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0. INTRODUCTION

Let o be an irrational number, (g, )nen be the sequence of the denominators of its
continued fraction expansion and (a,)nen be the sequence of its partial quotients.
Roth-type irrationals have several equivalent arithmetical characterizations:

e in terms of the rate of approximation by rational numbers: for all € > 0
there exists a positive constant C. such that |ga — p| > C.q~ %9 for all
rationals p/g;

e in terms of the growth rate of the denominators of the continued fraction:
qni1 = O (g-T¢) for all € > 0;

e in terms of the growth rate of the partial quotients: a,+1 = O (¢5) for all
e>0.

In addition to these purely arithmetical characterizations an equivalent definition
arises naturally in the study of the cohomological equation associated to the rotation
R, : x — x + « on the circle T = R/Z: « is of Roth type if and only if for all
r,s € Rwith r > s+ 1 > 1 and for all functions ® of class C" on T with zero mean
fT ®dxr = 0 there exists a unique function ¥ of class C° on T and with zero mean
such that ¥ — W o R, = &.

The class of Roth-type irrationals enjoys several nice properties: by the cele-
brated theorem of Roth all algebraic irrationals are of Roth type. Moreover the set
of Roth-type numbers has full measure and is invariant under the natural action of
the modular group SL (2,7Z).

The goal of this paper is to characterize a class of interval exchange maps
(i.e.m.’s) with similar properties (especially for the solutions of the associated co-
homological equation and the fact of being a full measure class).

0.1. Interval exchange maps. Let A denote an alphabet with d > 2 elements.
Let I be an interval and (I,)aca a partition of I into d subintervals. An interval
exchange map 7 is an invertible map of I which is a translation on each I,. Thus
T is orientation—preserving and preserves Lebesgue measure.

When d = 2 then T is just a rotation (modulo identification of the endpoints of
I). Tt can be thought of as the first return map of a linear flow on a two-dimensional
torus on a transversal circle. Analogously when d > 3 by singular suspension any
i.e.m. is related to the linear flow on a suitable translation surface (see, e.g. [VI]
for details, or section 3 below) typically having genus greater than 2. A well-known
dictionary between translation surfaces and Riemann surfaces relates i.e.m.’s to
the theory of measured foliations on surfaces (see, e.g. [FLP] for an introduction to
measured foliations). Finally i.e.m.’s are related to the study of rational polygonal
billiards (see [Ar], [Ta] and [KH], Chapter 14, for a general introduction to i.e.m.’s,
flows on surfaces and polygonal billiards).

Typical i.e.m.’s are minimal (this is guaranteed by a condition due to Keane
[Kell, which is automatically dealt with if the interval lengths are rationally inde-
pendent) but note that ergodic properties of minimal i.e.m.’s can differ substantially
from those of circle rotations: first they need not be uniquely ergodic [Ke2, [KNL[Cq],
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and second, being ergodic they can be weakly mixing [KS| V3| [V4]. On the other
hand uniquely ergodic i.e.m.’s are generic [KR] and Keane’s conjecture that almost
every i.e.m. is uniquely ergodic was proven independently by Masur and Veech
[Mal, [V2]; see also [Kerl [Re].

One of the most important consequences for us of Keane’s condition is that it
allows us to introduce and to iterate indefinitely continued fraction algorithms that
generalize the classical algorithm (corresponding to the choice d = 2) [Ral V2| [Z1].
Both the Rauzy—Veech continued fraction algorithm and its accelerated version
due to Zorich are ergodic w.r.t. an absolutely continous invariant measure in the
space of i.e.m.’s. However in the case of the Rauzy—Veech continued fraction the
measure has infinite mass whereas the invariant measure for the Zorich algorithm
has finite mass. The ergodic properties of the continued fraction map and of the
related Teichmiiller flow (see Section 4.2 for its definition) have been studied in
detail [V5 V6l V7| [Z2] [Z4] [Fo2).

0.2. The cohomological equation. Our study of the cohomological equation for
i.e.m.’s has been prompted by Forni’s [Fol] celebrated paper on the cohomological
equation associated to linear flows on surfaces of higher genus. Let us first state
our main theorem.

We will denote by BV (| |I,) (resp. BV, (| |I.)) the space of functions ¢ whose
restriction to each of the intervals I, is a function of bounded variation (resp. the
hyperplane of BV (| | I,) made of functions whose integral on the disjoint union | | I,,
vanishes). We will also denote by BV} (| | I.)) the space of functions ¢ which are
absolutely continuous on each I, and whose first derivative belongs to BV, (| | 1,).

Our first main result can be stated as follows:

Theorem A. Let T be an interval exchange map with the Keane property and of
Roth type. Let ® € BVi (LI Ia). There exists a function x constant on each interval
1, and a bounded function U such that

U-ToT=0—y.

To make the above statement precise we need to define Roth-type i.e.m.’s. This
is the subject of section 1.3 below. For the time being we will content ourselves
with briefly describing the three conditions which a Roth-type i.e.m. must satisfy:

(a) The first condition is a growth rate condition for the matrices appearing
in an accelerated version of the Zorich continued fraction algorithm (see
Section 1.2.4 for details). This condition is the precise analogue of the
third of the equivalent arithmetical characterizations of Roth-type irrational
numbers given above.

(b) The second condition is a spectral condition which guarantees unique ergod-
icity of Roth-type i.e.m.’s. This condition does not follow from condition
(a) (see Appendix B for a counterexample, and also [Ch]) but is automat-
ically satisfied if the i.e.m. is of constant type (i.e. the matrices considered
in (a) have bounded norm).

(c¢) The third and last condition is a coherence condition.

The second main result of this paper is

Theorem B. Roth-type interval exchange maps form a full measure set in the
space of all interval exchange maps.
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Obviously, Theorem A is closely connected to Forni’s fundamental theorem [Fol|
on the cohomological equation for area-preserving vector fields on surfaces. By
singular suspension (“zippered rectangles”, see Section 3), one obtains from an
interval exchange map an area-preserving flow on a singular flat surface. Forni
develops some Fourier analysis tools in this context, which allow him to solve the
cohomological equation for almost every direction; our methods are completely
different. He works in the Sobolev scale and his methods allow him to lose no more
than 3 + ¢ derivatives (for every € > 0) [Fo3]. Our loss is smaller and we get an
explicit Diophantine condition. On the other hand, given a singular flat surface, we
do not know if almost every direction leads to a Roth-type interval exchange map.

The connection with singular flat surfaces explains the type of regularity we
introduce when we consider the cohomological equation for more regular data: we
still allow discontinuities for ® at the endpoints for the I,,; on the other hand, we
require the solution ¥ to be continuous on all of I. New linear conditions on ®
appear by integration of the cohomological equation. See Section 3 below for the
precise statements.

When the singular suspension of an i.e.m. 7" is an invariant foliation for a pseudo—
Anosov diffeomorphism, the continued fraction expansion of T' is eventually peri-
odic. This implies a strong version of condition (a).

Conditions (b) and (c) are also satisfied. Hence T is of Roth type (even of
“bounded type”) and Theorem A applies. This answers positively a question raised
by Forni ([Fol], p. 342).

0.3. Summary of the contents. In the first section we introduce interval ex-
change maps and we develop the continued fraction algorithms to an extent which
allows us to introduce Roth-type i.e.m.’s. The Keane property (see 1.1.6) does not
only guarantee that an i.e.m. is minimal but it also implies that the Rauzy—Veech
continued fraction algorithm (described in 1.2.1-1.2.3) can be iterated indefinitely.
Accelerating the Rauzy—Veech map by grouping together arrows with the same
name in the Rauzy diagram leads to the Zorich continued fraction algorithm (de-
scribed in 1.2.4) which has the advantage of having a finite mass a.c.im. On the
other hand, since every name is taken infinitely many times in the sequence of
arrows in the Rauzy diagram corresponding to a given i.e.m. one can produce a
further acceleration of the scheme by grouping together all arrows which take all
possible names but one: this leads to the algorithm we will use in the definition
of Roth-type i.e.m.’s given in Section 1.3 and already briefly described above. The
notation and the presentation of the Rauzy—Veech—Zorich algorithms follow closely
the expository paper [Y].

Section 2 is devoted to the study of the cohomological equation and to the proof
of our main theorem A. When T is a minimal homeomorphism of a compact space
X, we know from a theorem of Gottschalk and Hedlund [GH] that a continuous
function on X is a T—coboundary of some continuous function as soon as its Birkhoff
sums at some point of X are bounded (see Section 2.1.1). An i.e.m. with the Keane
property is minimal but not continuous. Nevertheless, a Denjoy-like construction
(see Section 2.1.2) allows us to apply Gottschalk—Hedlund’s theorem and conclude
that a continuous function whose Birkhoff sums at some point are bounded is the
T-coboundary of a bounded function. The next step in the proof is the reduction of
the control of a general Birkhoff sum to the control of those special Birkhoff sums
which are obtained by considering the return times of the point under iteration of
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the map (Section 2.2). These can be conveniently analyzed using the continued
fraction. The estimates of these special Birkhoff sums for functions of bounded
variation are given in Section 2.3 and the proof of the theorem is completed in
Section 2.4.

In Section 3 we first recall how to construct a linear flow on a translation surface
starting from an i.e.m. and certain suspension data (Sections 3.1-3.3). Then we
relate the discrete cohomological equation for i.e.m.’s to the continuous one for the
vertical (area-preserving) vector field constructed by suspension: this allows us to
consider more regular data (i.e. belonging to the space BV} of functions whose r—th
derivative has bounded variation on each I, and all intermediate derivatives have
zero mean on | | I, ). We prove that for those the loss of differentiability in solving
the cohomological equation is the same as for functions in BV! (Section 3.4).

Section 4 is devoted to the proof of theorem B, i.e. that Roth-type i.e.m.’s have
full measure. To this purpose we need to describe how the Rauzy—Veech map acts
at the level of the suspension data (Section 4.1). Then we combine the continued
fraction algorithm (in Zorich form) with the Teichmiiller flow in order to get a ver-
sion which is normalized w.r.t. scales (Section 4.2). A careful comparison between
the a.c.i.m. for the continued fraction map and the Lebesgue measure is carried out
in Section 4.3 whereas in Section 4.4, following Zorich [Z1] we prove the integra-
bility condition on the matrices needed to apply Oseledets’ multiplicative ergodic
theorem. Then conditions (b) and (c) in the definition of Roth-type i.e.m.’s have
full measure (Section 4.5) by Oseledets’ theorem and the almost sure existence of
a spectral gap proved by Veech in [V3|. Showing that condition (a) also has full
measure requires more work and more precise information on the combinatorics of
the continued fraction map. This is summarized in a Proposition stated in Section
4.6 and proved in Section 4.8 whereas in Section 4.3 we show how to conclude the
proof of theorem B by putting together the results of Sections 4.3 and 4.7 and
applying a Borel-Cantelli argument.

The two appendices are devoted to the construction of concrete examples of
Roth-type i.e.m.’s and to the construction of non-uniquely ergodic i.e.m.’s satisfying
condition (a) in Roth type (but of course not condition (b)).

1. THE CONTINUED FRACTION ALGORITHM FOR INTERVAL EXCHANGE MAPS

1.1. Interval exchange maps.

1.1.1.  An interval exchange map (i.e.m.) is determined by combinatorial data on
one side, length data on the other side.

The combinatorial data consists of a finite set A of names for the intervals and
of two bijections (g, 71) from A onto {1,...,d} (where d is the cardinality of A):
these indicate in which order the intervals are met before and after the map.

The length data (Ay)aca give the length A, > 0 of the corresponding interval.
More precisely, we set

I, :=[0,\,) x {a},

A= A,

acA
I:=[0,\).
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We then define, for ¢ = 0, 1, a bijection j. from | | . 4 I onto I:

Je(z,a) = Z Ag +x.

me(B)<me(a)

The i.e.m. T" associated to these data is the bijection T'= j; o jo_l of I.

1.1.2. If A, m, 71, Ay are as above and y : A" — A is a bijection, we can define a
new set of data by

m=m.ox ,e=0,1,
)\:)z’ = Ax(o/) s a' S A, .
Obviously, the new i.e.m. T” determined by these data is the same, except for

names, as the old one. In particular, we could restrict our attention to normalized
combinatorial data characterized by

A={1,....d}, mo=ids.

However, this leads later to more complicated formulas in the continued fraction
algorithm because the basic operations on i.e.m.’s do not preserve normalization.

