the
kinetic energy in /A ; note that, for any « > 0, we have

fe_“K'E'A doy, = e V%—7 V) (2.8)

where V() is the Lebesgue measure of A. If [ K.E.,dp < o0, we will
define s,4(p), the entropy of ¢ in A, to be s{p4, 64).

Proposition 2.14. Let ¢ be a probability measure on [Z] such that
[ K.E. do < oo for all bounded Borel sets A. Then s (p) is a subadditive
set function, t.e.,

84,04, (@) = 54,(0) + 34,(0) (2.9)
for all pairs A;, A, of disjoint bounded Borel sets, and we have
143 1 1/8
sl =3(5) v [y f KB ade] (2.10)

for all bounded Borel sets A.

Proof. The subadditivity is proved in exactly the same way as in
Proposition 1 of [3]; the inequality (2.10) is obtained by applying (2.4)
of Lemma 2.9 and (2.8) to get

sal0) = och.E’.A do + V%Tn V(A)

for any o > 0, then minimizing with respect to o.

Let a be a positive real number, and let #1{Z] denote the set of
probability measures on [%'] which are periodic under space translations
with period a. If ¢ € #L[%], and if [dpK.E. g, <oo, then
fdo K.E.4 < oo for every bounded Borel set A. Thus, we can define
s4(p) for all such A.

Proposition 2.15. Let o € AL[Z], and suppose that [ K.E.jo 4 do< oo.
Then:

1. ﬁ—].}zﬂoo ﬁ — o
entropy of o per unit volume.

- . 1
2. 5(0) = u,}fws[o,na) (0)-
3. 3(p) 18 an affine function of g.

Sia, p) (0) ewists. We denote this limit by 3(p); it is the
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B 1371 1/3
4.5 =3(5) |5/ EBwado
5. For any pair of real numbers M, N,
A ={o € MGX]: [ KB.ro,0d0 = M, 5(0) 2 — N}

is compact for the U, topology, and the A topology agrees with the A,
topology on A .

6. For any real number M, 5(0) is an wpper-semi continuous function
for the A topology on {0 € ML[X]): [ K. By, do < M}.

Proof. By Proposition 2.14, s[5, , 4 {0) is a sub-additive function of

n,80 lim —I—S[O,M) {0) exists and is equal to infwl—s[o,m) {0). Now let
n—o0 NA n Na
p > o be given and let n,n" be chosen so that na < « < (n + 1) q,
n'a = f < (0 + 1) a. Then by subadditivity
Sta, B (Q) = Si+Daswa) (Q) + Slw, n+ 1 a) (Q) + Stn’ a, ) (Q) .
By (2.10) the right-hand side is not greater than

1/3
Sln+1 aynra) (0) + 6 (%) a* ([ K.B.1g, ) d0'F*,
SO

lim sup
B—a—>c0 ﬂ —

. 1
Sla, ) (9) = nlinoons[o,na) (@) .

Similarly,

. 1 . 1
']9131&{ % S1e, py (0) = l111i30—~3[0,nau) (o),

so statements 1. and 2. are proved.

The fact that s(p) is an affine function of g follows from inequality
(2.7) of Proposition 2.12. The bound 4. follows from 2. and inequality
{2.10) of Proposition 2.14.

To prove statement 5., let p, be a universal net® in 2. Then since
we have:

${0usl~nasna) Ol-nana) = — 2na N
JEKE ( pone d0.=20M

it follows from Proposition 2.11 that g, [, ., converges in the £
topology for measures on [Z] ([~ na, na)). Let §(_,, nq4 denote the
limiting measure. Then the collection of measures (§(_, 4, ) is consistent
and therefore defines a unique measure ¢ on [Z']; evidently g, converges
to ¢ in the U, topology. It remains to be checked that § belongs to J7".
It is clear that § is in .#L{Z]. Since for any o € #[Z] [ K.E.[, 5 do
=sup [ [K.E. g9 An]do, o— [ K.E.[y, o do is a lower semi-contin-

5 See [6], for the definition of a universal net. A universal net is roughly one
which is a refined as possible. Every net has a universal subnet; the image of
8 universal net under any mapping is universal; a Hausdorff topological space is
compact if and only if every universal net in it converges.
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uwous function on #'[Z] with the 2, topology; hence, [ K.E.j ,
-dg = M.

By Proposition 2.11, each s, (@) is an 2, upper semi-con-
tinuous function on {p € AL[Z]): [ K.E.[y, s do =< M} and hence, by 2.,
5(p) is also 2, upper semi-continuous on this set. Hence, in particular,
5(f) = — N, so ¢ belongs to " and ¢ is A -compact. From the com-
pactness of X in the 2, topology, and the fact that the 2 topology is
a Hausdorff topology which is no finer than the 2, topology, it follows
that the U topology coincides with the 9, topology on 7.

We still have to prove 5., and we know already that 5(p) is U,
upper semi-continuous on X~ = {0 € ML[X]: [ K.E.[o,) do =< M}. To
prove 2 upper semi-continuity, it is enough to prove that, if g, is a net
in 2" which converges to p, then §(g) = h'masup §(0,)- There is evidently

nothing to be proved if lim sup &(g,) = — oo. If this is not the case, then

we can pass to a subnet for which §(p,) is bounded below, without
changing the lim sup. In other words, we can assume that all the g, are
contained in

{Q é'ﬂé[‘%‘]:fK‘E'lo.a) do< M,5(0) 2 _'N}’

for some choice of N. But, on this set, the 2l topology coincides with the
2, topology, so g, converges to ¢ in the 2, topology, and

3(p) = lim sup s(p,)

follows from the 2, upper semi-continuity of 3.

