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The Compressible Euler Equations
in a Bounded Domain:
Existence of Solutions and the Incompressible Limit
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Abstract. A short-time existence theorem is proven for the Euler equations for
nonisentropic compressible fluid flow in a bounded domain, and solutions with
low Mach number and almost incompressible initial data are shown to be close
to corresponding solutions of the equations for incompressible flow.

1. Introduction
The Euler equations for compressible fluid flow are
o:+w-V)yo+eV-u=0,
olu,+w-Vyul+VP=0, Ly
S,+w-VyS=0,
to which must be added an equation of state prescribing the density ¢ as a function
of the pressure P and entropy S. We will be considering a one-parameter family of
equations of state o= f(P/i%S); for example, for polytropic gases
o=[(14+P/i*)e 457 The equation of state allows (1.1) to be rewritten as
1 oo
S =5 (P V)PYy+V-u=0
/’{ZQ a(P//IZ)( t+(u ) )+ 24 H
elu,+ (- Mul+VP=0, (1.2)
Si+@-V)S=0,
a quasilinear symmetric hyperbolic system.
Formally letting A—o0 in (1.2) produces the incompressibility condition
¥V - u=0; the taking of this limit will be made rigorous by showing that, for suitable

initial data, smooth solutions of the initial-boundary-value problem for (1.2)
indeed converge, as A— o0, to corresponding solutions of the equations for
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incompressible stratified fluids [17],
V.u=0,
olu,+ - V)ul+VP=0, (1.3)
0,+(u-V)g=0.

[Note that the last equation in (1.3) follows from S, + (u- V) S =0, since g = ¢(S) in
the limit A—00.]

Asnoted in [10, 137, the one-parameter family of equations of state can be best
interpreted physically as the effective equation of state of a fixed fluid whose
equations of motion are written in nondimensionalized form, with A essentially the
inverse of the initial Mach number of the fluid. The theorem to be proven therefore
justifies the use (at least for small times) of the incompressible equations when the
Mach number is small and the initial data is almost incompressible.

Before establishing this convergence result, solutions of the compressible Euler
equations in a bounded domain must first be shown to exist, because a short-time
existence theorem for initial-boundary-value problems for quasilinear symmetric
hyperbolic systems has been developed [ 14, 16, Appendix A] only in the case when
the boundary is noncharacteristic, and so does not apply to system (1.2) with the
usual solid-wall boundary condition.

The existence theorem will be proven in Sects. 3 and 4, and the convergence
theorem in Sect. 5. Analogous results have been proven for baratropic flow, in
which ¢ depends only on P, by Ebin [187] and by Klainerman and Majda [10] for
space-periodic flow,and by Ebin [5, 6], Beirao Da Veiga[21,22],and Agemi [ 1] for
flow in a bounded domain; the proofs here are simpler than previous proofs for the
bounded domain case.

Recently, Rauch and Nishida [15] have proven existence for baratropic flow in
a bounded domain by methods similar to those used here. A general convergence
theorem for singular limits of quasilinear symmetric hyperbolic systems with
periodic boundary conditions has been proven by Browning and Kreiss [4] under
more stringent assumptions about the initial data than those used in the special
case here; the results of Barker [2] in effect, relax the assumptions on the initial
data to those used here for the case of one space dimension, again assuming
periodic boundary conditions. The convergence proof given here uses a modified
version of the key idea in Barker’s proof.

2. Preliminaries

Q will denote a bounded region in IR” in which the flow takes place; we will
consider only the case of greatest physical interest, i.e. n= 3, although mathemati-
cally this is just a matter of convenience. v will denote the outward normal on the
boundary 0.

H? denotes the usual Sobolev space of order s, which when s is a nonnegative
integer can be obtained by completing C*(Q) in the norm |- [|,= X [|D*- || 2.

lel=s
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Two basic facts about Sobolev spaces that we will need are that in three
dimensions

i) [ flcoSklifllgs for s>3,
i) 1fglar S kNS s s gl e o5

the first of these is Sobolev’s inequality, while the second follows from the Holder
and Gagliardo-Nirenberg inequalities.
3

The space X;= ) CX[0, T]; H> %) will be given the norm
k=0

@.1)

Wlls,o.r= sup {iw(®lls,»= WOl + w2 + % w12 + /11—2 W o

similarly,

Iw(®lllz, ,= w2 + Iw Ol + % Iwe(O)lo -

The A dependence of these norms will be important only for the convergence
theorem in Sect. 5.
The boundary condition for both (1.2) and (1.3) is

u-v=0 on 09. (2.2)
The initial conditions for (1.2) are

P(0, x, )=Py(x, 4),

u(0, x, A) =uo(x, 1), 23)

S0, x,1)=Sy(x,4),
while for (1.3) they are

u(0, x)=1y,(x),
(0, x)=1io(x) 2.4

00, x)=00(x),

where V -1, =0.

3. Existence Theorem for Fixed 4

Theorem 1. System (1.2), (2.2), (2.3) has a classical solution (P, u, S) on some time
interval [0, T, provided that
i) Q is open and bounded in R® and 0Q is in C*;

i) INCR? and a 8,>0 such that No={(Py(x,4), So(x,4))|xeQ}CCN,
o€ C3(N), and o(P/32,8) 28, and 5(13/9—12) >4, for (P,S)eN;

lll) PO(x9 /l)a uO(xa l)a SO(x7 j’) € HB(‘Q)s

iv) v- 0" u(0)=00n 0Q, 0 Lk <2, where 0*u(0) is the k™ time derivative at t =0 of
any solution of (1.2) and (2.2), as calculated from(1.2) to yield an expression in terms
of Pg, ug, and S,.
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T depends only on 4, Q, 8,, dist(N, dN), the C> norm of g and the H> norms of
P,, uo, and S,. (P, u,S) are in CY([0, T]x Q) < () CX[0,T]; H3 7~ ‘51({2))) for

any 6, >0, and ¢¥(P,u, S) are in L*([0, T]; H>~ ’(Q)) for j=0,1,2,3; furthermore
their norms in these spaces can be bounded in terms of §, and the quantities T
depends on. Finally, the solution is unique in C.

Remark. If g and the initial data are smoother and more compatibility conditions
like those in iv) are satisfied, then the solution will be correspondingly smoother;
see [14] for a discussion of compatibility conditions.

Proof. The uniqueness part is standard; see e.g. Sect. 1 of [11]. The existence part
consists of three steps: first, approximate Eqgs. (1.2),(2.2), (2.3) by ones for which the
boundary is noncharacteristic so that an existence theorem can be applied; second,
establish uniform estimates for the solutions of the approximating equations;
third, take a limit to obtain the solution to the original equations. The first and last
of these steps will be performed in this section, while the middle step will be
deferred to the next section.

