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Abstract: In the representation approach to computable analysis (TTE) [Grz55,
KW85, Wei00], abstract data like rational numbers, real numbers, compact sets or
continuous real functions are represented by finite or infinite sequences (X*,X*) of
symbols, which serve as concrete names. A function on abstract data is called comput-
able, if it can be realized by a computable function on names. It is the purpose of this ar-
ticle to justify and generalize methods which are already used informally in computable
analysis for proving computability. As a simple formalization of informal programming
we consider flowcharts with indirect addressing. Using the fact that every computable
function on X* can be generated by a monotone and computable function on X* we
prove that the computable functions on X are closed under flowchart programming.
We introduce generalized multi-representations, where names can be from general sets,
and define realization of multi-functions by multi-functions. We prove that the function
computed by a flowchart over realized functions is realized by the function computed
by the corresponding flowchart over realizing functions. As a consequence, data from
abstract sets on which computability is well-understood can be used for writing realiz-
ing flowcharts of computable functions. In particular, the computable multi-functions
on multi-represented sets are closed under flowchart programming. These results allow
us to avoid the “use of Os and 1s” in programming to a large extent and to think in
terms of abstract data like real numbers or continuous real functions. Finally we gen-
eralize effective exponentiation to multi-functions on multi-represented sets and study
two different kinds of A-abstraction. The results allow simpler and more formalized
proofs in computable analysis.
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1 Introduction

By the Church/Turing Thesis a partial word function f : C (X*)* — X* is
computable by a digital computer, iff it can be computed by a Turing machine
[HUT9], which is the mathematical model of computation introduced by A.Turing
in 1936 [Tur36]. This concept of computability can be extended to countable
sets of “abstract” data like natural or rational numbers or finite graphs. For this
purpose abstract data are encoded by “concrete” words w € X* and a function
on abstract data is called computable, if it can be realized by a computable word
function on codes.

Computability on the set of real numbers cannot be introduced in this way
since the supply X* of (finite) names is only countable. Various models have been
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proposed for studying aspects of computability on the real numbers. For discus-
sion of models see, for example, [SHT99], [Wei00, § 9], [TZ04]. This article is
based on the representation approach (Type-2 theory of effectivity, TTE) to com-
putable analysis [KW85, Wei00], which generalizes a definition of computable
real functions introduced by Grzegorczyk and Lacombe [Grz55, Lacbb, Grazb7].

In TTE, abstract data like real numbers, compact sets or continuous real
functions are represented by infinite sequences p € X* of symbols from a finite
alphabet X’ which serve as concrete names. A function on abstract data is called
computable, if it can be realized by a computable function on names. Concrete
computations on infinite sequences of symbols can be defined, for instance, by
Type-2 machines which are Turing machines with infinite input and output tapes
performing infinite computations. For example, for the real numbers the “Cauchy
representation” pc : C X — R [Wei00] induces the Grzegorczyk /Lacombe com-
putability (GL-computability) of real functions. Addition, division, the expo-
nential function and many other real functions are GL-computable. Infinite se-
quences of natural numbers (B = NV, Baire space) can be used as names instead
of infinite sequences of symbols (X*, Cantor space) equivalently.

The representation approach as a foundation of computability in analysis has
been criticized repeatedly, for example in [BCSS98]: “ ... the Turing model ... with
its dependence on 0s and 1s is fundamentally inadequate for giving a foundation
to the theory of modern scientific computation where most of the algorithms
— with origins in Newton, Euler, Gauss, et al. — are real number algorithms.”
and after some further comments: “ These reasonings give some justification for
taking as a model for scientific computation a machine model that accepts real
numbers as inputs.” Furthermore, in more advanced applications of TTE where
computability of higher level operators is proved [ZW03] the use of X* as set of
names is cumbersome and may hide the main ideas which should be expressed
more abstractly.

For an algorithmic foundation of numerical analysis in [BSS89] generalized
Turing machines have been suggested which explicitly operate on real numbers
instead of symbols from a finite alphabet with vectors of real numbers as inputs
and outputs, real number assignments “x «— 1”7 and “x < y op 2” for the
algebraic operations op € {+,—,-,/}, and real number branchings “x < y 7.
Although this model looks very concrete and expresses the way most numerical
mathematicians are presumably thinking, the “BSS-machines” are unrealistic for
the following reason: Computers cannot handle exact real numbers but (usually)
operate on floating point numbers instead. Since these computer REALs are not
even closed under the arithmetic operations, rounding errors occur repeatedly
during computations. Such errors are usually tolerable for the basic algebraic
operations, since they are continuous but may be disastrous if they cause false
branchings. Notice that branchings such as <: RxR — {0, 1} are not continuous.
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The BSS model is neither sound nor complete for the computable real functions
[Wei00, Section 9.7].

In computer science higher level programming languages are introduced in
order to avoid thinking in terms of concrete computations on Os and 1s at the
machine level. Apart from BSS-machines there are several approaches to formal-
ize programming in analysis. As a modification of the BSS-machines the “feasible
real-RAMs” [BH98] have “approximate” tests [BC90], which are multi-valued,
instead of ordinary tests and a limit operator. Feasible real-RAMs operate di-
rectly on the real numbers. They can be translated to the realistic Type-2 ma-
chines. Since every computable real function can be obtained in this way, this
abstract model is sound and complete. Moreover, feasible real-RAMs have real-
istic computational complexity. Another approach is Brattka’s generalization of
the definition of the u-recursive functions [Bra96, Bra03]. His “defining terms”
considered as a programming language can be translated to Type-2 machines
computing the real functions (w.r.t. the standard representation of the real num-
bers) and more generally computable functions on admissibly represented metric
spaces. The language is sound and complete for the computable multi-functions
(see also [Her99]). The real numbers and other spaces can be embedded in in-
terval domains [Sco70]. Languages for exact real number computation can be
developed from this idea [Esc96, ES99, EE01, EMRO07, DG99, CDGO06]. As an
abstract model of computation in [TZ04] Tucker and Zucker choose the “while”-
array programming language [TZ99, TZ00], extended with a nondeterministic
“countable choice” assignment, called the WhileCC* model. Using this model
they introduce the concept of approrimable many-valued computation on met-
ric algebras. For metric algebras with an effective representation o, WhileCC*
approximability implies computability in « and under certain reasonable con-
ditions the converse is true. Their article generalizes and extends results from
[Ste99].

In terms of [TZ04] Theorem 30, a main result of this paper, can be described
as follows. Instead of the WhileCC* model we use flowcharts with indirect
addressing which are essentially equivalent. In particular, we do not provide
a language syntactically, and we assume that computability on finite and infi-
nite sequences of symbols as well as on the natural numbers is already given.
The metric partial algebra is replaced by a (finite) set of multi-represented sets
and relatively computable (or continuous) functions which can be used in the
flowchart. It is shown that the multi-function computed by the flowchart is again
relatively computable (continuous). This corresponds to the soundness result in
[TZ04], where, however, soundness is considered only for the restriction of the
computed function to the computable points of the metric algebras with respect
to canonical numberings « (called “representations” in [TZ04]). This soundness
theorem is an immediate consequence of Theorems 15 and 23 (provided the dif-
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ference between WhileCC* and flowcharts is ignored).

In this article, which extends the preliminary version [Wei05], we add a tool-
box to the existing framework of TTE. In Section 2 we recapitulate how contin-
uous (computable) functions on X can be generated by monotone (monotone
computable) functions on X* [Wei00]. In Section 3 we introduce composition and
restriction for multi-functions. In Section 4 we define flowcharts with indirect ad-
dressing and their semantics. In Section 5 we consider flowcharts operating on
X* with continuous functions. We prove that the function computed by such a
flowchart is generated by the word function computed by the flowchart, which is
obtained from the first one by replacing all the functions on X* by generating
word functions. Consequently, if only computable functions on X* are used, the
flowchart computes a computable function. In Section 6 we introduce general-
ized multi-representations where “generalized” means that arbitrary sets can be
used as sets of names and “multi” means that many objects may have a com-
mon name (see the explanations in Section 6). Generalized representations allow
us the use of simpler but still abstract data as names instead of sequences of
symbols. This generalizes [Bla00] where domains are allowed as sets of names.
In Section 7 we prove for generalized multi-representations and realizing as well
as realized multi-functions: the function computed by a flowchart over realized
functions is realized by the function computed by the corresponding flowchart
over realizing functions. In Section 8 we consider computability. As the most
important result we conclude that the relatively computable multi-functions are
closed under flowchart programming. This generalizes results in [BH98] (feasible
real RAMs), in [Wei00] (closure under primitive recursion) and in [Bra96, Bra03].
By the other main result, instead of using “concrete” names from X“ we may
use data from more abstract sets on which computability is well-understood for
writing realizing flowcharts of computable functions. Both results allow us to
get rid of the Os and 1s in programming and to think in terms of abstract data
like real numbers or continuous real functions. In Section 9 we generalize effec-
tive exponentiation to multi-representations and generalize the important type
conversion theorem [Wei00, Theorem 3.3.15].

The main motivation for this article came from the wish to make practical
work in computable analysis easier. The results should simplify (or justify the
current practice of) many proofs of computability in advanced applications. Al-
though it does not intend to design a programming language this article can
be considered as a step towards a higher level programming language for com-
putable analysis.

2 Computability on Sequences of Symbols

The computable functions on finite and infinite sequences of symbols can be
defined by generalized Turing machines. In this section we introduce some no-
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tations and extend two results from Chapter 2 in [Wei00], namely, we show
that continuous functions can be generated by monotone-constant or monotone
word functions, and that computable functions can be generated by monotone-
constant or monotone computable word functions. Furthermore, the composition
of functions is generated by the composition of generators.

Throughout this paper we use the terminology from [Wei00]. Let X be a
finite alphabet such that {0,1}CX. Let X* be the set of finite words over X
with the empty word ¢, and let X := {apai... | a; € X} be the set of all
infinite sequences over X. By |w| we denote the length of the word w € X*, and
by C the prefix relation on X* U X*. We extend the prefix relation to vectors
by (z1,...,2k) C (y1,-..,yx) <= Vi)a; C y;. For p = apajaz... € X¥
let p<F := ag...ar_1 be the prefix of p € X* of length k. By (, ) we denote
various computable standard injective tupling functions, see Definition 2.1.7 in
[Wei00]. In particular, for 4,5 € N := {0,1,2,...}, let (i,5) == (¢ +j) - (i +
j+1)/2 4+ j be the Cantor pairing function. Using the “wrapping function”
v X — X% uay ... ag) == 110a10...0a;011 we define (x,y) := ¢(z)i(y) and
(x,p) == (p,x) := (z)p for z,y € X* and p € X¥. For p,q € X%, let (p,q) :=
(p(0)g(0)p(1)g(1)...), and for pg, p1, pe, ... € X, define (po, p1,p2,...) € X by
(po, p1,p2,-- ) ({1, 7)) == pi(j)-

On X* we consider the discrete topology (i.e. every set XCX™* of words is
open). On X* we consider the Cantor topology defined by the basis {wX* | w €
X*} (ie. every set wX¥ := {q € X* | w C ¢} is open, and every open set is a
union of such sets). On Cartesian products we consider the product topologies.

A Type-2 machine M is a multi-tape Turing machine with k input tapes
(for some k > 0) finitely many work tapes and a single one-way (!) output tape
together w ith a type specification (Y1,...,Yy — Yp), Y; € {¥*, X«} (Figure 1).
The function fj; : CY7 X ... X Yy — Y computed by the Type-2 machine M is
defined as follows:

Case Yo = X*: fay(p1,...,px) = w, iff M halts on input (p1,...,px) with
w € X* on the output tape;

Case Yo = X“: fuy(p1,...,pk) = Do, i M computes forever on input
(p1,...,pr) and writes pg € X on the output tape.

As usual we write f(y) | for y € dom(f) and f(y) T for y & dom(f). It is
known that every function f : CY; X ... X Y — Y computable in this way is
continuous, and that its domain is an r.e. open set for Yy = X* and a Gs-set (i.e.
a countable intersection of open sets) in the Kleene class II5 for Yy = Y. Since
later on we will not consider natural domains the following (somewhat unusual)
terminology is convenient.