Proposition 2.16. Let X be a compact topological space, x — g, a con-
tinuous mapping from X to ML), and v a Radon probability measure
on X. Suppose [K.H. . d0, is bounded with respect to wx. Let
g= [dv() 0, Then

fK'E'[O, o do= f dv(z) f K'E'[O,a) dos
and

8() = [ dv (=) 8(ga) -

Proof. The first formula follows immediately from Corollary 2.9.
Replacing X, » by their images under x — p, we can suppose that
Xc AL(Z] and that § is the barycenter of v. But 5(p) is affine and
upper semi-continuous on any set on which [ K.E.;y » dp is bounded;
hence, by the theorem of the barycenter®

§(0) = [ dv(x) §(gx) -

¢ The theorem of the barycenter asserts that, if 4" is a compact convex set in
a locally convex topological vector space, ¥ a probability measure on X with
barycenter r(¥), and f an affine wupper semi-continuous function on 7, then

r®) = [ (=) dv(@). See [T].
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(To justify the application of the theorem of the barycenter, we have to
know that the closed convex hull of the image of X in .4 [Z] is com-
pact, or equivalently, that the closed convex hull of the image of X in
E () is contained in #*[{Z]. This follows easily from Corollary 2.8.)

Corollary 217, Let o € ML[X], and assume [ K.E.[y , do < oo. Let

=——f ds(t,0). Then

JEKEyydg= [ KE,ado <o, and 3§(g)=5(p).
Proof. By Proposition 2.16, we have only to prove
[K.E.gqot,do=[K.Epndo for 0<s=<a.
Now K.H.pypyoti=KE o=KE_;p+ KE.[.,-y By the
periodicity of g,
fK'E'[~Sy0) do= fK‘E"[a—s,a) do .
Reassembling gives:

JKE,potdo= [[KEqgo-9+ KL 5p]ldo= [ KE,,do

2.4. The Existence Theorem

In this section we summarize and reformulate the main results of [1]
in a form which will be convenient for our purposes in this article.

For any = = (q;, p;} in Z, we define

ol = s (g 5) voup {2 s - dog (P10,
where log, () = log(lg| v e). The quantity |z| is either a non-negative
real number or + co. We will regard | | either as a function on Z or on
[Z] as convement

The set Q" is {# €& : 2| < oo}. For any non- -negative real number §,
we define 3”& {x €& |z] £ 6} We denote by [.9&" ] and by [.%'a] the
corresponding sets of equivalence classes.

We want to solve the equations of motion

W) — p,(r); 210 = 2 P (@) ~ ()
with initial data in 4. Throughout thlS article, we will assume that F
has compact support and satisfies a Lipschitz condition. We will always
use B to denote the range of F, i.e., the smallest number such that
F(g) = 0 whenever |g| = R.

To solve the equations of motion, we introduce for each initial con-
figuration = = (g;, p;) the Banach space %, of sequences { = (&;, ;) of
pairs of real numbers such that

& v |74]
21, = sup (LI < oo,
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For { in #,, we let x + { denote the configuration (g, + &;, p; + 7).
The equations of motion with initial configuration a can be reformulated
as an evolution equation in %/ :

déz(t

=A,(L.(1);
the solution of the original equa’olons is then obtained as

x(t) =z + {,(b) -
We may obtain the solution of the evolution equation by an iterative
procedure. Define

Co,m(t)zo
(. —~fd1:A (Lniq,(T) for n=1,23,...,

¢
fz‘,n,m(t) = de [p: + ni,n—l,x(T)J
(2.12)
nz,mn-fdr[#zﬁ(qz a0 0 e
71
Let z,(t) = x + {,,.(t). For each positive real number m, define

a seminorm || [, on ¥, by
wlete = 0vsup [ 1) < ol

The following proposition is a more explicit version of Remark 4.3 of {1]:

Proposition 2.18. There exist functions h (8, T') and &(n, m, 8, T) such
that

) 18, e®lle = R(5, T) for all n
whenever x| < dand |t] = T.
i) Hm e(n,m, 8, T) =0 for all m, 3, T

>0

and
m“ Cn,m(t) - Cm (t)uac = 8(%, m, 6, T)

whenever x| < dand |t < T
We define T to be the mapping of [Z'] into itself which takes the
equivalence class of @ to the equivalence class of z(t ) The mappings 7't

form a one-parameter group of transformations on [Q" 1- We let T% denote
the mapping of [Z'] into itself which takes the equivalence class of x to
the equivalence class of ,(f). From Proposition 2.18, one easily obtains
the following:

Proposition 2.19. For any pair of positive numbers 0, T, and any v
wn A,

Jlim p(Th2) = y(T'2)

untformly for « in [5&; sland t| = T
19 Commun, math, Phys,, Vol. 11
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2.5. Space- Pertodized Systems

We will have occasion to consider systems of a finite number of par-
ticles moving in a finite interval [~ a, b) “with periodic boundary con-
ditions”. From a fundamental point of view, this is a matter of studying
a second order differential equation on torus. For our purposes, it is
convenient to formulate the equations in a slightly different way.

For any function f defined on R, and any positive real number «,
we let f, denote the function on R which is periodic with period « and
which agrees with f on [— /2, «/2). To find the motion of a system of
n particles moving on [— a, b) with interparticle force F and with periodic
boundary conditions, it is enough to solve the system of ordinary
differential equations:

dg.(t
L0 p);

O — 3 Foeo(galt) — 45(8) -
1%
(Note that, if @ + b = 2R, then F, _, satisfies a Lipschitz condition since
F does.) The p,(t)’s are the correct velocities, but the g;()’s are not
necessarily the correct positions; these latter are obtained from the
¢;(t)’s by subtracting appropriate integral multiples of @ 4+ b to give
values in [—a, b).
The solution of this system of equations gives a one-parameter group
of mappings of [Z] ([~ a, b)) onto itself; we denote these mappings by
T‘[,u,b). If we identify

(2.13)

o0

Z]= [T [Z1([-a+ n(@-+b),b+nla+ b))
0 = — O

and if we consider the separate evolution of each factor, we get a one-
parameter group of mappings of [Z'] onto itself which we will also denote
by T%_ 4 5)-

We also need to adapt some ideas from statistical mechanics to the
framework of periodized systems. A two-body potential @ will be said
to be P-stable if there exist constants B and D such that

2 Bulgi—q) =~ Bn (2.14)
1<i<jsn
tor all #, 4y, ..., ¢, whenever d = D. Passing to the limit d o0 in

(2.14) with the g, held fixed gives
2 D@~ g¢)= -~ Bn,

1gi<i=En

ie., any P-stable potential is stable.
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Although the notion of P-stability is a useful tool, it is not a very
pleasing hypothesis from an aesthetic point of view. Fortunately, for
potentials of compaet support, it reduces to the ordinary notion of
stability.