In order for the solutions of the approximating equations defined below to be
sufficiently smooth, it is necessary to approximate the initial data f,=(P,, us, So)
in H® by functions f{ in H® that satisfy the compatibility conditions through
order three. Lemma 3.3 of [14] says that such approximations exist for linear
equations with a nonsingular boundary matrix, and the proof given there can be
extended to the case at hand, as follows:

As in the proof of Lemma 3.3 in [14], the approximants f{" will be obtained by
picking g™ in H® such that g’ — f in H* and then picking A™ in H* such that A"
—~0in H? and f{" = g™ —h™ obeys the desired compatibility conditions. In [14] it
is shown that &® should obey on 8Q the conditions

M(AYY*h™ = M(A"Y0"g™ + M - (other terms), 0<k<3, (3.1)
where M is the matrix giving the boundary condition, i.c. for system (1.2), (2.2),
M=@©0 v" 0),

and A’ is the boundary matrix of the system, defined by 4'=v/4’, where the
differential equations can be written as 4%, + Ajuxj=F ; for system (1.2),

0 v 0
v 0 0jifkisodd,
0 0 0
(A=
I 0 90
0 v®v 0 ]ifkiseven.
0 0 0

Also, the “other terms” in {3.1) contain fewer than k normal derivatives, so that
even though these terms now depend nonlinearly on h™ they are known quantities
and have the appropriate amount of smoothness by finite induction. The fact that
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A" is singular is overcome by noting that Range[M(4")*]=Range[M], so (3.1)
can be solved for 0*h™. The rest of the construction now proceeds as in the proof of
Lemma 3.3 in [14].

Thus we obtain f{" = (P, u®, S&) in H® obeying the compatibility conditions
for system (1.2), (2.2) through order three, and converging in H? to f, = (P, ug, So)
as n— o0. In particular, o*u®™(0), 0¥S™(0) e H>¥(2),0< k< 5. Pick some T, >0; by
Theorem 2.5.7 of [8] there exist a™, $™e H3([0, T,] x Q) satisfying &*3™(0)
= 0 u(0), 0*S™(0)=0k5"(0), 0<k<4. [Recall that d*u™(0), 6*S™(0) are to be
defined by plugging f¢™ into (1.2).] Now extend v to be in C*(Q) and define the
approximating equations, for sufficiently small positive &:

1 B
EW[P,%—(W VYP1+V-u=0,
olu+@w-Mul+e(v-Vyu+VP=e(v-V)ia®, (3.2)

S,+(u-V)S+e(v-V)S=e(v-V)§®,
together with boundary condition (2.2) and initial condition
(P(0), u(0), S(0)= (P, uf, S§") . (3.3)

The boundary is noncharacteristic for this system, the boundary condition is
maximally nonnegative, and the compatibility conditions are satisfied through
order three, so system (3.2), (2.2), (3.3) has a solution

P(t,x,e,n),u(t,x,e,n),S(t, x,e,n) e ﬁ CI([0, T(e,n)], H* Q).
i=0

Because only a sketch of the existence theorem just used has appeared previously
[14], I have included a precise statement and a proof in Appendix A.

This completes step one of the existence proof; now suppose we can show that
T (e, n) can be taken to be some fixed T >0 provided ¢ < &(n), and can show further
that for such ¢

1P (e, n), u(e, n), S(e, mllll3, 0, r =C 34

for some C independent of ¢ and n. Then, letting &(n) =min <§(n), %), defining

v(n) =(P(e(n), n), u(e(n), n), S(s¢(n), n)), and abbreviating (3.2) as
L,(v(m)v(m)=em) F®,

we have

L, (v(ny)) [o(n1) —v(n)] = [Ly,(0(n2)) — L, (0(n))Jv(nz) + e(n ) F"0 — g(ny) F2).
(3.5)

Multiplying (3.5) by v(n,)—uv(n,), integrating over Q, and using Sobolev’s
inequality, (2.1), and (3.4) then gives

d

4 1002 =) 2 S const. [nv(nl) vt + H .

(3.6)
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Since flv(n,) —v(1)]121=0—0 as ny, ny— o0, applying Gronwall’s inequality to
(3.6) shows that as n—co P(¢(n), n), u(e(n), n), S(e(n), n) converge in C°([0, T];
L*(Q))tosome P, u, S. An interpolation argument (see e.g. pp. 39-40 of [13]) then

shows that convergence takes place in ﬂ Ci([0, TT; H* 979> CY([0, T]1 x Q), so

P, u, S satisfy (1.2), (2.2), (2.3) class1ca11y Also since a ball in HY is closed under L2
convergence, (3.4) and (3.2) imply that

sup [|0¥(P, u, S)|lgs-x < Cy
1€[0, T}

for some C, depending on the quantities stated in the theorem, including A.

Furthermore, in order to show that (P(e, n), u(s, n), S(¢,n)) continue to exist
and satisfy (3.4), it suffices to show merely that they satisfy (3.4) under the
assumption that the solution exists and is in X, since a continuation principle says
that the solution will exist and be in X, as long as it remains bounded in X ;. A
proof of this continuation principle is given in Appendix A; [13] gives a sharper
version for the initial-value problem.

Let c(m)=l1(v- V)@l 5, 7o+ 110 V)S®lls . 7, and define &(n)=1/c(n) s0
that the right side of (3.2) is bounded in X5 if e < &(n). Given that the right side of
(3.2) is so bounded, we will show in Sect. 4 that the solution of (3.2), (2.2), (3.3)
satisfies the estimates

% IP(®), u(®), SONZ, S Fy, ,(IIP(@), u(®), SOMis, 2) 3.7
and
IP(®), u(®), SOlllg, = F 2 :(I1P (@), u(®), SOlllz,) » (3.8)
where
k(DT W, + 0 Mz dS M, a = k(DT e, + 1 Mg, (3.9

and F, , is a continuous nondecreasing function on (0, ), F, ; is a continuous
nondecreasing function on [0, 2||Py, ug, Solllg, 1, and F, ; and F, , are independ-
ent of e for 0<e < go. Now PP, ul), S®— P, uy, Sy in H3, and (3.2) and the first half
of (3.9) show that convergence also holds in the ||| |||z, norm, so |||P$, u$, SPlIg,
<3 IPo, o, Solllg, for n sufficiently large. Hence substituting (3.8) into the second
half of (3.9) and plugging the result into (3.7) yields a differential inequality that
shows [|[P(e, n), u(e, n), S(e, n)li|z, is bounded on some fixed time interval [0, T']
provided n is sufficiently large and ¢ < &(n). Using (3.8) and the second half of (3.9)
once more then yields (3.4).

4. Estimates

In the standard estimates for symmetric hyperbolic systems (see [9, 13, 14, 16,
Appendix AJ), only estimates involving normal derivatives near the boundary
require inverting the boundary matrix 4*, which for (3.2) would yield estimates of
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order % Thus,

%HIP(t,8),u(t,8),S(t,8)!“%,1,:3"éFs,;,(IHP(t,8),u(t,8),S(t,8)l|!3,x), (4.1)

where the ||| |ll3, 1o DOTmM is a sum of norms of localizations and includes no
normal derivatives in a neighborhood of 0Q. Define Q;= {x € Q|dist(x, 8Q) < 6};
given any ¢ we can pick the localizations so that ||| |||5, ; aa is €quivalent to ||| |li5,,
on Q\Q,.

Next, the estimate

—IIIP(t &), u(t, &), St )iz, S Fo ;(IIP(, 8), u(t, 8), S o)l ) (4.2)

can be obtained in standard fashion by simply not integrating the spatial
derivatives by parts.

Furthermore, since A" for (1.1) had rank two we can solve for the normal
derivative of two components of (P,u,S) in a neighborhood of 9Q without

. 1 . .
obtaining terms of order as follows: Let 022 be given locally as the solution set of

0=g(x;, %3, X3)=x3~9(x1, X5), 4.3)

and make the standard change of variables y, =x,, y,=x,, y3=¢(xq, X, X3).
Then the equations from (3.2) for w=(u- V¢, P) can be written as
1 1
v
e 6(P//12) - V9) <8y3u- V¢)
U\ elVel+e(u- V) 1+[wyl(yl,yz)]ZwL[wyz(yl,yz)]2 8,,P
=sum of terms with only time and tangential derivatives of (P,u). (4.4)

A0

For e<some ¢,, det 4 will be bounded away from zero provided |P, S|<some
constant k and |u- V'¢|<some small constant &, depending on &, k, etc.