Definition 1 (Turing computable, computable). We call a function f : CY7 x
... XYy = Yy Turing computable, iff f = fy; for some Type-2 machine M, and
we call it computable, if it has a Turing computable extension.
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Figure 1: A Type-2 machine

Continuous Type-2 functions can be approximated by word functions. In
the following we generalize [Wei00, Lemma 2.1.11]. For technical reasons we
use “momotone-constant” functions instead of monotone-constant functions and
partial monotone functions instead of total monotone functions.

Definition 2. Call a function h : C(X*)* — X* monotone-constant, iff
(h(y) | and yTy') — (h(y') | and h(y) =h(y'),

and monotone, iff

(Wy) | and yCy') = (h(y') | and h(y) C h(y')).

For monotone-constant functions g define T, (g) : € (X*)* — X*, and for mono-
tone functions A define T,,(h) : C(X¥)* — £“ by

Tu(g)(w) =w: <= (€ (F)") (yEx and g(y) =w),
Ty(h)(x) =q: <= qg=sup_{h(y) |y Cz and h(y) exists}.

Notice that Ti(g) and T,,(h) are well-defined by the “generating functions”
g and h, respectively. By Lemma 3 Turing computable functions f : C (X%)* —
X* or f' :C (X¥)k — X“ can be generated by computable word functions
g : C(X*)* — ¥* which are monotone-constant or monotone, respectively. We
include the continuous versions.

Lemma3. 1. A function f:C(X¥)* — X* is continuous with open domain,
iff f = T.(g) for some monotone-constant function g: C (X*)F — X*.
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2. A function f: C(X)k — X* is Turing computable, iff f = T.(g) for some
Turing computable monotone-constant function g : C (X*)F — X*.

3. A function f: C(X%)* — X is continuous with Gs-domain, iff f = T,,(h)
for some monotone function h : C(X*)F — X*.

4. A function f: C(X*)* — X% is Turing computable, iff f = T,,(h) for some
Turing computable monotone function h: C(X*)F — X*.

For a proof modify the proofs of Lemma 2.1.11 and Theorem 2.3.7 in [Wei00]
appropriately. The proof shows how a Type-2 machine can be converted to a
Turing machine of a generating function and conversely. The Turing computable
functions are “almost” closed under composition.

Lemma4 [Wei00]. For k,n € N and X1,..., X, Y1,..., Y, Z € {¥* 2¢}
and Turing computable functions g; : CX1 X ... x X =Y, and f: CY; X ... X
Y, — Z (i=1,...,n), the composition fo(g1,...,9n) : CX1 X ...x X = Z

1. is Turing computable, if Z = X orY; = X* for all i,

2. has a Turing computable extension h: CX1 X ... X X — Z such that

dom(h) Ndom(g,...,gn) =dom(f o (g1,...,9n)) ,
if Z=X" and Y; = X% for some 1.

Proof: Although the proof is easy and can be found in [Wei00]), we sketch
it here for the case k =n = 1. Let M and N be Type-2 machines computing f
and g1, respectively.

IfY; = X* let L be a Type-2 machine which on input z first runs the machine
N to compute g;(z) € X* and then runs the machine M on input g;(z).

If Y1 = X¥, let L be a machine which runs M and N alternately using the
output tape of N as the input tape of M. It runs N on input z until it writes
one symbol and interrupts, then it runs one step of M, then it continues the
computation of N until it writes one symbol and interrupts, then it runs one
further step of M, and so on. For Z = X“ the machine L computes f o g1,
and for Z = X* the machine L computes an extension h of f o g; such that
dom(h) N'dom(gy) = dom(f o gq). O

By the following lemma, composition of functions on X* can be obtained by
composing generating functions. We denote the restriction of f : C X — Y to
ZCX by flz:CX —Y.
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Lemmab. Let g1,...,9, : C(X*)* — X* be monotone, let f: C(X*)" — X*
be monotone-constant and let h : C(X*)™ — X* be monotone. Then

T.(f) o (Tol91), -, Tolgn)) = Tu(f o (90, 90)) [ domrney: D
To(h) o (Tulgr). - Tolga)) = Tu(ho (@100 | somiziory - (@)

Proof: For convenience we consider n = 1. Suppose, Ti,(g)(p) exists.
(1) For p € X¢ and = € X*,

T(f) o Tulg)p) =2 <= Gy ETL.(9)P) fly) ==
< (y,2)(:Cp, yCg(2) and f(y) = 1)
& (BzEp) foylz) =2
<~ Tu(fog)lp)==.
(2) For p € X¢ and v € ¥,
v ETy(h) o Tu(g)(p) < (
— (Quw,ueX*)(uCp, wC g(u) and v T h(w))
(Fue X*)(uTp and v C hog(u))
<= vCT,(hog)(p).

—

3 Multi-Functions

Many problems in computable analysis can be solved not by computable func-
tions, but only by computable multi-functions [Luc77]. In such cases the result
of a computation may depend on the used name, different names of the same
object may give different results. In this section we introduce multi-functions,
which are also called correspondences. For further details see [KT84, Wei00]. We
distinguish two kinds of composition and we generalize the “restriction” relation
from (single-valued) functions to multi-functions.

A multi-valued function, multi-function for short, from A to B is a triple
f = (A,B,Ry) such that RyCA x B (the graph of f). We will denote it by
f:A=3 B Forae Alet f(a) := {b € B| (a,b) € Ry}. For XCA let
fIX]:={be B| (3a € X)(a,b) € R¢}, dom(f) := {a € A| f(a) # 0}, and
range(f) := f[A]. If, for every a € A, f(a) contains at most one element, f is a
usual partial function denoted by f: CA — B.

In applications multi-functions can express various ideas, for example, non-
determinism, randomness, uncertainty, reachability or set-valued functions. In
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this article we have two kinds of usage, which are distinguished also formally by
the operation of composition. In one of the applications we have in mind, for
a multi-function f : A = B, f(a) is interpreted as the set of all results which
are “acceptable” on input a € A. Any concrete computation, a realization of f,
will produce on input a € dom(f) some element b € f(a), but often there is no
method to select a specific one.

Example I (multi-functions). 1. f:R=Q, f(z):={reQ]|z<r},
2. g :RxR =N, g(z1,22) :={i € N|z; >0},

{0} if z<y
3. < RxR=N, < (z,y) =4 {0,1}if y<z<y+27F
{1} if y+27F <z,

4. h:CR) =R, h(f) ={zeR| f(zx) =0}

In TTE with respect to the canonical representations the function f (find
some rational upper bound), the function g (find some ¢ such that z; > 0) and
<\ (approximate branching) are computable but cannot be replaced by com-
putable single-valued functions while the multi-function h (zero finding) is not
even computable [Wei00]. Functions like g can be applied in Gaussian elimi-
nation, where indices ¢, 7 must be determined such that a;; # 0. Approximate
branching can be used in Newton iteration where some n must be determined
such that after n iterations the error is less than a given bound. More generally,
every branching in a naive real number algorithm gives rise to a multi-function,
since characteristic functions c¢f4 : R" — N (for non-trivial ACR™) cannot be
realized exactly (Cor. 4.3.16 in [Wei00]).

Notice that a multi-function f : A = B is well-defined by the values f[{a}] =
f(@)CB for all a € A. Therefore, a multi-function from A to B could also be
defined as a usual (single-valued) function f : A — 2. We will write f(a) =T,
if a & dom(f), that is f[{a}] = 0. For multi-functions f; : A= B; (i =1...,k)
define the juxtaposition (f1,...,fx): A = By X ... x By by

(fis--s fr)(a) = fi(a) x ... x fr(a).

And for multi-functions f; : A; = B; (i =1...,k) define the product
(fix...X fr): A1 X ...x Ap = By X ... X By by

(f1 X ... X fk)(al, e ,ak) = fl(al) X ... X fk(ak) .
In this article we consider two kinds of composition of multi-functions.
Definition 6 (composition). For f: A= B and g : B = C define

1.gof:A=Chby go fla) = g[f(a)],
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2. gof:A=3Cby go f(a) := g[f(a)] for all a € dom(g o f), where

a € dom(go f) : <= a€dom(f) and f(a)Cdom(g).

Notice that a € dom(g ® f) <= a € dom(f) and f(a)Ndom(g) # 0.
For single-valued f, g ® f = g o f. The composition ® is the usual composition
of binary relations and can be used, for example, for modelling reachability
or nondeterminism. The composition o is appropriate for the multi-functions
in Example 1. We generalize the concept of restriction/extension from (single-
valued) functions to multi-functions as follows.

Definition 7. For multi-functions f,¢g: A = B,
f<g:<= (dom(f)Cdom(g) and (Va € dom(f)) g(a)Cf(a))
(f “restricts” g, g “extends” f).

For single-valued functions, f <g means that f restricts g in the usual mean-
ing. For multi-functions f < g can be interpreted as g “tightens” or “improves”
f. For a € A, “f(a) = B” is better or sharper than “f(a) =17, since “every
value b € B is acceptable” is better than “no b € B is acceptable”. And for
X,YCB, f(a) = X is sharper or tighter than f(a) =Y, if § # XCY. Notice
that f < g is not related to graph inclusion. Examples: Let Ry = {(0,0), (0,1)}
and Ry = {(0,0),(1,1)}. Then f < g (f restricts g, g is sharper than f) but
neither RyCR, nor RgCRy. Let Ry = {(0,0)} and R, = {(0,0),(0,1),(1,1)}.
Then RyCR, but neither f < g nor g J f.

Lemma8. 1. The total single-valued functions are the mazximal elements in
the <-order.

2. The compositions ® and o are associative.

3. The composition o is monotone w.r.t. extension:
gofQgof iffdf andg<dyg.

4. The composition @ is monotone w.r.t. graph inclusion:
RyofCRyop if RfSRy and RyCRyr.

4 Flowcharts with Indirect Addressing

The Turing computable functions f : C (X*)¥ — X* are closed under com-
position. More generally, they are closed under “flowchart computation”, that
is, the function computed by a flowchart composed of Turing computable word
functions is Turing computable. In Section 5 we prove that also the computable
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functions on X are closed under flowchart computation. In this section we de-
fine flowcharts and their operational semantics on arbitrary data types. Since
direct addressing fixes the number of variables which can be used in a flowchart
we consider indirect addressing. For convenience addresses (and Boolean values)
are words in X*.

Although dated, flowcharts are still used in computable analysis for proving
computability informally. Since in this article we are not interested in defining a
programming language, we do not define GOTO programs or WHILE programs
syntactically but introduce flowcharts mathematically like Turing machines or
finite automata and thus presumably make it easier for the non-expert to un-
derstand the formalism and meaning of the theorems. For our purpose it is
convenient to define (uninterpreted) flowchart schemes and then flowcharts by
assigning types to the variables and typed functions to the function symbols.

Definition9 (flowchart scheme). Let VarCX* be a recursive set (set of vari-
ables). A flowchart scheme F' is given by

1. a finite set Q of labels;
2. an initial label l;, € @ and a final label lt;, € Q (lin # lfin);
3. a finite set Fun of function names, each f € Fun with fixed arity u(f) € N;

4. a mapping Stmt assigning to each label I € @ \ {lfin} a statement

Stmt(l) = (u:= f(u1,...,uup), ') (3)
Stmt(l) = (if u then I',1") (4)

such that I',1” € Q, f € Fun and u,us, ..., u,) € Var;
5. a vector (v1,...,vn) of pairwise different input variables v; € Var;

6. the output variable vg € Var.

Flowcharts operate on structures 7 = (X;,...) (where X, is a set), which
we will call types in this article. For convenience, if in a context a type 7 is used
like a set, then it means the set X,. For example, x € 7 means x € X, and
fim x...x 7 =7 means a multi-function f: X, x...x X; = X,.

In the following we will consider fixed types Pointer and Bool such that
Xpointer = VarCX* and Xpoo1 = Bool = {0,1}CX*.

Definition 10 (interpretation, flowchart). An interpretation I of the flowchart
scheme F is given by a finite set 7! of types and a function assigning to each
variable v € Var a type I(v) € 71 and to each function name f € Fun a multi-
function fT such that
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1. {Pointer, Bool} € 77/;
2. I(v1),...,I(vy) € {Pointer, Bool} ;

3.l x . x Tu(p) = 7 for types T1,..., 7,5 € 71\ {Pointer, Bool} and
reTl;

4. the function v — I(v) is computable.