1.1.3.  Given combinatorial data (A, g, 1), we set, for «, 5 € A,

+1 if ’/To(ﬂ) > 7TO(O‘) ) 7Tl(ﬂ) < 7r1(a)a
Qo= -1 if mo(B) <o), m(B) > mi(a),
0 otherwise.

The matrix Q = (Qaﬂ)(a,ﬁ)eﬁ is antisymmetric.
Let (Ay)aca be the length data and let T' be the associated i.e.m. For a € A,
y € jo(Iy), we have
T(y) = y + 60( )

where the translation vector 6 = (§4)ac is related to the length vector A = (Aa)aca
by
0=Q\.

1.1.4. There is a canonical involution T acting on the set of combinatorial data
which exchange mg and 7;. For any set (Ay)aca of length data, the intervals I,,, I
are unchanged, but jo and j; are exchanged and T is replaced by T~'. The matrix
Q is replaced by —2 and the translation vector § by —d. Observe that Z does not
respect the combinatorial normalization.

1.1.5. In the following, we will always consider only combinatorial data
(A, 7o, 1) which are admissible, meaning that for all k =1,2,...,d — 1, we have

m ({1, kD) A L. k)

Indeed, if we had ;' ({1,...,k}) = 7, "({1,...,k}) for some k < d, for any
length data (Aq)aeca, the interval I would decompose into two disjoint invariant
subintervals and the study of the dynamics would be reduced to simpler combina-
torial data.
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1.1.6. The Keane property. Let T be an i.e.m. defined by combinatorial data
(A, mo,m) and length data (An)acA-

Definition. A connection for T is a triple («, 3,m) where o, 3 € A, mo(8) > 1, m
is a positive integer, and
Tm(JO(Oa a)) = jO(Oa 5) .
We say that T" has the Keane property if there is no connection for T.
It turns out that this property is the appropriate notion of irrationality for i.e.m.
The following results are due to Keane ([Kell):

e An i.e.m. with Keane’s property is minimal (i.e. all orbits are dense).
e If the length data are rationally independent (and the combinatorial data
are admissible), then T has Keane’s property.

1.2. The continued fraction algorithm.

1.2.1. The basic operation (Rauzy [Ra], Veech [V2]). Let T be an i.e.m. defined by
combinatorial data (A, 7, m1) and length data (Aq)aca. We assume as always that
the combinatorial data are admissible.

We denote by «ag, @1 the (distinct) elements of A such that

7T0(Oéo) = 71'1(041) =d.

Observe that if Ao, = Aq,, the triple (ap, a1,1) is a connection and T' has not the
Keane property.
We now assume that A\,, # A, and define € € {0,1} by

Aa. = Max (Aag, Aay) -
We set
PR
I=[0,\)cI,
and define 7' : I — I to be the first return map of T in 1.
When € = 0 we have

7 T(y) ifyéjo(la,),
T2(y) ify € jo(lay)-
When € = 1 we have similarly

TN ity i),
! (y)_{T%y) ity € j1(Lay)-

In both cases, it appears that T is again an interval echhange map which can be
defined using the same alphabet 4. The length data for T" are given by
Ao = Ao ifa # a.
Aae = Ao — Aoy -
The combinatorial data (7, 71) for 7' are given by

Te = T¢e
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LGNS L
BA

d=2

FicUrE 1. Rauzy diagrams d = 2 and 3

and

() if m1_c(a) < mc(e),

Ti—e(a) =S m_c(a)+1  if m_c(ar) <m-_c(a) <d,
mi—e(ae)+1 ifm_.(a)=4d.
We rewrite the relation between old and new length data as
A=VA,
where
V=I+FEs.q .
has now nonnegative integer coefficients and belongs to the group SL (Z4). We also
write
(70, 1) = Re(mo, 1)

and observe that these new combinatorial data are admissible.

1.2.2. Rauzy diagrams. Let A be an alphabet. We define an oriented graph as
follows. The vertices are the admissible pairs (g, 7). Each vertex (mg, ) is the
starting point of exactly two arrows with endpoints at Ro(mg,71) and Ry (g, 7).
The arrow connecting (g, 1) to Re(mp, ) is said to be of type .

The operations Ry, R are obviously invertible. Therefore each vertex is also the
endpoint of exactly two arrows, one of each type.

To each arrow in the graph, we associate a name in A: it is the element . such
that 7. () = d (where (7, 71) is the starting point of the arrow and ¢ is its type).
The element a_. will then be called the secondary name of this arrow. A Rauzy
diagram is a connected component of this oriented graph.

Obviously, the Rauzy operations Ry, R1 commute with a change of names (see
1.2). Up to a change of names, there is only one Rauzy diagram with d = card A =
2, and one with d = card A = 3 (see Figure [II).

In the diagrams above the pair (7, 71) is denoted by the symbol

77(3(1) W(i(d)’
m (1) ... w(d).
For d = card A = 4 there are 2 distinct Rauzy diagrams: see Figure

In each of these diagrams, the symmetry with respect to the vertical axis corre-
sponds to the action of the canonical involution.
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ACDB ABCD
0 1
C DCBA DBAC S,
1 0
. ABCD
DCBA
o I

ADBC _ ADBC ABCD _15 ABDC
DCAB —0> DCBA DACB <1_ DACB
1 0
0 1

) )

ACB,B; _ AB,CB,_’ AB,CBol_AB,B,C_ AB,B,C
% e
CBoBlA 1 CBoBlA 0 CBoABl 1 CBoABl 0 CAB1B0

AB,B,C AB,B,C
CB,B, A CB,B,A
ABoB,C ” AByB,C L AB,CB,_0 AB,CB, ' ACB,B,

% e
CAB,B, CBIABOT)CBIABO‘:O_CBIBOA CB,B,A

U Q)

1 0

FIGURE 2. Rauzy diagrams for d =4

In the last diagram, there is a further symmetry with respect to the center of
the diagram, which corresponds to the exchange of the names By, B;. This is a
monodromy phenomenon: to each admissible pair (m,71), one can associate the
permutation 7 := momy Lof {1,...,d}, which is invariant under a change of names.
When we identify vertices with the same permutation, we obtain a reduced Rauzy
diagram and we have a covering map from the Rauzy diagram onto the reduced
Rauzy diagram.

In the first three examples above, the covering map is an isomorphism. In the
last example, the degree of the covering map is 2 and the reduced Rauzy diagram
is given in Figure Bl where 7 is denoted by (7=1(1),...,771(d)).
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04 2341 > a1
1 1 \
\ 4231 / 0\ 3412

o N A
1 4123 > 4312 :

FiGURE 3. Reduced Rauzy diagram for d = 4

1.2.3. The Rauzy—Veech algorithm. Let T be an i.e.m. with admissible combinato-
rial data. If T" has Keane’s property, the basic operation is defined for T and it is
immediate to check that the new i.e.m. T again has Keane’s property. Therefore
we can iterate the basic operation and generate a sequence (T("))nzo of i.e.m.’s
(with T = T). We will denote by (7, 7{™) the combinatorial data of T,
by ()\((X"))ae A its length data, by (™ the arrow in the Rauzy diagram connecting
(W(()"_l),ﬂ"_l)) to (w(()"),ﬂ")), by V(™ the matrix relating A"~V to A(") through

A(=1) _ yr(n) \(n)

Conversely, it is not difficult to check that when 7" has a connection, the algorithm
has to stop because, at some point in the equality, one runs into the case Ao, = Ao,
in the basic operation.

Proposition. Fach name in A is taken infinitely many times by the sequence of
arrows (7)) 0.

Proof. Let A’ be the set of names which are taken infinitely many times and let
A = A\ A Replacing T by some TW) we can assume that names in A" are
not taken at all. Then the lengths )\((ln), a € A”, do not depend on n. But then
elements o € A” can only appear as secondary names at most finitely many times.
Replacing again T by some TV we can assume that secondary names are never
in A”. Then the sequences (wén)(a))nw, for e € {0,1}, a € A", are nondecreasing
and we can assume (replacing once again 7' by some TN)) that they are constant.

We now claim that we must have 7" (") < 77&0)(0/) forall o € A", o/ € A’
and ¢ € {0,1}. Because the pair (ﬂ(()o),ﬂgo)) is admissible, this implies A’ = A.
To prove the claim, assume that there exist o/ € A, o € A", ¢ € {0,1} with
7w (o) < 77,50)(0/’). As wé")(o/’) = ¥ (") for all n > 0, we can never have

wén) (a') = d for some n > 0. By definition of A, there must exist n > 0 such that

71'?1)6(0/) = d; but then ﬁénﬂ)(a”) + ﬂéo)(a”), which gives a contradiction. O

1.2.4. The Zorich algorithm and its accelerations. When d = 2, setting x = Ag /A4,
the basic operation reduces to the well-known map

g(x) = {

E

for 0 <z < 1/2,
for1/2 <z <1,

—_ =

88

s ‘
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with a parabolic fixed point at 0. There is a unique absolutely continuous invariant
measure, namely dx/x, but this measure is infinite. On the other hand, the Gauss
map generating the continued fraction algorithm has dz/(1 + z) as a finite a.c.i.m.

For i.e.m.’s with more intervals, identifying i.e.m.’s with proportional length data
(and the same combinatorial data), Veech has shown [V2] that there exists again
for the basic operation a unique absolutely continuous invariant measure. Again
this measure is infinite. Zorich has discovered ([Z1]) how to concatenate several
steps of the basic operations in order to get a finite a.c.i.m.

Let T be an i.e.m. with Keane’s property, T("), 4(") V(") the data generated by
the iteration of the basic operation. Let also 1 < D < d. We define inductively an
increasing sequence np(k) = np(k,T) by setting np(0) = 0 and where np(k + 1)
is the largest integer such that no more than D names are taken by the v(™), for
np(k) <n <np(k+1).

The sequence is well defined because of the Proposition above.

Obviously, for 1 < D < d, (np(k))k>o is a subsequence of (np_1(1));>o0-

We will define, for k& > 0,

Z(D)(k) = Yy p(k=1)+1) y/(np(k)

The case D = 1 is the one considered by Zorich ([Z1]). We will on the other
hand be interested in the case D =d — 1.

When the context is clear, we will simply write Z(k) for Z(4_1)(k) and T®) for
Tma-1(k) - \(K) for its length data. With this notation, we have

AE) = Z(k 4 1)ARHD
We will also set, for k < I,
in order to have
AF) = Q(k, AW .
We will also write Q(I) for Q(0,1). The coeflicients Q,3(k,!) have the following
interpretation. Let I(*) = Lloea jO(Iék)) be the domain of 7). For | > k, we have
IO < 1) and T® is the first return map of T in I, Then, the nonnegative
integer Qap(k, 1) is the time spent in jO(I&k)) by any point of jo(Iél)) until it returns
in 1.
We will also introduce
Qﬁ(k’l) = Z Qaﬂ(kal) )
acA

which is the return time in I® for points in Ig).

The following lemma is the main reason to choose D = d — 1 rather than D = 1.

Lemma. Let T satisfy Keane’s condition. Assume that

>

k+2d—3 ifd>3,
k42 if d=2.

Then, for all o, 8 € A, we have Qqup(k,1) > 0.
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Proof. Replacing T by T*), it is sufficient to consider the case k = 0. For r > 0,
set

Qry=vW ...y,

as the diagonal terms of the V matrices are equal to 1 (and all the terms are
nonnegative) we have

Qap(r) > 0= Qap(r+1) > 0.

Fix a, 0 € A. We will construct a sequence of distinct indices a; = o, aa, . . .,
= (8 and integers 71 =0 < 7y < ... < r4 such that

Qala]. (r)>0 forr>r;.

If « = 3, then s = 1, r; = 0 and the property is satisfied. Otherwise, let 75 be
the smallest positive integer such that the name of 4(") is ay, and let oo be the
secondary name of v("2); we have ap # a; and Véfé}z = 1; hence Qq,a,(r) > 0 for
T > Ta.

Assume that aq,...,a;4,71,...,7; have been constructed, with 8 # oy for 1 <
Il < j. Let r;- be the smallest integer > r; such that the name of 7(%‘) does not
belong to {a1,...,a;} and let ;41 be the smallest integer > 7/ such that the
name of v("i+1) belongs to {as, ..., a;}; let a1 be the secondary name of y(rit),
Then oj4; is the name of 4(ri+1=1) and therefore is distinct from ay, ... 0. By
construction, we have, for some 1 <[ < j,

Vi) —q ,

Q41
and also
QOthl (Tj+1 - 1) >0
because 741 > ;. We conclude that
Qoo (1) >0 forr >y .