Proposition 2.20.7 Any stable potential of compact support is P-stable.

Proof. Suppose @(g) = 0 for |g| = R, and suppose that

2 Pl-a)= - Bn

1i<jisEn

for all », qy, . .., ¢, We will show that
2 Bilgi—q)= — Bn

1gi<isn

for all n, ¢y, ..., ¢, f d = 2R. We can assume that ¢, .. ., g, € [0, d).
For any positive integer IV, define gz, , ;, = Kd+¢q,for K=0,1,..., N -1
andi=1,2,...,n.

Then

2 5d(Qi —¢;)= lim V.~ D(g; - q5)

1<i<j<n N—rao
1
Z 5 (-BNn)=— Bn.

If @ is P-stable and if @ + b is large enough, we can construct the
grand canonical ensemble on [—a, b) for the potential D, ., We will
refer to this measure on [Z] ([—a, b)) as the periodized grand canonical
ensemble on [—a, b). If Fg) = — diq ®(q), where @ is an even P-stable

potential, and if a + b is larger than 2R, then the measure on [Z]
obtained by the product measure construction from the periodized
grand canonical ensemble on [—a,b) is invariant under the one-
parameter group Tf —a,by

§ 3. Measurability of [%] and T*

Proposition 3.1. Hach [32” 5] is @ compact subset of [Z].
Proof. By definition, [Z] is the set of all » in [Z] such that
1) Py, qlx) < dlog, (q) for all positive real numbers g.

B) Np (@) = 8(f — a) for all a, § with § — oc>log+<a+’3) .

2
By Proposition 2.5, for any g, «, f,

{x: Py, q (@) = dlog,(9)}

{£: N, plx) < 6(8 — a)}

? This proposition is due to D. RurLLE (unpublished).
19*

and
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are closed in [Z']. Hence, [&; 5] is the intersection of a collection of closed
sets and is therefore closed. On the other hand, for any bounded open
set A, P, and N, are bounded on [,92;‘ s]- Hence, by Proposition 2.3,
[Eg” 5] is compact. i

Corollary 3.2. [Z'] vs @ Borel subset of {Z'].

Next we investigate the measurability of the time-evolution map-
pings Tt

Proposition 3.3. For each 8, the mapping (t, x) —> Ttx is continuous
from R x [&;'5] to [Z].

Proof. It sulfices to prove that (t, ) —> w({T%x) is continuous for
every  in . We know from Proposition 2.19 that

Hm o (T%x) = w(T*)
n—>00

and that the convergence is uniform as ¢ runs over any bounded interval
and x runs over [%ﬁ s]- Hence, it will be enough to prove that (4, x)
— (1% ) is continuous. Furthermore, we can suppose that p depends
only on the co-ordinates of the particles in some bounded interval
[— 4, 4]. By Proposition 2.18 there is, for any 7' > 0, a constant H such
that

€i,n,2(0)] = H log, (q:)
whenever |t| = 7 and « = (¢,, p;) Eﬁg',,,

Now choose 4, so that j¢| — H log, (¢) = A implies |g| < 4,; if « E%Aﬁ,,
if [t = T, and if |g, + &;,,,,(8)] =< A for some =, then |g;] < 4, Choose
sucoessively 4;, A,, . . . 8o that |¢| < 4; and |¢’| = A;,, implies

lgl + Hlog,(9) + R<|¢'| — Hlog,(q) j=0,1,2,...
Then if x £ &’15 and if |g;| < A lg;] = Ay, we have

IQi,n,ac(t) - QJ',n,o:(t)[ >R

for all » and all |f) £ 7. [We have introduced the notation g;,,, ,(f)
=q;+ Sz‘,n,w(t)']

From the formula (2.12) for &; ,, . (8), %;,n, »(t), We see that, if |{] = T
and if |g;] < 4, then ¢;,, ,(t) and p;,,, .(t) depend only on ¢, on the
values of p; ,_y,,(7), T between 0 and ¢, and on the values of ¢;,,_4,,(7),
7 between 0 and ¢, for those §’s with |¢;| £ 2, ,;. By induction, and using
the fact that ¢, 0, 5 (t) = g5, P40, () = P;, We see that, if |g,| < A, and if
[t} = T, then g¢,,, () and p,,,, ,(f) depend only on £ and on those g,’s
and p,’s with |g;] < 4,. Furthermore, from the continuity of F we see
that the (¢;,,, » (1), Ps,n, « (1)), and hence p(x, (), are continuous functions
of these variables. (Here, we regard v as a function on & rather than on

[Z]).
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1t is now an elementary exercise in the topology of [Z] to conclude
from these statements that (7% ) varies continuously with ¢ and » for
| £ T and © € [Z5].

Corollary 3.4. The mapping (¢, x) — Ttz is a Borel mapping from
R < [Zto [Z].

§ 4. Measures Concentrated on [!%A” ]

If p is a probability measure on [27], we let g 4 denote the probability
measure on [Z] (A) which is the image of p under the restriction mapping.
Specifying a probability measure on [2'] (4) is equivalent to specifying,
for each n, a finite permutation-invariant measure on (4 x R)* such that
the sum of the total masses of these measures is one. We say that g has
a Maxwellian velocity distribution with inverse temperature f§ if, for
each /1, the component of g4 on (A x R)* has the form

A% (g - - -, ¢a) exp {_g 2 p?}dpp s dpy
1

where §7 is a permutation-invariant measure on A%

Proposition 4.1. Let ¢ ¢ A1 [Z}. For g to be concentrated on [%A" 1t is
sufficient (but not necessary) that the following two conditions both hold:

A. o has a Mazwellian velocity distribution (with some tnverse tem-
perature f3).

B. There exists a real number A such that, for any interval [a, b) of
length at least one, and any n =0,1,2, .. .,

Jao NpgoWNig,pp = 1) - (Vg9 — ) = [AD —a)]" ™. (41)

Moreover, we can put the estvmates in a more quantitative form: There
exists a function &(8, B, A) such that 61im e(0, B, 2) =0 for all (8, 2) and

such that )
e(CIZs) = (6, B, A

whenever p satisfies 4. and B.
Proof. Let P be a real number, and let

Y., p= {2 €[%]: for some integer m there is a particle with
mz g, <m+ 1and |p] = Plog, (m)};

Y, p={x € [Z]: for some integers m,j with 27 = log, (m), the interval
[m — 7, m + §) containg more than 2 Pj§ particles}.

