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Abstract

Non-containment for free.single variable program schcmes
is shown to be NP-complete. A polyncmial time algorithm for
deciding equiéalence of two free schemes,provided one of them has
the predicates appearing in the same crder in all executions,
is given. However, the ordering of a free scheme is shown to

lead to an exponential increase in size.
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1. Introduction

Much work in the theory of program schemes has gone into
the investigation of decidability properties for different
classes of schemes ([G,M]. In the cases where a problem is
decidable, a2 natural question is to determine the complexity
of the decision procedure. Some of those questions were
" answered in [CHS] where it was shown that noncontainment and
nonequivalence for single variable program schemes and for
menadic linear recursion schemes are NP-complete.

In this paper we investigate the complexity of these two
problems for the class of free single variable program schemes.
The requirement cf freedom (i.e. absence of pieces of code which
carnot possibly be executed), is a very natural one if we want
to consider schemes which are models of real programs. Although
most real programs have mere than one variable, we show that
even in the single variable case the equivalence prcblem is
difficult.

We show that the noncontainment problem for free schemes
remains NP-complete. We do not know the complexity of the
equivalence problem for free schemes (except that inequivalernce
is in NP), but we can reduce it to the problem of determining
equivalence of acyclic schemes involving only predicates and
terminal assignment statements. We present a partial solution

to the egquivalence problem by showing that if one of the schemes
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has all predicates appearing in the same order, then there is

a polynomial time algorithm. However, we show that there are
schemes in which ordering the predicates causes an exponential
increase in size, indicating that preprocessing by ordering one
of the schemes cannot lead to a polynomial time algorithm.

The paper is organized in 5 sections. 1In section 2 we
introduce the notion of a B-scheme, which is an acyclic
single variable program scheme containing only predicates and
terminal assignment statements. Section 3 contains the proof
that noncontainment for free B-schemes is NP-complete as well
as the pol&nomial time algorithm for the case where one scheme
is ordered. In section 4 we present an unordered B-scheme with
no small equivalent ordered scheme, and in section 5 we show
that equi;alehce for the full class of free single variable
schemes is decidable in polynomial time if and only if the
equivalence problem for free B-schemes is decidable in
polynomial time.

Although this is a paper about program schemes, some of the
results, notably the exponential blow-up in section 4, are of
interest in their own riqht; Since these results are formulated
in terms of standard concepts from graph theory, no particular

xnowledge from program scheme theory is required.
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2. Preliminaries

A B-scheme is a labeled rcoted dag whose vertices have

outdegree Z or 0. Vertices with cutdegree 2 are called tests

0
%

and are lalbeled with Boolean variables; vertices with ouzi-
degree 0 are called leaves and are labeled by functicn symbois.
One edge from a test is labeled T, the other F. 18" cenctes
the number of nodes in scheme S. A B-scheme is frge I1f there

is no path from the root to a leaf which contains two or more

tests with the same label.

or

Let S be a B-scheme. A B-assignment A (assignment for short)
is a mapping from the Boolean variables of S to {:rue, false}.
t(A) is the path constructed by starting at the root and
selecting the edge labeled T (F) whenever encountering a test-
labeled b where A(b) = true (false). The value mapping Val
maps pairs of schemes and assignments to functiocn symboals and
is defined as follows:
Val(é,A) =f iff the leaf reached by the path %t (A) has lakel f.
The B-schemes Sl and Sz are equivalent, (slzsz), if and
only if for each assignment A, whose domain contaigs 2ll Boclean

s

variables in S, and Sz,Val(Sl.A) = Val(SZ,A). One function

symbol 2 is designated as a special symbecl and represents the
undefined function. S1 is contained in 52,

only if for each assignment A whose domain contains all Boclean

(S1 < 52), if and

variables in s1 and Sz,either Val(sl,A) = Q or Val(Sl,A) =

Val(Sz,A}.
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Now if the original formula F was satisfiable we can find an

assigament A such that Val(sz,A) = g and Val(sl,A) = £, so

sl i Sz. Conversely, if Sl k4 Sz, then there is an assignment

A such that Val(sl,A) = f and Val(Sz,A) = g. But Val(sz,A) =g

only if, for each i, ui=u;=...=u;'=7i=...=7i_. Hence assigning

to each Xy the value A(ui) satisf;es F. Sinée S1 and S2 can

be written down in time polynomial in the length of F, BXNCONT

is NP-hard. =
We now turn to the equivalence problem for free B-schemes.