We call the pair (F,I) a flowchart.

In (4) “computable” means computable w.r.t. some (arbitrary) injective nota-
tion v of the finite set 71. We define the multi-function fL computed by the
flowchart (F,T) by operational semantics. A computation is a sequence (I;, 0;);
of configurations where the [; are labels and the o; are states. A state assigns a
value of correct type (or the undefined 1) to every variable. The first two lines
in Figure 3 shows an example for values I(v)

Definition 11 (semantics). Let (F,I) be a flowchart.
A state is a mapping o on the set Var of variables such that

o(v) € I(v) U{T}.

Let State’ be the set of states. Let Q x State’ be the set of configurations. Define
the next-relation - on the set of configurations as follows:

(o) F- (I,5) : <= 1. or 2. (5)

1. Assignment: There are variables u, u1,...,ur € Var of type Pointer and
a function symbol f € Fun such that

— Stmt(l) = (w:= flur,...,ug), 1),
—fliToo(uy) x...xToo(uy) = Too(u),
—goo(u) € fllcoa(u),...,c00(ur)),
—a(w) =o(v) for v#o(u).

©
= I =

~ o~ o~ o~

2. Branching: There are a variable u € Var of type Pointer and labels I’, 1" €
Q such that

— Stmt(l) = (if w then I',1") (10)

— I(o(u)) = Bool, (11)
coo(u)=1and (I,5) = (I',0)

— or (12)

cgoo(u)=0and (,5) = (",0).
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Consider = (z1,...,%m) € I(v1) X ... X I(vy,).
An “z-computation” is a finite or infinite sequence (lg, 09), (I1,01), ... of config-
urations such that:

lo=1lin; (13)
oo(v) =v if I(v) =Pointer,
oo(v1) =21, .., 00(Vm) = Ty, (14)
oo(v) =1 otherw1se

— (li—1,0i-1) (ll,al) for i=1,2,.... (15)

A computation is maximal, if it is infinite or it is finite and its last element
has no - —successor. A computation is acceptable, if it is finite, and its last
configuration is (I;,, o) for some state o such that o(vg) exists.

The function fL : I(v1) X ... x I(vy) = I(vg) computed by the flowchart
(F,I) is defined as follows:

{y |y =on(vy) for the last configuration (I, 0,)
I (z) = of some maximal x-computation} (16)
PR if every maximal z-computation is acceptable,

@ otherwise.

Notice that in case of assignment implicitly

— 1 # 1 in (5),

- o(u),o(u1),...,o(ux) € Var exist,
—goo(u), coo(uy),...,o00(uy) exist,
~ fl(coa(uy),...,000(uy)) exists.

and in case of branching implicitly
— 1 # 1l in (5),
— o(u) € Var exists,
— o oo(u) € Bool exists.

By (16), fL(x) # 0 (exists) if, and only if, every maximal z-computation is
acceptable. This condition generalizes the definition of dom(go f) (Definition 6)
for multi-functions. Since v — I(v) is Turing computable, the type conditions
(7) and (11) can be checked computably during runtime. By Definition 10.3,
functions cannot be applied to variables or Boolean values, i.e. addresses or
Boolean values cannot be used to compute new data. This restriction, however,
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is imposed merely for simplifying our proofs by reducing the number of cases. It
is inessential since in applications the set 77 of types may contain further types
behaving like Bool and Pointer as ordinary data which can be used without
limitations. Of course, for non-trivial flowcharts we need non-trivial functions
flom x ... x Tu(py = 7 for types 7i,... Ty € 71\ {Pointer, Bool} and
7 € {Pointer, Bool} from “abstract” types to the fixed concrete data types
Pointer or Bool. By (14) at the beginning o((v) = v, hence o o op(v) = v. In
order to get indirect access to other variables w the flowchart scheme must have
assignments of the form (u := hy,(),1), which must be interpreted by I(h)() :=
w € Var.

Ezample 2 (acceptable computation). Consider Heron’s method to compute the
squareroot of a real number a > 0 with small error given by e € Q : zp := a,
Tnt1 = (Tn + a/z,)/2), halt, if |22 — a] < e. The following informally written
flowchart Fyy with direct addressing solves the problem. The input (a,e) is in
(v1,v2), the output is in vg. Define h : R - R, g :CR xR — R and f :
R x R x Q = Bool by h(z) :=z, g(x,a) := (x + x/a)/2 and f(x,a,e) = {0} for
|22 —a| > e, f(z,a,e) = {1} for |22 —a| < e/2 and f(z,a,e) = {0,1} otherwise.

tvg := h(v1), 1;

t v = g(vo,v1),2;

s w3 = f(vo,v1,v2),3;
. if vz then 4, 1.

w N = O

The statement at Label 2 means “compute some b € f(vg,v1,v2)”. We convert
this flowchart to a flowchart (F, I') with indirect addressing for the same purpose.
Let F be the following flowchart scheme:

5:ug:=7¢o(),6 0:ug:=h(uy),1
6:ur=2a(),7 1 =§( )

7 us :EQ(),g 22 _(uo,ul,’uQ) 3;
8:uz:=7¢3(),0 3:1fu3t en 4,1.

Thus, we have labels @ = {0,1,...,8}, l;n, =5, Iy = 4, variables {uo, ..., us,
vo,...,v3} € Var and function names o, ..., s, f,g, h. We interpret the flow-
chart as follows: The types I(v) of the varlables can be seen in Figure 2. The
interpretations of the function symbols are I1(Zp)() := wvo, ..., I(¢3)() := vs,
I(f) = f, I(g) :== g, and I(h) := h.

In the flowchart (F,I) at label 5 + ¢, the pointer u; is initialized to the vari-
able v; (i = 0,1,2,3). Then an indirect access in state o to u; gives the value
oo o(u;) = o(v;), that is, the same value as a direct access to v;. Therfore,
the flowchart (F,I) computes the same function as Fy. As an example, Fig-
ure 2 shows a computation with input (2,1/3). Since 1/6 < |(3/2)? — 2| < 1/3,
o7(vs) := 1 leads to another (shorter) acceptable computation.
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|1abe1||Variable UH o | Uy | Us | U3 | o |v1| Vg | V3 | . |

I(v) ||Poin.[Poin.|Poin.|Poin.] R |R| Q |Bool|...
5 oo(v) ug | up us | us T |12(1/3] 1
6 o1(v) Vo Uy U2 U3 T 12(1/3] 1
0 o4(v) o vy Vg V3 211/3[ 1
1 os5(v) Vo vy vy v3 2 |2(1/3] 1
2 o6(v) g 1 Vg vy | 3/2 12(1/3| 1
3 o7(v) Vo vy vy vy | 3/2 12(1/3[ O
1 og(v) g 1 Vg vy | 3/2 12(1/3] 0
2 og(v) g 1 Vg vy | 3/2 12(1/3] 0O
3 c10(v) o 1 Vo vy |17/12|2(1/3| 1
4 o11(v) g 1 Vg vy |17/12|2(1/3| 1

Figure 2: An acceptable computation for input (2,1/3).

The following variant (F’,J) of the flowchart (F,I) makes proper use of
indirect addressing for storing the successive contents of register vy in registers
w; := 110°. We introduce new variables and extend the interpretation I to J as
follows: J(uy) := J(us) := Pointer, J(110%) := R, s’ : Var — Var, s/ (v) := 00,
d{() := 11 € Var dJ() := u4 € Var.

5:ug = E()(),G 0:up:= h(ul),l
6:uy:=7¢1(),7 1:ug :=g(uog,u1),12
T:ug:=72(),8 12 : ug := h(ug), 13
8:uz:=7¢3(),9 13 : us := s(us),2

92U4 = dl(),lo 2:u;>, = T(UO,ul,UQ),?)
10 : us := da(),0 3 :1if uz then 4, 1.

Since us points to uy, Statement 13 changes the variable w in u4 to the new value
w0. Obviously, during a computaion of (F,.J) the intermediate values o;(vg) (in
Figure 2 the values in the column “vy”) are stored successively in the registers
11, 110, 1100, etc. and could be used in a succeding computation.

In order to simplify the framework we have considered only indirect address-
ing. But Example 2 shows how direct addressing can be simulated by indirect
addressing. The definitions and theorems below can be generalized to flowcharts
with indirect and direct addressing.
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Definition 12 (direct and indirect addressing). Definitions 9 and 11 can be gen-
eralized to flocharts with direct and indirect addressing as follows. Instead of
variables v use “marked” variables (v, s), where s = d means direct addressing
and s = ¢ means indirect addressing. Definition 11.1 must be adjusted appropri-
ately.

Lemma 13. Let F' be flowchart scheme with direct and indirect addressing and
let I be an interpretation of F. From F construct a flowchart scheme F' as
follows: For each variable v in F add a new variable v', insert the assignment
@' = ¢,()"at the beginning of F, and in all statements of F' replace (v,d) by
v and (v,i) by v. Extend the interpretation I to I' by I'(v') := Pointer and
I(cy)() :=w for allv in F.

Then fL = fFL,.

Proof: The statement is obvious, since after initializing the values o(v’) to v
they remain unchanged forever and every indirect access to v’ is like a direct
access to v since g o o(v') = o(v). O

If every function name is interpreted by a single-valued function, then for
every input x there is at most one maximal z-computation, since the element
relation “€” in (8) can be replaced by equality “=". In this case also the function
fL is single-valued.

5 Computations on X* Generate Computations on X%

By Lemma 4 the computable functions on X* are closed under composition, that
is, g o f is computable if f and g are computable. Although a Type-2 machine
computing g o f on input p can never finish computing the intermediate value
f(p), we may abstractly think as if it first computes ¢ := f(p) € X and then
g9(p) € 2¥.

In this section we prove that the computable functions on X“ are closed
even under “flowchart programming”. If we have a flowchart F' composed of
computable functions on X* then the function fr computed by the flowchart
is computable. Although a Type-2 machine computing fr will never compute
any intermediate value completely, we nevertheless can abstractly think as if
there were a machine which computed one by one intermediate values from X
according to the rules given by the flowchart.

By Lemma 3, every computable function f on X can be generated by a
computable monotone word function h, f = T,,(h). By Lemma 5, an extension
of the composition of generated functions is generated by the composition of
generating functions: T,,(hz o hy) extends T,,(hg) o T,,(h1).
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In this section we generalize this property from composition to flowcharts.
Roughly speaking, let (F,J) be a flowchart composed of monotone word func-
tions h and let (F, I) be the flowchart obtained from (F, J) by substituting T,,(h)
for h everywhere, then T,,(f#) extends fL. (More precisely, the flowcharts will
contain also monotone-constant functions for computing addresses and Boolean
values).

In this section we consider fixed types X* and X¢ such that Xy = X~
and X yyow = X%,

Lemma14. Let F be a flowchart scheme. Let I and J be interpretations such
that for each f € Fun, f! and f’ are single-valued and (1) to (3):

1. T! = { X Pointer, Bool}, 7’ = {X* Pointer, Bool} and

_ [ I(v)if I(v) € {Pointer, Bool}
J) = {2* if I(v) = 3%

2. for Y € {Pointer, Bool}, if f{ : C(X“)* - Y, then f/ : C(X*)F - Y is
monotone-constant such that T,.(f”) estends f1;

3. if fL.C (X9 — X% then f7 : C(X*)F — X* is monotone such that
T.(f7) extends fI .

Then:

4. If fL . C(Z¥)™ — Y, Y € {Pointer, Bool}, then the function fj : C
(X*)™ — Y is monotone-constant and T, (f7) extends fL.

5. 1If fL: C(XZ«)™ — X%, then the function fi : C(X*)™ — X* is monotone
and T, (f{) extends fL.

Proof: See Appendix A. O

We call a function to Pointer or Bool Turing computable or monotone-
constant, if it is Turing computable or monotone-constant, respectively, as a
function to X*. Remember that by Definition 1 we call a function on X* or 3¢
computable, if it has a Turing computable extension. By the next theorem the
computable functions on X are closed under flowchart programming.

Theorem 15. Let (F, 1) be a flowchart such that T! = {X“, Pointer, Bool},
I(vo) = X% and f! is computable for every function name f occurring in F.
Then the function fL:C(X“)™ — X is computable.