We will estimate g(Y;,p) and (Y, p) and show that they both go to
zero as P goes to infinity; this will prove the proposition.
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Let g,,, be the g measure of the set of configurations with precisely
n particles in [m, m - 1), and let

s -2 Jerap.

An elementary calculation shows that the p measure of the set of con-
figurations having at least one particle in [m, m + 1) with velocity at
least P log, (m) is

§0 Omonll — (1 - ¢(Vﬁ Plog.. (m)))n]
= ¢()/B P log, (m)) ; Oy

= ¢(J/B Plog,(m)) [ do Nip,men
< ¢(J/B Plog.(m))- 4.

Hence,

o(¥y,p)

o

2 o{x:There is a particle in [m, m + 1) with velocity

W = — 00

i

at least P log, (m)}

1Y $(Y/B Plog, (m).

[IA

Using the fact that ¢ (&) decreases more rapidly at infinity than e/
it is easy to verify that the right-hand side of this inequality goes to
zero as P goes to infinity.

To estimate the measure of ¥, p, we let g,,, ; , denote the p measure
of the set of configurations having exactly n particles in the interval
[m — 4, m <+ 4), and we let

Om, s k :fdQ N[m—j,1n+j) , (N[m-i,m+7') -1... (N[m—i,m+i) —k+ 1)

:ngk (n __.k)g @m,isn -
By condition B.,
Om,isk = (217)1‘ :

It is straightforward to verify, using this inequality, that 8

(=1y | .
n Om,j, 140 = nl 6211(2}‘7)" .

D8

1
Om,iin = 7y

1=0

If

8 The possibility of using such an identity to estimate particle number proba-
bilities was suggested to me by D. RurLLE.
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Thus, the measure of the set of configurations with more than 2 Pj par-
ticles in {m — 5, m + 7) is not greater than
24 Y7 ”IT 224y .
n>2pi
If P =2), the ratio of succeeding terms in this sum is not greater than
1/2, so the sum is not greater than twice its first term. Using StirrIng’s

: I eP+A . )P .
formula, we see the sum is majorized by C (——P—F-—) Letting
eP+2 )P
f(P,A)= (—"pp—v) , we have
e(Yop)= Y X C[f(P, W)

m=—o0 2j=log, (m)
Since }}im f(P, Ay =0, the right-hand side goes to zero as P goes to
—>00

infinity, so the proof of the proposition is complete.
Condition B. holds, in particular, if p has correlation functions of all

orders g,(q;, . - ., ¢,) and if there exists a constant A such that
On(Gys -+ - @) = A7 (4.2)
for all » and all ¢, . . ., g,. In fact, we have:

fdQ N(a,b] (N(a,b] ~1)... (N(a,b] —n+1)
= f Ay, - dqn 0n(qy - - -5 ) -
[a, by
There are two cases in which inequalities of the form (4.2) are known to
hold:
i) p is a state obtained by taking the infinite-velume limit of the
grand-canonical ensemble at low activity? {8].

ii) p is a state obtained by taking any infinite volume cluster point
of the grand-canonical ensemble for a system with a non-negative poten-
tial, at any value of the temperature and chemical potential.

In both these cases, g also hdas a Maxwellian velocity distribution and

is therefore concentrated on [Z].

Case ii) requires some explanation. Suppose we have fixed a tem-
perature and a chemical potential, and suppose @ is a non-negative
two-body potential. For any positive number m, let g,, be the measure
on [Z'] obtained from the grand canonical ensemble on [—m, m) by the
averaged product measure construction, and let 3,, be the corresponding
measure obtained from the periodized grand canonical ensemble. The
measures g,, and g,, are translation invariant, and it may be seen that
they both have correlation functions satisfying (4.2) with A equal to the
activity 3. Furthermore, [ K.E.;; ) d3, and — s5(g,), and the corre-

® The activity 3 corresponding to the inverse temperature f and chemical

potential g is ef# /2 /8.
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sponding quantities for g,,, are bounded if m stays away from zero. Hence,
by statement 5. of Proposition 2.15, {g,,: m = 1} and {p,,: m = 1} have
compact closures in .#*[Z]. Any cluster point of the net (g,,), or of the

net (g,,), has a Maxwellian velocity distribution and satisfies (4.2) with

A =3, and is therefore concentrated on [Z]. It is to such cluster points
that ii) refers. We will see in § 6 that, if @ has compact support and has
a first derivative satisfying a Lipschitz condition, so that we can solve

the equations of motion with F(¢g) = — % D(q), then any cluster point

of the net (p,,) is invariant under the time evolution given by this F.

§ 5. Approximation by Space-Periodized Systems

In this section we show that, if we consider the time-evolution of an
infinite configuration x, but look only at those particles in some bounded
interval, we find a motion which is well approximated by the evolution
of a corresponding system which is space-periodized with respect to some
much larger interval. To be more explicit, we will show that, for any ¢
in 2, any 2 in [&?’] and any ¢, y(Tx) =lim zp(T‘[,a,b)x) as a, b go to
infinity in an appropriate way. Since the space-periodized evolution is
constructed by putting together infinitely many independent finite
systems, this result enables us to approximate infinite system by finite
ones. It therefore makes possible the use of the classical mechanics of
finite systems, notably of LrouviLLE’s theorem and energy conservation,
to obtain information about the infinite system.