At some point we will obtain oy = (. It remains to see how many steps of the
accelerated Zorich algorithm (with D = d — 1) are needed to attain r;. Obviously,
we have 7o <ng_1(1) + 1. Then, for 2 < j < d— 1, we have

iy <na-1(2j —2),
rit1 < nd—1(2j - 1) :
Finally, when s = d > 2, we have
rg1 <ng1(2d—4)+1,
Td S nd_1(2d - 3) .
O
1.3. Roth-type interval exchange maps. Roth-type i.e.m.’s should satisfy

Keane’s condition so that the continued fraction algorithm is defined, and three
further conditions which are now explained.
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1.3.1. Size of the Z matrices. Take D =d — 1 in 1.2.4. We will first ask for the Z
matrices to be not too big in the following sense:

(a) for every e > 0 there exists Ce > 0 such that for all k > 0 we have
1Z(k+ D] < CNQMR)7

When d = 2, this amounts exactly to the classical Roth-type approximation
property for an irrational number 6: for all € > 0, there exists 7. > 0 such that for
all rational p/q one has

10 —p/al = e
In terms of the convergents (px/qi)k>0 of 8 with partial quotients (ax)g>1, this is
equivalent to having, for all € > 0,
Ap4+1 = O (qlsc) ’

which explains our terminology.

We can reformulate (a) in terms of the lengths A®) | It is convenient here to take
as the norm of a matrix the sum of all coefficients (in absolute value; the matrices
that we consider here have nonnegative entries).

Proposition. We have always, for k >0,
Maxaea Ae” = N [Q(R)| ™ = Minaea AL -

Condition (a) is equivalent to the following converse estimate: for all € > 0, there
exists Ce > 0 such that

Maxaea A < Cc Minaea AL Q)| -
Proof. The first estimate follows from
N =30 = 3T Qsk)AS
acA BEA
Assume (a) is satisfied. Let I be equal to k+2d —3 (if d > 3) or k+2 (if d = 2)
as in the lemma in 1.2.4. We have

1Q(K, Dl < CLIQR)IIF

for all € > 0 (with an appropriate constant C?).
This gives

Maxaea A < CLIQ(K)|"Maxaeary -
On the other hand, Lemma 1.2.4 gives
MinaEA)\(ak) > MaXaEA)‘g) )

giving the required estimate. Assume now that the estimate of the proposition
holds. We have always

Maxae A > d ™| Z(k + 1) [Minge a A .

On the other hand, by the definition of the Z matrices, there exists ag € A such
that
k) _ (k41
AR = A+
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But we have
/\gk(-)ﬂ) < Maxaea A
< CeMinge ANV QK+ 1)|°
< Ced|| Z(k + 1) Maxae AP QK + 1)1°
< C2d| Z(k + )| Minae AP |QR) QK + 1)I°
< C2d||Z(k + DT ALNQR)IFIQKk + ),

which implies
1Z(k +1)|| < C2d||Q(K)|*|Q(k + )7
and allows us to conclude that (a) holds. O

Remark 1. Assume condition (a) is satisfied. Set kg = 2d —3 if d > 3, kg = 2
if d = 2. Following the same lines as in the last proposition, we see that for any
€ > 0, there exists C. > 0 such that for k > kg we have

Ming,geaQap(k) = CTHIQR) 12 .

On the other hand it is easy to see that, even in the case of 3 intervals, this estimate
does not imply condition (a).

Remark 2. Boshernitzan has defined ([Bo]) another condition which generalizes
the Roth condition for irrational numbers. Namely, he asks that T satisfy Keane’s
condition and that the minimum distance m,, between discontinuity points of the
n—th iterate T™ of T should satisfy

-1
Ve
My, > 1ie

He proves that this condition has full measure.
The relation between Boshernitzan’s condition and condition (a) above is how-
ever not clear.

1.3.2. Spectral gap. As soon as k > 2d — 3 (k > 2 if d = 2), all entries in the
matrix Q(k) are strictly positive. It is therefore not unreasonable to expect that
the positive cone is more expanded by Q(k) than the other directions, in the spirit
of the Perron—Frobenius theorem.

However this is not automatic, as attested to by the existence of minimal non-
uniquely ergodic i.e.m.’s (an i.e.m. satisfying Keane’s condition is uniquely ergodic
if and only if the image under Q(k) of the positive cone converges to a ray as
k — 0).

Our second condition ensures that this weird behaviour does not occur.

For each k > 0, let T®) be a copy of RA. One should think of I'*®) as the space
of functions on | |, 4 18" which are constant on each I¥). For 0 < k <1, let S(k,1)
be the linear map from T'*®) to I'® whose matrix in the canonical basis is ‘Q(k, ).
This can be interpreted as a special Birkhoff sum (see Section 2 below).

For ¢ = (¢a)aca € T, define

Ik(‘P) = Z )‘Exk)@a ;
acA
we have then

Li(S(k, )¢) = Ir(g) -
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Denote by T'" the kernel of the linear form T, k- We will ask the following:
(b) There exists § > 0,C > 0 such that, for all k > 0, we have

IS(k) [por || < CIUSR)I? = CllQR) T .

Observe that an i.e.m. satisfying Keane’s condition and (b) must be uniquely
ergodic.

In appendix B we construct i.e.m.’s which satisfy condition (a) but are not
uniquely ergodic (see also [Chl); therefore condition (b) is not a consequence of
condition (a).

However, if instead of condition (a) we consider the stronger condition (being
reminded of bounded-type irrational numbers):

(a) the sequence Z(k) is bounded,
then condition (b) follows. Indeed, each Q(k, k + 2d — 3) (Q(k,k + 2) when d = 2)
will contract by a definite factor < 1 the Hilbert metric of the projective positive
cone.

1.3.3. Coherence. To define our third condition, we consider again the operators
S(k, 1) - r'® — 1O, Let ng) be the linear subspace of I'®) whose elements v
satisfy the following: there exists o0 = o(v) > 0, C = C(v) > 0 such that, for all
[ > k, one has

15 (k, Dol < CILS (R, DI [lv]l -

We call ng) the stable subspace of ), Obviously, one has ng) C F,(kk). On the
other hand, ng) is never reduced to 0 because it always contains the translation
vector (5((Xk))a€,4.

The operator S(k,l) maps I' 2’“) onto Fgl). Therefore we can define a quotient
operator

S, (k1) : TR k) OO
As we have quotiented out the stable directions, it is not unreasonable to expect

that the norm of the inverse of S,(k,l) is not too large. This is what our third
condition is about:

(c) for any e > 0, there exists Cc > 0 such that, for alll >k, we have

1185k, DI < CellQM)I*
1S(R, D) [peo | < CellQMDI* -

Remark. The second estimate in (c) was wrongly omitted in [MMY].

1.3.4. Roth-type interval exchange maps. We say that an i.e.m. T is of Roth type if
it satisfies Keane’s condition and conditions (a), (b), (c).

In the next section, we will solve the cohomological equation for i.e.m.’s of Roth
type. In Section 4 we will prove the following.

Theorem. Roth-type interval exchange maps form a subset of full measure.

We also observe that if an i.e.m. T satisfies Keane’s condition, and its Rauzy—
Veech continued fraction is eventually periodic (meaning that the path v in the
Rauzy diagram is eventually periodic), then conditions (a), (b) and (c) are auto-
matically satisfied and therefore T is of Roth type.
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2. THE COHOMOLOGICAL EQUATION
2.1. The theorem of Gottschalk and Hedlund.

2.1.1. The statement. We recall the following theorem of Gottschalk and Hedlund.
Let X be a compact topological space, f a minimal homeomorphism of X and
1 a real-valued continuous function on X. Given zg € X and n > 1 we denote
by S,1(xo) the Birkhoff sum Z;;OI 1 o T7(xg). Suppose that there exists a point
xo9 € X and a positive constant C' such that for all positive integers n one has
|Sp(z0)] < C. Then the cohomological equation

pof—p=1
has a continuous solution ¢.
2.1.2. Application to interval exchange maps. Let T be an i.e.m. satisfying Keane’s
condition. Then T is minimal but not continuous. However, the following well—
known construction, reminiscent of Denjoy counterexamples, allows us to bypass

this problem.
For n > 0, define

Do(n) ={T7"(jo(0,a)), v € A, mo(a) > 1},
Di(n) ={T""(1(0,2)), a € A, mi(a) > 1} .

It follows from the Keane property that these sets are disjoint from each other
and do not contain 0.
Define an atomic measure p by

n=y >, 2,
n20y€Do(n)UD1(n)
and the increasing maps i7,i~ : I — R by
i (y) =y +nu(0,y)) ,
i(y) =y + u([0,]) -

‘We therefore have

+
—
N

A

i (y) fory <y,
it(y) =i (y) fory ¢ | |(Do(n)uDi(n)),
n>0
i"(y) =i (y) +27" fory € Do(n)U Di(n).
We also define

i) = A 4 4d-1) = yl}r{\l i*(y)

and
K=i (Huit(Hu{i= ()} =i-(I) =it(I).
As T is minimal, K is a Cantor set whose gaps are the intervals (i~ (y),i" (y)),

Yy e UnZO UEG{O,I} D.(n).

Proposition. There is a unique continuous map T : K — K such that T oit =
it oT on I. Moreover, T is a minimal homeomorphism.
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The elementary proof is left to the reader.

Let v : I — R be a function which is continuous on each jo(I,), with finite
limits at the right endpoints of each jo(I,). There is a unique continuous function
1&7 K — R such that ¥(y) = 1& oit(y) for all y € I. Assume that, for some
xg € I the Birkhoff sums of ¢ for T" are bounded. Then the same is true for the
Birkhoff sums of @2 for T' at the point &g = i (xg). By the theorem of Gottschalk
and Hedlund, there is a continuous function ¢, K — R satisfying ¢ = ¢ o T — ¢.
Define, for y € I,

ply) =¢oit(y).
In general, ¢ is not continuous. However it is bounded and satisfies poT—p = 1. In
the following, we will show that under appropriate circumstances certain Birkhoff
sums are bounded.

2.2. Special Birkhoff sums.

2.2.1. Let T be an i.e.m. satisfying Keane’s condition. Denote by T*) the i.e.m.
obtained by the accelerated Zorich algorithm (with D =d — 1 in 1.2.4).

Let ¢ : I® — R be a function defined on the domain I®) of 7). Also let
[>Fk ForpeA ze jO(Ig)), the return time of x into IY) under iteration of 7(%)
is Qp(k,1). Define a function

Sk, : IV SR
by the formula
Sk D@ = Y e((TW) (),
0<i<Qg(k,0)
for z € jO(Ig)). Observe that when ¢ is constant on each jO(Iék)), the same is true

of S(k,1)(¢) in IW and the corresponding linear operator has ‘Q(k, 1) as matrix in
the canonical basis, as anticipated in 1.3.2.
We just write S(k) for S(0, k).

2.2.2. Some elementary properties of the operators S(k,l).
2.2.2.1. For m > 1 > k one has
S(k,m)=5S(,m)o S(k,l) .

2.2.2.2. The operators S(m,n) preserve all regularity classes which are invariant
by restriction, sum and translation.
2.2.2.3. If ¢ is an integrable function on I*),

/mw pla)de = /m)(S(k’ De)(x)d .

2.2.2.4. The operators S(k,!) commute with taking derivatives.

2.2.2.5. If the restriction of ¢ to each jo( ék)) is a polynomial of degree < p, the
restriction of S(k, 1)y to each jo(Iél)) is also a polynomial of degree < . The case
1 = 0 has already been considered.

2.2.2.6. Denote by BV (| | Iék)) the space of functions ¢ on I*) whose restriction
to each jO(I&k)) has bounded variation and define

Var ¢ = ZVarcp|jo(I&k>) .
«
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(We do not take into account the discontinuities of ¢ at the discontinuity points of
T® ) Then S(k,1) sends BV (| | I$) into BV (| |I{) and we have

Var S(k,l)p < Varyp .

2.2.3. Reduction of Birkhoff sums to special Birkhoff sums. For diffeomorphisms of
the circle with irrational rotation number, when trying to estimate the Birkhoff
sums of some function, it is a standard trick to consider first the sums associated to
the denominators of the convergents of the rotation number. We will do the same
here.