First we show that if the two schemes are ordered, then there

is a polyncmial time algorithm for deciding equivalence.

Definition 3.2: A B-scheme with Boolean variables bl...bk is
ordered if whenever a test labeled bi is a predecessor of a

test labeled bj then i<j. =

In the proof of the next theorem we use the observation
that if a scheme is ordered, then the size of the finite

automaton accepting the interpreted value language [G] is

polynomial in the size of the scheme.

Theorem 3.3: There is a polynomial time equivalence algorithm

for ordered schemes.

Proof: Let S1 and S2

bl...bk appear. We will construct deterministic finite

be schemes in which the Boolean variables

automata. Ml and Hz from S1 and S2 such that Slss2 iff
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Algorithm 3.6:

Input: Free B-scheme S1 and ordered B-scheme 82.

Output: "Yes" if the schemes are equivalent, "No" otherwise.

begin
comment L is a list of pairs of graphs which must be
equivalent in order that S1 and 52 be equivalent;

.inxtlallze L to (Sl,sz):

re geat

let n be a node of S1
- been marked and let v be the subgraph with root n:
let (v,vl),...,(v,vm) be all the pairs of graphs on

all of whose predecessors have

L in which v occurs;

comment since VyrVyree vy are subgraphs of an ordered
scheme, the method in Theorem 3.3 can be used to
test their eqguivalence:

if - (leVZE...Evm) then output ("No") and halt;

if v is a leaf then
comment since v is trivially ordered, the method
in Theorem 3.3 can again be used to test
equivalence of v and vyi
if 5 (vEv)) then
output ("No") and halt;
else
A: add to L the pairs (v',vl[b=true]) and (v',vl[b=false])
where b is the label of v's root n and v'(v")
is the subgraph of s1 reachable via n's
outgoing T-edge (F-edge)
fi;
remove the pairs (v,vl),...,(v.vn) from L;
mark n;

until all nodes of Sy have been marked;
output ("Yes") and halt;



12~

Theorem 3.7: Algorithm 3.6 works correctly- and runs in poly-

nomial time.

Proof: It follows from Lemma 3.5 that the property

1552 <=> ¥({v,v . )el ¢ vIv,

is an invariant for the loop. To show correctness then, it

P: S

is sufficient to ncte that P is true intially and that when
the algorithm stops, one of the following is true:
a) all nodes have been marked, the list L is empty
and the answer is "Yes".
b) not all rnodes have been marked, there is a pair
(v,vi) cn L such that vai and ‘the answer is "XNo".
To see that the algorithm runs in poiynomial tine
observe that the loop is executed at most Zsli tires and each
executicn ¢f the locp requires at most :SZI equivalences of
ordered schemes which can be done in polynomial time by
Theorem 3.2. .

Note

cr

hat the freedom of s1 cuarantees that the grag!
v'{v") in the statement labeled A ir the algorithm is equal

to v{b=truel{vi{b=falsel}.

