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[  6 7  ]

T H E  C O M P U T A T I O N  O F  F E R M I - D I R A C  F U N C T I O N S

B y  J .  M o D O U G A L L  a n d  E D M U N D  C .  S T O N E R

Physics Department, University o f  Leeds

{Communicatedby Professor R. Whiddington, F.R.S. Received 25  Mar

1 — I n t r o d u c t i o n

T h e  q u a n t i t a t i v e  a p p l i c a t i o n  o f  F e r m i - D i r a c  s t a t i s t i c s  i n v o lv e s  t h e  e v a l u a t i o n  o f  

c e r t a i n  i n t e g r a l s  w h i c h  h a v e  n o t  p r e v i o u s l y  b e e n  t a b u l a t e d .  I n  t h i s  p a p e r ,  t a b l e s  a r e  

g i v e n  o f  t h e  v a l u e s  o f  t h e  b a s i c  i n t e g r a l s  m o s t  f r e q u e n t l y  r e q u i r e d ,  w i t h  a  v ie w  t o  p l a c i n g  

F e r m i - D i r a c  s ta t i s t i c s  o n  a s  f i r m  a  n u m e r i c a l  b a s i s  a s  is  M a x w e l l - B o l t z m a n n  s t a t i s t i c s .

T h e  e x p r e s s io n  f o r  t h e  e n e r g y  d i s t r i b u t i o n  o f  p a r t i c l e s  s u b j e c t  t o  F e r m i - D i r a c  s t a t i s 

t ic s  m a y  b e  w r i t t e n  i n  t h e  f o r m

d N  H e)

de e<*+Pe - ) -1 ’

w h e r e  v(e) is  t h e  n u m b e r  o f  s t a t e s  p e r  u n i t  e n e r g y  r a n g e ,  a n d  d N  is  t h e  n u m b e r  o f  

p a r t i c l e s  i n  t h e  e n e r g y  r a n g e  e t o  e-\-de. I n  t h e  s t a t i s t i c a l  t r e a t m e n t ,  t h e  p a r a m e t e r s  ot 

a n d  fi, w h i c h  a r e  u s u a l l y  i n t r o d u c e d  a s  u n d e t e r m i n e d  m u l t i p l i e r s  i n  a  v a r i a t i o n a l  

e q u a t i o n ,  a r e  t o  b e  d e t e r m i n e d  f r o m  t w o  e q u a t i o n s  e x p r e s s in g  c o n d i t i o n s  i m p o s e d  b y  

t h e  t o t a l  n u m b e r  o f  p a r t i c l e s ,  a n d  t h e  t o t a l  e n e r g y  o f  t h e  s y s t e m .  B y  l i n k i n g  u p  t h e  

s t a t i s t i c a l  a n d  t h e r m o d y n a m i c a l  t r e a t m e n t s ,  i n t e r p r e t a t i o n  c a n  b e  g i v e n  t o  a  a n d  

th i s  is  e x p r e s s e d  b y
P * * :l  I k T ,  a =  - C l k T ,  (1*2)

w h e r e  £ is  t h e  G ib b s  f r e e  e n e r g y ,  o r  t h e  c h e m i c a l  p o t e n t i a l  p e r  p a r t i c l e .  I t  is  c o n v e n i e n t

t o  w r i t e  , .
rj =  -<x, (1*3)

w h e n  t h e  d i s t r i b u t i o n  f o r m u l a  ( I T )  b e c o m e s

d N  i f f )/1>4n

de e ^ - v + l ’ v

T h e  a d v a n t a g e s  o f  t h e  c h a n g e  o f  s ig n ,  e x p r e s s e d  b y  (1 * 3 ), w e r e  p o i n t e d  o u t  w h e n  th i s  

s y m b o l i s m  w a s  i n t r o d u c e d  (S t o n e r  1 9 3 5 ) ; a  d i s t i n c t i v e  s y m b o l  is  c o n v e n i e n t ,  a n d  rj 

s e e m s  s u i t a b l e  f o r  t h e  r e p r e s e n t a t i o n  o f  a  “ r e d u c e d ”  e n e r g y  i n  t h e  s e n s e  o f  (1 * 2 ). I n  

th i s  p a p e r  w e  a r e  c o n c e r n e d  le ss  w i t h  t h e  i m m e d i a t e  p h y s i c a l  s ig n i f i c a n c e  o f? /, h o w e v e r ,  

t h a n  w i t h  i t s  u s e  a s  a  c o n v e n i e n t  p a r a m e t e r  s p e c i f y in g  a  p a r t i c u l a r  d i s t r i b u t i o n .