Proof: By Lemma 3, for each f there is a monotone-constant Turing computable
word function hy such that Ty (hs) extends fI if f :C (X¥)™ — X* and a
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monotone Turing computable word function hy such that T,,(hs) extends I
if f:C(X¥)™ — X Let J be the corresponding interpretation of F' such
that f/ = hy for each f according to Lemma 14. Then f# is monotone and
T, (f2) extends fL. It is known from computability theory that the function f
is Turing computable. (Remember that type checking during runtime is Turing
computable.) By Lemma 3, T,,(f7) is Turing computable. Therefore, f% has a
Turing computable extension. O

The results in this section can be proved for flowcharts with direct addressing
accordingly. Such flowcharts and their semantics can be defined without recourse
to basic computability.

6 Realization for Multi-Representations

In TTE, the representation approach to computable analysis, abstract objects
are “encoded” or realized by “names” w € X* or p € X* and computable func-
tions on sets of abstract objects are realized by computable functions on names.
So far mainly single-valued naming systems v : CU — X, UC{X*, ¥*}, have
been considered [Wei00]. However, it has turned out that in some applications
multi-valued naming systems are useful or needed (multi-representation of con-
tinuous partial functions without fixing their domains, multi-representation of
the set of quasi-compact subsets of R, which has no representation because
its cardinality is bigger than that of the continuum [Wei93, Col05, GWO05]).
Multi-representations have been investigated in some detail in [Sch03, Wei05].
In the following we continue these studies. Since we also want to use already
represented objects as names of more general ones we introduce generalized
multi-representations. Examples are the Domain representations [Bla97, Bla00,
BSHTO02], where the standard set X of names is replaced by Scott-Ershov do-
mains.

Definition 16. 1. A generalized multi-representation is a multi-function
~: U = X such that range(y) = X.

2. U € {¥*, X}, v is called a multi-representation.

(Notice that in [Wei00] the term “representation” is reserved for functions § :
C X% — X and “notation” for functions v : C X* — X.) Examples of repre-
sentations are standard notations vy : CX* — N and vg : CX* — Q and the
Cauchy representation p : C X* — R of the real numbers [Wei00]. In [GW05]
multi-representations of partial continuous functions and of quasi-compact sets
are used. A multi-representation can be considered as a naming system for the
points of a set X where each name can encode many points. If z € §(u) then
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in general the information given by u is not sufficient to identify the point x. A
multi-representation can be interpreted also as a naming system of an attribute
on M. However, we will use a multi-representation v : U = X not like the single-
valued representation 4y : CU — A of the set AC2X of subsets of X such that
(u) = y[{u}]. The difference becomes clear from the definitions of reducibility
and of induced computability.

First we generalize the concept of realization [Wei00] from single-valued to
multi-valued representations, and from single-valued functions on X* and X* as
realizations [Wei05] to arbitrary multi-functions.

Definition 17. For generalized multi-representations 5 : U = X and
v :V =Y and multi-functions f : X = Y and r : U = V, ris a (8,7)-
realization of f, iff for all w € U and x € X,

z € B(u) Ndom(f) = (r(u) #0 and Vv € r(u).f(z)Ny(w) #0). (17)
If B is a product, we will usually write

(B1,. .., Bk, y)-realization instead of ((B1 X ... X Bk),7y)-realization. (18)

y_—
T f y € flz)ny(v)

Figure 3: Each v € r(u) is a name of some y € f(x), if u is a name of z € dom(f).

Whenever u is a S-name of x € dom(f), then every v € r(u) is a y-name
of some y € f(z) (see Figure 3). (18) is in accordance with the definition of
(71, .-k, 0)-realization introduced in [Wei00, Wei05]. The property

r(u) #0 and Vv € r(u).f(x) Ny(v) #0

in (17) generalizes earlier definitions. For single-valued realizing functions r it is
equivalent to

flx)ynyor(u)#0 [Wei05] (19)
vyor(u)€ f(z) if f:X=3Y and ~:CV —Y [Wei87, Wei00], (20)
flx)eryor(u) if f:CX —-Y and v:V Y [Wei93, Sch03], (21)
fl@)=~or(w) if f:CX—-Y and v:CV =Y [KWS85]. (22)



820 Weihrauch K.: The Computable Multi-Functions on Multi-represented Sets ...

Condition (20) has been used in [Wei87, Wei00] for defining computability of
multi-functions w.r.t. single-valued representations. For example, the multi-func-
tion f in Example 1 “for x € R find some r € Q which is slightly greater” is
computable w.r.t. the standard representations of R and Q [Wei00].

In [Sch03, Page 47 (2.10)] for single-valued realizations the condition f(z)Cyo
r(u) is used instead of f(z) N~y or(u) # 0 (19). For single-valued -y, however,
this condition does not reduce to the useful definition (20) and forces f to be
single-valued. In particular by this definition, for no representations of R and Q
the multi-function f in Example 1 is computable (or continuous).

For our generalized concept of restriction and extension for multi-functions
(Definition 7) we obtain as expected:

Lemma 18. If r is a (0,7)-realization of f, then v’ is a (0,)-realization of f'
for every extension v’ of r and every restriction f' of f.

Proof: Suppose (17) is true for v € U and x € X. Assume x € B(u) N dom(f").

Since f'Af, z € B(u)Ndom(f). By (17) r(u) # 0 and Vv € r(u). f(z)Ny(v) # 0.
Since r <7/, 7' (u) # 0 and Vv € r'(u).f(z) Ny(v) # 0. Since = € dom(f’),
f(x)Cf'(z) and therefore, Vv € 7/ (u).f'(z) N y(v) # 0. O

For technical reasons we prove the following simple lemma.

Lemma 19 (realization of tupling). For generalized multi-representations
B:U=Xand~ : Vi 3Y, (i=1,...;k)letr, : U =V; be a (8,7v)-
realization of fi : X = Y;. Then (r1,...,rg) is a (B, (7 X ... X x))-realization
Of (fl,...,fk).

Proof: By assumption fori=1,...,k,
z € B(u) Ndom(f;) = ri(u) 0 and Vv € ri(u).fi(x) Nvi(v) #0.

Assume, z € f(u)Ndom(f1,..., fr). Thenforalli=1,... k: z € [3( )ﬂdom(fz)
hence r;(u) # 0, Vv € r;(u) and f;(x) Nv;(v) # 0. Therefore, (r1,...,7%)(u) # 0
and for all (vy,...,v5) € ri(u) x ... x ri(u),

filz) x ..o X fr(x) N y1(vr) X oo X y(vg) £ 0,

hence

(fi,-- s fi)(@) N (o) (vn, o) # 0.
0

As expected, the composition of “multi-realized multi-functions” is realized
by the composition of realizations (Figure 4).
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'S S
U . TV U=
Y=Ly, —29, 5

Figure 4: Composition of realizations

Lemma 20 (realization of composition). Let § : U = X, v :V =Y and § :
W = Z be generalized multi-representations. If r : U =V is a (8, 7)-realization
ofg: X =3 Y and s : V. =3 W is a (v,9d)-realization of h : Y = Z, then
sor:U=3W is a (8, 0)-realization of hog: X = Z.

Proof: By assumption,

€ B(u) Ndom(g) = r(u) £ 0 and Vo € r(u).g(z) Ny(v) #0  (23)
y € y(v) Ndom(h) = s(v) £ 0 and Vuw € s(v).h(y) No(w) £0. (24)
Assume
z € B(u) Ndom(hog). (25)
We have to show
sor(u) £ 0 and (26)
Yw € s 0r(u). 8(w) Nhog(z) £0. (27)
By (25),
2 € dom(g) and g(z)Cdom(h). (28)
By (23,25,28), r(u) # 0 and Vo € r(u).g(z) N v(v) # 0, hence by (28),
r(u) #0 and Vo € r(u).3y € g(x).y € dom(h) N 7(v). (29)
By (24,29) Vv € r(u).s(v) # (). This proves (26). Also by (24,29),
Vo € r(u).3y € g(x)¥Yw € s(v).h(y) N (w) # 0. (30)

For showing (27) assume W € s o r(u). Then T € r(u) and W € s(v) for some
v € V. By (30), Jy € g(x).h(y) Nd(w) #0 , hence ho g(x) Nd(w) # 0. This
proves (27). O

Corollary 21 (multi-variate composition). Let 8; : Uy = X; (i = 1,...,k),
v V=Y, (G=1,...,1) and 6 : W = Z be generalized multi-representations.
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1. Letrj : Uy x ... x Uy =3 Vj be a ((61 x ... %X Br),7;)-realization of g; :
Xix..xXyz3Y; (=1,...,1) and

2. lets: Vix..xVi = W bea((y1x...xy),0d)-realization of f : Y1x...xY; =
Z.

Then so (r1,...,r;) is a ((B1 X ... x ), d)-realization of f o (g1,...,q1)-

Proof: By Lemma 19 (r1,...,r) isa ((61 X ... X Bk), (11 X ... xy))-realization
of (g1,...,q1). The statement follows from Lemma 20 |

We will prove a much more general theorem in Section 7. Realization is down-
wards transitive. If h realizes g and ¢ realizes f then h realizes f w.r.t. the
composed representations (Figure 5).

Lemma22. Letv: X =Y, : Y = Z, v :U=Vadd : V=W
be generalized multi-representations. If h :+ X = U is a (v,7')-realization of
g:Y=Vandg:Y =V isa (6,0)-realization of f : Z =W, then h: X = U
is a (6 ©,0" ©®7)-realization of f: Z = W.

h
X::U
, h
0 Y X—=U
y:ggv 5@7“ Hé’@’y’
) o Z:f=W
A f A

Z:ﬁW

Figure 5: Realization is transitive downwards.

Proof: Consider € X and z € Z such that
z€dOv(x)Azedom(f). (31)
We have to show
x € dom(h) AVu € h(z).f(z)Nd O~ (u) #0. (32)
By assumption for all y € Y,

y € v(z) Ay € dom(g) = z € dom(h) AVu € h(z).g(y) Ny (u) #0 (33)
z€0(y) Az € dom(f) =y € dom(g) AVv € g(y).f(z) N (v) #D. (34)
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By (31) for some y € Y,

z€0(y) Ny € y(x). (35)

By (34,31,35),
y € dom(g) Ao € g(y).f(2) N (v) # 0. (36)

By (33,35,36),
2 € dom(h) AVu € h(z).g(y) N~ (u) 0. (37)

Thus the first part of (32) has been proved. For showing the second part suppose
u € h(z). By (37) there is some v € V such that

vegly)Ny'(u). (38)

By (36), f(2)Nd’'(v) # 0 and by (38), f(z)Nd’ ®+'(u) # 0. Thus also the second
part of (32) has been proved. O

Notice that for multi-representations we apply the relational composition ®,
while for realizing and realized multi-functions in Lemma 20 we apply the stricter
“multi-function composition” o. According to the different interpretations of the
concept of multi-function we use different kinds of composition.

7 Flowcharts Realizing Flowcharts

In this section we generalize Lemma 20 from composition to flowcharts with
indirect addressing on represented sets. We also generalize [Wei05, Theorem 8.1]
from multi-representations to generalized multi-representations.

Let F' be a flowchart scheme as given in Definition 9. Remember that
v1,-.., Uy are the input variables and vy is the output variable of F. Let V%" :
Pointer — Pointer and ~%°°' : Bool — Bool be the identity on Var and
{0, 1}, respectively. Let GR be a finite set of generalized multi-representations
v : 7= 7' on types such that 77%",4%°°! € GR, no other element of GR operates
on Pointer or Bool, that is,

7,7 ¢ {Pointer,Bool} if v: 7 = 7" and ~ ¢ {7""",7"°°}, and (39)
=y if y:7=7 and v =7 (40)
Theorem 23. Let (F,I) and (F,J) be flowcharts such that

1. for every v € Var there is some 7, : T, = 7, in GR, such that J(v) = 7, and
I(U) = 7-1/1;
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2. for every function symbol f in F there are functions 6; : 7, = 7, (i =
0,...,u(f)) in GR such that

fJZTlx...XTlL(f):iTo,

florx. .. XT[/L(f) =7
and 7 is a (61 X ... X 8,(y,00)-realization of f7.

