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It is shown tha the complee symmety groy for the Kepler problem as intro-
ducal by Krause can be derived by Lie group analysis The same resut is true for
ary autonomos system © 199% American Institute of Physics.
[S0022-24886)01804-4

I. INTRODUCTION

In Ref. 1, anew concep of symmety growp for ordinay differentid equationswhich have
Xk=Xi(1), (k=1,2...,N) as unknown functions was introduced Krause defined acomplet sym-
metty group by addirg two properties to the definition of Lie symmety group:

(i)  the manifold of solutiors is ahomogeneosispae of the group;
(i)  the grow is specift to the systen (no othe systen admits it).

This definition of the complee symmety grouyp needeé a new type of symmety to be introduced.
For example neithe Lie point symmetrig nor conta¢ symmetrie give rise to a complee sym-
metty grouwp for the Kepler problem The generato of the new symmety was defined to be

N
(9'[+k21 nk(taxlv'--!XN)an:_' (1)

Y:{J\ §(t,X1,...,XN)dt

which is differert from the generatoof a Lie point symmety groug ! becaus of the appearance
of the integrd of &

Here we shav tha if the systen unde study is autonomos then the complee symmetry
grow can be recoverd by Lie group analysis In particular the extra symmetries that Krause
claimed not to be found by Lie groyp analyss for the Kepler problean can be so determinedThis
is explainal by the following observationlf the systen is autonomougsthen one of the unknown
functions can be taken to be the new independenvariabke and the systen consequeryl can be
rewritten Thus Lie groyp analyss applied to the transforme systen leads to differert results,
and in particula the extra symmetries which were found by applying Krauses metha can be
retrieved.

II. OUTLINE OF THE METHOD

Let us conside the following autonomos systen of N second-orde ordinary differential
equations

kk:Fk(Xl!XZI"'!XNi).(ll"'!)-(N) (kzl,Z,N)—! (2)

A generato of a Lie point symmety grou for this systen has the form
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N
X=7(t,Xq, ... Xp) I+ gl (X1, Xy) 3)

Systen (2) can be convertd into the following autonomos systen of 2N first-orde ordinary
differentid equation&®

U= U4, 4
Un+ k= Fi(Ug,Up, e Un U)o 5
Now, we can choo® one of the dependenvariables to be the new independenvariabke y. For

example let us take uy=y. Then systen (4)—(5) becoms the following nonautonomasisystem
of 2N—1 first-orde ordinary differentid equatios with independenvariabe y

dyj _ Uny; ®
dy uxy’
dun 4 j _ Fi(up,Uz, ... Un—1,Y,Uns 15---5U2N) @)
dy Uon '
dUZN: Fn(Ug, Uz, U1, Y5 Ung 10 5Uon) ®)

dy Uan
where (j=1,2...,N—1). From Egs (6) we can dedue that

de
Un+j= Uan a0
y

which when substitutél into Eqs (7) and (8) yields the following systen of N—1 second-order
ordinay differentid equatiols and one first-orde equation for the unknowrs u;=u;(y), and

Uon= Uan(Y)
”n__ 1 F ’ ’
uj——u2 [Fj(up,Up,...,.UN_1,Y,U5,. . Uy_1,U2N)
2N

—Fn(Ug,Up, . U1, U UG 1, U ) U ] 9

. Fa(ug,Ug,.Unsg,YsUg e Uy g, Uon)

wherre ' denota differentiatian by y. A generatoof a Lie point symmety group for this systen is
of the form:

N-1
Z:V(yvuli' i 1uN711u2N)(9y+ 1_21 Gj(yiuli' i 1uN711u2N)(9uj + GZN(yiuli' i qufliu2N)0’)u2Nv
11

which can be transforme into the operato Y in (1) by substitutig u;,y,u,y with X; Xy, Xy,
respectively and solving the following systen for & and

Y(Xj)=7n,=Gj = (12
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Y(Xn)=nn=V,= (13
. d 7IN .
Y(l)(XN)E_dt —&Xn=Gon (14

where Y denots the first prolongatia of Y. Therefore Krauses symmetrie can be recovered
by mears of Lie group analyss applied to systen (9), or othea nonautonomosisystens which can
be deduce from (4)—(5) by choosimg u;=y. Viceversa Y in (1) can be transformelinto Z in (11)
by mears of (12)—(14).