This approximation theorem will be proved as follows: we start from
the equations for a finite periodized system in the form given in § 2.5,
Eq. (2.13). These equations are formally identical with the equations for
a non-periodized system, and we will study them in the same way. Thus,
we convert these equations to a non-linear evolution equation, which we
solve by successive approximations. By keeping track of the way the
estimates depend on the interval [—a, b) of periodization, we find that
the convergence of the solution by successive approximations is uniform
in a, b, provided that they are large enough and that one is not too much
larger than the other. Thus, all we have to do is to show that the nth
approximation for the periodized system is close to the nth approxima-
tion for the original infinite system. Now the evolutions of the two
systems differ only by “boundary effects” having to do with the behavior
of particles near the ends of the periodicity interval. Using the finite
range of the forces, and bounds on the distances particles can travel, we
can control the propagation of these boundary effects and show that, for
any n and any finite interval («, ), the n-th approximations to the
motion of the particles inside (e, ) for the periodized system and the
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non-periodized system are identical, provided that the ends of the
periodicity interval are far enough from the origin.

The details of the proof will consist primarily of the rewriting of the
estimates of [1] in the slightly different context of finite periodized
gystems. We will frequently have to impose some restrictions on the
periodicity intervals we consider, and it is convenient to have an ab-
breviation for this set of restrictions. We will say that an interval
[~a,b)isallowableifa = ¢, b = e%, a4 b = 2R, and 1/2 < log(a)/log (b)
= 2. (No special importance should be assigned to the number e; it is
simply a conveniently large number. A similar remark holds for the
bounds on log (a)/log ().)

Let [—a,b) be a finite interval, and let x = (p;, P15 . . -5 G Pu) be
a configuration of particles in [—«, b). We may regard x as a configura-
tion in R which happens to be finite and to be contained in [— «a, b); with
this convention we will use the definitions given in § 2.5 for ||, ¥, | |..
mll e ete. If &(¢) denotes the solution of the Egs. (2.13) with &(0) = z,
we write &(t) = x + £,(t), with £,(t) in #,. The differential equations
become

af - -
A N () (5.1)
where
Ay arn(D) = (pi o B Facaln+ - g5 @)) L B2
Fe=1

The following lemma generalizes Lemma 3.4 of [1]:

Lemma 5.1, There exvists a constant K such that, for all allowable inter-
vals [—a, b), for all finite configurations x = (q, Py - - -5 Gn> Pn) 1 {— @, b),
for all closed intervals [o, Bl [—a, b], for all 2 = 1, and for all n-tuples

(4]
log. (g:)

of numbers (§,) with sup =< 4, we have the inequality:
i

# {7'3% +&¢ h:U_OO{[% Bl - k{a+ b)}}
< ol {B— o+ Kallog, () + log. (12| v 1)}

Proof. By Lemma 3.4 of {1], we have an estimate of the desired form
on #{j:q;+ & €{o, f1}. Thus, we want to consider j’s such that
g, + & €le, f1+ k(a+ b) for some k== 0. Since [«, f]C[—a, ], we
must at least have ¢; -+ & ¢ (—a, b). But |¢; £ avbd, so g; must be
within a distance 4 log__(a v b) of the boundary of (- a, b), and the num-
ber of such ¢,’s is not greater than 2 |z| A log, (@ v b). On the other hand,
the interval [e, f]+ k(a4 b) must also come within a distance
Alog, (a v b) of the boundary of (—a, b), and this implies that

el v|Bl Z anb— Alog (avb).
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Using the inequalities
log (@ vb) < 2log, (anbd)
and

%log+(avb) log. (log, (e v b)) = 10 —=log_ . (a v b)

(which follows from a v b = e°), and also using the sub-additivity of

log., we get
log, (Ja] v B1) = log, (@ A b) — log, (Alog, (e v b))
= -log, (a v b) — log, (%) — log, (log, (a v b))
1
Z 75 log, (av ) — log (A} .
Hence,

# 00, + & €Y, (1o B+ bla+ b))

< 20 Ja| 2 [log, (|| v |B]) + log, (2)]
s0 the proof of the lemma is complete.

Proposition 5.2. There exist constants C, D such that for all allowable
[—a,b), all conﬁgumtwns xwm [—a,b), and all  in ¥ ,, we have

[ 4a045 (O] = (1 + [2]) [0 + D[] 1og. (12])]

The proof of this proposition, using Lemma 5.1, is nearly identical with
the proof of Proposition 3.3 of [1]; we omit the details.

Lemma 5.3. Let a real number d be grven. Then there exists a constant B
such that, for all o« > O there exists an my such that, for all m = my, all
allowable [—a, b), all configurations x in [—a, b), and all £, ' in ¥, with
[C] < 4. 8| = d, we have:

milgw,a+b(6) - Avac,aer(C')Hm = B ]f(,l logﬁ—(m)amué - C,”w .
The proof is essentially the same as that of Lemma 4.1 of [1].

‘We now define:

Eo,m(t) =0 3
4
Cno®) = [dr Ay y (Coq,o(x)) for n=1,23,...
0

Proposition 5.4, There exist functions h(d, T) and &(n, m, 8, T), with
lim &(n,m, 8, T) =0

—>o0

for all m, 6, T, such that:

i) G a O] = h(8, 1)

ii) )&, ot) = LoDy = E(n,m, 6, T)
for all n, m, whenever [— a, b) is an allowable interval, x is a configuration
n [—a, b) with x| < d, and |t} =< T.
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The proof is essentially the same as that of Proposition 4.2 of [1].

We now state the principal result of this section:

Proposition 5.5. Let y > 0,5, and T be given, and let y belong to 2.
Then there exists a real number A such that, whenever ¢ = A, b = A,
1/2 < log(a)/log(d) =< 2, we have

ill)(TtT) - V)(Tlf~(l,b)x)] = v
ifw C[Zs)and |t < T.

Proof. 1t suffices to prove the proposition for  of the form
d(Sf, ..., 8fy), with ¢ a bounded continuous function on R" and
fis - - s [, iIn 2. Choose m so that f,(g, p) = 0 f(ir all ¢ if |¢] = m.