Then fi @ Tu, X oo X Ty, =2 Tu 88 @ (Yoy X -+ X Yo, Yoo )-Tealization of fL :
Ty, X ... X1, =7, ( see Definitions 9, 10, 11).

Therefore, the function fi computed by the flowchart (F,I) is realized by
the function fi computed by the flowchart scheme F interpreted with realizing
functions. Figure 6 shows interpretations I and J with states ¢’ and o, respec-
tively. The example has the special property “o’(v) € v, o o(v) if 0’(v) exists”,
which will be the invariant in the proof of Proposition 37. By Definition 10(3),
Y, V() € {7777} in Theorem 23.2 above.

Proof: See Appendix B. O
| Variable v || v | v’ | vy | Ug | U | U2 | w | . |
J(w)=(U,,...)|| N | R |X“|Pointer Bool/Bool|Pointer|...

o(v) 237 |—-4.3| 1 v 1 0 Up
I(v) = (X,,...)|| ¥* |R< | R |Pointer|Bool/Bool|Pointer|. ..
o' (v) 00a10| 4.3 | 1 v 1 0 Up

Figure 6: Interpretations I and J with states

8 Computability Induced by Multi-Representations

In this section we draw our main conclusions from the technical results proved
in Sections 5 and 7. By multi-representations, where the “names” are finite or
infinite strings, computability and continuity can be transferred from X* and
X¥ to the represented sets [Wei93, Wei00, Sch03, Wei05].

Definition 24 (induced effectivity). 1. For multi-representations v; : U; = X,
U, e {¥*,X“} (i =0,...,k), a multi-function f : X3 x ... x X} = X is
(Y1, - -+ » Yk, Yo)-continuous or (Y1, ..., Yk, Yo)-computable, iff it has a contin-
uous or computable (71, ..., vk, V0)-realization, respectively.
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2. For multi-representations v : U = X and v : U’ = X' (U, U’ € {X*, X})
a function h : CU — U’ translates (or reduces) v to v/, iff y(u)C+" o h(u) for
all u € dom(y). Continuous and computable reducibility and equivalence,
respectively, are defined by

v <; ' <= some continuous h translates vy to 7' (“t-reducible”),
v <4’ <= some computable h translates v to v’ (“reducible”),
y=v = v<7 and v <, v (“t-equivalent”),

y=4" < v<9 and 4 <~ (“equivalent”).

3. A point x € X is yp-computable, iff x € vy(p) for some computable p € Uy.

Lemma25. 1. A function h: CY — Y’ translates v to ', iff XCX' and h is
a (7y,v)-realization of the embedding Ix x.

2. If f: X = X' is (y,7)-computable and x € dom(f) is y-computable, then
y € f(x) for some ' -computable point y € X'.

The proof follows immediately from the definitions. The multi-functions com-
putable relative to multi-representations are closed under composition.

Corollary 26. If g; is (71, .., Yk, 0;)-continuous (-computable) for j =1,...,n
and f is (01,...,0n,00)-continuous (-computable), then f o (g1,...,gn) is
(Y1, - -+ Yk, 00)-continuous (-computable).

Proof: This follows from Corollary 21 and the fact that the continuous functions
as well as the computable functions on X* and X“ are closed under composition
(Lemma 4). O

By Definition 24, every multi-representation of a set X induces a computabil-
ity concept for functions from and toX Equivalent multi-representations of X
induce the same computability on X.

Corollary 27. Two multi-representations of a set X induce the same kind of
continuity (computability) on X, iff they are t-equivalent (equivalent).

Proof: The “if” follows from Lemma 25 and Corollary 26. Let v : U = X
and v : U’ = X be multi-representations such that v € 4’. Then Txx is
(v, v)-computable but not (v,7’)-computable by Lemma 25. Therefore, v and
~" induce different kinds of computability on the set X. Continuity is treated
correspondingly. O

The next lemma summarizes some further useful observations. The proofs
are straightforward.
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Lemma 28. 1. For multi-representations v, 6, if v <; § and § is single-valued,
then v is single-valued.

2. Let h be a (v,0)-realization of a multi-function f. If card(y 1[{z}]) = 1
for all x € dom(f) and ¢ is single-valued, then h realizes a single-valued
extension of f.

3. Every notation v : X* = M has an equivalent representation 8, : X% = M.
(Define 6, (t(w)0%) := v(w).)

By (1) any t-equivalence class contains only single-valued representations or
only properly multi-valued representations. By (3) we may replace notations v
by their equivalent representation whenever convenient. For example, a realizing
flowchart operating on names from X* and X* can be replaced by a realizing
flowchart operating only on X* to which Lemma 14 can be applied.

Definition 29. Call a multi-function on types (X;, ;) that are multi-represented
sets computable, if it has a computable realization and continuous, if it has a
continuous realization with respect to these representations.

Notice that this realization is a function on X* or X*. From Theorem 23 we
obtain as a main result that the computable functions on represented sets are
closed under flowchart programming.

Theorem 30. Let (F,I) be a flowchart on multi-represented sets such that each
occurring multi-function is computable. Then the multi-function fL computed by
the flowchart (F,I) is computable.

Proof: By Lemma 28(3) we may assume that the sets are represented by X“.
According to Definition 10 let I be an interpretation of F’ with the types Pointer
or Bool and types 7/, which are multi-represented sets (X, d), 6 : ¥¥ = X. For
applying Theorem 23 for every variable v let vy, := *°°! if 7/ = Bool, 7, := 7"
if 7/ = Pointer and v, : X¥* = 7’ with v(p) = d(p) if 7/ = (X, ). Since each
function used for the interpretation I is computable, it has a computable realiza-
tion on X* and X*. These realizing functions can be used for an interpretation
J of the flowchart scheme F' such that the conditions of Theorem 23 hold true.
Then by Theorem 23 and Theorem 15, the function f§ is computable (on rep-
resented sets, Definition 29). O

In many applications Theorem 30 cannot be applied but algorithms on names
of points must be written. Very often, however, it is not necessary to return to
programming on X* and X“. The next theorem shows how represented sets
with computable functions can be used instead. Consider X = U = X% in
Lemma 22 and Figure 5. The function f is (§ ® 7,8 ® +')-computable, iff f
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can be realized (w.r.t. the generalized multi-representations (8,4’)) by a (v,v')-
computable function g. Therefore, if we understand computability on (Y,~),
v: XY =Y, sufficiently well, we can prove computability on (Z,6 @ «) by
finding computable functions on Y realizing functions on Z w.r.t. the generalized
multi-representation § : Y == Z. Theorem 31 extends this idea to flowchart
computations.

Theorem 31. Let (F,I) and (F,J) be flowcharts as in Theorem 23. Suppose
that in addition for every variable v, the type 7, is Pointer or Bool or a multi-
represented set (T, 3,), Bo : X¥ = Ty. If all the multi-functions fi are com-
putable then fL is (Yo, © Boys---s Yo © Bons Yoo © Bug )-computable.

Proof: Immediately from Theorems 23, 30 and Lemma 22 g

Theorems 30 and 31 are very useful tools for proving computability of multi-
functions on multi-represented sets. The user is no longer restricted to express
everything in “Os and 1s” and to describe how Turing machines (or Type-2 ma-
chines) operate on codes. By Theorem 30 multi-functions already known to be
computable can be combined in flowcharts to compute new multi-functions. Ev-
ery flowchart containing only computable functions defines a computable func-
tion. Thus the user may think in terms of computable operations on real num-
bers, open sets, continuous functions etc. without using details of the definitions
of the representations.

If in some applications details of the representations have to be considered,
Theorem 31 allows to do this on some abstract level. As an example consider the
Cauchy representation p : CX“ — R of the real numbers. It can be decomposed
into a representation v : C X* — Q@ of the sequences of rational numbers
and a generalized representation A : C Q¥ — R computing the limit of fast
converging Cauchy sequences, p = A ® . If the user understands computability
on QY sufficiently well he can avoid to think and speak about codes of rational
numbers using 0s and 1s. Both theorems justify and generalize methods which
are already used informally in computable analysis.

9 Exponentiation

There are some canonical operators for constructing new representations from
given ones such as restriction, conjunction, Cartesian product and exponenti-
ation. Such constructions are used in higher level programming languages for
defining new data types. Exponentiation is the most interesting one. For single-
valued functions on represented or on multi-represented sets it has been studied
to some extent in [Wei00, Sch02, Sch03].
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In the following we generalize the type conversion theorem for exponentiation
[Wei00, Theorem 3.3.15], [Sch02, Sch03] to multi-functions on multi-represented
sets. As we have already mentioned in the discussion of Definition 17, for multi-
functions our concept of realization differs from that one in [Sch03].

First, we generalize the definition of [y; — 2], the standard representation
of the (total) (v1,2)-continuous functions for single-valued representations ~y;
and vo [KW85][Wei00, Definition 3.3.13][Sch02, Sch03] to multi-representations
and multi-functions starting from Definition 17 of realization. For convenience
we consider only multi-representations with infinite names (Lemma 28(3)).

Let n : X — F be the standard representation of the set F of partial
continuous functions h : C X¥ — X% with Gs-domain (a set is Gy if it is a
countable intersection of open sets). It is an analogue to an “admissible Godel
numbering” ¢ of the partial recursive functions [Rog67]. In [Wei00] 7 is defined
as follows: 7, qy(p) is the result of the Type-2 machine with code w on input
(p,q) € X% x X¥. An equivalent representation i’ can be defined as follows:
ny = Tw(h) where ¢ is interpreted as a listing of graph(h) of a monotone word
function h : C X* — X* (Definition 2). For n we have the utm-theorem (the
universal function u,, u,(q,p) := nq(p), is Turing computable), the computable
smn-theorem (for every Turing computable function f : C X% — X% there is
a computable function s : £ — X such that f(p,q) = 7)(q)), and the
continuous smn-theorem (for every function f € IF there is a continuous function
s: X% — X“ such that f(p,q) = 1) (q)) [WeilO].

Definition 32. For multi-representations ¢; : X¥ = X; (i = 1,2) define

1. the product representation [d1,d2] : X¥ = X7 x Xo by
[01,02](p1, p2) := d1(p1) X d2(p2),

2. the multi-representation [6; =3 d2] of the set CM(dy,d2) of the (d1,02)-
continuous multi-functions f : X; = X5 by
[01 = 02](p) = f <= mnp realizes f w.r.t. (d1,02).

3. Let [01 —p d2](p) be the restriction of [01 =2 d2] to the set CP(d1,d2) of the
partial (91, d2)-continuous functions f: C X7 — Xo.

4. Let [01 — d2](p) be the restriction of [6; = d2] to the set C(d1,d2) of the
total (41, 02)-continuous functions f: X7 — Xo.

(See Definition 17 and Figure 3). Notice that [§; — 2] is multi-valued in general
and that even for single-valued representations d; the representations [§; = d2]
and [0; —p J2] are multi-valued in general, since 7, realizes every restriction of
f if it realizes f (Lemma 18). We generalize Theorem 3.3.15 in [Wei00] on type
conversion as follows.
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Theorem 33 (type conversion). Let 6x : X¥ = X, dy : X¥ =Y, and dz :
XYY = Z be multi-representations. Define an operator T from the ([0x,0y],0z)-
continuous multi-functions f : X XY = Z to the set of total functions from X
to the multi-functions from Y to Z by

T(f)()(y) = f(z,y)- (41)
For v == [[0x,0y] =2 dz] and 2 := [6x — [0y = dz]],
1. T is (y1,72)-computable and T is (a2, 71)-computable.
2. Tom =ns,

3. A function f is ([0x,dy], 0z)-computable, iff T(f) is (0x, [0y =2 dz])-com-
putable.

Notice that T'(f) is single-valued for each f: X x Y = Z. In programming,
the operator T' can be expressed by A abstraction, by (41) formally,

T(f) = e y.f(x,y) .

The theorem generalizes the utm-theorem and the smn-theorem for n. The oc-
currence of total functions from X in 5 corresponds to the totality of the index
function s in the smn-theorem for 7.