However it shoul be noticed tha Z in (11) could lead to a more generé operato than Y in
(1) becaus of the appearaneof xy . In this case a sott of conta¢ symmety generalizatia of Y
would be needed.

Finally, Z can be transforme into a generato of a Lie point symmety group X in (3), with
r=[£dt, if (12—(14) yield that 5, do nat deperl on X, and either £ is constant o&=f (X)X ,
with f arbitray function of xy.

lll. KEPLER PROBLEM

The Kepler problem provides agoad exampé of the methal outlined in the previows para-
graph The origind Keple problem is given by the following system:

—Kxy . — KX, . —Kx3

S r oz oA KT a e oA X3T 2 oz oA (15
(XT+X5+X3) (XT+X5+X3) (XT+X51X3)

Xy

It is well known’ tha Lie grow analyss applied to (15) yields a five-dimensionkLie symmetry
algeba generatd by

Xl= (9'[ il X2: 3t(?t+ 2X1(?X1+ 2X2&X2+ 2X3(9X31

(16)
X3= X0y, ~ X107 Xy= X3dx, ~ X1y, Xg= X3dx, X2y,

Instead the eight-dimensionla complee symmety groy of (15 is generatd by
Xllx21X31X4,X5, and

Y =2 f X1 dt) G+ X5y + X1 Xody, + X1X30x,,

Y2:2

J X, dt) I+ XqXody X505+ XoXadx,,

Y3:2

f X3 dt)at+x1x3z9xl+x2x3&xz+x§z9x3,-| (17

which can be obtainel by mears of the new generato (1) with N=31! Kraus statel tha Y1, Yo,
ard Y5 cannd be recoverd by Lie group analysis It is true tha they are not included in (16), but
they can be retrieved by applying Lie groyp analyss to the equivale nonautonomasisystems.

Let us choo® x5 to be the new independenvariabk y. Then the new systen (9) becomes

o —K(u;—yuy) o —K(u—yuy) o’ —Ky
=2 2 217 =72 2 217 =72 2 )7
Y (uf+us+y?) g 2 (ui+ust+y?)¥ug 6 (ui+us+y?)¥ug

(18
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wher ' denota differentiatian by y. Note that becaus of the symmetre form of (15), a system
similar to (18) is derived whateve dependenvariabe we choo® as the new independenvari-
able Lie groyp analyss applied to (18) yields athree-dimensiorialie symmety algeba gener-
ated by

Zy=y?dy+yUydy +yUzdy,,
(19
22: 2y¢9y+ 2U1(9u1+ 2U2(9u2_ U6(9u6,'| Z3: UZ&Ul_ Ulauz.

If we transfom the operatos into the form given by Y in (1), then Z, becoms Y in (17), and
Z,,Z5 becone X,,X5 in (16), respectively In fact, transformirg Z, into an operato of the form
given by Y in (1) correspondto solve (12)—(14), i.e.,

71=X%X3=Gy,m (20
7= XpX3=Gy ™ (22)
73=X5=V," (22)
d773 .
W_ §X3ZOEGZN._| (23)

Substitutig (22) into Eq. (23) yields 2x3X;— éx3=0, which implies £&=2x.

It is eay to shaw that Y, [Y,] can be obtainel by applying Lie group analyss to the equiva-
lent nonautonomasisystem which has x; [x,] as the new independenvariable.

We hawe usal our own interactive Redu@ programé&? to perform Lie grow analysis and
apply Krauses methal with the generato (1).
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