4. A scheme with no small equivalent ordered scheme

Here we construct a free B-scheme S0 whose smallest

ordered eguivalent has size "exponential® in Esol. First we

reed some exitra notation.

et & be a2 B-scheme. A partial B-assignment (partial

assignrent for short) is a partial mapping from the Bcolean

varaibles of S to {true,false}. Two partial assignments Al and



*aduo ueyy axow sieadde jureajsuos A3rienbs on (g

~sapou Zug>uz+u.(ubot-r-u)c+t-u sey pue 3813 ST Cs (e

JUIPTAD dae os Inoqe s3oey butmorio3l 8yl
.{uA,...,TA} pue {I-Uﬂ...,Tn}
udsm3aq sar3rrenbs 3o suorjevynwaad or(o&d 3Isul axe
S3T3TTENDa 30 S39s a8yl 3Iey3l S93I0N *sat3TTenba HutureWax
Sy3 woI3 T3 3onx3suon pue ‘1 yesy 03 3001 JYI WOIZ
g3ed sy3 uC INDO0 eyl SATqRIIRA DUTATOAUT sar3rTenbs TTe
(U POR (THT-W)  _T-Y, L pou(Tez), g U pow(x-rI)A:Tn}
sa737Tenbod 3O 3I9S IYJ WOIF SA0WIY °*SMOTIOF

s® pauTe3qo ‘Ta wmiod oy3 Aq pooeidsx sT jesT Y3 ,T Byl (q
*{-u 03 ( WOIJ paJaqUNU 5Ie

“Unse..sTn y3m parroqer sepou zoTISUT

T-4 y3Tm 9533 Lzeurq 9337dwod v sY Og 3o sseq ayy (e

$95¥3S OM3 UT PIIONIISUOD MOU ST Og swayds ayl

T
soaeal oyr -

*¥ ®TA afqeyoeax ST T

paTsqe] 9pou Y3 uay3l sor3Trenba T SITISTIRS ¥ JT Iey3 930N

_VT_




A0T3q umoys
‘TEMT05 © POTTED ‘oWOYdsS oYy IONIISUCD 9M {"A:In'---lttutrn}
S3T3TTenbs O 396 ¥ uaATH “Tenba aze pue pauyzep’ y3oq aie (-CA)V
pue (?n)v 3T ;A=Tn Kytrenbs ue sa;§snes ¥ juswubysse Terzaed
e jeyy Aes oy Uareee s T T=¥ oo Ty garqeraea uesioog 1-uz

UFRIUCD [TTA 05 sweyos ayr °z Jo zemod ® ST U jey; aumssy -
‘¥ Aq
pa1310ads °9q Apesate Aew y3zed ay3 uo 30U §3§33 UTEIIID J0UIS ¥ JO
uotIsuUalX® uv Aq ATTIRIITQYR PIPUIIXD 9q JOU uUed Y AQ pIUTWIIISP
yaed ey3 3eyl 830N 'V BTA S[qeyoesi o 03 pPTes ST v-;o UOTSUDIXD
swos Aq pajjtoeds apou Kuy v Aq pojyioeds 8q 03 pyes aie
" y3ed STYI UO SIPON “PIUTIIP :oQ ST ¥ YoTym UO T8qe] ® Y3iTa
3§93 © IO JPOT ® IIY3ITI ST YOTYm 9pOU ® 03 3001 9y3 wWoxy yjed

¥ S3UTWIa33p Y juswubysse Teriaed ¥ ‘sweyos ®© aq 5§ 397

“(©% = (@) Tv soyrduy peurzep (q)%v ‘q srqerea uestoom

[4 T

yoea 103 3T “Y JO UOTSUS3IX? Ue ST ¥ Juswubysse Terixed v

9STAIOY3O pouUTFopUN
poutzep 51 (D)W 37 (@ ) = (@) (Puntw)
pautzep s (@) W 3T (Q) ¥

IV x4 T

oq 03 peurzep ST ‘Cvn v pue 'y

sjuaurubiese Tei3aed JUSISTEUCO OM3 JO UOTUN IYL °PIUTIIP Y3loq axe

[4

A3y3 I9A9usym onTeA awes Iyl saevy A3yl FT JUS3ISTSUCD axe VY

€T~

g p— o = o T T T e T e e T P

N R By RN Tt AT e 2O o -



——— e - s e e e i e —— At e e st n o e Tt B e

-15=-

c) Every path from the root to a leaf labeled 1 is missing
log n variables among the v's.