Fix ¢y, and fix k such that || P, S|, £2| Py, S, ||, implies | P, S| <k, thereby fixing
&;. Because the boundary condition (2.2) says precisely that u- V¢ =0 on 0%, and
u® is bounded in H? independent of n and satisfies this boundary condition by
assumption, [ul” - Vé| < 1e, on Q;. for some sufficiently small §* independent of n.
For later use, pick this 5* small enough so that Q. can be covered by sets in which
0Q is defined by an equation like (4.3), and fix the ||| ||l ; «an nOrm so that it is
equivalent to ||| ||l5,, on 2\Qex If X is in @, then

2

[u(ts,X)- Vo < |uf? - (x) - V¢|+t1[ sup |ut(t)|:]“7¢'§ 281+ Cotllullls 1, S e
4.5)

for ¢, sufficiently small if |||ul||5 ; ;s finite for some T'>0. Hence whatever estimate
for [||P, u, S|||5, ;, r, 1s eventually derived by assuming det 4* > 1in Q,.,(4.2) and (4.5)



56 S. Schochet

show that det 4” will indeed be = 3 there for t < some T,. The estimate derived for
1P, u, Sll|s, ;, 7, is therefore valid at least for |||P, u, S|||5, ;, r» where T=min(T;, T,).

Now multiply (4.4) by (4*) ™!, take two time derivatives or one time and one
normal derivative or two normal derivatives, and integrate over a set G C Q. in
which 0Q is given by (4.3). Using Sobolev’s inequality, estimate (2.1), the estimate

Ha’;ia’;i@';ifllmész ”al;;+k2+k3f”L2+c(62)[”f“k1+k2+k3,tan+ “f”k;+k2+k3—1]:
(4.6)

and the estimate(s) already obtained from the case(s), if any, when fewer normal
derivatives were taken, we obtain the estimate

8,,P, 0y, VOIla, 1,6 = Fs, a(llP, u, Slllz, ) - [eez) (T +1IIP, u, Sllls, 5, an)
+&5(1110y,, P, 0y, (u - V)llla, 1,6+ 110,47, 8,,6%I12. 4,61 (4.7)
Estimate {4.6) which we just used can be proven for a whole space by using the
Fourier transform and then extended to the case of a bounded domain by injecting
HFt Rt es(Q) boundedly into HE T*2+ks(Q) c H* tR2Hk3(R™) for some Q'DQ (see
pp. 274-276 of [7] for this bounded injection map).
Estimates (4.1) and (4.2), and essentially (4.7) also, are standard estimates for
symmetric hyperbolic systems. The remaining estimates will make use of the
special structure of (3.2). Taking the curl of the equation for u in (3.2) and

. 1
multiplying by 0 gives

[V xu),+ - V)V xul]+ g(w V)V x u+lower order terms = —2 V(v -¥)ya®,
4.8)

because curl grad =0. Taking D* of (4.8), multiplying by 2D*(V x u), summing over
all « with |«| <2 (including both time and space derivatives), and using standard
estimates gives

d
EIHV><ulll%,éFi(lllP,u,Sl|l3,1)~8 Y 1DV xul? < F(lIP,u,Sllls,2) -
|2 <2 80
4.9)

The points are that i) given P and §, the equation for ¥V x u is itself a symmetric
hyperbolic system, and ii) the boundary terms in the estimates for this system
always have a helpful sign so that the estimates proceed exactly as in the whole-
space case. Analogous points hold for the equation for S in (3.2) considered by
itself, so

d
it SIS, 2, 2 S FIIP, u, Slll3, 2,1)- (4.10)

We are now ready to define the E, and E, norms and show that(3.7)~3.9) hold.
Define

P, u, Slilg, = (NP, e, SIIZ, 2.10n + 1P, SHEZ o+ 1V > ull3 1+ SIS, )12,
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and

I, 1, Slllg, = 2 M116,.P, 8,1t V)i, 1. (4.11)

where the sum is taken over a finite set of Gs that cover Q& are contained in £2;,
. 2 .
and are such that in each of them 0 can be represented as in (4.3). Since (I} ||l ; 1an
isequivalent to ||| {l|5 ,in Q\Qe, in order to show that (3.9) holds it suffices to show
. 2 . s
that it holds for functions supported in one of the Gs. Within a G, V x u can be
written in the y-coordinates defined after (4.3) as (9,,u°—w,,0,u’—3,u%
Oyt =8, u° —p,,0,.u%, 0y,u' —,,0,u' —0,u’ +,,0,u%). Since the tangential
derivatives d,, and 0,, are included in the ||| ||i5 ; 12n ROrM,

110y + 1,7, 8y, " +w,, 192, 2, 6 S c(llullls, 2, an + IV X ulll2, )

On the other hand ||| |||z, includes ||8,,(u> =y, u* —yp, u®)|,.; ¢ Since
1 0 w}u
det | 0 1y, | =14y} +y2,*0,
Py, Wy, 1
oy, ulllz, 5, ¢ = k(P u, SHig, + 1P, u, S|l|g,)- (4.12)

No calculation is even needed to show that (4.12) holds when u on the left side is
replaced by P or S, so (3.9) holds.
Finally, {4.12) and the definition of the E, norm allow us to rewrite (4.7) as

I“ayg,P’ ay3u' V¢H|2,1,G§F6,A(IHP9 U, SmEl)
“[LeCe) T +IP, u, Slll,) +221110,,P, 0,1 Vil 5,61
which, upon choosing ¢, = ! can be solved for

Fs :GIIP(0),u(0), S(O)lllz,)’
116,.P, 8,,u- Vlll5. ..¢ to obtain

Fo, (1P, u, Sllle,)
_ FellP,u, Sk,
Fe ;31I1P(0), u(0), S(0)llz,)

Adding (4.13) for all Gs that occur in the sum in (4.11) gives us (3.8), while adding
(4.1), (4.2), (4.9), and (4.10) yields (3.7).

H|6y3P’ 6y3u' V¢|H2,).,G§

(4.13)

5. Convergence as A— o0

Theorem 2. Assume
i) the hypotheses of Theorem 1 are satisfied for A=some Ay, with 5, and
dist(N,, ON) = some constant independent of A,
i) || PoCx, Alls+ AUV - uo(x, A)ll, < constant ;
iti) iy, S, € H® such that

111—{?0 lu(x, 2) — ()5 + [|So(x, A)—So(x) 3 =0.



58 S. Schochet

Then
a) the solution (P(A),u(d),S(A) of (1.2), (2.2), (2.3) (shown to exist in
Theorem 1) exists for a time T independent of A and satisfies
P4
“l% PP s+ 27wz prSe (1)

3,4, T

,u(4), S (/1)'

for some c independent of A; B

b) there exists i, ¢ in C([0, T]; H> )N CY([0, T1; H> %) CY([0, T1 x Q) for

P(A

%), S@))) —(d,0) in C([0, T]; H*™%);

¢) there exists P in C°([0, T]; H®) such that as A—oo VP(1)—VP weak- in
L*([0, T1; H?); 3

d) (P, 4, 9) satisfy (1.3),(2.2),(2.4) with P, u, g replaced by P, 4, ¢, and o, defined
by ¢o=¢(0,5,).