For any labelled configuration x belonging to & and any finite interval
[—a,b), let & be the part of x in [—a, b). [The index set for the finite
labelled configuration & may not be of the form (1, 2, 3, . . ., #), but this
is inessential.] Note that |# =< |z|. Using Propositions 2.18 and 5.4, we
see that there is a constant H such that

whenever [—a, b) is allowable, |z| = §, and |t} = T
Choose m1, so that

lg] ~ 2 Hlog, (q) = m implies |g| < m,. (5.4)

Now these inequalities imply that, if {—a, b) is allowable, if |x| < 4, if
=7, and if a=m, b= m, the sums defining Sf;(T*x) and
N fj(Tf__a’b)x) can be restricted to those i’s with |¢;| < m,. The number
of terms in such a sum is not greater than 2 dm,, and (5.3) enables us
to put an upper bound on the velocities of the particles entering the sum.
Hence, the f;, and also ¢, are uniformly continuous on the relevant ranges
of variables. To prove the proposition, then, it will suffice to prove the
following assertion: For all m,, 8, 7' and & > 0, there exists a real number
A > mg such that, if 1/2 < log(a)flog(d) £ 2,iffa= 4,b= 4, 1if || £ 6,
and if {t| < 7, then

€30 — & BV 7:50) — 1.2 (8)]
log:(q.)

Again using Propositions 2.18 and 5.4, we see that there exists =
such that

sup{ el = mo} =e. (6.5)

mr(,”é-n,w(t) - Cw(t)”x = '9/2
manfn,m(t) - fw(t)”w = 8/2

whenever |t| < 7', |2| £ J, and [—a, b) is allowable. Comparing these
inequalities with (5.5) shows that it suffices to find, for any given n,
a constant 4 = m, such that, whenever [—a, b), ¢, x are as above, with
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a=A,b= A, we have

Eina®) = Enma)s  Tinzl) = im0t (5.6)

for all ¢ with |g;| £ m,.
We choose successively my, m,, . . ., m,so that, if [¢] < m;, |¢'| = m; 4,
lg| + Hlog(g) + B <|g'| — 2 H log  (¢") - (5.7)

We assert that we can take 4 = m,,. We will prove (5.6) by showing by
induction that, for [—a, b), ¢,  as above, for ¢ = m, and b = m,,, and
for 0 £ k < n, it |g;| £ my,_,, then

Eina®) =& o), Tinalt) =150 . (5.8)

This is clearly true for &k = 0 since everything is then identically zero.
Suppose it is true for £; we will prove it for £ + 1. Now

t
Eikrt,all) :of At [p; + iy, (D] (5.9)
t
ok r1,20)= [ dv [,2 Fors(ts+ Epa® — 45— Ef,k,az(r))] , (5.10)
0 R

and corresponding Eq. (2.12) hold for &, ,.4,.(t) and #; ,.q,,0). 1f
le = My 115 then ‘Qz| = My, > SO ﬁi,k,i‘(f) = ni,lc,w(r) by the induction
hypothesis. Hence, by (5.9) and the first part of (2.12), & ;. s(0)
=& pa1,0(0).

From the inequalities (5.3) and (5.7) it follows that, if |g,| < m, _,_;,
the sums over j in (5.10) and in the second part of (2.12) may be restricted
to those j’s with |g;| = m,_,, and F_, , may be replaced by F. But from
the induction hypothesis

gyki(T) =&, 5,0(7)

for all § with |¢;| £ m,_,. This proves the induction step (5.8) and
therefore the proposition.

§ 6. Equilibrium States

In this section, we prove two propositions which imply that many
infinite-volume limits of thermodynamic ensembles are invariant under
the time-evolution defined by the corresponding potentials.

Proposition 6.1. Let (a,) be a net of positive numbers, with lim a,, = cc.

4

For each o, let g, be a probability measure on [Eg 1 which is invariant under
T‘[_a ) Suppose that

lim 0, (GI%5) = 0

unsformly in o, and that

lim [do,y = o(y)
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for all win . Then the state p of A is a probability measure concentrated
on [Z] and is nvariant under T
Proposition 6.2. Let (a,) be a net of positive numbers, with im a, = co.

For each o, let o, be a probability measure on [&;"‘ | which is tnvariant under

T‘[_%’ 0,y Let @, = ?{;; . Z:ds (T5 0,) and suppose that
lim g.(C[45) ~ 0
uniformly in o and that
lim [ da,p = o(y)
for every wn 2. Then the state p of U is a probability measure concentrated

on [Z] and is invariant under T,
We will give the details only for Proposition 6.2; the proof of Pro-
position 6.1 is similar but less complicated. Let us first dispose of showing

that p is concentrated on [ﬁf ]- Choose ¢ so that g,(0 [%ﬁ )= 1— ¢ for
all . Since g is a measure on the spectrum of 2, and since, by Proposi-

tion 3.1, [Zs] is @ compact subset of the spectrum of 2, we have:

o([Zs]) = inffo(p):p €A, v =0,y = 1 on [Z]}.
But for any such ¢, g,(y) = 1 — ¢ for all a, so p(y) = 1 — ¢&; hence,
e([Zs]) =1 — & We can make this argument for any &> 0, so

o([Z] =1
To prove the rest of the proposition, it suffices to show that

JdoypoTt=[dey (6.1)
for all p in A with ||| = 1. The first thing we want to show is that
JdoywoTt=lim [dg,poT". (6.2)

This is not immediate since y o 7' is not in A. However, we can argue
as follows: Let 0 be chosen large enough so that §,(C[Zs]) = ¢ for all a.

By Proposition 3.3, ¢ o T'* is continuous on [%Zs]. Since [Zs] is compact
in the spectrum of A, the Tietze extension theorem asserts that there
exists P in U with ||| < 1, such that ¢ = ¢ o T on [%;). Then

[[dau(po Tt =9 =2e
for all , and similarly

[do(poTt—P) =2¢.