Let ¢ : I — R be a function, x € I, and N > 0. We want to compute the

Birkhoff sums
N-1

Snp(z Z (T
=0
(with T = T().

We first replace = by the point in the orbit {z,T(z),..., 7™V "(x)} which is
closest to 0 and cut the Birkhoff sum into two parts (one for 7' and the other for
T—1). Let us assume to keep notation simple that x is actually closest to the origin.

Let & > 0 be the largest integer such that at least one of the points T'(x),...,
TN=1(x) belongs to I®); because T is the first return map into %), these points
are precisely T (z), (T")2(x), ..., (T™)**)(z) for some integer b(k) > 0. More-
over, as none of these points belongs to I**1) we must have

b(k) < Maxgea Y Zap(k+1),
acA

the right-hand term being the largest return time of 7" into 1(++1).

We set zp = =, 251 = (T®)*®)(2) and define inductively b(l) and x; for
0<I<k.

The point z; has the property that it belongs to 1) and none of the points
T(xy),...,TN(z) belongs to I¢TY. Those that belong to I are TW (xy),. ..,
(TWY2MD) (2;) for some integer b(l) > 0. We have

b(l) < Maxgea Y Zap(l+1),
acA

We define ;1 = (T®W)* (). The process stops when z; = TV (z) (or I = 0).
From this construction it is obvious that we have

Snola Z S SO (),

1=0 0<i<b(l)

which in particular implies, if ¢ is bounded:
k

[Sne(@)] < Y 12U+ DIISO el =
=0

where | Z(1 +1)|| = Maxgea D oca Zap(l+1) .
In particular, if we are able to show that for some w > 0 we have
15Dl < ROl ,
and condition (a) in 1.3.1 is satisfied, then the Birkhoff sums of ¢ will be bounded.
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2.3. Estimates for functions of bounded variation.

2.3.1. Denote by BV, (| | Lgk)) the subspace of BV (| | Lgk)) formed by the functions
of mean 0. The operator S(k,!) sends this subspace into BV, (| | I&l)).
Let ¢ € BV, (|| I). We write

Sk, k+1)(¢) = Orr1+ Xer1

I&k+1))

with xp41 € F£k+1) and @41 of mean zero on each jo( . Then we go on with

85,7 +D(wj) = @js1 + Xj+1

F£j+1) and ;11 of mean zero on each jo(ngH)). We obtain, for [ > k,

Sl = S1—1L0p 1+ Y SG.DN -

k<j<l

with x;4+1 €

2.3.2.  As p; differs from S(k, j)¢ by a function in I'") and has mean zero on each
jo(I§) we have (see 2.2.2.6)

l[jllLe < Varg; < Vare .
On the other hand, we have

IXillzee < 115G = 1,5)pj-1llzee
<N1ZG)Mlej-1llze
(with ¢;_1 = ¢ when j = k+ 1). We obtain therefore
I1S(k, Dl < [[Z2(k+ D[Sk + 1, Do [llwol e

+ 212G+ DIISG + LDl [ Var o
k<j<l

2.3.3. We now take k = 0 and estimate the sum
S 112G+ DIISG + L Dlooll
0<j<l

assuming that conditions (a), (b) of Section 1.3 are satisfied.
On one side we have, by condition (a), for all € > 0:

1Z( + DI < CellQU)II -

To estimate ||S(j + 1,1)[.u+v || we distinguish two cases. We assume condition (b)
of 1.3.2, which involves an exponent 1 — ¢ with 6 > 0.

i) Assume first that ||Q(j+1)|| < |Q(1)]|?/%. As Q(j+1) belongs to SL (d, Z),
we have

QG + 1) < el .

Next we write
S(G+1,1) = 5(0,1) o (S(0,5 +1))7",

and it follows from condition (b) that we have

ISG + L D)o || < CllRII .
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ii) Assume now that [|Q(j +1)|| > [|Q(1)||%/¢. Tf1 < j+2d—2 (I < j+3 when
d = 2), we just use

1SG + LD+ || < ClQM)|IF
by condition (a). If I > j+2d —2 (I > j + 3), we write
S(0,1) =S(",1)S(j +1,5)5(0,5+ 1)
with 7/ = j 4+ 2d — 2 (j' = j + 3 when d = 2). As the entries of Q(5 + 1, 5’)
are positive integers we have

1Q0, DIl = ClRUG", DI, 5 + DI,
which implies
1RG" DI <l .

As we have also
QG+ 1,5 < CQUNIE

we obtain in this case that
IS(G +1,)lresn || < ClQUII— .

Putting the two cases together and inserting this in the sum, we obtain
Proposition. For ¢ € BV.(|,ca L&O)), 1 >0, one has
6
ISWellz= < CIROI' 2 ¢l B -

Remark. In case i), the estimate we got for Q(j+1)~! is far from optimal (it should
be of the order of Q(j + 1)) but sufficient for our purposes.

2.4. Primitives of functions of bounded variation.

2.4.1. For k > 0, we will denote by BV (Uaca Ic(yk)) the space of functions ¢ :
I®*) — R which are absolutely continuous on each jo(Ic(,lk))) and whose derivative
on each jo(Iék))) is of bounded variation. The condition that the mean value of
the derivative is zero defines a hyperspace BV (| | acA Iék)). We recall from 1.3.3
the subspace T'(") of T®). We will denote by Wi (Uaca Iék)) the quotient of
BV} (Uaca Iék)) by this finite-dimensional subspace.

Given ¢ € BV. (aca I&O)), we will find a primitive ® of ¢ (given a priori by
d constants of integration, one for each Lgo)) for which the special Birkhoff sums

are small. The primitive ® will actually be uniquely determined mod F&O), ie. in

BV, (Unea I9).

2.4.2. Forany ¢ € BV, (|, ca L(Xk)), denote by Pék)cp the class in Wi (Uaea Lgk))

of the primitive of ¢ which has mean zero on each jo(Lgk)).
This is the most natural choice of primitive, but unfortunately the special Birk-
hoff sums S(k,1) do not commute with these primitive operators, i.e. they do not

preserve the condition of being of mean value 0 on each jg (IC(,ZC)).
)

Therefore, we will modify Po(k , considering

P® = pM 4+ AP®) |
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where
AP® BV, (| | 1) — 1™/
acA
is a bounded linear operator. We want this new choice to be equivariant:

S(k,1) o P®) = PW o S(k,1) .
This leads to the following equation for AP(*). Define
Ak, 1) = PP o S(k,1) — S(k,1) o PM) .

This is a bounded linear map from BV, (| |, c4 I&k)) to 1“<l>/1“§”. Then we should
have

(%) Sy (k1) o AP®) — APW o S(k,1) = A(k, 1),

where S, was defined in 1.3.3.
Equation () has the formal solution

(%) AP®) =3 (8, (k, 1)) o Al = 1,1) 0 S(k, 1 — 1),
1>k
and we will check next that this defines indeed the required primitive.
2.4.3. Estimate for A(l —1,1). Let ¢ € BV (e Ic(f_l)). As Pél_l)ap has mean
zero on each jo(IC(f*l))7 we have
- _
175 Vel < (Maxaea ™) gllz= -
On the other hand we have
1S = 1LD¢lle= <1 ZO) el
(1-1) (1-1)

1S —1LOPy ™ Zolle < 1ZOIIFy ™ el -

Finally, we get
15750 = 1,0¢ll~ < MaxacaADIZD ¢l
which allows us to conclude that
1A = 1,0l < 21 Z(D)]|(MaxaearS ™) @]l -
2.4.4. Assume now the three conditions (a), (b) and (c) of 1.3. From 1.3.1, we get
MaXaEA)‘g_l) < C||Q( - 1)H€_1 )
12D < CellQU =1,
and from condition (c) that
108, (0,0) 7| < CLllQ)II* -

On the other hand, from the Proposition in 2.3, we obtain

15(0,1 = Dpllz= < ClIQU = D'~ ollpv -
Therefore, for k = 0, the series (**) in 2.4.2 is converging and we obtain

IAP || < (Z CQIQ(Z)IISE"/M> lellsy -

>0

Indeed, we take ¢ < 6/6d and observe that it follows from the Lemma in 1.2.4
that ||Q(1)|| grows at least exponentially fast. In the same way, as T®*) satisfies
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also conditions (a), (b), (¢) (with worse constants but the same exponent 6), the
series (**) will converge for all k£ > 0. In this case, we prefer to estimate directly

APH®S(0,k)¢ for ¢ € BV, (Upeu L&O)). We have
IAPMS(0, k)l < > 11(Sy(k, D) M IIAL = 1,)I1S(0,1 = 1) s -

>k

The above estimates now give

IAP®S(0,k)pl < <Z CéIIQ(l)|3€‘9/2d> lellv

>k
< ClR®I="*l¢lsv -

2.4.5. Special Birkhoff sums for P©¢. Let ¢ € BV, (,c4 L(XO)) and & €

BV! (Uaca Iéo)) such that the class mod T'") of ® is POy, The class mod T of
S(k)® is P*)S(k)e by construction.
From the definition of Po(k) and 2.3, we have

IO SE) @l < € (Maxaead®) QU)o
with MaxaeA)\((f) < C.||Q(k)||=~* by condition (a). Joining this with the estimate
for AP®*) above, we obtain
IS(k) PO ]| = | PH S (k)|
< ClR® I~ lelsv -

By the definition of a quotient norm, this means that we may write in

BV (yea I&) -
S(k)® = P + Xk ,

with xi € ng’ and
1@kl < CIQUEEI* ¢l By -
We have then

Xe+1 =Sk, k+1)xe + Sk, k 4+ 1)®p — Ppi
=Sk k+ Dxe + Axrtr
with [|Axrsi] < ClQ(k + 1) 7744/ pv (using once more condition (a)). Then

S(k)® =& + > S(j,k)Ax; -

i<k
In the sum, we separate two cases. Recall that there exists ¢ > 0, C' > 0, such that
[stleo | < cleui—,
for all j > 0. If [Q(7)]| < |Q(K)[|7/?, we write S(j, k) = S(k) o (S(j))~" and get
1S(, k) Ax; I < CIQUD IS (4)) ™  Axyll
< IR IR HIAx; |
< IR~ lellsy -
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In case |Q(5)|| > [|Q(k)||°/¢, we use the second estimate in condition (c) to get
1S3, k) Ax;ll < CellQR) 1] Ax; I
< Ce| QU el py -
We have thus proved the

Theorem. Let T be an i.e.m. of Roth type. There exists w > 0, depending only on
o and 0 in (b), (c), such that the special Birkhoff sums S(k)® satisfy

[S(k)®]| L < CQUE)I[lellBY -
Corollary. Let T be an i.e.m. of Roth type, v € BV, (| ]oca I&O)). For any primi-
tive ® of ¢ whose class lies in POy, we can solve the cohomological equation
VoT -V =20
with a bounded solution V.

Proof. This follows from the theorem, taking into account the remarks at the end
of Sections 2.1 and 2.2.3. (]

3. SUSPENSIONS OF INTERVAL EXCHANGE MAPS

We first recall, basically to fix notation, how to suspend i.e.m.’s in order to get
a Riemann surface with a holomorphic 1-form. The basic reference is [V1].

3.1. Suspension data. Let (A, my,m1) be admissible combinatorial data, and let
T be an i.e.m. of this combinatorial type, determined by length data (Ay)aca.
We will construct a Riemann surface with a flow which can be considered as a
suspension of T'. In order to do this, we need data which we call suspension data.
We will identify R? with C. Consider a family 7 = (74 )aea € R4, To this family
we associate

Ca:)\a_'_iTa, a€A7
&= > (s, acA, ec{0,1}.
TeB<Te

We always have &), = £}, where as before m.(a.) = d. We say that 7 defines
suspension data if the following inequalities hold:

ImeE >0 foralla € A, a# ag,
Imel <0 forallac A, a#a; .

We also set
9a=§é—£2,a€A.
We then have

0=9Q¢,
Red =6,
and define
h=—-Smb=-Qr.

One has h, > 0 for all a € A, because of the formula

0o = (gé *404) - (gg 7(04) :
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One has also
%mggo = Jmé—il € [_halahozo] .