Remark. The scaling used here differs from [10, 13, 16] in that what is denoted P
here is usually called A*P there.

any 0>0, such that as A— o0 <u(/1),g

Proof. Once assertion a) of the theorem is established, assertions b)-d) follow as in
Theorem 2.4 of [ 13] or Theorem 1 of [ 10], provided i) the test function we integrate
against to establish that (P,d, ¢) is a weak solution is chosen to have compact
support in £, ii) we note that S converges in C!([0, T]; H? °) since there are no
0(A) terms in its equation, iii) we observe that u—1 in C°([0, T]; H*> %> C°([0, T]
x Q) implies 1 satisfies the boundary condition since u does, and iv) we prove
uniqueness, by standard arguments, for classical solutions of (1.3), (2.2), (2.4).
Furthermore, the initial data could be approximated by smoother data
obeying more compatibility conditions, the resulting solutions would exist and
remain in X, as long as their X; norm ||| ||l5,; ; remained bounded, and any
estimates for derivatives through order three derived for the approximating
solutions will hold for the original solution by a limit argument, so in order to
prove a) it suffices to show that (5.1) holds under the assumption that the solution
exists and isin X, on [0, T]. Finally, it suffices to prove (5.1) for 4 sufficiently large.

~ 1 0a(r/A, 8)
Definer =P/l and a(r/4,8) = SNICEH)

alr,+@w-Vyr]+ AV -u=0,
olu, +(u-Myul+ AVr=0, (5.2)
S;+{u-7)§=0,

, so that we can rewrite (1.2) as

assumption ii) of the theorem as
AP0, x, A5+ |V - u(0, x, )| ,) £ constant, (5.3)
and (5.1) as
(A, u(2), S(OW3 5, 7+ ANVE, V - ulll, , r S constant. (54
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Note that (5.3) implies that
lir(Z, 0), u(4, 0), S(A, 0)ll, -+ AllIVr(4,0), V - u(4, 0)lll,, < constant,  (5.5)

i.e. that the desired estimate holds at time zero.

As in Sect. 4, we seek norms ||| ||z, and ||| |||z, satisfying
Ry (- e, + - e - s, 2 S kol - e, + 11T Mg, (5.6)
for which we can show that
%Ill(h u, Iz, <F (i, u, Sllis, ») (5.7
and
(s, e, = Fa(lllr, 4, Slg,) (5.8)

but now the k; and F; are to be independent of A. The ||| |||z, and ||| |}|g, to be used
here differ from those in Sect. 4; specifically, defining V=(r, u, S),

1 1
VIR, =(V, A°V) + (V, AV) + (Z Vi A% V,,>

A
(Vi A3 Vo) HHISIE 1003, (59
WVl = 173+ 1P+ 7
0
NN (5.10)
0

where A° =diag (a, 0, 0,0,1) and (-, ) is the L? inner product on Q. Since a and ¢
are positive initially and the estimates to be proven show they remain so for a time
independent of A, (5.6) holds. However, we will use the estimate [3]

l|u||s§0(lll7><ulls—1+IIV-uilsﬂJrIlullo+llu-VI1s_%,m) (5.11)
to replace |||V]||z, by

1
HlV”|E3E WV ul,+ 1V -uly + HI V-u,

0

1
+ |V x ut[]1+“~l7><ut, (5.12)

A

1
+ Vel + Ve + “E Vr.
0

0

Thatis, (5.11) implies that (5.6) still holds when ||| |||z, isreplaced by ||| |||z, because
u-v=0 on 0Q. Hence, in order to show that |||r, u, S|||5, , r = c it suffices to show
(5.7) and

llir, u, Slllg, = F3(lllr, u, Sllle,) - (5.13)
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We need to derive several estimates in order to establish (5.7) and (5.13). First,
taking 0¥ of (5.2), 0 < k £ 3, multiplying by 20%(r, u, S) times the appropriate power
1
of 7 integrating over 2, and integrating by parts as usual in the terms containing
derivatives of order k+1 gives

d 1 1 1 1
a[(“ AV)+ (¥, A°V) + (; Vi 4% V,,> + (7 Vuw A5 V)] <F(IVll.0)+
(5.14)

1
because the boundary terms always vanish by (2.2) and the factors of 7 work out

correctly. Estimates for S like those in Sect. 4 also have the correct A-dependence,
ie.

d
;{t—HlSHI%,éFsIHVllla,D- (5.15)
The same is true for spatial-dervative estimates for V x u from Sect. 4, i.e.
d
d_t”qu“%§F6(|“V|“3,A)- (5.16)
Adding (5.14)+5.16) yields (5.7).
Estimates time derivatives of ¥ x u like those in Sect. 4 would not have the
1
correct A-dependence because of the presence of ¢ Vo x u, as one of the “lower order
terms” in (4.8); we therefore will estimate such terms as follows: Take the curl of the
equation for u in (5.2) and divide by ¢ to obtain
1 1
qu,:-EVqut——éVx(Q(u-V)u). .17
Taking the L? norm of both sides and using calculus inequalities (2.1) to estimate

the right side gives
W xullo S F7(IV[13) (14 {luelo) - (5.18)

Taking up to one spatial derivative of (5.17), taking the L? norm and using calculus
inequalities gives
IV xully SF,(1VIR) A+ o+ 1V udlo)
ScF (VD) (Lt llulo+ 1V - ullo + 1V x ullo) - (5.19)

Finally, taking two time derivatives of (5.17) yields

1 SEVED ot 5 Fs1Vi.. (520)
0
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The remaining basic estimates will be derived from the equations

Vou=— %a[r,-f—(u- V],
(5.21)

1
r=— e[+ (- Vul,

which are just (5.2) rewritten.

1
Taking two time derivatives of (5.21) and multiplying by 7 Of one time

derivative, or one time derivative and up to one spatial derivative, or up to two
spatial derivatives, and taking the L? norm of both sides of the result yields

1 1 1 1
TV + ”E Vrallo £ F1o(lVlla) |77 Viall + = FualliVills, ), (5-22)
0 0
1 1
IV -wello+ 1Vrello S F (V) ;an + 2 Fia(liVills, 0, (5.23)
0

IV -wly+ 1Vl SF (V) T lF15(I|IVHI3,,0

A

1
+{5vs
0 ”}' "

o] o]

+ o FusliVills,2) (5.24)

1
o ”x Vi,

v
seruvis)| 1%
+

+

1
‘ZVWL" , Equn

1
W -ullz+1Vril2= 5 FielilVills,2)- (5.25)

Now,

Vis=cVio+1Vriz+1Vull,+1VSI2)
ScliVilo+ VSl + Wxul ) + (V- ull, +[Vr]2)

<Vl + 311V, ) (5.26)

by (5.11) and (5.25). Substituting (5.26) into (5.18)-(5.20) and (5.22)-(5.25),
substituting (5.18) and (5.23) into (5.19), substituting (5.20) and (5.22) into (5.24),
and adding the resulting (5.19), (5.20), (5.22), (5.24), and (5.25) yields

1 1
MV lllg, S F 6V lle,) + 1F17(H|V|H3,A) SFUIVIE) + 1F18([”V“’E15 Vg, -
(5.27)

For 4 sufficiently large (5.27) can be solved for {||V|||g, in terms of |||V]l|g,, yielding
(5.13).



62 S. Schochet

Thus, {||r, u, S|ll3, 4, <c for some T and ¢ independent of A, and (5.25) then
implies (5.4), so the theorem is established.

Appendix A

The purpose of this appendix is to state and prove the existence theorem for
quasilinear symmetric hyperbolic systems with noncharacteristic boundary and
maximally nonnegative boundary conditions that was used in Sect. 3. A sketch of a
more general version of this theorem was presented in [ 14]; it should also be noted
that an existence theorem for more complicated boundary conditions was proven
in [20].