Hence, whenever « is large enough so that |o () — 8, (9)] =< &, we have

|[do(po T — [do,(poTH = |fdo(yo T — )

+1e@) =GP+ [ d@ulyo T - P)| = 5 ¢,
so (6.2) is proved.
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Next observe that Eq. (2.3), applied with f equal to the characterlsme

function of [&” 1, implies that 7,(g,) is concentrated on [.%” ] for almost
all (and therefore for all) s between — a, and a,. Also notice that:

[12:3
fdéaw:?i; fdé‘fdeawors

g
2
o
_—_QL% fdsfd@lpOTt[_a“+s,a‘x+s)ors
it
:fd@m(i,uoTt)—}——z—}l—oc faadsfdga

[The first equality is just the definition of g,; the second follows from the
invariance of g, under Tﬁ_a ) the third follows from:

Ts © T‘[—aa,a“) == Tt[~au+ sa,+8) OTs 5
and the fourth uses Eq. (2.3) with f = ¢ o 7.1
Let b, =sup{s < a,:2log(a, - 8) = log(a, + 8)}; thenlimsi: 1,

and proving (6.1) reduces to proving:

.1 e N
hin%;—_{ dsfdga[ont[ﬁa“+g,a“+s)~on’]ors:O‘ (6.3)

Also, lim (e, — b,) = oo, and, if |s] < b, 1/2 = log(a, — s)/log(a, + 8) = 2.

We are therefore in a position to apply Proposition 5.5. For any 6,
define 45 on [Z'] by

1 A
X == 5 on [Z']

= 2 on G[%A” 5] -
Then for sufficiently large «

sup l’/)OT[ a, + 5,0, 48" ‘/)OTtlS:Xw
ey

Hence,

hmsup 2 fan[wOT[ —a, +8,a,+s8) ont]oTs

= lim sup [ dea s
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for all §. Since 6lim [ 4@, x5 =0 uniformly in «, (6.3) is proved and the

proof of the proposition is complete.
We now describe two applications of these propositions to proving
that thermodynamie limit states are invariant under the time evolution.

Assume that F(g) = — —é% @(q), where @ is even, of compact support,

and stable. We choose an inverse temperature and a chervical potential,
and we construct, for every real number m = R which is large enough
so that the P-stability inequality holds, the periodized grand canonical
ensemble on [—m, m]. Recall that, in our terminology, this is a proba-
bility measure on [Z'] ([~ m, m)). Let §,, be the measure on [Z] obtained
from this measure by the product measure construction. By LiovvirLe’s
theorem and energy conservation, g,, is invariant under T‘[_m,m).

A straightforward adaptation of the arguments in [8] shows that, if
the activity is sufficiently small, the measures g,,:

i) have correlation functions satisfying a bound of the form (4.2),
where A may be taken to be independent of m;

ii) converge as m goes to infinity to a translation-invariant measure
g on [Z]

Moreover, g is the same state as is obtained in {8] as the infinite
volume limit of non-periodized grand canonical ensembles. The dis-
cussion in this reference is in fact formulated in terms of correlation
functions and not in terms of measures, but, because of the bound (4.2),
statements about correlation functions may easily be translated into
statements about measures'®.

Taking into account Proposition 4.1, we see that

lim g, (C14s]) = 0

uniformly in m. Hence, Proposition 6.1 applies and shows that ¢ is
invariant under the time evolution.

Now assume that @ is non-negative, rather than merely stable, and
consider g,,, the average of §, over translations, for any fixed values of
the inverse temperature and chemical potential (i.e., not necessarily for

10 Jf a measure ¢ on the space of locally finite position configurations has
correlation functions g satisfying (4.2), then the measure may be recovered from
the correlation functions as follows: Let /1 be a bounded Borel subset in R, and
let B be a symmetric Borel subset of A" The g-measurc of the set of all configura-
tions having precisely n particles in A4 and those n particles distributed so that
their co-ordinates form a point of # is

1 2 (=1 . ,
— ( .,) [y -5 dqu [ A5 A Cuts(Gus - s s G v+ 5 ) -
nlj=o 1° E Ad

This formula, which does not seem to appear in the literature, was pointed out
to me by D. RuELLE.
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small activity). By the last paragraph of §4, {5,,} has compact closure
in AZ] and

Jim 3, (GI%4) = 0
uniformly in m. Hence, Proposition 6.2 implies that any cluster point
of the net (g,,) is invariant under the time evolution.

§ 7. Conservation of Entropy
In this section, we will assume that the interparticle force I’ is of the
d
form — aq D(q), where @ is even, of compact support, and stable, and

we will consider probability measures p on [#] which are translation
invariant and concentrated on [Z'], and which have, in addition,

JdoNfy 1y <oo, [doK.E.p,,)<co.

For such a measure p, we denote by p? the measure g o 7'*. The main
result of this section is the following:
Proposition 7.1, Let o, F' be as above. Then, for any t,
Jdot KB,y < o0
s0 §(p?) is defined, and we have:
8(0") = 5(0) -
This would immediately imply that s{of) = s(o) if we knew that
fd@t N%O,l) <X
we will also prove this, but under more restrictive assumptions on the
potential @.

In outline, the proof of Proposition 7.1 goes as follows:

1. We consider, instead of ¢?, the measure gf, = p o T‘[,mn), which
should be a good approximation to g? for large n, by Proposition 5.5.
Although it need not be translation invariant, ¢, is periodic with period
2n.

2. Using conservation of energy for the periodized system. together
with the P-stability of the potential, we obtain a bound

e [ A KBy = M

valid for large #. In particular §(gf) is defined for such ».
3. Using L1ouviLLE’s theorem, we show that

(%) = 3(0) -
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4. Denoting by g%, the average of pf, over translations

1 n
O =5, | dstydh,
—n
we have by Corollary 2.17 §(@,) = §(p)

_ 1
fd@t’LK'E-[Oyl) = %fK'E'I—n,n) d@?z =M.