3.2. Construction of a Riemann surface. Let (A, 7, 71) and ((, = Ao +
iTa)aca be as above. For o € A, consider the rectangles in C = R:

Ro = (Re &l — Mo, Re £0) x [0, ha]
Re = (Re&s — Ao, Re&y) X [~ha, 0],
and the segments
Sa = {Re&a} x [0,3m&) , a # ao,
Sa={Re&e} x (Sm&,, 0], o on .
Also let S5 = S be the half-open vertical segment [\*, &) ) = [A*,&2)).

Define then
re=J Ur U Us:.
e€{0,1} acA e€{0,1} acA
The translation by 6, sends R), onto RY. If €) =¢&L =0, 55 =S is empty, £,
is the top right corner of Rgl and {Clm is the bottom right corner of Réo. If fgo =
L. >0, the translation by 6,, sends the top part SO = {Re &l } x [ha,,IMmEY)

of Sgl~ onto Sél. It 520 = £}, <0, the translation by 6, sends Sgo onto the bottom
part S = {Re&l } x (SmEL, —ha,] of S5,

We use these translations to identify in R; each RY to each R., and Sgo =S,
(if nonempty) to either Sgl or Sclm

Denote by M¢ the topological space obtained from R¢ by these identifications.

Observe that M g inherits from C the structure of a Riemann surface, and also a
nowhere-vanishing holomorphic 1-form w (given by dz) and a vertical vector field

(given by 6%)

3.3. Compactification of MZ. Let A be the set with 2d — 2 elements of pairs
(o, L) and (o, R), except that we identify (ag, R) = (a1, R) and (ag, L) = (o, L),
where 7. (a.) = d, m(al) = 1.
Let o be the permutation of A defined by
U(O[,R) = (/807-[/) 3
O'(Oé,L) = (ﬁlvR) 5
with mo(80) = mo(a) + 1, m1(51) = m1(«) — 1; in particular, we have
a(ao, R) = (my H(mo(ar) +1), L),
o(ay, L) = (my ' (mi(ap) — 1), R) -
The permutation describes which half planes are met when one winds around an
end of M. Denote by X the set of cycles of 0. To each C' € ¥ is associated in
a one-to-one correspondance an end g of M. From the local structure around
qc, it is clear that the compactification M¢ = M/ Ucesige} will be a compact
Riemann surface, with the set of marked points (Joexn{gc} = M¢ \ M{ in canonical
correspondance with X. Moreover, the 1-form w extends to a holomorphic 1-form

on M¢; the length of a cycle C' is an even number 2n¢; the corresponding marked
point q¢ is a zero of w of order ng — 1.
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Let v = card ¥, and let g be the genus of M. We have

d—1= ch,
cex

29 —2= Z(nc—l);

cex
hence
d=2g+v—1.

Example. Suppose that m, 7 satisfy
mo(a) + m(a) =d+1, foralla e A.

If d is even, there is only one cycle; we have d = 2¢g and the only zero of w has order
2g — 2. If d is odd, there are two cycles of equal length d — 1; we have d = 2g + 1,
and each of the two zeros of w has order g — 1.

The vertical vector field on M does not extend (continuously) to M¢ when
g > 1, unless one slows it near the marked points (which we will not do here).
Nevertheless, it can be considered as a suspension of T starting from a point (z,0)
on the bottom side of R, one flows up until reaching the top side where the point
(7, hy) is identified with the point (z +64,0) = (T(x),0) in the top side of R.. The
return time is h,. The vector field is not complete, as some orbits reach marked
points in finite time.

3.4. The cohomological equation for higher smoothness.

3.4.1. In this section, we will relate the (discrete) cohomological equation for
i.e.m.’s to the (continuous) cohomological equation for the vertical vector field on
M¢; this equation is
=G,
Ay

where now ®, ¥ are functions on M. This allows us to compare our results with
the pioneering work of Forni ([Fol]). We will always assume, as he does, that ®
vanishes in the neighborhood of the marked points of M.

Considering the cohomological equation on the surface leads naturally to some
regularity assumptions on the interval. Because the datum ® and the solution ¥
are not related to the corresponding functions ®, U on the surface in the same way
(U is a restriction of T to a segment, while ® is an integral), the regularity that we
introduce for ® and ¥ are not of the same kind (even taking the loss of derivatives
into account).

3.4.2. For each integer r > 1, we introduce the space BV (I) of functions ® : I —
R such that

e for each a € A, @ is of class C" ! on jo(I,), D"~ 1® is absolutely continuous
on jo(I,) and D"® is of bounded variation on jo(Iy);
e each function D'®, for 0 < I < r, has mean value 0 in I.

Remark. As before, we allow discontinuities at the discontinuities of T. Observe
however that the mean value condition implies that the sum of the jumps of D'®
(0 <1 < r) over the discontinuities of T (including the endpoints of I) is zero.
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We will indicate below why the mean value condition is natural.

On the other hand, we will look for solutions in the space C"~2+MP(]) of functions
U which are C"~2 on all of I, the derivative of order r — 2, D"~2W being Lipschitz
on I. For r =1, this is just the space of bounded functions on I. Observe that, as
soon as r > 2, we do not allow discontinuities.

3.4.3. For T an i.e.m. of Roth type, denote by I'r = FE_,Q) the space of functions
x € T (constant on each jg(I,)) which can be written as

X=%—tol
with bounded 1. This is a linear subspace of I' which is contained in 'y, and

contains I's. We can rephrase our main theorem by saying that there is a well-
defined obstruction map
BV!(I) - T/I'r

which associates to ® the function in I we must subtract from & in order to be able
to solve the cohomological equation. We recognize (some of) the Forni distribution
conditions, by choosing a basis in the finite-dimensional space I'/T'r. The number
of conditions is just the codimension of I'p, as the restriction of the obstruction
map to I' is just the quotient map and thus the obstruction map is onto.

34.4. Nowlet r > 1, & € BV.(]), and let us try to solve (under finitely many
linear conditions on ®) the cohomological equation

P=T-ToT,

with U € C"~2+LiP(]). We assume that the i.e.m. is of Roth type. Consider the
rd—dimensional space I'(r) of functions x on I whose restrictions to each jo(I,,) are
polynomials of degree < r. For r = 1, this is our previous space I'. Consider also

L.(r) = T(r) N BVI(D),

which has codimension (r — 1) in I'(r). We first describe the subspace I'r(r) of
I (r) of functions x which can be written as

X=v¢ol -4,
with ¢ € Cr=2+Lip(]).
Lemma. Forr > 1, the map x — Dx from I'(r + 1) to I'(r) sends T'x(r + 1) to

T.(r) and Tp(r + 1) to Tp(r). The kernel, i.e. the intersection T NTr(r 4+ 1), is
equal to R; we have thus

dimTr(r) =dimTr + (r = 1) .

Proof. Tt is clear that x — Dy sends I'.(r + 1) to I'y(r) and T'r(r + 1) to T'r(r).
If tpo(x) = x, then o o T(x) — Po(x) = I for = € jo(I,); hence Ré C T NTr(r)
for all » > 1. Conversely, if x € TN Tr(r), write x =1 o T — ¢ with ¢ € Lip (I).
Taking derivatives, D is T—invariant, hence constant as T is ergodic. Therefore
x € Ré. O

Theorem. Let r > 1. For any ® € BV,.(I), one can find x € Tu(r), ¥ €
Cr—2+Le(T) such that
P=x+TVoT-T.
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In other terms, the map
¢ =X,
BV.(I) = Lu(r)/Tr(r)
is the obstruction map associated with the cohomological equation with the prescribed

regularities.

Proof. By induction on r, the case » = 1 being our main theorem. Assume & €
BV.TY(I). Then D® € BV’ (I). By the induction hypothesis, one can write
DO =y; +¥ 10T -V,

with x; € Tu(r) and ¥; € C"~2+LP(I). Let ¥ be a primitive of ¥y, xo be a
primitive of x;. Then ¢ € C"~'+HP(I). As D® has mean value 0, x; has also mean
value 0 and xg € I'x(r + 1). The difference x; = ® — xo — ¥ o T + ¥ belongs to T’
and we take x = xo + X{- O

3.4.5. We explain now why the regularities for ®, ¥ are “natural”.

Let ¢ = (Ca)ac.a be suspension data, and let M, be the surface constructed from
these data as in 3.2.

Let & be a continuous function on M. With the notation of 3.1, we define, for

a e A

Im el ~
ﬁ=/ B(Re el y)dy |
0

Im gL

0
I, =/ d(Re&l,y)dy ;

for « € A, x € jo(I,), we also set

ha
O(z) = / (2, y)dy .
0
Observe that we have
O((Rea)™) =Io + 1o, .
D(Re€) — No) =15, + 73, |
where mo(8p) + 1 = mo(a), m1(B1) + 1 = m1(a), except if mp(a) = 1 (respectively
m1(a) = 1) when Igo (resp. Zj,) is declared to be 0.
From these formulas and Zj, + Z7 = 0 (with 7.(a.) = d as usual), we obtain
D B((Re€d) ) =D (Rekd — Aa)
acA acA

which means that the derivative of ® (when it exists) has mean value 0. This
explains the conditions defining BV} (I). On the other hand, if ¥ is a function on
M satisfying

=d

=L

0
Ay
and we define

U(z) = ¥(x,0),
then we will have

Vol -0 =0,
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4. PROOF OF FULL MEASURE FOR ROTH TYPE

We will first recall the construction of the finite measure, absolutely continuous
w.r.t. Lebesgue measure, which is invariant under the Zorich algorithm (normal-
ized).

4.1. The basic operation of the algorithm for suspensions. Let (A, mg,71)
and ((o = Ao + i7Ta)aca be as above. Construct R¢, M, as in 3.2 and 3.3. With
() = d as above, assume that

)‘040 # )‘061 .
Then the formula Ay, = Max (Mg, Aa, ) defines uniquely ¢ € {0,1} and determines
uniquely the basic step of the continued fraction algorithm; this step produces new

combinatorial data (A, 7g, 71) and length data (A, )aca given by

Ao =Aa, « % Q,

Aae = Ao = Aoy -

For suspension data, we just define in the same way

éa =Ca, QF Qe

Qcozs = Ca. — Cay_. -
This has a nice representation in terms of the corresponding regions R, R§~ One
cuts from R¢ the part where z > A=\ — Aa.: it is made of R ¢ and a right
part of Rf,_. We glue back R} <. to the free horizontal side of R}_¢, and the right
part of R;,_to R, _;see Figure [l

It is easy to check that the new suspension data satisfy the inequalities required
in 3.1; if for instance € = 0, one has

& =8, ata
with 79 = 7y on one hand and
€ =6, a#aga,
§an = oy
o = o — G
The last formula gives
*Aio = <a1 - clyo
= Ccu - go - eao
= Car — &ay — b
=&, —bao »
with m (&1) = d — 1. We therefore have
—Qm&L, = —SmEL +hay > 0.

We also see that (still with ¢ = 0), if & € A is such that 71(&1) = d (we have
G1 =& if &g # o, &1 = g if &1 = «ap), one has

Imél, =Imel, <0.
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L4
== N I
A Ry Re 50
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D: A Rl Rl
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FIGURE 4. The Rauzy—Veech operation for suspensions

Conversely, given (A, m,m1) and ((o = Ao + 7 )aca as above, assume that
Sm&y, =Img,, #0,

and define e = 0 if Sm &), <0, e =1if SMEL > 0. Set

<oz = Ca , & 7é O,
6045 = Coca + Cal_s )

and define appropriately new combinatorial data; this operation is the inverse of
the one above. Thus the dynamics of the continued fraction algorithm at the level
of suspension is invertible (on a full measure set) and can be viewed as the natural
extension of the dynamics at the level of i.e.m.
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It is clear that the Riemann surfaces M., M ¢ are canonically isomorphic, and
the isomorphism respects the holomorphic 1-form and the vertical vector field.

We can also extend the definition of the Zorich algorithm at the level of suspen-
sion data. These accelerated dynamics can actually be thought of as a first return
map of the previous dynamics. Indeed, in the polyhedral cone of admissible length
and suspension data, consider the polyhedral subcones defined by

Zo = {Aag > Aoy » SME, >0},
Z1 = {Aas > Aay» SMEL, <0}

The accelerated dynamics are the first return map to Z2 = Zy U Z;; this is clear
from the description of the basic step above.

4.2. The Teichmiiller flow. Fix combinatorial data (A,m,m). Given length
data (Ay)aca and suspension data (74)aca, one defines for t € R,

Ut(\, 1) = (et/2)\,e_t/27) .