Proof: For any f: X xY = Z and p,s € ¥,

femnp)
— fellbx,dv] = dz](p)
= (Yz,y)(Vg,7)((z,y) € dom(f) N [dx.dy]{g,7)
= f(z,y) Ndzmp{q, ) #0). (42)

and

T(f) € v2(s)
( ) € [6x — [5Y = 67]](s)
q)(z € ox(q) = T(f)(z) € [0y = dz]ns(q))
q)(z € dx(q) =
<\fy, P)(y € dom(T(f)) N by (r) = T(F)(@)(y) 1 6270, (5)(r) £ 0))
— (Vo,q)(Vy,r)(z € 6x(q) Ay € dom(T(f)(x)) Ny (r)
= f(x,y) Nz, ) (r) #0))
() € dom(f) N (6, 3v(g, )
82,0 (r) #0)). (43)

IIIIII

= (Va,y)(Vq,7
= f(z,y

vv\/\/
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By the utm-theorem and the computable smn-theorem for 7 there are com-
putable functions a,b: X — X such that

Mpl, ) = Map)(2) (r) and s (q) (r) = Mo(s) (q,7).

From (42) and (43) we conclude f € y1(p) = T(f) € ya(p) and T(f) €
v2(s) = f € mb(s), hence, T is (y1,72)-computable and T~ is (y2,1)-
computable. Theorem 33(2) is equivalent to Theorem 33(1). Theorem 33(3) fol-
lows from Theorem 33(1), since T' is a single-valued computable operator and,
therefore, maps computable elements to computable elements. O

For single-valued representations and functions and a representation -y of
(0x, 0y )-continuous functions, the apply function is (v, dx, dy )-computable, iff
v < [0x — dy] [Wei00]. We generalize this result as follows.

Corollary 34. For multi-representations dx,dy and a multi-representation vy of
multi-functions f: X =Y, the apply multi-function is (v, dx, oy )-computable,
iff v < [6x = dy]. In particular, the apply multi-function is ([0x = dy],dx,dy)-
computable.

Proof: For every function h € range(7y), every x € X and every y € Y,
y € T(apply)(h)(z) <= y € apply(h,z) <= y € h(z).
Therefore, T'(apply) is the identity on range(y). By Theorem 33,

apply is (v,dx,0y)-computable
<= T(apply) is (v,[0x =2 dy])-computable
— 7<[0x 2oy,

Remember that by Definition 24, the identity on range(7y) is (v, ~’)-computable,
iff v <+ O

For multi-functions there is another kind of type conversion. As an example
consider a (dx, vy, Vg)-computable multi-function f : X x N = Q such that
forall z € X, |a; —a;| <27% ifi < j, a; € f(z,i) and a; € f(z,j). Then
there is a computable multi-function Sf : X = QY such that |g(i) — g(j)| <
271 for every g € Sf(x). Applying the computable limit operator Lim for fast
converging Cauchy sequences [Wei00] we obtain a computable (single-valued)
function Limo Sf : X — R.

Theorem 35 (type conversion (ii)). Let dx,dy,dz be multi-representations of
X, Y and Z, respectively, dy,dz single-valued and 0y injective. For the set Gy
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of the ([0x,dy], 0z)-continuous multi-functions and the set Go of the (dx, [0y —
dz])-continuous multi-functions define S : G1 — Ga as follows:
redom(Sf) < (VyeVY) f(z,y) #0
geSf(x) <= (VyeY)gy) € f(z,y).
Then for v1 = [[0x,0y] = 0z] and v2 = [0x = [0y — 0z]], S is (y1,72)-
computable.

The operator S is single-valued but not injective in general since S(f) =

S(fl2)(vy) £ (x.) 20})-

Proof: By the utm-theorem and the smn-theorem for 7 there is a computable
function a : X — X such that

77p<Qa 7’> = Moy (@) (T) :
For f € G,

femnp) = (Vo,y,q,7)[(2,y) € dom(f) Aw € dx(q) Aoy (r) =y
= 0z1p(g,7) € f(z,y)]
= (Va,q)[z € dom(Sf) Az € §x(q)
= (Yy,7)[0y (r) = y = 027,,,()(7) € f(z,)]]
If we abbreviate h(y) := 6an(p)(q)(6;1(y)), then héy (r) = dzny,,, (g (r) and
hence h = [6y — 0z]n4(p)(q). We obtain
femlp) = (Vz,¢)[z € dom(Sf) Az € dx(q)
= (Vy,m)[0y (r) = y = ([0y — 0z]na(p) (0)(¥)) € f(2,y)]]
= (Vz,q)[z € dom(Sf) Az € dx(q)
— (V)[([Oy — 0z]na() (@) (v)) € f (2, )]]
= (Va,q)[z € dom(Sf) Az € §x(q)
= [by = 0z]na(p) (9) € SF(2)]
= Sf €[0x = [0y — dzlla(p) € y2a(p) -

Therefore, S is (1, 2)-computable. O

10 Final Remarks

For simplicity the results in this article have been formulated and proved for
flowcharts with indirect addressing. By the remarks at the end of Section 4 thy
apply to flowcharts with direct and indirect addressing as well.
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Most representations, which are of interest to some “users”, are very elemen-
tary or can be constructed from simple ones by operations such as “restriction”,
“factorization”, “Cartesian product”, “set of finite subsets”, “countable conjunc-
tion” or “M-abstraction”, see Definition 32, Section 3.3 in [Wei00], [Sch02]. By
Corollary 27 two multi-representations induce the same computability, iff they
are equivalent. Therefore, the computability concept on a set X is characterized
by an equivalence class E of multi-representations of X. Let a c-type (computa-
tion type) be a pair 7 = (X, F) and call a function f : 71 = 79 computable, iff it
is (41, d2)-computable for some §; € F; and d; € Fs. The operations on multi-
representations mentioned above map equivalent representations to equivalent
ones, hence can be defined on c-types.

It is known that important elementary c-types can be characterized with-
out mentioning representations by requiring that some functions become com-
putable, and that some of the constructions on c-types can be characterized by
requiring that some functions from, on or to the new c-types are computable
[Bra99, Her99]. This shows the possibility to define important c-types abstractly
and to write programs operating on them without mentioning representations
at all. For such programming systems it should be possible to prove not only
soundness but completeness as well. However, the final implementation of such
a program on a computer (Turing machine) must map sequences of symbols and
therefore must be specialized to single representatives of the equivalence classes
of representations. Furthermore, the user must “understand” at least the input
and output representations. Otherwise he cannot feed the machine with mean-
ingful data and cannot understand its results.

Acknowledgement
The author wants to thank the unknown referees for valuable comments and
suggestions.

References

[BC90] Boehm, H, Cartwright, R.: Exact real arithmetic, formulating real numbers
as functions. In D. Turner, editor, Research topics in functional program-
ming, pages 43—64. Addison-Wesley, 1990.

[BCSS98] Blum L., Cucker, F., Shub, M., Smale, S.: Complezity and Real Computa-
tion. Springer, New York, 1998.

[BH98]  Brattka, V., Hertling, P.: Feasible real random access machines. Journal of
Complezity, 14(4):490-526, 1998.

[Bla97]  Blanck, J.: Domain representability of metric spaces. Annals of Pure and
Applied Logic, 83:225-247, 1997.

[Bla00]  Blanck, J.: Domain representations of topological spaces. Theoretical Com-
puter Science, 247:229-255, 2000.

[Bra96] Brattka, V.: Recursive characterization of computable real-valued functions
and relations. Theoretical Computer Science, 162:45-77, 1996.



[Bra99]

[Bra03]

Weihrauch K.: The Computable Multi-Functions on Multi-represented Sets ... 833

Brattka, V.: Computable invariance. Theoretical Computer Science, 210:3—
20, 1999.

Brattka, V.: Computability over topological structures. In S. Barry Cooper
and Sergey S. Goncharov, editors, Computability and Models, pages 93—136.
Kluwer Academic Publishers, New York, 2003.

[BSHT02] Blanck, J., Stoltenberg-Hansen, V., Tucker, J.V.: Domain representations

[BSS89]

[CDGO6]
[Col05]
[DGY9)
[EE01]

[EMRO7]

[ES99)]

[Esc96]
[Grz55]
[Grz57]

[GW05]

[Her99)]
[HUT79]
[KT84]
[KW85]

[Lach5]

[Luc77]

[Rog67]

of partial functions, with applications to spatial objects and constructive
volume geometry. Theoretical Computer Science, 284(2):207-240, 2002.
Blum, L., Shub, M., Smale, S.: On a theory of computation and complexity
over the real numbers: N P-completeness, recursive functions and universal
machines. Bulletin of the American Mathematical Society, 21(1):1-46, July
1989.

Ciaffaglione, A., Di Gianantonio, P.: A certified, corecursive implementation
of exact real numbers. Theoretical Computer Science, 351(1):39-51, 2006.
Collins, P.: Continuity and computability on reachable sets. Theoretical
Computer Science, 341:162-195, 2005.

Di Gianantonio, P.: An abstract data type for real numbers. Theoretical
Computer Science, 221:295-326, 1999.

Edalat, A., Hotzel-Escard6, M..: Integration in real PCF. Information and
Computation, 160:128-166, 2001.

Hotzel-Escardé, M., Marcial-Romero, J.R.: Semantics of a sequential lan-
guage for exact real-number computation. Theoretical Computer Science,
379:120-141, 2007.

Hétzel-Escardd, M., Streicher, T.: Induction and recursion on the partial real
line with applications to real PCF. Theoretical Computer Science, 210:121—
157, 1999.

Hétzel-Escardd, M.: PCF extended with real numbers. Theoretical Com-
puter Science, 162:79-115, 1996.

Grzegorczyk, A.: Computable functionals. Fundamenta Mathematicae,
42:168-202, 1955.

Grzegorczyk, A.: On the definitions of computable real continuous functions.
Fundamenta Mathematicae, 44:61-71, 1957.

Grubba, T., Weihrauch, K.: A computable version of Dini’s theorem for
topological spaces. In Pinar Yolum, Tunga Giingor, Fikret Giirgen, and Can
Ozturan, editors, Computer and Information Sciences - ISCIS 2005, volume
3733 of Lecture Notes in Computer Science, pages 927-936, Berlin, 2005.
Springer. 20th International Symposium, ISCIS, Istanbul, Turkey, October
2005.

Hertling, P.: A real number structure that is effectively categorical. Mathe-
matical Logic Quarterly, 45(2):147-182, 1999.

Hopcroft, J.E., Ullman, J.D.:. Introduction to Automata Theory, Languages
and Computation. Addison-Wesley, Reading, 1979.

Klein, E. ,Thompson, A.C.: Theory of correspondences. John Wiley & Sons,
New York, 1984.

Kreitz, C., Weihrauch, K.: Theory of representations. Theoretical Computer
Science, 38:35-53, 1985.

Lacombe, D.: Extension de la notion de fonction récursive aux fonctions
d’une ou plusieurs variables réelles I-1II. Comptes Rendus Académie des
Sciences Paris, 240,241:2478-2480,13-14,151-153, 1955. Théorie des fonc-
tions.

Luckhardt, H.: A fundamental effect in computations on real numbers. The-
oretical Computer Science, 5(3):321-324, 1977.

Rogers, H.:  Theory of Recursive Functions and Effective Computability.
McGraw-Hill, New York, 1967.



834

[Sch02]

[Sch03]

[Sco70]
[SHT99]

[Ste99]

[Tur36]

[TZ99]

[TZ00]

[TZ04]

[Wei87]
[Wei93]

[Wei00]
[Wei05]

[ZW03)]

Weihrauch K.: The Computable Multi-Functions on Multi-represented Sets ...

Schréder, M.: Extended admissibility.  Theoretical Computer Science,
284(2):519-538, 2002.

Schréder, M.: Admissible representations for continuous computations. In-
formatik Berichte 299, FernUniversitat Hagen, Hagen, April 2003. Disserta-
tion.

Scott, D.: Outline of a mathematical theory of computation. Technical
Monograph PRG-2, Oxford University, Oxford, November 1970.
Stoltenberg-Hansen, V., Tucker, J.V.: Concrete models of computation for
topological algebras. Theoretical Computer Science, 219:347-378, 1999.
Stewart, K.J.: Concrete and Abstract Models of Computation over Metric
Algebras. PhD thesis, University of Wales Swansea, Singleton Park, Swansea,
SA2 8PP, UK, 1999.

Turing, A.M.: On computable numbers, with an application to the
“Entscheidungsproblem”. Proceedings of the London Mathematical Society,
42(2):230-265, 1936.