Because a solution to the quasilinear equation L{(u)u = F will be obtained by
finding a fixed point of the map v—u given by L(v)u=F, we need a linear regularity
theorem that bounds some norm of the solution u of Lu=F in terms of the same
norm of the coefficients of L.

Before stating this slightly more precise version of the linear regularity theorem
from [14], let us recall a few definitions.

First,

k
X ([0, T]; Q)= ,Do C([0, T]; H* ()
has the norm

k 1/2
”|‘|”k,TE sup IH(t)HIkE[Z Hai'(t)“%w—i(g)] .
0St<T i=0

Note that
2 t 2
” ' ”Hk([O,T]XQ): 5) ||| ' (t)”]k .
A ll] - lllx, san norm will be defined similarly except that no normal derivatives are
to be included in a neighborhood of the boundary Q; thatis a ||| - |||, ;a, nOrm is a

sum of norms of localizations, and in the patches intersecting dQ a coordinate
system is used in which 02 is mapped into a portion of the hyperplane {x,=0} (cf.
[91), and no @, derivatives are included. The ||| |||;, .., norm therefore depends on
the choice of patches and coordinates.

Next, the boundary matrix 4" of a system A°u,+AJu + Bu=F is defined by
A®=vIA7, where v is the outer normal on Q. The boundary condition Mu=0 is
called maximally nonnegative if A”is positive semidefinite on the null space N of M
but not on any space containing N as a proper subspace. For later use, v can be
extended to be in C*(Q2) (assuming 9 is smooth), and then A" is also defined for
x € Q, but the above condition is applied only on 9Q.

Given the system A%, + A'u, ,+Bu=F and initial data u(0)=f, “Ou(0)” is
defined by formally taking i—1 time derivatives of the system, solving for diu and
evaluating at time ¢=0; eg “uw(0)’=f, “0}u(0)"=(4°0,x)" 1(F(O x)
— 40, x) fi,— B(0,x) f). The quotation marks remind us that “0,u(0)” is not the
derivative of a known function but rather the value that the derivative of the
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sought-for function u will have provided u exists. Finally, for 4 a matrix, |A]
denotes its operator norm, i.e. |A|=sup|Adv|/|vl.

Theorem Al. The system

Lu= A%+ A'u, +Bu=F in [0,T]xQ, (A1)
u0,x)=f(x) in Q, (A2)
M()v=0 on [0,T]xdQ (A3)

has a unique solution in X ([0, T]; Q), m= 1, provided
1) Q is open and bounded in R" and 0Q is smooth;

ii) A° the A;, and B are in X, where s=max <m, BJ +2);

i) A° and the A’ are symmetric and A°>some ¢, >0;
iv) M(x) is in C*(Q);
v) A° is nonsingular on [0, T] x 0Q and |(A*)™'| < some c, there;
vi) the boundary condition is maximally nonnegative;
vii) F is in H*[0, T]1 x Q) and f is in H™(Q);
viil) M”0u(0)’ =0 on 8Q, 0<i<m—1.

The solution obeys the estimates
M= 1 + MO, an S F1 (e, 11140, Ay, )2 U14% A7 Bllles . 1/er, o

: {lllu(o)lllfn-l +u(O)lI17, 1an + F3(IA°, 4%, Blll, 7, ¢5)
t
: (f)e‘Fz"lllF(ﬂIHidt’}, (Ad),,

Nl < Fa(ll 4%, A%, Blls— 1,7, ¢2) (1 + 14°, 47]15 1)
MOl 1 A+ (O, can + WE Ol 1} (AS)n

where a is a constant <1 that depends only on m and the dimension n, and the F;
are positive, continuous, and nondecreasing, (The F; also depend on m, Q, and M

but we will consider these fixed.) Finally, if m> g +2 then

I, o S F 11/, 1A%, A, ) S0HA% 4Bl e

m,tan =

. t .
O b 1A, A5 Bl ) s 4%, 2% B0

+ (ft) e FIF (t’)lllidt’}}a (A6),,
MOl < F (1A%, A%, Bllly— 1,7 €2) {1+ Wt @l an + I Ol - 13-
(A7),

Proof. We will first prove the theorem in the case when L is smooth, and then show
by an approximation argument that it holds generally. For smooth L, the existence
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of a unique solution u in X, follows easily from Theorem 3.1 of [ 14]. To show that
(A4)HA7) hold we will follow the derivation of similar estimates in [14, 9] while
keeping track of how these estimates depend on the coefficients of L.

Using Lemma 3.3 of [14] we can approximate F and f in H" by F, and f;, in

1 31 quch that M’ 8uH0) =0 0n 6Q, 0<i<m-+ B} +1. Nowif (Ad) (A7),

hold for the resulting solutions u* then straightforward limit arguments show that
u*—uin X, and u obeys (A4)(A7),, as well, so we can assume that u, f, and F are
in C™*!, which ensures that all of the calculations to be made later are legitimate.

As in [9] and Lemma 3.2 of [14], we will use a partition of unity {¢’} and
changes of dependent and independent variables to reduce to the case when either
Q={x|x,>0, x| <1}, suppucC{lx|]<i}, Mu=0 on {x,=0} with M a constant
matrix, and |(4")"!|<2¢,, or else Q=R" and suppuC{lx|<1}. Note that
14"(y) — A" () = c(Q) [ A" [ calx — yI* < c(Q) [[14]] [+, Sy—xI* by standard in-
bedding lemmas when o= 1/8 say, so that

A4() =140 T - AR — A1) DY
Scy/(1—c(R) 1471l - Lrly—xl"c) S 2¢,
if
x€dQ and |y—x|"*<[2c(@)coll|Als-1, 7]
Hence the choice of the open cover, and so of the partition of unity subordinate to
it, depends on L only through ¢, and [||4’]||,— . while the changes of dependent

and independent variables depend only on Q and M, respectively, not on L.
Let(,)and || | denote the spatial L? inner product and norm, respectively. In

R e, aa =111 Ml while in Q= {x]x,>0, [x]<1} Il lllx, an= HZ< D ||; here
=0

a=(0g, %y, ..., &%,) and D*= 07005 ... 0% The ||| ||y, an norm for the original domain

is defined by || |y wa=2 i¢" - Il ans Where the norms on the right side are

evaluated in the transformed domains.

Then, since L(¢'u) = ¢'F + ($;A° + §% A')u, estimates like (A4){A7) for the ¢'u
imply that u satisfies (A4)~«(A7) with ||| F]l|, replaced by [||F]ll, +11(A°, A)ull],; in
particular, F,, F,, etc. still depend only on the X, _; norm of the coefficients. The
calculus inequalities

lllfglllkédilflll[%] L Mg, k= B:I +1, (A8)

fallle < el M Mgl 1+ e gl k2 [g] +2, (A9)

which will be proven in Appendix B, then show that u satisfies the original (A5) and
(A7), and satisfies (A4) and (A 6) with ||| F|||, replaced by |[|F||, -+ |[lulll,. Substituting
(AS) and (A7) into the new (A4) and (A6), respectively, allow us to apply
Gronwall’s inequality to show that the original (A4) and (A 6} hold, so it suffices to
prove the estimates for the localizations.
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Since the estimates for R* are similar, but simpler and better known, we will
consider only the boundary patches.
Claim. In order to show that (A4)-(A7) hold, it suffices to show that for any
positive &,
d )
i > (D*u, A°D*u) < F(I1A°, A7, Bllls, p)ulllz+ clIIF N7, (A10)

Ialgm—llzx an=0
. . s . N mAI . .
loin ul F(I|A% A%, Bllly— 1. c) 18,7107 1 Tul +¢ ,20 6105 ~ul]
i=
+F()|A°% A%, Bllls— 1, 7> €2, /&) (L1114, A 2) (el o + 1114l ~ 1
+MFlllw-1), 0=slsm—1, (A11)

and that if m> [g:l + 2, then the term |||4°, A|||2 ; can be omitted from (A 11) and

the right side of (A10) can be replaced by F(|l|l4°% A%, Blll,-1,7)
(114°, A%, BIllz, + Nullls - 1« + i) + el Flliz.