This flow is called the Teichmiiller flow. Observe that the conditions on the length
data A, > 0 and on the suspension data (see 3.1) are preserved under the flow.

It is also obvious that the flow commutes with the basic operation of the contin-
ued fraction algorithm. In particular, the inequality Ao, > Ao, . is preserved.

The surface M, is canonically equipped with an area form (coming from C) for
which its area is

A= area(M¢) = Z Aol -
acA
The area is preserved by the Teichmiiller flow, and also by the basic operation of
the continued fraction algorithm.

The Lebesgue measure d\dr on the domain R4 x R4 defined by the restrictions
on length and suspension data is preserved by the Teichmiiller flow, and by the
basic operation of the continued fraction algorithm.

One now combines the continued fraction algorithm (in Zorich form) with the
Teichmiiller flow in order to get a version which is normalized w.r.t. scales.

One could decide to normalize by keeping the total length \* = 3", A, con-
stant; actually, we prefer in the sequel a slightly different normalization, which leads
to simpler formulas.

Asin 1.2.1, for A, > Ao, _., We set

5\04 = Ao , @ 7é O,
Ao = Ao, — Aoy, -
Define
=" A=A =)Ao,
acA
as in 1.2.1. Let (mg, 71, A, 7) belong to the domain Z of the Zorich algorithm, and
let (7o, 71, A, 7) be the image. Define

t =t(\) = 2(log \* — logj\*) ,
G(WOaﬂ-lv)HT) = (7?077?1; Ut(A) (5\3%)) .

The map G is called the normalized step for the natural extension of the accelerated
algorithm.
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4.3. The absolutely continuous invariant measure. We already observed that
the restriction of Lebesgue measure d\dr to the simplicial cone of admissible length
and suspension data is invariant under both the basic step of the algorithm and the
Teichmiiller flow.

When we further restrict Lebesgue measure to Z, we obtain a measure mg which
is still invariant under Teichmiiller flow and is now invariant under the accelerated
algorithm.

Observe that the function ¢ used in the definition of G is constant along the
orbits of the Teichmiiller flow. It follows that the measure mg is also invariant
under G.

The area function A =3 _ 4 Aaha (Where h = —Q7) is also invariant under G;
we introduce

zW =zn{4a<1},

and denote by my the restriction of mg to Z (). it is invariant under the restriction
of G to ZW),

We now project back to the level of i.e.m., i.e., of length data alone: we obtain
a map

G(ﬂ-(h 1, >\) = (7Tl'o, 7?17 et(A)/Qj‘)

and a measure mo, which is the image of m; under the projection, which is invariant
under G. As A\* is still invariant under G, we can restrict, by homogeneity, the
measure My to {5\* = 1} to obtain a measure m invariant under the restriction of
G. This is the measure that we are interested in and that we will now describe.

Let (mg, 71, A) be fixed; assume for instance that A, > As,. Consider in 7-space
the polyhedral cone

Uy ={ImE >0,Vac A, ImE: <0, Va#a}.

The density x of mg at (mg, w1, A) is equal to the volume of Uy N {A < 1}. Write
Uy, up to a codimension 1 subset, as a finite union of disjoint simplicial cones U.

For each U, choose a unimodular basis 7(V), ... 7(®) of R4 generating U and write
h) = —Q7r0). One has

d
(%) Xroom (V) = (@) YT Aah@)7H
u

1 acA
If we set
Aao = Aag — Aars
5\04 = Ao, @ # Qp,
hay = hag + hass
iLa =hy, @ # aq,
we have
S Ak = 37 ARG
acA acA
Define

W, ={ac A, h{) #0} .
The key property is now the following ([V2], [Z1]; see also [Y]).
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Lemma. For any X C A with § # X # A, we have
card{j, W;NX =0} +card X <d .
When A,, > Ay, the only difference is that we have to start with
U ={SmE >0,Ya#ap, SmEL <0, Va e A} .

In the formula () above for the density, set

d
xuN) = [T 2ab)
1 acA

Up to a constant factor, the density of m on the simplex
A={AeR* Ay >0, =1}
is given by >, xu. One has
d

(1) <N TIQ ) <e.

j=1 W;
To control the size of xy;, we decompose A as follows. Set

N = {ii = (na)aca € N4, minn, =0} .
For 7 € N, A(7) is the set of A € A such that

s 1
Ao > — ifnga =0,

2d
-£T”M>X >lﬂﬂwiﬁl>0
2d *= 2 * ’

We obtain thus a partition
A=| |A@),
N

with the estimate

(2) ¢l <28yl A7) < c.
For A € A(7), estimate (1) above gives
(3) U< (2 e <

With fixed 7, let 0 = n® < n! < ... be the values taken by the n, and V! C A
the set of indices with n, > n’. On one side, one has

Z Ny = Zni(card (VE\ ViThy)

acA >0
= Z(n’ —nHeard V" .
i>0
On the other side, let V7 be the set of j such that W; C V*; one has minyy, ne = n'
if and only if 7 € V?\ V**1: hence

d
. _ i i\ Tridkl
Zn%/lflna = Zn (card (V*\ V')
Jj=1 : >0

= Z(n’ —n' Hcard V' .

>0
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By the lemma above, one has
card V' < card V*
as long as 0 < card V' < d. This shows that

d
E N — E rrvlvinna > |0 := Maxpe AN -
acA j=1 I

The last estimate, introduced into (2), (3) gives
(4) (vol A7) ) Maxa iy xu < 2717l .
The integrability of x;; over A now follows from the fact that the number of @ € N
with |7i|o = N is of order N4=2.
If we compare (2) and (4), we obtain
(5) Maxa (i) Xomg,my < 2l 1l

with [7i]1 = > c 4 M. When d = 2, Xz, x, is bounded. Assume now d > 2. From
(2) and (5), one obtains

(6) m({Xrgm >2V}) < 3 2l
[y |7 oo >N —c

to have |fi|; > |fi| + N — ¢, one must have |fi|o > J=£; an easy computation
leads to

_N_

(7) M({Xmgmy > 2V}) < 2772
(8) Leb ({Xmom, > 2V}) < 2 Nz |
It follows, as Xr,,x, is bounded from below, that we have, for every Borel set X,

¢ 'Leb (X) < m(X) < ¢(Leb (X))7 1 .

- e

4.4. Integrability of log || Z)||. Recall the function Zi, with values in SL (Z4),

(k) _(
0

defined in 1.2.4: the sequence (7 ', 7T1k), )\(k)) given by the Zorich algorithm satisfies

)‘(k) = Z(l)(ﬂ—(()k)7 7T§k)7 )‘(k)))‘(k+1) :

Following Zorich ([Z1]) we estimate || Z(1)|| w.r.t. the absolutely continuous invariant
measure m. This will be used in two ways:
e applying Oseledets’ multiplicative ergodic theorem in order to prove that
conditions (b) and (c) in 1.3 have full measure;
e as a first step in an induction to prove that condition (a) in 1.3.1 has full
measure.
We use as norm the supremum of the coefficients. For k > 0, A\, > X\,, ., we
have R R
1Zwll > k<= Aa. >k > Aa s
TML—eX>T]— Qe
it follows that
1Zwll > @d)2N = xe | A@),
|70 >N

which in turn implies that

m({[1Zayll > 2V}) < eN227N
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This is the required estimate; it shows that || Z([|” is m-integrable for all p < 1
and a fortiori that log || Z(1)|| is m—integrable.

4.5. Conditions (b) and (c) have full measure. Aslog | Z)| is m-integrable,
we can apply Oseledets’ theorem and obtain the existence almost everywhere of
Lyapunov exponents for the corresponding cocycle.

The space IT'; is then associated to the negative Lyapunov exponents. The two
estimates in condition (c) are immediate consequences of the properties of Oseledets’
decomposition.

For property (b), we recall the result of Veech ([V3]): the largest Lyapunov
exponent is almost everywhere simple. The existence of a spectral gap follows.

At the end of the section, we will prove that property (a) in 1.3.1 has full measure.

4.6. The main step. Let (A, 7o, 7m1) be combinatorial data, D the associated
Rauzy diagram. For an i.e.m. T satisfying Keane’s condition with these data,
the Rauzy—Veech algorithm defines an infinite path (y(™(T)),>¢ in D, starting at
(o, m1)-

Conversely, if v = (’Y("))o<n§N is a finite path in D starting at (mp, 1), we
denote by A(7y) the simplex of normalized T in A(mg, ;) such that v (T) = (™)
for 0 < n < N. We use here the old normalization {A\* = 1}.

To such a path « is associated a matrix Q(v) € SL (Z4):

QY =V V™),
and we write as before

Qs(v) =D Qas(v) .

acA
‘We have
1=> 2D=> Qs
acA BEA

(where A©) = Q(7)A(M)), and it follows that
volg_1(AM)) = [[] @s()] ™ vola-1(A(mo, m1)) -

BeEA
Denote by (W(()N),wfl )) the endpoint of v, by a(()N),agN) the indices such that
) (agN)) = d. They are the names of the two arrows going out of (ﬂ(()N),T(iV)).

The conditional probability, for an i.e.m. T in A(y), that the name of y(V+D(T') is

N) . _
ag ) is equal to Qagﬁ” (QaéN’ + Qagm) 1

Let 1 < D < d. A segment (") (T))p<n<; is called a D-segment if the ar-
rows of the segment take no more than D distinct names. It is called maximal if
(Y")(T'))r<n<i is not a D-segment.

The following proposition is the main step in proving that condition (a) has full
measure.

Proposition. There exist an integer | = I(d) and a constant n = n(d) > 0 with the
following properties. Let v = (v™)o<n<n be a finite path in D such that the set A’
of names of arrows of v is distinct from A. Assume that D = card A’ > 1. There
is a subset A'(y) of A(y) with

VOld_l (A/(’}’)) > nVOld—l (A(ﬂy))
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such that, for every T € A'(y), there exists M > N with

o the name of vM)(T) does not belong to A’;
e no more than | (D — 1)-segments are needed to cover (’y(”))NS,KM.

We will first explain how the full measure estimate for condition (a) follows from
the proposition, and then prove the proposition.

4.7. Condition (a) has full measure. For T' € A(mg,m ), satisfying Keane’s
condition, and 1 < D < d, denote by Zp(T) the matrix in SL(Z*) associated
with the initial maximal D-segment in (7™ (T)),~0. Denote by M py(T) (resp.
M(lD)(T)) the minimal number of (D — 1)-segments (resp. 1-segments) needed to
cover this initial maximal D-segment.

Corollary. Let N > 0. Ezcept on a set of measure < cQ*CNl/D, one has
1Zo) ()] < 2V,
Mp)(T) < N'/P,
1 D—1
M(D)(T) <NTD .

Remark. The measure referred to can be either Lebesgue or the invariant measure
m: in view of the last formula of 4.3, it changes only the values of the constants.

Proof. The estimate for Z(;) has been shown in 4.5. Let us show the estimate for
M(D).

Let v = (Y("™)g<n<n be any finite path such that (v(")ocp,<n is a (D — 1)-
segment but ~ is not. First apply the proposition once in each A(y). One obtains
that

Leb({Mipy >1+1}) <1—n.
We next subdivide the set {M(py > [ + 1} into simplices A(y;), where 7 =
(’y§n))o<n§N1 is a D—-segment and ("/Yl))0<n<N1 is the concatenation of (I + 1)
maximal (D — 1)-segments. Applying once again the proposition in each A(7;)
gives
Leb ({Mp) > 20 +1}) < (1—n)>.
Iterating this process leads to the required estimate for Mp).
We next show by induction on D that

m(Mlp, > N*) < ca=eN'/”

For D = 2, one has M(py = M, (1D); the comparison between m and the Lebesgue
measure gives the estimate. Assume D > 2 and write

Zip)(T) = Zip-1)(To) Z(p-1)(T1) - Z{p—1y(Trr-1)

with Ty = T, M = Mp)(T), and T; is obtained from Ty by n; iterations of the
Zorich algorithm (we have 0 = ng < ny < ng < ...); Z(*D,l)(TM—l) denotes some
initial part in the product giving Zp_1)(Th—1)-

Neglecting a set of measure < 2=N"" e can assume that M < NV/D.