A n  e n e r g y  d i s t r i b u t i o n  o f  s t a t e s  o f  p a r t i c u l a r  i m p o r t a n c e  is  t h a t  i n  w h i c h

v{e ) =  Cê y 

Y o u . C C X X X V I I .— A  773 (P ric e  5 j .) 9 [P u b lish e d  7 F e b r u a r y  1938
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6 8

w h e r e  C  is a  c o n s ta n t ,  a n d  th e  z e ro  fo r  e is ta k e n  a s  t h a t  fo r  t h e  lo w e s t  e n e r g y  s ta t e  fo r  

a  p a r t i c le .  T h is  is th e  c h a r a c te r i s t i c  d i s t r i b u t io n  w h e n  th e  e n e r g y  is p u r e ly  k in e t ic ,  

a n d  in  p a r t i c u l a r  i t  m a y  b e  ta k e n  as  a p p ly in g ,  o r d in a r i l y  w i th  n e g l ig ib le  e r r o r ,  to  f r e e  

e le c tro n s .  T h e  s tu d y  o f  th e  d i s t r i b u t io n  s p e c if ie d  b y  (1 -5 ) , h o w e v e r ,  h a s  a  m u c h  w id e r  

r a n g e  o f  u s e fu l  a p p l ic a t io n ,  fo r  th is  d i s t r i b u t io n  o f te n  h o ld s  v e r y  c lo se ly  fo r  e le c t r o n s  

in  p a r t i a l l y  f il le d  e n e r g y  b a n d s  in  m e ta ls .  W h e n  (1 -5 ) h o ld s ,  a n  im p l ic i t  e q u a t i o n  fo r  

rj is
p  C dde  ( i . 6)

J .  M c D O U G A L L  A N D  E. C. S T O N E R  O N

I n  th e  s ta te  o f  lo w e s t e n e r g y  o f  t h e  s y s te m , a p p r o a c h e d  m o r e  c lo se ly  th e  lo w e r  th e  

t e m p e r a t u r e ,  th e  lo w e s t e n e r g y  s ta te s  fo r  t h e  p a r t i c le s  a r e  c o m p le te ly  o c c u p ie d .  I t  

fo llo w s  f ro m  (1 -5 ) t h a t  t h e  m a x im u m  p a r t i c l e  e n e r g y  e0 is t h e n  g iv e n  b y

N = § C e l ,  (1 -7 )

a n d  (1-6) m a y  th e re f o r e  b e  w r i t t e n

3 JV” f°° e%de 

=  2 ' 4  Jo  ePW -i +  l  ’
( 1 *8 )

w h ile  (1-4) b e c o m e s
d N _  3 N  e* 

de 2  ’ * eelkT~'ri + 1  ’
(1 -9 )

T h e  m a x im u m  p a r t i c l e  e n e r g y ,  e0, is e x p re s s ib le ,  fo r  f r e e  e le c t r o n s ,  i n  t e r m s  o f  h, m 

a n d  th e  c o n c e n t r a t io n .  I t  m a y  n o t  b e  p o s s ib le  to  c a l c u la te  e0 th e o r e t i c a l ly  fo r  m o r e  

c o m p l ic a te d  sy s te m s , b u t  g e n e r a l ly ,  w h e n  (1*5) h o ld s ,  i t  is c o n v e n i e n t  to  u s e  e0 r a t h e r  

t h a n  C  to  s p e c ify  th e  s y s te m  o w in g  to  its  m o r e  i m m e d i a t e  p h y s ic a l  s ig n if ic a n c e .  T h e  

fo rm  o f  th e  i n t e g r a l  in  (1*8) is s im p l if ie d  b y  w r i t i n g

x =  e/kT,( M O )

w h e n  th e  e q u a t io n  b e c o m e s
,co x*dx

0 **_’ + r
( M l )

T h e  e v a lu a t io n  o f  th e  in t e g r a l  in  ( 1 T 1 )  fo r  a  p a r t i c u l a r  v a l u e  o f  rj e n a b le s  t h e  c o r r e 

s p o n d in g  v a lu e  o f  (k T /e0) to  b e  d e t e r m i n e d ;  f r o m  a  se r ie s  o f  s u c h  e v a lu a t io n s ,  

v a lu e  o f  rj c o r r e s p o n d in g  to  a  p a r t i c u l a r  v a l u e  o f  (k T fe 0) w i th i n  th e  r a n g e  c o n s id e r e d  

m a y  b e  fo u n d  b y  in v e r s e  i n t e r p o la t io n .  I f  e0, a  c o n s t a n t  o f  t h e  s y s te m , is k n o w n ,  

th e  e n e r g y  d i s t r i b u t io n  o f  t h e  p a r t i c le s  a t  t h e  p a r t i c u l a r  t e m p e r a t u r e  is t h e n  c o m p le te ly  

s p e c if ie d  b y  (1*9). A l th o u g h  th e  p re c is e  d e t e r m i n a t i o n  o f  t h e  e n e r g y  d i s t r i b u t i o n  is 

n o t ,  in  itse lf , o f  p a r t i c u l a r  im p o r t a n c e ,  i t  i l lu s t r a te s  t h e  a p p l i c a t io n  o f  t h e  in t e g r a l s  

v e r y  d i r e c t ly ,  a n d  i t  is p e r h a p s  d e s i r a b le  to  i n d i c a t e  t h e  r e l a t i o n  b e tw e e n  th e  F e r m i -  