5. Finally, using Proposition 5.5, we prove

lim g}, = o

N->00

which implies by a semi-continuity argument:

[ K B, dg* < lim inf [ KB,y ddh < M

(o) = lim sup §(g%) = §(p) -
n

We now proceed to fill in the details. Step 1. merely defines the
notation. For step 2., we define the energy in [— n, n) for the periodized
interaction as:

E[—n,n) =KE pn+ PEnn

~ 1 ~
PE .y () = D} 2 Dy (9: — 45)
st
2 G EL—n,n)
where (g,, ;) is a representative of . By conservation of energy for the
periodized system,

E[—n,n) o Tt[—-n,n) = E[——n,n) .
We will prove that £;_,,, is p-integrable and estimate its integral.
By the translation invariance of g,
fdg KE[_%”) = 2n f dQ K'E‘[O,l) 5

on the other hand, if X is an upper bound for |®|, and if J is an integer

not smaller than R, then
n—1

—~ K
lP‘E-[-—n,n)! ] P Z N[z,z+1) Nty SRS

i=—n j=-—
where ¢ + § means that integer in [—#,n) which is equal to ¢ + § modulo
2n. Applying the Schwarz inequality and translation invariance, we get

fdQPE[nn) K@2J+41)n [do Ny -
Hence,
fdQnElnn)*fdQE[nn)OT[ nn)_fdQE[ nyn) = =20 M,

where M’ does not depend on .
20 Commun, math, Phys.,Vol, 11
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Now suppose that n is large enough so that

Y B¢~ 9) = — Bm

1<i<j<m
for all m, ¢y, . . ., ¢,,. Then
I/;'\-E;'[—n,n) + B N[—n,n) =0.

But we also have

f d@iz N[——n, n) = f dQ 1\7[—%,%) o T%-—n,n) = f dQ N[——n,n)

= 2n [do N,y

and therefore

fdgft I{'E'[—ngn) = fdgf'L [E[—n,n) =+ BN[—n,n)] =2nM

where again M does not depend on ». This finishes the proof of 2.

To prove step 3., it suffices, by statement 2. of Proposition 2.15, to
prove that

Simin (0h) = S(—jn,im (0)
for all odd integers j. LiouviLLe’s theorem asserts that the measure

O(_in,jn) 18 Invariant under T‘[_n,n); our statement now follows from
Proposition 2.13.

Step 4. is a straightforward application of Corollary 2.17. For step 5.,
we have first to prove

n
lim ?17; [ ds [doyorsoTt = [doypol? (7.1)
et

H—>00
for all p in L. Using the equation
T 0 Tf[-—n,n) = Tt[—n+s,n+s) Ty

and the translation invariance of g, we have

n

1 -~
5 fdsfde)orsoT’(_n,n)

—n

1
1 .
=39 fd“/dQ volt na—ann@+an-
—~1
By Proposition 5.5,if — 1 <a < 1,
lim o Tt uy—amaran = ¥ o T*

-0

on ['%A" 1; hence, applying the dominated convergence theorem twice gives
(7.1).
To finish the proof of step 5., and hence of the proposition, we have
only to show that
JE.E.ppde*= M ;
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then the statement about the mean entropy will follow from statement 6
of Proposition 2.15. Because @' is translation invariant, K.E.4,
= K.E.;,,y almost everywhere, so it will suffice to prove that

o [K.E.qdo
is a lower semi-continuous function on #*[Z']. Let (y;) be an increasing
sequence of non-negative continuous functions on R converging point-
2
wise to the characteristic function of (0,1), and let f;(q, p) = %;(q) 2;— .

Then y; = (Sf;) Aj is an increasing sequence in 2 such that
J KB,y do =sup o(y,)
i

for all o in A1 [Z']. Since p— p(y;) is continuous, our assertion is proved.
Next, we take up the question of the integrability of N ;) with
respect to p?.
Proposition 7.2. Let o be as in the first paragraph of this section;

assume that F(q) = — 7‘% @D(q), where @ has compact support and is of

the form @D, + Dy, with D, and D, both even, O, P-stable, and D, non-

negative and bounded away from zero on a neighborhood of the origin. Then
[dot N}y <oo.

Proof. We will keep the notation of the proof of the preceding pro-
position. Since p? is translation invariant,

[de* Nio,1y= [ de Nig,y -
Arguing as in the proof of step 5. of the preceding proposition, we see

that g — [ dg N% 1y is lower semi-continuous on .#*[%'] and therefore
that it suffices to obtain an upper bound on

n—1
5177 2 Jda, N?% ;4 1y which is uniform in = for large n.
je=—n
By Eq. (2.3),
n~1 1 Zn n—-1
P fd@% NEivn =355 f dsfde%‘z NGj+n ©Ts
i=—n o j=—n

2n
1 ; n—-1 o
=% f dsfdQn'Z N—sj—s+1)
0 P=—n

For any value of s between 0 and 2n, some of the intervals (j — s, — s + 1)
will be contained in (—=»,n) and some in (— 3%, —x). One, at most, will
contain —n. If j — s << — n <j — s -+ 1, we can estimate

f dQ% N(zi-—s,j——s—%-l) = [doh (Nog,—n) + Nicn,j—s+0)?
=2 f ngn [N(2~7L—1,—n) + N%—n,——n-{-l)] .

20*
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From these two remarks, and the periodicity of of, we see that to
prove the proposition it will be sufficient to show that there is a con-
stant K such that, whenever » is large enough,

1
/1 Z NS K

for all pairwise-disjoint collections {I;, I,, . . .} of intervals of unit length
contained in [—n,n). Using the conservation of energy and particle
number for the space-periodized evolution, we can get such an estimate
if we can find constants €, ¢ such that

Z N% = OE[—n,n) + ¢’ N[—oz,n)
7

whenever » is large enough and {I,, I,, .. .} is as above.
From the P-stability of @;, we have

2B pm @2 = BN pm @)+ X Byunlgs— )
i qjg [ﬁk—jn n)
(where (g;, p,) is a representative of x).
Since @, is non-negative, we can omit any terms we like from the
sum on the right; we keep only those pairs with ¢, ¢; both belonging to
the same one of the I,’s. The proposition now follows from the fact [9]

that there exist B’, B, with B’ >0, such that, for all m and all

G - > @ in [0,17],
Y Dylg; — ;) = — B'm+ B"m?.
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