By the induction hypothesis, applied with N = N %, we have

m(Mlp_y)(To) > N75°) < ca=eN'"7
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As the measure m is invariant under the Zorich algorithm, the same estimate holds
when we put instead of Ty any given iterate T®) of Ty under the algorithm. Thus
we have

m(Maxo<ran Mp_p)(T®) > N5?) < eNa=eN"”

On the other side, when

D

MaX0§k<NM(1D71)(T(k)) S N D )

we have
D—2
n; <iN D
for
0<i<M-—1<NYP
and

1 D—1

My (T) < N°P

This proves the estimate for M, (1D).
The estimate on Z(p) is again proven by induction on D, the case D = 1 having

been done in 4.4. Neglecting a set of measure cQ’CNl/D, we may assume M py(T) <
NP and M(lD)(T) < N5". Write Z(py(T') as above.
If | Zpy(T)| > 2V, one can find i € {0,1,..., M — 1} such that

D-1
1Z(p—1y(T3)|| > 2N/M > 2N P

By the induction hypothesis, we have
NZBt —cNY/P
m {HZ(Dfl)(T0>|| > 2 <c2

and the same estimate holds if we replace Ty by any given 7). Tt is sufficient to
consider k < N 25t Again, one has

D—1

cN D

—cNYP ro—c' N/ P
2 <c'2 ,

and this concludes the proof of the corollary. O

The proof that condition (a) has full measure follows now from a usual Borel-
Cantelli argument. Take D = d — 1 and write N = (klogk)?~! with fixed large
k > 0 and an integer k > 0. One has

m ({1 Z@a-1)(T)|| > 2V}) < ck™" .

If k is large enough, the right-hand terms form a converging series. As m is invariant
under the Zorich algorithm, we conclude that almost surely, the iterates T®) of T
under the Zorich algorithm satisfy

1 Z(ary(TW)]| < 27oeW™

for all large k.

On the other hand, the exponential rate of growth of the Q(k) (in the Zorich
algorithm) is given by the largest Lyapunov exponent of the Teichmiiller flow, which
is positive.
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We conclude that there exists k1 such that almost all i.e.m. T satisfy

log || Z(-1) (k)| < s [loglog |Q(k) (1"~
for all large enough k.

Question. Does one have almost surely
1Za-1y (k)| = O ([log [|Q(%)[[])
for some C > 07

4.8. Proof of the proposition. Let v, A’, D be as in the proposition. Let T be
an i.e.m. in A(y) satisfying Keane’s condition. Define, for n > 0,

= Z Qa(an)v

ac A’
Qext n, T Z Qa n, T
ac A\A’
where Qq(n,T) is the shorthand for Q. ((7v;(T))o<j<n) (see the beginning of 4.6).

Lemma 1. If the names of the arrows v (T) belong to A’ for m < n, we have
Qeat(n, T) < (d —2)Q"(n, T) .
(Recall that, as 1 < D < d, we have d > 3.)

Proof. We start with Q,(0,7) = 1 for all @ € A. Divide the segment [1,n] into
maximal 1-segments into which the name of the arrows is the same; let [n;,n;41)
be such a segment, with arrows of name «; € A’. The secondary names of these
arrows appear with some periodicity d; < d; moreover, if n; > 1, the secondary
name of ¥(") is a;_; € A';if n; =1, i = 0, ny > do, the secondary name of (")
is ay for each m = n; — kdy, k > 0. For n; < m < n;41 we have
Qext(m7 T) = Qewt(m - 1) T) )
Q/(’I’R,T) = Q/(m - 17T) + Qal (nz - 1, T)
if the secondary name of 4™ is in A’ and
Qewt(m; T) = Qext(m - 1,T) + Qal (ni - 17T) ,
Q' (m, T)=Q (m—1,T)

otherwise. In each segment except perhaps the first one, the number of secondary
names in A\ A" does not exceed (d — 2) times the number of secondary names in
A’. In the first segment, we write ny = kdg +n}, 0 < n} < dp; again the number of
secondary names in A\ A’ does not exceed (d — 2) times the number of secondary
names in A’ in the subsegment [n},n;). Finally we have for 0 < m < n} that
Ql(maT) 2 D 2 27 Qezt(myT) S Qezt(oyT) +m S d—D +d0 -1 S 2d — 4 and
the estimate of the lemma follows. O

Let 1 <Dy <D,n>0,C; >0. We say that T € A(y) is (D1, n,Cy)-balanced
if we have

Qa(n,T) > C7'Q'(n,T)

for at least D; of the indices a@ € A’. The property only depends on the path

(Y™ (T))o<m<n, and we will also say that this path is (D, n, Cy)-balanced. Clearly,
any T is (1,n, D)-balanced (for all n > 0).
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Lemma 2. Assume that vy is (D, N, Cy)-balanced, for some constant Cy > 0. Then
we can find A'(y) C A(y) satisfying the conclusions of the proposition, with I = l(d)
and 1 = n(d, Co).

Proof. Let ' = (v™)o<n<ar be an extension of 4 with minimal length such that
the name a of ¥(™) is not in A’. Then M — N is bounded by the diameter of
D, i.e. in terms of d only. Therefore there exists C. = C.(d) such that 4 is
(D, M — 1,C.Cp)-balanced; moreover, the path v = (7(™)g,,<as satisfies

volg_1 A(Y") > n"volg_1 A(y) ,
with " = 7" (Cy,d). Then, for all 3 € A’, we have

Qa(M - 17T) S Qe:pt(M - LT)
< (d-2)Q(M —1,T)
<(d—-2)C.CoQp(M —1,T),

and therefore
volg_1 A(Y') > n'volg_1 A("),

with 7' = (1 + (d — 2)C.Co)~ L. We take n = n'n”, A’'(y) = A(y/). Finally [ is
bounded because M — N is bounded. O

When 7 is only (D, N,C) balanced for some D < D, the strategy will be to
extend v without losing volume in order to obtain a more balanced path; at the
end we should be able to apply Lemma 2 (unless we have already found A’(y)).

We therefore assume that ~ is (D, N, C) —balanced. This is certainly satisfied
with D =1, C = D. Denote by A the set of a such that

Qua(N,T) > C'Q'(N,T) .

The first step is to extend 7 to a path v = (7™ (T))o<n<n+ of minimal length such
that the name of Y& is not in A. When N’ = N + 1, there might be two choices
for (N Yand we choose the one which gives the largest volume to A(Y').
In any case, an argument completely similar to the one in the proof of Lemma 2
leads to the estimate
volg_1 A(y') > n'volg_1 A(7) ,

with a constant ' = 1/(d, C).

If the name of YV does not belong to A’, we can take as in Lemma 2, A’(y) =
A(+") and the proof of the proposition is over. We now assume that the name of
7 belongs to A"\ A.

The subset A’(v) of A(y) we are looking for will be contained in A(v’). Observe
that there exists C, = C,(d) such that 4 is (D, N, C.C')-balanced.

Case A. In the loop of arrows of the same name which starts with (¥ )
secondary name belongs to A’ \fl

Let o be the name of vV /), Bo, - - ., Br—1 being the successive secondary names
in the loop. Letting k > 0, we write k = rl + m, 0 < m < r. Let ~1(k) be the path

extending v’ such that

e the name of v (k)™ is a for N’ <n < N’ + k := Ny (k);
e the name of v (k)N (*) is 3,,.

, 1O



ROTH-TYPE INTERVAL EXCHANGE MAPS 861

Observe that it follows immediately from the definition of Ry, Ry in 1.2.1 that the
indices By, . . ., B-_1 are distinct. Therefore, we will have, for 0 < k1 = rly+my < k:
! . .
anvenn gy i s
Qa(N"+k1,T) = Qa(N' = 1,T),
and also
ng(N/—f—k’,T) = QBJ(N/+k_ LT) )
Qu(N' +k,T)=Qu(N' —1,T)+Qp,, (N +k—1,T) .
For any k > 0, the extension from v to v1(k) is covered by the same number of
(D — 1)-segments, which is bounded in terms of d only.

For those k such that §,, ¢ A’, we include A(v;(k)) in A'(y).
The formulas for the volumes give

’ . HQﬁj (NI’T) ’
volg_q <L<9<kA(%(kl))] ) = Qo (N + = LT)vold_lAm .

We keep for further consideration all v (k) with
FQu(N' —1,T) < Q(N' —1,T) .
The formula above shows that together they will fill a definite proportion of
A(). ) )
We also see that when 3, € A, v1(k) will be (D + 1, Ny(k), Cy)-balanced,
with C; depending only on d. For each such 7 (k), we either apply Lemma 2 (if

D+1= D) or repeat the discussion, with +;(k) in the place of v, from a better
starting hypothesis.

Case B. The complement of case A.
For an i.e.m. in A(y’) satisfying Keane’s condition, we consider the three mutu-
ally exclusive possibilities:
o T is of type I if there exists N; > N’ such that all arrows v(™(T), N’ <
n < Ny, have names in A’ \ A, and we have

> Qu(Ni,T) = Q'(N',T).
acA\A
We take a minimal such Nj.
o T is of type II (respectively of type III) if it is not of type I and the first
name of an arrow 4™ (T'), n > N’, which does not belong to A’ \ A belongs
to A (resp. to A\ A).

We deal separately with the three types.

a) All T of type III will be contained in A’(7); for such a T', M is the first integer
> N’ for which the name does not belong to A’ \ A. Observe that the segment
(Y"N(T))Nr<n<nr is a (D — 1)-segment because card (A’ \ A) < D. As N’ — N
is bounded in terms of d only, the number of (D — 1)-segments needed to cover
(Y")(T)) n<n<nr is bounded in terms of d only.

b) Assume that T is of type II. Let N; be the smallest integer n > N’ such
that the name of v(™)(T) does not belong to A"\ A; this name belongs to A. Let
1= (Y"NT))o<n<n,. When T varies among i.e.m.’s of type II, the v; form an at
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most countable collection such that the corresponding simplices A(7;) have disjoint
interiors (and are contained in A(y')). Every T; belonging to some A(y;) is also
of type II. We claim that every 1 is (Dj, N1, C1)-balanced with D; > D and
C1 = C1(C,d) (see the proof below). As for type III, the number of (D — 1)~
segments needed to cover fy§"), N < n < Ni, is bounded in terms of d only.

c) Assume that T is of type I. With N7 minimal as in the definition of type I, take
11 = (Y"(T))o<n<n,. When T varies among i.e.m.’s of type I, the v; form again
an at most countable collection for which the corresponding simplices A(7;) have
disjoint interiors (and are contained in A(v’)). Every T belonging to some A(~v1)
is also of type I. We claim that every v, is (D1, Ny, C1)-balanced with Dy > D and
Oy = C1(C,d) (see the proof below). The number of (D — 1)-segments needed to
cover ’y%"), N <n < Ny, is bounded in terms of d only.

The discussion above leads in case B to a countable partition (up to a codimen-
sion one subset) of A(y’) into subsimplices of type IIT which will be included in
A’(v) and simplices A(y1) (of type I or II) which satisfy the same hypotheses as
A(7) but are better balanced (i.e. D; > D); when D; = D, we can apply Lemma
2 to v1; when Dy < D, we repeat the discussion with ~; instead of . The process
stops in less than D steps and gives the conclusion of the proposition. O

Proof of the claim for type II. As T is not of type I, we have
> Qa1 —1,T)<Q(N',T).
acA\A

Let us consider a maximal 1-segment contained in (Y (T))n/<n<n,. As we
are not in case A, there is a definite proportion, depending only on d, of secondary
names which belong to A"\ A. This implies that we must have

Q,(Nl - 1aT) < CiQI(vaT) )
with C} depending only on d. On the other hand, if « € A’ \ A and 3 € A are the
names of y(N1=1(T), v(N)(T) respectively, we have
Qa(NlaT) = Qoz(Nl - 1;T) + Qﬁ(Nl - 1aT)
> (C,0)Q(N',T).
It follows that v is (b + 1, N1, Cq)-balanced with C; = CiC*é. O
Proof of the claim for type I. By definition of N;, we have again
Z Qa(N1_17T)<Q/(N/7T)7
acAN\A
and it follows again that
Q' (N1 —1,T) < CiQ'(N',T) .
By definition of Ny, we have now
Z Qa(NlaT)ZQ/(N/aT)a
acA\A

and it follows that 1 is ([) + 1, Ny, Cy)-balanced with C; depending only on C
and d. O
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The proof of the proposition, and therefore also of the full measure statement,
is now complete.