D i r a c  c a l c u la t io n  a n d  th e  c o r r e s p o n d in g  c a l c u la t io n  u s in g  M a x w e l l - B o l tz m a n n  

s ta t is t ic s .
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69T H E  C O M P U T A T I O N  O F  F E R M I - D I R A C  F U N C T I O N S

M a x w e l l - B o l t z m a n n  s t a t i s t i c s  a p p e a r s  a s  a  l i m i t  o f  F e r m i - D i r a c  s t a t i s t i c s ,*  a s  a p p l i e d  

to  t h e  s t a n d a r d  d i s t r i b u t i o n  o f  s t a t e s  s p e c i f i e d  b y  (1 * 5 ) , f o r  c o r r e s p o n d i n g  t o

e0/k T < ^  1 . T h e  e x p r e s s io n  (1 *11) t h e n  b e c o m e s

lkT\% x^dx

N=iNk ) \ 0- ^ ’

=  f  | | l 2 )

g i v i n g ef
3 j A k T ,

eo (1 -1 3 )

B y  s u b s t i t u t i o n ,  t h e  u s u a l  M a x w e l l i a n  d i s t r i b u t i o n  e x p r e s s io n  is  o b t a i n e d .

^ - =  27rN(irkT)~% e%e~e/kT.(1 * 1 4 ) 
de

I n  M a x w e l l - B o l t z m a n n  s t a t i s t i c s ,  t h e  i n t e g r a l  i n  (1 -1 2 )  is  a  g a m m a  f u n c t i o n ,  a n d  a  

s in g le  i n t e g r a t i o n  g iv e s  a n  e x p l i c i t  e x p r e s s io n  f o r  t h e  p a r a m e t e r  tj i n  t h e  d i s t r i b u t i o n  

f u n c t i o n  i n  a  f o r m  ( M 3 )  w h i c h  is  a p p l i c a b l e  o v e r  t h e  w h o l e  t e m p e r a t u r e  r a n g e .  I n  

c o n t r a s t ,  i n  F e r m i - D i r a c  s t a t i s t i c s ,  a n  e x t e n s i v e  s e r ie s  o f  i n t e g r a t i o n s  is  r e q u i r e d  t o  

c o v e r  a d e q u a t e l y  t h e  r a n g e  f r o m  t j p I  t o  - j ^ l ,  c o r r e s p o n d i n g  to  t h e  r a n g e  f r o m  

(A :7 > 0) - > 0 t o  ( k T Ie 0)-+ co .

T h e  q u a n t i t a t i v e  a p p l i c a t i o n  o f  F e r m i - D i r a c  s t a t i s t i c s  t o  s y s te m s  o f  p a r t i c l e s  w i t h  t h e  

“ s t a n d a r d ”  e n e r g y  d i s t r i b u t i o n  o f  s t a t e s  (1*5) in v o l v e s  t h e  e v a l u a t i o n  o f  i n t e g r a l s  

w h i c h  h a v e  t h e  f o r m

m y  =

‘°° x kdx
( M 5 )

e s p e c i a l l y  f o r  t h e  v a l u e s  k  —  § .

a b o v e ,  l e a d s  to  t h e  i n t e g r a l

n w  =

I n  p a r t i c u l a r ,  t h e  d i s t r i b u t i o n  f u n c t i o n ,

*°° x^dx

o * * - * + !
m F.

a s  s h o w n

(1 -1 6 )

T h e  r a n g e  o f  a p p l i c a t i o n  o f  t h e  f u n c t i o n s  ( 1 T 5 )  m a y  b e  i l l u s t r a t e d  b y  r e f e r e n c e  t o  

t h e  t h e r m a l  a n d  m a g n e t i c  p r o p e r t i e s  o f  c o l l e c t iv e  e l e c t r o n s  i n  t h e  t h e o r y  o f  m e t a l s .  