Tucker, J.V., Zucker, J.I.: Computation by ‘While’ programs on topological
partial algebras. Theoretical Computer Science, 219:379-420, 1999.

Tucker, J.V., Zucker, J.I.. Computable functions and semicomputable
sets on many-sorted algebras. In S. Abramsky, D.M. Gabbay, and T.S.E.
Maibaum, editors, Handbook of Logic in Computer Science, Volume 5, pages
317-523, Oxford, 2000. Oxford University Press.

Tucker, J.V., Zucker, J.I.: Abstract versus concrete computation on metric
partial algebras. ACM Transactions on Computational Logic, 5(4):611-668,
2004.

Weihrauch, K.: Computability, volume 9 of EATCS Monographs on Theo-
retical Computer Science. Springer, Berlin, 1987.

Weihrauch, K.: Computability on computable metric spaces. Theoretical
Computer Science, 113:191-210, 1993. Fundamental Study.

Weihrauch, K.: Computable Analysis. Springer, Berlin, 2000.

Weihrauch, K.: Multi-functions on multi-represented sets are closed under
flowchart programming. In Tanja Grubba, Peter Hertling, Hideki Tsuiki,
and Klaus Weihrauch, editors, Computability and Complexity in Analysis,
volume 326 of Informatik Berichte, pages 267-300. FernUniversitat in Hagen,
July 2005. Proccedings, Second International Conference, CCA 2005, Kyoto,
Japan, August 25-29, 2005.

Zhong, N., Weihrauch, K.: Computability theory of generalized functions.
Journal of the Association for Computing Machinery, 50(4):469-505, 2003.

A Proof of Lemma 14

In this proof we may assume QCX*. Since all the functions f! and f” are single-
valued, by (8) the next-relations I—I and I—J are single-valued, i.e. for each

input there is at most one maximal computation. For x € (X*)™ and p € (X¥)™
let x; and p; the ith component of x and p, respectively. For z € (X*)™ let
(1g,08),(F,07), ... be the maximal z-computation on the flowchart (F,J), and
for p € (X¥)™ let (lép,aép), (l{p,afp), ... be the maximal p-computation on
the flowchart (F,I). In the following proposition we consider the label and the

register contents after n steps as functions of the input to the flowchart.

Proposition36. Forn € N and v € Var,
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1. The function x — I% is monotone-constant and Ty (x — [Z) extends p — IIP,

2. if J(v) € {Pointer, Bool}, then x — o%(v) is monotone-constant and
T.(x — 0%(v)) extends p — olP(v),

3. if J(v) = X*, then x — oF(v) is monotone and
T.(x — 0%(v)) extends p — olP(v),

Proof: (Proposition 36) (By induction on n)

n =0:

~ Since (Vz2)(z — 12)(2) = lin and (Vq)(p — Ie7)(q) = lin, the function 2 — g is
monotone-constant and T (z — %) extends p — lép.

~ For J(v) = Pointer, (Vz)(z — o%(v))(z) = v and (Yq)(p — oo (v))(q) = v,
therefore,  — o%(v) is monotone-constant and Ty (z — o&(v)) extends p —
oif (v).

— For J(v) = Bool, (Vz)(z — of(v))(z) =1 and (Vq)(p — Uép(v))(q) =1, there-
fore, z — o (v) is monotone-constant and T (z — o (v)) extends p — U(I)p (v).
~Forv=uv; (1 <i<m), (Vz)(z — o&(v;))(2) = z and (Vq)(p — oo (v:))(q) =
¢i, therefore, z — o (v) is monotone and T,,(z — o (v)) extends p — ol? (v)
—For J(v) = X* and v & {v1,...,vn}, (V2)(x — of(v))(z) =1 and (Vq)(p —
Uép(v))(q) =1, therefore z — o¥(v) is monotone and T, (x — o§(v)) extends

I
p= Uop(U)~

n—mn-++1:
Assume that Proposition 36(1) - 36(3) are valid for some n.

(A) monotone-constant/monotone: First, we prove that the functions are
monotone-constant or monotone, respectively, for n + 1. Let z,y € (X*)™ such
that  C y. We have to prove

Ly =10, if I, exists, (44)
Opi1(v) = 0Z+1(U) if J(v) #X* and o, ,,(v) exists, (45)
oy 1 (v) Eol i (v) if J(v)=X* and of,(v) exists. (46)

If I3, exists or o, ,(v) exists for some v, then the (n 4 1)st configuration
(& 1,08 ) exists. Therefore assume that the configuration (I7, ,,0% ;) exists.
Then the configuration (IZ, o) exists. We investigate the two cases “assignment”
and “branching” from Definition 11 separately.

(A1) Assignment:
Suppose, Stmt(I%) = (u := f(uy,...,ux),l) for some wu,uy,...,ux, f, 1.
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Then by (8),
Iy = [ and Opy1 00 (u) = f‘](afl oor(ur)y...,on 0or(ug)). (47)

First, we show that (I}, ,,0% ) exists.
By (47), 0 (u’) € Var exists for v’ = u,uq, ..., ug, hence by induction hypothesis

o¥(u') € Var exists and of(u') = o¥(u') for v =w,us,...,ur. (48)

Since by (47), 0% o o%(u') € X* exists for v’ = wy,...,uk, from (48) and by
induction hypothesis

o ool (u') exists and of ool (u') Colool(u') for v =wuy,...,ux. (49)
Since f7 is (monotone-constant or) monotone, by (47),

(0¥ 00¥(ur),...,0% oo¥(uy)) exists. (50)

Since by induction hypothesis (¥ = 12, Stmt(l¥) = (u = f(uy,...,ux),!).
Therefore by Definition 11(1), (¥, ,,0% ;) exists such that

ZZ_H =1 and UZ_H ool (u) = fJ(O'% ool (uy),...,ol oo¥(ug)). (51)

We verify (44 — 46).

From (47) and (51), (¥

Y1 =1=1%,,. Therefore, (44) is true.

Suppose, J(v) # X* and o}, (v) exists.

— Suppose, v # ¥ (u) (= 0% (u)).
By induction hypothesis, o¥(v) = 0% (v) and therefore by (9),

T (V) = 03 (v) = o7 (v) = 074, (V) -

— Suppose, v = ¥ (u) (= of(u)).
Since f/ maps to JooZ(u) = J(v) # X*, by Lemma 14(2), f” is monotone-
constant. From (47 — 51),

Ony1(v) = 0opyy 0oy (u)
= (o5 0oy (), 05 0 oy (ur))
= (o} 0o (u),... 0l 0 ol (u))
— o¥,, 00l (u)

= Urywrl(”) .
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Therefore, (45) is true.
Suppose, J(v) = X* and o}, (v) exists.

— Suppose, v # ¥ (u) (= oZ(u)).
By induction hypothesis, o (v) C o¥(v) and therefore by (9),

Oni1(0) =0y (v) Eof(v) = UZ+1(U)-

~ Suppose, v = 0% (u) (= 0% (u)).

Since f/ maps to Joo®(u) = J(v) = X*, by Lemma 14(2), f is monotone.
From (47 — 51),

Ufz+1(“) = Ufb+1 oo, (u)

= (o} 0 og(ur),- .., 05 0 o7 (u)
C /(o) 0o (ur),... 08 o ol (ur)
=0py1000(u)

= UZ+1(U)-

Therefore, (46) is true.
Thus we have proved (44-46) for assignments.

(A2) Branching:

Suppose, Stmt(l%) = (if u then I’,1”) for some u,l’,1".

By induction hypothesis, I¥ = ¥, therefore, Stmt(l¥) = (if u then {’,1”). Since
0% oo (u) exists, J(u) = Pointer and J o ¢ (u) = Bool. By induction hypoth-
esis, 0% (u) = o¥(u) and 0¥ o 0% (u) = 0¥ o 0% (u) = o¥ o 0¥ (u) We obtain

i Uif ofoo(u)=1 _ I'if o%oc¥(u)=1 _
0 I"if o¥oa¥(u)=0 e

LT 0% 0 0% (u)

Therefore (44) is true.

Suppose, o, | (v) exists. Since ¢}, = 0 and o} | = ¢}, by induction hypoth-
esis

pa(v)if I(v) & X,

N . =o¥(v)=0
0n+1(v) - Uﬂ(v){ =0 +1(’[}) lf I(U) S 2* .

E oi(v)

Se3w

Thus we have proved (44-46) (with n + 1 replaced for n) for branchings.

Therefore, the functions in Proposition 36 are monotone-constant or monotone,
respectively, for n+ 1. Next, we prove the extension properties in Proposition 36
for n + 1.
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(B) Extension:
Assume that the extension properties from Proposition 36 are true for n. By
Definition 2 it remains to show for arbitrary ¢ € (X2*)™ and v € Var:

If Z,IfH exists, then (3y C q)lY, | = Z,IfH . (52)
If I(v) € {Pointer, Bool} and Uiil(v) exists, then (53)

(3y C @) oy (v) = 034 (v).
If I(v)=X% and Jflil(v) exists, then

()@Y C ) (0% ey () Colty () and [o¥y () 25). OV

If I1%, or 0%, (v) exists, then the (n + 1)st configuration (IL%,,00% ) exists.
Therefore, assume that (lfﬂl, UffH) exists. Then (129, 01%) exists. We investigate

the two cases “assignment” and “branching” from Definition 11 separately.

(B1) Assignment:

Suppose, Stmt(I19) = (u := f(uy,...,ux),l) for some wu,uy,..., u, f, 1.
Then
l{ﬁu =/ and UrIL(-Ii-l ocli(u) = fl(ocl%0 gl (uy),. .., 0l 0 014 (uy)) . (55)

By induction hypothesis,
12 =119 for sufficiently long 2 C q. (56)

Since J(u) = I(u) = Pointer and ¢%9(u) exists, by induction hypothesis

vy := o4 (u) = o7 (u) for sufficiently long z C q. (57)
Fori =1,....k, ol?00ld(u;) exists by (55), w; := 0L4(u;) € Var and since

J(u;) = I(u;) = Pointer, by induction hypothesis,
02 (u;) = ol9(u;) for sufficiently long 2 C ¢. (58)
Since I(w;) = X*, by induction hypothesis
z + o (w;) is monotone and T, (z +— o (w;)) extends p s olP(w;) (59)

fori=1,... k.
Suppose, I(v,) € {Pointer, Bool}.

Then f7 : C(X*)¥ — X* is monotone-constant such that T, (f”) extends f! : C
(X%)* — X* by assumption on I and J. By (59) and Lemma 5,

T*(x|—>f‘](afb(wl),...,aﬁ(wk)) extends p»—>fl(aflp(wl),...,aip(wk)).(GO)
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Hence, for sufficiently long z C ¢,

f o (wn), . oh(wy) = [ (o3 (w), . o8 (wy)) (61)
and therefore by (56-58) for sufficiently long z C ¢,

1Z =11 oZ(u) = ol?(u) and f7(0Z 0 0Z(uy),...,0% 00Z(ug)) exists.(62)

Therefore, for sufficiently long z C ¢, Stmt(Z) = (u := f(u1,...,ur),l) and

(711,07 ,1) exists.
In particular I, =1 = n+1 for sufficiently long z C ¢, if anr1 exists.
Therefore, Property (52) is true for I(v,) € {Pointer, Bool}.

We verify (53) and (54) for I(v,) € {Pointer, Bool}.

Assume that Jflﬂ(v) exists.

(al) Suppose, I(v) # X, v # v,.
Then Uflil(v) = ol%(v) and UnH(U) oZ(v) for sufficiently long z C gq.
By induction hypothe51s oz (v) = oli(v ) for sufficiently long z C q. There-
fore, o7 1 (v) = 0n+1( v) for sufﬁ(nently long z C g.

(a2) Suppose, I(v) # X, v = v,.
Then by (61, 62) for sufficiently long z C ¢,

Ufz+1(vu) = Ufz+1 oo, (u)

= f/ (0% 0 0?(u1),...,0% 0 o?(uy))

= fl(ont o opi(w),..., 057 0 07 (ur))
= o3t ooki(u)

ZUffil(vu)-

Therefore, o7, | (vy) = Jflil(vu) for sufficiently long z C g.