Now let s1 be an ordered B-scheme which is equivalent to
SO' and let Y be the \/57; Boolean variables which come first
in the ordering. We shall show that there are “"exponentially”
many assignments to variables in Y which compute different functions
of the remaining variables. Since each of these different functions
must be represented by different nodes in Sl, Sl must have

"exponentially” many nodes.

Relabel the variables such that Y = {yly--.{Jﬁ-) and let the
: , 7
remaining variables be 2 = {

ZisessZ }.
B § 2n-1-
\/nlz

in so acceptable if there is no equality y; © Yj between two

Call a column

elements of Y appearing in the column. There are at most
(\/g—)zx g unacceptable columns. Call an assignment A to
variébles in Y acceptable if there is some acceptable column
reachable via A.

Now we show the key result of this section, that if two
acceptable assignments are "a little different™ then they can
be extended such that one of them specifies a node labeled 1
and the other a node labeled 0.

Lemma 4.1: Let Al and A, be acceptable assignments (to the
variables in Y) which differ in more than log n variables. Then
there is an assignment A to the variables in % such that

Val(AluA,so) # val(AzuA,So).
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Proof: Since Al and A2 are acceptable assignments, we can
always reach acceptable columns via Al and Az. There are two
cases to consider:

1) Assume that some acceptable column C is reachable
via both Al and A2. There are 2 log n variables which
do not appear in C. HKalf of them are u's which appear on the
path from the root to the column. The other half consists of
v's. Al and Az cannot differ on the variables on the path from
the root to C since.C is reachable via both A1 and AZ. Thus
even if Al and Az differ on all the log n u's missing from
column C, there is at least one variable,.yi(Y, which appears
in an equality of C on which Al and A2 differ. (The variable
y; may pe either a u or a v, we don't care which.) The eqguality
in which Y; appears must‘be of the form yi=zj, zjcz since the
column is acceptable, that is, the column has no eguality
between two y's. Since So is free, zj does not appear on
the path from the root to C. Hence we can find an assignment
A to the variables in 2 such that AluA and AzuA both specify
C and AfJA satisfies all equations in C. Eowever, A(zj) =
Al(yi) # Az(yi) so Val(AluA,So) = 1 and Val(AzuA,So) = 0.

2) Assume that there is no acceptable column C which is
reachable via both Al and Az. We first find a partial
assignment A to the variables in Z such that AluA specifies
a column which can be satisfied by some extension, A', of
Al”A' Then we show that we can choose the extension A' such

that it satisfies the cloumn specified by (Aluh) but the

column specified by (AzuA)uA' is not satisfiable.
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Alm,g,k) 2 2%

(255 /257 + 27 2%, /25T
- (g2 (2t r2%7Y
- 2 (k-
[(gy+e,) /287 - g g s22 K71y
Pe/2* + 92" - g, s22 %D,
k-1

22+r

k
z 2mg/2 as g,s 9. < 2
2) The root is labeled with a variable from M, Then

L+x+1 = m and

Alm,g,%) = 2'a(r,g_,k-1) + 2"A(L,g,,k-1)

v

2£(2rgr/2k—l) + zr(zzgl/zk-l)
+ -
21 r(gz + gr)/zk 1

zmg/zk

Kow we can prove that any ordered scheme egquivalent to Sb

must be big.

Theorem 4.3: Let § be an ordered B-scheme which is equivalent

to %V Then
|sl[ 2 2

Proof: From the discussion preceding Lemma 4.1 we know that SD

m- (log2n+l) /2

where m = V“/z

contains at least 1/2 acceptable columns. Since Y contains m
variables there are at least A(m,m/2,l0og n) acceptable assignments
to variables in Y. From Lemma 4.1 we know that if two of these
assignments differ by more than log n of the variables then

they must lead to two different nodes in S - Now there are at

.
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most (?) assignments to m variables which differ from a yiven

assignment in i variable values. Hence there can ke at nost
log n leg n .