Proof of the Claim. After choosing ¢ sufficiently small, the estimates in (A 11) can be
solved for the ||0i07 ~ul|, showing that these quantities are bounded by the right
side of (A 5). The remaining terms on the left side of (A 5) have the form || D*u|| with
lo} <m and o + o, <m—1, so the calculus inequality,

> D éﬁliol 1ot~ f I+ F(1/e, Q) Ul f U, can + 11 U= 1) 5 (A12)

lalsm
agtoa,Sm—1

then shows that (A 5) holds. [Inequality (A 12) is a straightforward consequence of
the calculus inequality

o, PSR F DI )

20=0,ap <k~ 1 Bo=0=p,

which can be proven for R* by Fourier transform and then extended to bounded
domains.] Next, substituting (A5) into the right side of (A10) and using

1
-2 c—(-,AO -} allows us to apply Gronwalls inequality to the transformed
1
(A10); using
el 2=, A% ) S NA -1, - 12
once more then yields (A4). Finally, a similar argument shows that the alternate
forms of (A10-A11) imply (A7) and (A6).

To prove (A 10), let o, =0 and |«| <m, take D* of Lu=F, and define u*= D*u to
obtain

AU + AU + Bu* = D°F + [A°, D*Ju, + [ 47, D*Ju,,+[B,D*Ju.  (A13)



66 S. Schochet

Multiply (A 13) by 2u®, integrate over the spatial variables, and integrate by parts in
the terms on the left side to get

%(u"‘, A" = ({xnfz ) [— (u“)TA"u“]> +(u, (A9 + AL — 2By

+(2u®, D*F) + (2u*, [A°, D*Ju, + [ A7, D*u, +[B, D*Ju)
= ({ I_O}[—(u“)TA"u“]> +(147 + AL — 2B co+ ) |u*]?

+ID*F|> + |[[A°, D"Ju|I> + |I[ A%, D Tu, > + | [B, D*Ju| .
(A14)

Now MD*u=D*Mu=0 because the transformed M is constant and o, =0, and 4"
is a scalar multiple of the original 4* so —(u%)T4"u*<0 on {x,=0} because the
boundary condition is nonnegative. Also,

147 + AL, — 2Bl o=}l 4°, 47, BHIEJH,T-

The last three terms in (A14) themselves consist of terms of the form
I(D*4) (D*w)|j?, with || +|BI<m+1; |af,|B|<m; and A=A°, A/, or B. Now if
[Bfl=m then
I(D*4) (DPu) |12 < | D* A 2ol DPul® S| A°, A7, Blllf£]+2' lulllz
2
while if s=m=/|a| then

I(D*4) (DPu)|? < | D*A* [ DPuljgo < 1| A°, A7, Blllﬁ,lllulﬂm

% +2°
1n the remaining cases |a|<s—1 and |f|<m— 1, so the calculus inequality
D) D Il < cllL AN, =2 Mgl Mg llls, =

Zclif s gllls, > loel<sy,  1BI<sa,

|o<|+|[f|+g<s1+sz, (A15)

where O0<a;<1, shows that [[(D*4)(DPu)|?><cl||A°, A% B||lul||2. Also if
mz [g:l +3andn=2orifm= [g:] +4and n=1, then by the second part of (A 15)

D= A) (DPu) > < c(A°, A%, BIlizlul 7, - + 1A%, A7 B - liulli2)

while if n=1 and m = 3, then with each s; =m each g; in the first part of (A 15)is <3
so the same conclusion holds. [Inequality (A15) will also be proven in
Appendix B.]

Similar estimates are obtained for the case |¢|<m—1 by following the same
procedure but omitting the integration by parts in the spatial derivative terms to
avoid boundary terms. Adding these estimates for all |¢|<m with |¢|<m—1 or

o, =0 yields (A 10), including the special form when m> g +2.
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To prove (A11), solve Lu=F for u, , and take i7" "'~ ' of the result to get

n—1
|oiem || < Ha;‘a;,"—i* [(A")*1 (F——Aou,—— ¥ Ajuxj-—Bu>]H. (A16)
ji=1

Using Sobolev’s inequality (|}« [co =1 - ”[i] i T), (A8-A9), (A12), (A15), the

51 +1,
elementary estimates c$c) ™ *<ec, +c(1/e)c, and || Ao < c|4] for matrices 4, and
the fact that |(4") ™!} < 2¢, to estimate the right side of (A 16) yields (A 11), with the

term ||}4°, 4%]|| present only if m < -q + 2, thereby completing the proof for the
case when L is smooth. 2
Now consider the case when L is not smooth. By the proof of Lemma 3.3 of
[14], there exist sequences F, and f, in H"*! such that F,—»F in H"([0, T]xQ),
fi—f in H™(Q), and M“0iu*(0)" =0 on 8Q, 0<i<m— 1, where “0u*(0)” is defined
like “0u(0)” but using F, and f, in place of F and f. (Note that this much weaker
version of the lemma holds even though L is not smooth.) By repeating elements of
the sequence if necessary, we can arrange that || F, || g+ 1, || fill gm+ 1 < ck. Then, since
“O(0)” is in H™ "*Y2(Q), Theorem 2.5.7 of [8] says there exists U* in
H™ ([0, T]xQ) such that o:UX0)="“0*(0)", 0<i<m, and | U"|{gm+ Sck.
Now pick B, and symmetric 4 and 4] in C* such that
1

A= A" = 5

. : 1
147 — A°, A — A7, B,—BIll, < 2

kTa

and consider the system

A o
LkukEA}?u?"' <Af¢+ _v’]) uxjJ’-Bku:FkEFk"'(Al?'_AO)Uic

k2
+<A,{+ %w‘z-m‘) U, +(B,—B)U, (A17)
u0) =1, (A18)
Mu*=0 on 0Q. (A19)

For k sufficiently large, conditions i-v and vii of Theorem A1 are satisfied for

(A17)«A19), and since “0ju*(0)”, 0 < i <m, is the same for Lyu* = Fy, u*(0) = f, as for

Lu*=F,, u"(0)=f,, condition viii also holds, by construction. Next, the boundary
1

matrix for (A17)is A} + —k—zl, and if Mv=0, then

1 1
o (A,H— k—21> v A — T (4y— A"+ z []2=0.

Also, if we N* and |w]|=1, then picking ze N to maximize ¢ in (z+w)TA(z +w)
< —c|z+w|? gives a ¢(w) that is continuous and hence bounded away from zero.
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Hence for k sufficiently large

(z+w)T<Ak )(z+w)<0

so the boundary condition is still maximally nonnegative.