Appendix A. Roth-type conditions in a concrete family of interval ex-
change maps.

A.1l. Let A= (A, B,C,D). The Rauzy diagram of the pair

A B C D
@.m)=\p ¢ B 4

is indicated in 1.2.2. The suspension of an i.e.m. with these combinatorial data
leads to a holomorphic 1-form with a double zero on a genus two surface.

In this diagram, we define for n > 0 a loop ~y(n) based at (7o, 1) by asking that
the names of the successive arrows should be D2CDA%?B"A. The product of the
V matrices around this loop is

1 1 1 1

n n+1 0 O

M) =1 0 21
n+l n+2 2 2

with characteristic polynomial
Xn(X)=X*—(n+6)X>+ (3n+10)X% — (n+6)X + 1.
Setting U = X + X! leads to
Xn(X) = X?(U? = (n+6)U +3n+8) .
The eigenvalues of M (n) are thus given by

A A =U% = (n+6j:\/n2+4).

The case n = 0 is degenerate, with UT =4, U~ = 2. When n > 0, both UT, U~

are > 2; we will denote the eigenvalues by A7 > A (> 1) > A\; > A\, and denote

by e, e, ,e;, el the corresponding eigenvectors of the transposed matrix ‘M (n).
The eigenvector associated to the eigenvalue A is proportional to

(A=A —4A+2), 2> =42+ 3N - L, (A = 1),(A = 1)?).

A.2. As n — +oo, one has
lmU" — (n+3) =lim\} — (n+3) =0,

IimU™ =3, limA, =G := \/E_);_B .
One can also choose eigenvectors to obtain:
lime! = Ef = (1,1,0, 0)
lime, = E, = (-1 -1,1),
hme;_E (— 1,—1G t—1,1),
limel = Ef :=(2,1,0,-1) .



864 S. MARMI, P. MOUSSA, AND J.-C. YOCCOZ

These four limit vectors form a basis of R* in which we rewrite ! M (n):

1, _
tM(n) + (n+3)EJ_Ej+ﬁ(Eu _Es)v
M(n)E, =G(E] +E,)
‘tM(n)E; =G YEf+E]).
For the corresponding coordinates, this gives

XF=m+3)z +2f +Go, +G o

s

XF=—al,
X‘—Lx T4 Ga
u \/5 u
1
Xo :——xf[—i—G* T,
V5

A.3. The following two lemmas express that for n > 4 certain cone conditions are
satisfied.

Lemma 1. Forn >4, x} > Max (|z7|, |2,

2l laz D) one has

1
XF > Max ((n—1)|X;",(n—1)|XS_ 0 3\/_|X |>

and
XF>(mn-1af

Proof. As G714+ % <1and G+ G~ ! =3, we have
Max ((n — DIXF], (n — )X ], (0 — Daf]) < X7
If xz,; > 0, one has
XF>Mm+ Dzt +Goy, >2X,;

because n + 1 —2/v/5 > G for n > 4.

For x;, <0, one has X,/ > (n+ 1)z} — G|z, |. On the one hand,

ul
(n+ Dz = Glay | = (n+ 1)VHX,;
on the other hand,
(n+ Day = Glay| = =X,

as soon as n + 1+ v/v/5 > (y + 1)G, which allows us to take vy = —10*5‘/3 for
n > 4. O

Lemma 2. Forn >4, Max (|z}], |z, |) > Max (|zf], |z |), one has

Max (| X7, 1XT])

:)
) Mo (it )

Max (| X[, | X, ]) > (

%|~

Max (| X,7], | X, |) > (

%|
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Proof. When |z;}| > |z, |, this follows from Lemma 1. If 0 < |z;}| < z,, one has

X, > <G— %) z, > <G— %) Max (|X |, |X])

-1 1
because G~ + i< 1. O
One should observe in Lemma 1 that % > 1 and in Lemma 2 that G — % >
1.
Lemma 3. Equip RA with the sup norm. Then, for any integers ni,...,n; > 0,
we have
k k
[T+ 1) <1 M(ne) -+ M(na) oo < JJ (200 +4) .
i=1 i=1

Proof. The upper bound follows from ||*M (n)|| < 2n+4 for n > 0, the lower bound
from the fact that

*M(n)(1,1,0,0) — (n+ 1)(1,1,0,0)

is a nonnegative vector. (I

A.4. Let 3 be the set of sequences (n;);>o of integers > 4. To each sequence
in ¥ we associate the infinite path v(ni)y(ns)--- starting at (mp,71). The cone
property of Lemma 1 guarantees that there is exactly one i.e.m. satisfying Keane’s
condition associated with this path. On the space I' of functions constant on each
jo(I), we have a complete filtration: the space I's has dimension 2 according to
Lemma 2, contains the line Ré (where ¢ is the displacement vector) and is contained
in the hyperplane I', of zero mean.

Therefore conditions (b) and (c) in 1.3.2, 1.3.3 are automatically satisfied. Con-
dition (a) is equivalent, in view of Lemma 3, to

logng =o (Z logni> .

i<k

Appendix B. A nonuniquely ergodic interval exchange map satisfying
condition (a).

B.1. Let m,n,p be nonnegative integers. In the Rauzy diagram of the pair (7, 71)
(A B C D
“\D C B A
that the names of the successive arrows are

) (cf. 1.2.2), consider the loop yo(m, n,p) based at (mp, 1) such

D31 BC"BDCPD.

We also consider the dual loop ~1(m,n,p) which is deduced from ~o(m,n,p) by
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means of the canonical involution and whose arrows have names
ASmTLCB"C ABPA.

Given three sequences (my)r>0, (nk)r>0 and (pr)r>0 we also consider the infinite

path I', based at (A B ¢ D

D C B A) which is obtained by composing

70(7710, no,po)’h(mh n17p1) e 70(77121@7 nzk,p%)’h(mzml, n2k+17p2k+1) .

The matrix Zy(m,n,p) associated to yo(m,n,p) is

1 0 0 0

0 2 p+2 p+1

0 n (n+1)(p+1) p(n+1) ’
m+1 mn+2)+1 mhr+2)p+1)+m+1 pm(n+2)+m+1

where the vectors of the canonical basis of R4 are ordered alphabetically. Analo-
gously the matrix Z; (m,n, p) associated to v1(m, n,p) is

pm(n+2)+m+1 mn+2)(p+1)+m+1 mn+2)+1 m+1
p(n+1) (n+1L)(p+1) n 0
p+1 p+2 2 0
0 0 0 1

We set

Q(k) = Zo(mo, no, po)Z1(mi,n1,p1) -+ Ze(Mi—1, Ne—1, Pl—1)

with k — 1 = emod 2. We denote by es(k),ep(k),ec(k),ep(k) the column vectors
of Q(k).

B.2. Let mg = 0 and choose ng > 1. The integer py will be chosen later but it will
be such that pg > ng. One has
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We determine then my, pg, n1, M2, ..., Mg, Pk—1, Nk, Mk+1, Pk, - - - through the fol-
lowing formulas:
HO ="Nyo,
H1 = mlﬂal = ’I’Lg,

H2 = ponl = (TLO —|— 1)2,

I3 := nyllg;t | = (no + 31— 1)%,
H31+1 = ml+1H3_ll = (TL() + 31)2 s

Mgp0:=pll5Y = (no + 31+ 1),

mq = ng 5
Po = (TL() + 1)21_[1: Tlg(’ﬂo + 1)2 s

ny = (ng + 2)°Ma = (ng + 1)*(no + 2),

miy1:= (n() + 31)21_[31 s
P = (no + 31+ 1)%T5 41,

N1 = (’n() + 31+ 2>2H31+2 R

Thus one has, for [ > 0,

pr = (no+ 31)2(n0 + 31+ 1)2 ,
niy1 = (ng + 31+ 1) (ng + 31+ 2)?,

miy2 = (no + 31+ 2)%(ng + 31+ 3)2,

and also my = ng. For all £ > —1 we set

k)7?
Ck:ng [(nOJrl )}
Nno-
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so that one has ng = ¢_1 and

C1 = NopPo ,

Co = MmNy,

C4 = M1N1P1,

Cs = MaN2NopPo ,
C7 = MaN2P2M0Po ,

€8 = M3nN3gMminipi,

C10 = M3n3p3minipi ,

Let us check by induction that, setting c_o = 1, one has for [ > 0:

eal—1)=cas["(1 0 0 1)+0(ny")],
ep(2l—1)=cu7["(0 0 1 0)+0(ng")],
ec(2—1)=cas['(0 0 1 0)+0(ng")],
ep(2l—1) =ca5["(0 0 1 0)+0(ng")],
ep(2) =cas[1(0 0 1 0)+0(ny")],
ec(2) =cg-s["(1 0 0 1)+0(ny")],
es(2) =cg2[*(1 0 0 1)+0(ng")],
ea) =caa[*(1 0 0 1)+0(nyhH].

We have already checked the first four relations for [ = 1. Assume that the first
four relations are verified for a given value of [. Then

ep(2)) =ep(2l — 1) + (mg—1 + Dea(20 - 1),

with

Mar—1Ce1—8 = Coi—6 = Co1—5(no + 61 — 5) 7>
Moreover

ec(2l) =2ec (20 — 1) + ngy—1ep(20 — 1) + [mo—1(ng—1 + 2) + 1]ea (20 — 1),
with
M2—1M21—1C61—8 = C61—4 »
nai—1cei—7 = (no + 61 — 6) *cer—4 ,
2c61-5 = 2(ng + 61 — 4) " 2ce_q,

(2ma1—1 + 1)cg—s = O ((no + 61)?)ce1—a

and
ep(2l) = (pa—1+2)ec(2l — 1) + (no—1 + 1) (par—1 + )ep (20 — 1)
+ (mar—1(n2i—1 + 2)(pai—1 + 1) + ma—1 + 1)ea(20 — 1)
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(p21—1 + 2)cei—5 = O ((no + 61) *cei—2) ,

(nai—1 + 1) (p2ai—1 + 1)cgi—7 = O ((no + 61) *cgi—2)

[1 4+ moi—1(nar—1 + 2par—1 + 1)]cai—s = O ((no + 61) *egi—2),
M21—1M21—1P21-1C61—8 = C61—2 -

The formula for e4(2!) is completely similar.
Since one has

[[1+0((no+k) )] -1=0(ng"),

k>0

one gets the four last relations. Taking into account the canonical involution one
can analogously obtain the first four relations.

B.3. The decomposition of the infinite path T' into loops ~yo(mag, naok, pax) and
v1(Magt1, Nog+1, P2k+1) is nothing else than the decomposition for the accelerated
Zorich algorithm. One has

1 Zc (m, e, o) || ~ (no + 3k)*
(with € = kmod 2), and

(no + 3k — 2)! 2
n()! '

1QU ~ ez = 3 [

Thus one obtains
| Z (i e pi) | = o ([log [QUR)]')

and the first condition in the definition of the Roth-type interval exchange map is
(by far) satisfied.

B.4. From the formula and estimates of Section A.2.2 one gets

ep(2l)  ep(2l—1) . .
lep@D)]x — |len(20 — 1)1 + O ((no +60)"7),
ec(2l)  ea(20—1) i B
Tec@ L~ Tea@ = T 0 (o +6)75,
ep(2l)  ea(2l—-1) i ,
Tes@ ~ Tea@ =D, T O (o +6D75,

ea(20) ea(2l — 1)

_ . »
lea2D)]l1 — llea(2 — 1)1 + O ((no +60)"7),

and by applying the canonical involution one obtains similar formulas at the order
21+ 1. Therefore one can conclude that if there exist two vectors uy and up in R4
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such that ||ual| = ||upl|| = 1, then
1/2
0 —1
ua=1| +0(ny ),
1/2
0
0 —1
up = 1 + 0] (nO ) )
0
lim 7614(1) = lim 763(21) = lim 760(21) =us,
l—+o0 HeA(l)Hl l—+o0 ||€B(21)||1 l—+o0 ||€C(21)H1
lim D(l) - . 60(21 + 1) o im 63(21 + 1) —u
t—too lep(l — 1=+oo lec@i+ Dl 15+ lep@+ D 7

It is now easy to see that each point u of the segment [u4, up] C (RT)A is the lengths
A B C D
D C B A)
satisfying Keane’s condition and which is not uniquely ergodic: the interval ex-
change maps of this one-parameter family are topologically conjugate.

datum for an interval exchange map with combinatorial datum
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