E: (?) < Eﬂ nt < mlog n+l assignments which differ from a
i=o i=0

given assignment by at most log n variables. Therefore, there

g n+l

are at least A{(n,n/2,log n)/mlo acceptable assicnrents which

differ by more than log n variables and hence !Slf 2

A(m,B/2,1l0g n)/m109 n+l. By lemma 4.2 we now get
o a1
‘51[ > (2’-(n/2)/2‘0g n)/mlcg n+l
_ 2mfl/2(log n+l) log m _
_ ,@-1-(log n+lj{log n-1)/2 (recall that m = V' /2}
1 2 )
- 1 -
= % 7(‘09 n+l)
and the theorem is proved. a

S. Extension to sirgle variable program schemes

In this section we show that the equivalence prchlenm for

free single variable program schemes (fre= Ianov schemes) is

th
"
®
(1]

polyncomial time eguivalent to the eguivalernce problex for
B-schemes,

A single variable program scheme {an I-scheme) is a rcoted
directed graph (not necessarily acyclic) whose noles have
outdegree 0,1 or 2. Nodes with outdegree 2 are tests and are
labeled with Boolean variables. Nodes with outdegree 0 and 1 are

called function nodes and are labeled with function symbols.

Only vertices with cutdegree ( may be labeled with . Edges
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define what it means for two I-schemes to be equivalent.
Let S be an I-scheme and A an I-assignment (i.e. A maps
elements from (P-{Q})* to B-assignment). The value mapping
val is defined as follows.,
the function symbecls on the path determined
val(s,a) = by A if the path is finite and does
not end in
Q otherwise
Two I-schemes s1 and S2 are equivalent if Val(sl,A) = Val(SZ,A) for
all I-assignments - A. It is clear that this definition means
equivalencé undexr all Herbrand interpretations (free interpretations)
and it is well known that this implies equivalence under all
interpretgtions (G].
We would like to show that two schemes are equivalent iff
their root nodes are k-equivalent for all k. Unfortunately this
is not quite true; the problem is that the schemes may both
compute Q but do so in different ways.
A free I-scheme is compact if from every non-leaf node there

is a path to a leaf not labeled Q.

Lerma 5.3: There is a polynomial time algorithm to transform

any free I-scheme into an equivalent compact free scheme.
Proof: Irmediate. L

Lemrma 5.4: Two free compact I-schemes s1 and S, are equivalent

2

iff their roots ny and n, are k-equivalent for every k.
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Proof: It is clear that if nl and n, are k-equivalent for 211

X, then S1 2

to 52 and let k be the smallest value for which there is a
k~assignment A such that pl(Sl,A) # pl(sz,A). Not both of

pz(sl,A) and pL(SZ,A) can end in 3, so assume p2/S.,A) deces rot.

1
We can extend A to an 2-assignment A', i>k with A'(w) = A({w)
for all w, [w]sk, such that A' defines a path to a leaf no*-

labeled Q in Sl' Now since the kth symbol on the path defined
by A’ in s, is different from the k0 symbol on the za

ot

B im €

7

and Val(sl,A') # Q, we must have S1 noct eguivalent to

n

2r @

contradiction. ]

Now the following theorem is an immediate corollary of

the preceding lemmas.

Theorem 5.5: There is a polyromial time algerithm to cecide
equivalence of free I-schemes if and only if there is a polynomial

time algorithm to dedide equivalence of free B-schemes. -

We close this section with the remark that non-inclusion
for I-schemes is NP-complete. Inclusion for I-schemes is
defined exactly as for B-schemes with "I-assignment” replacing
"B-assignment™. That the problem is NP-hard is clear from

Theorem 3.1. That it is in NP is shown in [CHS].

is equivalent to S,. Conversely, supcose Sl is ecuivalent
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