Therefore, since L, is smooth, (A17){A19) has a solution v* in X,, obeying
(A4)~A7),,. Since | F,—F, || gm<c/k by (A8), F,—F in H™. Also, e, 7 < ¢ since
the [|F,||gm etc. are bounded. Next,

L —u'y=F—F,+(L— Lyu*—(L— L)',

and multiplying this by u*—u/, integrating over €, integrating by parts, and
applying Gronwall’s inequality shows that {#*} is a Cauchy sequence in
C°([0, T1; L?). Since Lu*=F,+(L— L )u*—F in L?, the limit u of the sequence
{u*} is a strong solution of (A1)(A3).

Next, since |[[u*]||,, is bounded and a ball in H™ is closed under L?-convergence,
u is in L*([0, T]; H™). Also, since

1 = - s S cfju — (|1 73° [ — " g™

by the Sobolev interpolation inequalities, u*—u in C%0, T]; H™ %Q)) for any
8> 0. Solving for ¥ and u, in the equations Lu* = F, and Lu = F now allows us to
conclude that v*—u in ﬂ C/([0, T]; H" 7% and d'ue L*([0, T]; H"'). Argu-

ments like those on pages 40 [replace H * by (H*)'] and 44-46 [replace 4°(u*) by
AP, and note that D*u*(0) still — D*u(0) by construction] of [13] then prove that
u(2) is also continuous in the ||| |{|,,, ., n0rm, and using Lu=F to express normal
derivatives in terms of tangential ones then shows that u is in X,

In order to verify that u satisfies (A4)(A7), it suffices to show that

ID"u() | 2y SE | DOl 2y, JrlSm, 0T, (A20)
since taking the limit of the (A4)(A7) obeyed by u* then yields (A4)(A7) for u. If
le| <m—1 then D*u*(t)-D*u(t) in L, so (A 20) certainly holds. Also, if D* includes
any spatial derivative, say D*= 0, D’, then for all ¢ e CF(Q),

(4, D*u(0))=($, 0,, D"u(t)) = (— 0, ¢, D"u(t))
—(—0,,0, DPu(t)) = (¢, D*u(t)),
ie. D**(t) converges weakly in L? to D*u(t) and again (A20) holds. The only
remaining possibility is D*=207, so
(@, 07u(6)) = (¢, 07 '[(AQ) " (Fi— Aful, — Bai")])
(9,07 [(A%) " HF — Alu,,— Bu)]) = (¢, 6[u(t)) ,
and hence (A20) holds in all cases.

With the linear regularity theorem in hand, we are now ready for the
quasilinear existence theorem:
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Theorem A2. The system
A°(t, x, wyu, + Ai(t, x, W, + B, x,mu=F(t,x) in [0,6]xQ, (A21)
w0, x)=f(x) in Q, (A22)
M®u=0 on [0,T}x0Q (A23)

has a unique classical solution if T is sufficiently small, provided
i) Q is open and bounded in R" and 0Q is in C*
ii) for some &, and T, A°(t, x,v), A/(t,x,v), and B(t,x,v) are in

C™([0, T,] x N) with m= B] +2, where No={(x,0)|x €, jv— f(x)| &) ;

iy A® and the A’ are symmetric and A° 2 some ¢, >0, for t,x,v [0, Ty]xNy;

iv) M(x) is in C*(Q);

v) A'(t, x,v) =vi(x)A¥(t, x, v) is nonsingular and |(A*) | <some c,, for all
t,x,ve [0, Ty]x N,

such that x € 02 and M(x)v=0;
vi) the boundary condition M(x)u=0 is maximally nonnegative for A*(t, x, v),
for all t,x,v as in v).
vii) F is in H™([0, T]xQ) and f is in H™(Q);
viily M“0u(0)"=0 on 0Q, 0<i<m—1.
The time T up to which the solution is shown to exist depends only on Q, M, n,
m, &y, To, €1, C3, F, the C™ norms of 4°, the 4/, and B, and the H™ norm of f. (If

FeX,, T depends on F only via |||F|||,, r..) The solutionisin X ([0, T']; Q) [which

is containedin C" —[7} 1([0, T]xQ)l and its norm in this space is bounded in terms

of T and the quantities T depends on.
Theorem (A2) follows from the lemmas (which have conditions i-viii as
hypotheses):

Lemma A3. The set X={UeX ([0, T,];QMU=0 on 02, 5:U(0)="0u(0)”,

0<i<m} is nonempty.

Lemma Ad4. There is a function g(R) with lim g(R)=oc0 and a ||| |||y, a nOrm
R—-w

depending only on R, Q, and M such that if T, is sufficiently small and R is
sufficiently large then the set X g r,={U € X,([0, T,]; QIMU =0 on 0Q; 8:U(0)
="0u(0)", 0=ism; Jup MU - 1 +HU R, wn S R, Ul 7 S g(R)} is mapped

into itself by the map v—»w given by L(t)w=F, w(0)=f, Mw=0 on 0Q.

Lemma AS5. If T, is suﬁ’wlently small the map in Lemma A4 is a contraction in the
X, norm.

Proof of Theorem A2, Given the Lemmas. Pick u® in X and choose R, large enough
so that u° is in X, 1, Pick R= R, sufficiently large and T sufficiently small so
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that the conclusions of Lemmas A4 and A5 hold with T, = T. Then the sequence
{u"} defined by L' 1=F, v} 0)=f, Mu"*1=0 on 0 converges in
Xo([0, TT; Q) to some u. Since the u* are bounded in X,, an interpolation
argument and the fact that

k+ 1 [AO(uk)] I(F Aj(uk)uk+ 1 B(uk)uk+ 1)

show that ¥*—u in ﬂ C/([0, T]; H* 779 and dlue L*([0, T; H™ /). In parti-
cular w*—>uin C! so u satlsﬁes (A21)}+(A23). Finally, the argument in [13] can be
adapted in similar fashion as for Theorem A1 to show thatue X .. | For this, note
that by the proof of Theorem A1, if ||| - |Il2 -, + | - Iz, o i replaced by

> S A°ODY )

alsm
lalgm—Tora,=0
then u**! satisfies (A4) with the factor F, omitted.>
Remark. The u° used to start the above iteration is not the one suggested in [14],

but is analogous to the ones used in [1, 5], which deal with one particular system.

Proof of Lemma A3. We will let U be the solution of L(f)U =G, U(0)=f, MU =0
on 99, where G is to be chosen so that Ge H™ and 0:U(0)=“0iu(0)”, 0<i<m.
Assuming by induction that “0:U(0)” =*‘0iu(0) for 0 £i <j (which clearly is true
when j=0), we find that it will also hold for i=j+ 1 provided

0!G(0)="0]F —[0], A°w) 10— [0}, A, — [0}, Blul, "

(interpreted to be an expression in terms of f and F). Theorem 2.5.7 of [8]
guarantees the existence of a G in H™ having these derivatives of t=0 provided
0JG(0ye H™ 1~ Y2(Q), which can be shown to hold by using the assumptions on F
and f, (A8), and the fact (to be proven in Appendix B) that

for m= l:g:l +1,if Ae C" and he X, then A(h)e X,, and
“'A(h)mméC”A”C"‘(l-|§c1|||h]||[%]ﬂ)(1 + IRl ; (A24)

ifmz [g] +2, then (1+[[Al|;)) may be replaced by (1+|liAlll= 1) (1 +]11All].).