(a3) Suppose, I(v) = X¢.
Since by assumption I(v,) € {Pointer, Bool}, v # v, and therefore as in
(al), o n+1(v) old(v) and o7 ; (v) = oZ(v) for sufficiently long z C g.
Consider j € N. By induction hypothesis o7 (v) C Ulq(v) and |oZ(v)| > j
for sufficiently long z C ¢. Therefore, o7, (v) C Un+1( v) and |0} 4 (v)] > j
for sufficiently long z C g.

Therefore, Properties (53) and (54) are true for I(v,) € {Pointer, Bool}.

W

Suppose I(v,) = X¢.

Then f7 : C(X*)* — ¥* is monotone such that T,,(f”) extends
fl:C(X«)* — 2« by assumption on I and J. By Lemma 5 and (59),

To(z — f7(0%(w1),...,0%(wg))) extends p— fL(olP(wr),..., ol (wy)).(63)
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Therefore by (56-58), for sufficiently long z C g,
12 =11 ¢Z(u) = ol?(u) and f7(07 00 (u),...,07 o oZ(ug)) exists.(64)

And for sufficiently long z T ¢, Stmt(lZ) = (u = f(uy,...,ux),l) and
(ln_H, 0Z,,) exists. In particular Iz, = [ = ln+1 for sufficiently long z C g,
if ln‘il exists. Therefore, Property (52) is true for I(v,) = X“.

We verify (53) and (54) for I(v,) = X“. Assume that Uflz_l(v) exists.

(b1) Suppose, I(v) # X%, v # v,.
The arguments are the same as in (al) above.

(b2) Suppose, I(v) = ¢, v = v,.
Consider j € N. Then by (63, 64) for sufficiently long z C q, 07, (va)| > J
and

Tp41(Vu) = 0pgq 0 07 (u)

= f (0% o0 (ur),...,0% 0oz (uy))

= P (ot o 0t (un). . 017 0 014 ()
= U{L(_Ii_l o old(u)

= Urlz?kl(vu)~

Therefore, 07,1 (vy) C an+1(vu) and |07 (vy)| > j for sufficiently long
zLCgq.

(b3) Suppose, I(v) = X% v # v,.
The arguments are the same as in (a3) above.

Therefore, Properties (53) and (54) are true for I(v,) = X*.

(B2) Branching:
Suppose, Stmt(I29) = (if u then I’,1") for some u,1’,1".
Then o9 0 014 (u) exists,

1t

I'if oltooli(u) =1
n+1

I"if oltocold(u) =0

and an = ol Smce u € Var and ¢l9(u) € Var, by induction hypothesis
12 =11 07 (u ) Ta(y) and oz (u)ool4(u) = 0l70029(u) and therefore, o7 (u)o
oi(u) = olloo ( ) for sufficiently long z T ¢. Consequently for sufficiently
long z E q, (I7,1,07,) exists and
I'if oltooli(u)=1
Iq n n
ln+1 {l,/ lf O_rflq ° O_rflq(u) =0 (65)
_ l:/%f ofooi(u)=1 (66)
I"if oZoc?(u)=0

= lnt1- (67)
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Therefore, (52) is true. Since le;il = ol and 07, = o} for sufficiently long

z C g, Properties (53) and (54) can be proved as in (al) and (a3) above.
Thus the proof of Proposition 36 is finished. O (Proposition 36)

We prove Lemma 14 for the case fL : C(X%)F — Xv.

For the case fL: C(X“)* - Y, Y € {Pointer, Bool}, the proof is similar.
First, we show that f{ in monotone. Assume that fi(y) exists and suppose
y C z. By Definition 11 there is some n such that (1%,0%(vo)) = (Ltin, f2(y))-

By 36(1), 1% =1, and by 36(3), 0¥ (vo) C 0Z(vg) since J(vg) = X*. Therefore,
(12,02 (v0)) = (Ifin, 02 (v0)) and so f{(z) = 02 (vy). We obtain f{(y) C fi(2).

Next, we show that T,(f7) extends fi. Suppose fL(q) exists, let 5 € N.
There is some n such that (117,019 (vg)) = (Ifin, f£(q)). By 36(1) Iz = 129 for
sufficiently long z C ¢. Since I(vg) = X, by 36(3), 0Z(vo) C ol(vg) and
|oZ(vo)| > j for sufficiently long z T q. Therefore, for sufficiently long z C ¢,
(12,0%) = (Iyin, 0%), hence F1(z) = 73 (v0) C 09(vo) = FH(q) and [F(2)] > .
Hence, T,,(f;) extends fL.

B Proof of Theorem 23

For v, : 7, = 7, let U, and X, be the sets underlying the types 7, and 7,
respectively. Hence we can write v, : U, = X,,. Let v1, ..., vy, the input registers
and let vy the output register of the flowchart scheme F (Definition 9). For
W€Uy, X...xU,, ,weU, and Z € X, X ...x X, by (17) we must show:

if Z€ (Yo, X ... X Y0, )(@) Ndom(fL) (68)
then f#(a) # 0 and Vw € fH(@). fE(2) N, (w) # 0. (69)
By (39) for each variable v, I(v) = J(v) = Pointer, if v, = v"*" and I(v) =
J(v) = Bool, if v, = 4%l Let us say that the state o of (F,J) realizes the
state o’ of (F,I), if
(Vo € Var) o'(v) € v, 00(v) if o'(v) exists. (70)
In Figure 6, o realizes ¢’. If o realizes ¢’ then
o(v) =o' (v) if v, € {7y"",7"°'} and o' (v) exists. (71)
The following proposition generalizes (17) in Definition 17.
Proposition 37. Let (I,0) be a configuration of the flowchart (F, J and let (I,0")
be a configuration of the flowchart (F;I) such that o realizes o’ and (I,0’) has
a F- -successor.

Then (I,0) has a L= -successor and for all (I,5) such that (I,0) = (I,5)
there is some &' such that (I,0") = (1,5) and & realizes &'
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Proof: (Proposition 37) Since (I,0”) has a - -successor, Stmt(l), which is ei-

ther an assignment or a branching, can be applied to the configuration o’.
Assignment: Suppose Stmt () = (u := f(u1,...,us),[) for some f and

U, Uy, ..,ur € Var. Then by (8), fI(¢' o0o’(uy),...,0" oc’(uy)) # 0. Since o

realizes ¢’ by (71) there are variables t,t1,, ..., tx such that
t=0o'(u) =ou), t1 =0 (u1) = o(uy), ..., tx = o' (ux) = o(uy).

By By Assumption (40) and Condition 2 from Theorem 23, generalized multi-
representations 7, , - - -, 7t,., v« € GR are uniquely determined by the type of f!
such that f7 is a (74, X ... X 41, 7¢)-realization of fI. Therefore, if

(Ul(tl)v ceey Ul(tk)) € (’ytl X ..o X ’ytk)(g(tl)v R U(tk)) and (72)
(' (t1), ., 0" (t4)) € dom(fT) (73)

then f(o(tr),...,o(tr) #0 and (74)
(Vw € f(o(tr),..., a(te)) fH(o'(t1),. .0 (tk)) Nyl(w) 0 (75)

(72) is true since o realizes o', (73) is true since (I,0’) has a successor.
Therefore, (74, 75) are true. Since f/(o(t1),..., o(tx)) = f/ (0 0o o(u1),..., 00
o(ux)), by (74) (I,0) has a L -successor.

Let (I,5) be a L -successor of (I,0). By the form of the statement of [,
[ = I. The configuration & differs from o (at most) for the variable t = o(u) =
o'(u) and any next configuration of ¢’ differs from ¢’ (at most) for the variable
t = o(u) = o’ (u). So by (70) for the new value (t) € f'(ocoo(u1),..., coo(uy))
it suffices to find some new value G’(¢) such that 3'(t) € v o a(t) and &'(t) €
Lo’ (t1),..., 0'(tk)). The existence of such a value is guaranteed by (75).

Branching: Suppose Stmt(l) = (if u then I/,1”). Since a - -successor
exists, ¢t := o’(u) € Var exists and o/ (¢) € Bool exists by Definition 11(2). From
(71), o(u) = o'(u) and o(t) = o’(t). Therefore, the unique successor of (I,0) is
(I’,0) or (I”,0) if the unique successor of (I,0") is (I, 0’) or (I”,0’), respectively.

O(Proposition 37)

Assume (68), i.e., Z € (Y, X ... X Yy, ) (@) N dom(fL). We must prove (69).
Let (lp,00) and (lg,0() be the initial configurations of F' with interpretation
J and input % and of F with interpretation I and input Zz, respectively. Then
oo realizes of. The values fL(u) and f{(z) are defined by means of acceptable
computations, see Definition 11.

Proposition 38. There is an acceptable u-computation for (F,J).

Proof: (Proposition 38) Define inductively sequences (lg, 09), (I1,01), ... and
(lo,)), (l1,04),... such that (I;,0:) F- (liy1,0i41), (livo}) F- (lig1,0%,1) and
oiy1 realizes o, as follows:
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Suppose, l; # lyin (the final label). Since Z € dom(fL) and I; # lyin, the
z-computation (lg, 0y), ..., (I;, ;) cannot be maximal by (16) and hence (I;, o})
has a = -successor. By Proposition 37, (I;,0;) has a . _successor (li1,0i41)
and there is some - -successor (lix1,07,1) of (I;,07) such that o;1; realizes
Tit1-

If I; = lfin (the final label) then (l;,0;) and (l;,0]) are the last elements of
the sequences.

Let (I, 03), (I1,0%), . . . be the maximal computation constructed in this way.
Since it is a z-computation and z € dom(fL), by (16) it must be acceptable
and therefore has a last element (lt;,,07,) with defined result o/,(vo) € fL(2).

Therefore, (ly,00), ({1,01), ... has a last element (I, 0, ). Since o, realizes o7,,
by (70) o/, (vo) € Yu, © on(vo). Therefore, o}, (vy) exists and hence we have an
acceptable @-computation for (F,J). O(Proposition 38)
Proposition 39. For every u-computation (lo,00),..., (In,0n) in (F,J) there
is a Z-computation (lo,0(),- .., (In,o)) in (F,I) such that o; realizes o} for i =
1,...,n.

Proof: (Proposition 39) This is true for n = 0. Let (lg,00), ..., (In,0on),

(ln+1,0n+1) be a t-computation. By induction hypothesis there is a z-computa-
tion (lg, ay),- -, (In,o},) such that o; realizes o} for ¢ = 1,..., n. Since (I, oy,)
has a L -successor, 1, is not the final label lf;,. Since z € dom(fL), every
maximal zZ-computation is acceptable, hence (I,,0],) has a . _successor. By
Proposition 37, (I, 0,) has a - -successor (L1, 0,,41) such that o, realizes
Ony1 O(Proposition 39)

Proposition40. Every mazimal G-computation in (F, J) is acceptable.

Proof: (Proposition 40) Let S := (lo,00),..., (In,0n) be a maximal u-com-
putation. Let S" := (lp,0(), ..., (In,0L) be some Z-computation according to
Proposition 39. Suppose, I, # lfi,. Since every maximal Z-computation is ac-
ceptable, this computation cannot be maximal and must have an . _successor.
By Proposition 37 (I,,, 0, ) must have a = -successor (contradiction). Therefore,
1,0lfin. Then S is a maximal z-computation, o}, (vy) exists. Since by Proposi-
tion 39, oy, realizes o/, 0y, (vg) exists. Therefore, the computation S is acceptable.
O(Proposition 40)

Since there is an acceptable @-computation and every maximal @#-computation
is acceptable, by (16) fi(4) # 0, which is the first part of (69). It remains to
show Yw € fi (). fL(Z) Ny, (w) # 0, the second part of (69).
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Suppose, w € f{ (). Then there is an acceptable @i-computation
S = (lo,00)s--., (In,on) such that w = o,(vg). By Proposition 39 there is
a z-computation S’ := (lg,0(),..., (In,0},) such that o, realizes o/,. Since S
is acceptable, I, = ly;,. Then S’ is a maximal Z-computation which must be
acceptable by (16), hence o/,(v) € fL(Z). Since o, realizes o/, o/, (vo) € Yu, ©
oy (vg). We obtain o, (vo) € fL(Z) Ny, (w), hence fL(2) N7y, (w) # 0. Therefore,
(69) has been proved.