Proof of Lemma A4. Let ky=|||*“u(0)"lI|7- , + [lI“u(0) "5, an- Define “d;A(t=0)",
where A= A4°, A/, or B by formally taking &! of A(t, x,u) and setting d/u equal to
“0iu(0)” 0<j<i, and let

ky=114°(t=0), A%(t=0), B(t=0)|ll,s, -
Let k3 be a constant such that || - jjco<ksll- [, [#]-: and k4 a constant such that

- O - 1 S Kallt Mzmgo, 7o -
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Let G,(+) be such that (A24) implies

WA, A7), BOWS G-, k=m—1,m;
let G,(-) be such that (A24) implies

1A%, A7), BOMIm = Gl M= ) L+ ) -

Now define R, =2F(1/cy,2k,) (k,+1), where F, is the F, in (A4), and for
RZ=R, define

g(R)=1+G,()/ R)*+[2F 12k, ¢;)G()/ RY()/ 2R + K 4| Fl g0, 711" ° »

where a is the ain (AS). Also for RZ R, pick T, = T;(R) such that T <gy/k,g(R),
T<k,/G1(9(R)), T1 =In2/F(G(9(R)), /ey, Cz) and

F3(G(9(R)), ;) f IFOIRS 1

Suppose veX &, 1, Where R and T, satisfy the above conditions. Then for
0 é t é Tl’

o6, )~/ CIISt sup el SksTylloll[F] > Seo.
Hence, since 4°(t, x, v), etc. are in X, by (A24), Theorem A 1 shows that there is a
unique w in X ([0, T, ; Q) satisfying L{v)w=F, w(0)=f, Mw=0 on 0Q. These

equations together with the fact that 6iv(0)= “0u(0)”, 0<i<m, imply that o'w(0)
=“0iu(0)”, 0<i<m, as well. Now

14°@), A0), Bl -1, 7, ZNA%(t=0), 47t =0), B(t=0)lll-+
+ Tl A°(), A(©), BO)lllm, 7, Sko + T;G1(g(R) S 2k, ,

eF 1A% A7, Billm, 1, 1/es, ¢/20 < ef2(G1lg(R), Hey, e)T1 22 ,

and
t
Fy(IlA°, A%, Bllly, 7,5 ¢2) f e P NF@NRS1 for 05t<T.
0

Hence by (A4),
N~ ¢ + (O, 120 S 2F (11, 2k5) (k; + 1) =Ry < R.
Similarly, (A 5) shows that {||ulll,, r, £g(R).

Proof of Lemma AS. A Standard I Energy Estimate.
The following continuation principle was also used in Sect. 3.

Theorem A6. Suppose the hypotheses of Theorem A2 are satisfied with

m> [g] +2, that (A21)+A23) has a solution u in XE} L0, T); Q) with TE Ty, and

that (x,u(t,x))e N, for xeQ, 0<t<T. Then ue X,([0, T]; Q).

Proof. A standard continuation principle says that u can be continued in X, as
long as x, u(t, x) € N, for all xe Q and ||ju||,, remains finite. (By Theorem A2, if
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u(t ] = ¢ then u has a solution for a time interval [z,, t, 1 ¢] of fixed length, so
gluing together these solutions on the interval [0, ¢], [, 2¢], etc. produces an X,
solution for as long as Jjjulll,. < ¢, since the hyperplane t = constant is noncharacter-
istic.) Also, by induction it suffices to prove |||ulll,. < co under the assumption that

el -1, =c.

Now u satisfies the linear equation Lu = F, where L = L(u), so u obeys (A 6),(A7)
with A% = A°(u), etc. The point is that (A 6), (A7), and (A 24) are all essentially linear
in the highest norm, so

14°, 47, B[l < clllullln - ) Qlllll+ 1 = ell2alll - 1) Qllealll, o+ 1)
by (A24) and (A7), and substituting this into (A 6) shows

t
Ol wn S+ (f) N1alll, an

and hence by Gronwall’s inequality

Mulll, an = ¢+ u(O)l17, ) <
on [0, 7. Substituting this into (A7) shows ||Jul}l,. S c.

Remark. Theorem (A6) remains valid when the boundary is characteristic if
(A4)(A7)hold with ||| |||,,, an 18 Teplaced by some ||| |||, z, norm;in particular, it is
valid for system (5.2), (2.2), (2.3).

Appendix B

We will prove the following calculus inequalities used in Appendix A:

lllfngéCIHle[%]H\Ilglllka k= B] +1, (B1)
/gl = QA Malligllhe— « + M M- Mgl k= [g} +2, (B2)
1(D*fy (D ) 2 = clll AUIHILA s, = gl Nalls, =% (B3)

with 0<a,<1, provided || <s,—1, |BI<s,— 1, |a|+ 8]+ g <5, 45,

n
IHA(h)IllmédlAllcmq~|§cln|h|u[§]+1)(1 +ilrllm,  mz [EJ +1; (B4)

ifmz [g] +2, then (1 +||{Al|l7) may be replaced by (1 +||lAlllm=1) (1 +[l|Alll,.)-

Remark. Except for the inclusion of time derivatives, these inequalities are well-
known; see e.g. the appendix of [10].
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Proof of (B1).
Illfglllkéc' |+%|< I(D*f) (DPg)ll 2

where o =(0g, %y, ..., &,) and D*=3r9% ... 8%, etc. Any term with |f|=k is
éCHfllcolllglllk§0|||f|llg+1H|glllk

by Sobolev’s inequality, and if k= [g} + 1 =la| just switch f with g. Otherwise
(B3) applies. (B2) is proven similarly.

Proof of (B3). We will use Holder’s inequality [fgl;. |/} 1s]gl s, Where
1 1
— 4 — =
P1 D2

and the Gagliardo-Nirenberg inequalities ([19], p. 27) | D’h||,» <cllh|%m|hll35 %,

[P

where j<m, jim<a<], 117———5-4- —na— 2<p<co, and D/ includes only spatial
derivatives. It suffices to find estimates of the form

(DI =gzef YD1~ Poglog)|| . S IDIH =270 o | DI~ Fedfog | 1,

1D %0gzef) 1o < cll O e NOMN L™,

|DIFI=Fodlog||, < cllofogligh, aliofogllis .

1 g — —
Given a, and a,, p,, and p, are defined by e =3+ o =2 31(51 %) and
1
1 IBl—Bo—a,(s, —Bo)
—2+ »
12 n

so we just need to satisfy the conditions

o] — oty — ay(s; — o)

i) —i< <0,
n
i) =2, <1,
S1— %

i) 1<Iﬁ|_ﬁo—22(52_ﬁo) <0
. lﬁl ﬁo
iv) 5, <a;<l,

1 |“|‘°‘o‘a1(51—O‘o)+|ﬁ|—ﬁo_az(52—ﬁo)
v) 7= .

n

Now if a, and a, were set equal to one, the right side of v) would equal [|x| +|f]
— (s +5,)]/n which is < —3 by assumption. On the other hand if a, and a, were
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o) —a -

o=ty 1B1=Po.
$1 =% $2—Po o
Therefore since s; —«y and s, — , are both positive, there exist a, and a, satisfying

it) and iv) that make v) hold. Then I =% = 31(51 = %) and 1B1=Fo =55, = %) are
n

set to

respectively, the right side of v) would equal zero.

both negative and their sum= —1, so i) and iii) are satisfied.

Proof of (B4). We allow A to have explicit time and space dependence also. Now
4@, is a sum of terms of the form

I(DE D2A)DP V... DPul| 2,
with 0<p<m and |¢|+ 3 |f”|<m, and each term is
Sl Allemg- < g el -

By induction starting from (B, ) and (B,) we can show that {||u?|||,, < ¢||lulll2 for p= 1

2
then (B 4) follows easily.

n
when m2 | 5 | +1 and [[ju?|ll,, < clllulllZ = el for p= 1 when m> B] +2, and
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