W h e n  (1 -5 )  is  s a t i s f i e d ,  t h e  e n e r g y  o f  t h e  e l e c t r o n s  m a y  b e  e x p r e s s e d  b y

N k  T  IF̂(rj)}( N o r d h e i m  1 9 3 4

a n d  t h e  e l e c t r o n i c  s p e c if ic  h e a t  m a y  r e a d i l y  b e  c a l c u l a t e d  f o r  t h e  w h o le  r a n g e  o f

* T o  a v o id  i r r e le v a n t  c o m p lic a t io n s ,  th e  s y m b o l e0 h a s  b e e n  r e ta in e d  in  ( M 2 )  a n d  ( I T 3 ) ,  b u t  i t  

s h o u ld  s t r ic t ly  b e  r e g a r d e d  as h a v in g  m e re ly  th e  fo rm a l  s ig n if ic a n c e  in d ic a te d  b y  th e  e q u a t io n  (1 -7 ) ;  

i ts  i n t e r p r e t a t io n  as th e  m a x im u m  p a r t ic le  e n e rg y  a t  a b s o lu te  z e ro  is a p p l ic a b le  in  M a x w e l l- B o l tz m a n n  

s ta t is tic s  o n ly  w h e n  th is  is t r e a te d  e x p lic i t ly  as  a  l im i t  o f  F e r m i- D ir a c  s ta t is tic s .

9-2
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70

t e m p e r a t u r e  o n c e  th e  f u n c t io n s  h a v e  b e e n  e v a lu a te d .  T h e  m a g n e t i c  m o m e n t  d u e  to  

e le c t r o n  s p in  is g iv e n  b y

M  =  N (ju2H /k T )(F ' /F ) (S t o n e r  1 9 35 ),

in v o lv in g  th e  d e r iv a t iv e  o f  F,if  th e  f ir s t  p o w e r  o n ly  in  c o n s id e r e d ;  t h e  in c lu s

o f  n o n - l in e a r  te rm s  in  H  i n t r o d u c e s  te r m s  in  t h e  h ig h e r  o r d e r  d e r iv a t iv e s  F  , F  . 

G e n e r a l ly ,  t h e  v a lu e s  o f  th e  f u n c t io n s  ( M 5 )  a r e  r e q u i r e d  i f  n u m e r i c a l  r e s u l t s  a r e  to  

b e  o b ta in e d  f ro m  a  th e o r e t i c a l  in v e s t ig a t io n  o f  t h e  t e m p e r a t u r e  v a r i a t i o n  o f  a n y  

c o l le c t iv e  e le c t r o n  p r o p e r ty .  A n o th e r  f ie ld  o f  a p p l i c a t io n  is i n  a s t r o p h y s ic s ,  p a r t i 

c u l a r ly  in  c o n n e x io n  w i th  s ta r s  o f  th e  w h i te  d w a r f  t y p e ;  fo r  t h e  i n t e r i o r  o f  th e s e  s ta r s  

c o n s is ts  e f fe c t iv e ly  o f  a  f re e  e l e c t r o n  g a s  a t  v e r y  h ig h  p re s s u re .

T h e  p r im a r y  p u r p o s e  o f  th is  p a p e r  is t h e  e v a l u a t i o n  o f  t h e  f u n c t i o n  F  

a  w id e  r a n g e  o f  v a lu e s  o f  th e  a r g u m e n t .  F r o m  th e  t a b l e  o f  F%[rf) v a lu e s ,  t h e  F^{rj) 

t a b le  is o b ta in e d  b y  in t e g r a t i o n ,  a s  e x p la in e d  in  § 6 , w h i le  e v a l u a t i o n  o f  t h e  d e r iv a t iv e s  

F \  F " e tc . in v o lv e s  n u m e r i c a l  d i f f e r e n t ia t io n .  F o r  n e g a t iv e  v a lu e s  o f  rj ( c o r r e s p o n d in g  

r o u g h ly  to k T je 0> \ )  a  r a p id l y  c o n v e r g e n t  se r ie s  fo r  F (r/) m a y  b e  o b t a i n e d  p r o v id e d

t h a t  | rj| is n o t  to o  s m a l l .  F u r t h e r ,  fo r  la r g e  p o s i t iv e  v a lu e s  o f  rj ( i .e .  77| |  1, c o r r e s p o n d in g  

to  k T / e Q ^ l ) ,  t h e  i n t e g r a l  m a y  b e  r e p r e s e n t e d  b y  a n  a s y m p to t ic  se r ie s . F o r  i n t e r 

m e d ia te  v a lu e s  o f  7/, h o w e v e r ,  n o  g e n e r a l ly  a p p l i c a b l e  se r ie s  r e p r e s e n t a t i o n  h a s  b e e n  

o b ta in e d .  I n  t r e a tm e n t s  o f  c o l le c t iv e  e l e c t r o n  s u s c e p t ib i l i ty  (S t o n e r  1935, 1936 a) 

a n d  sp e c if ic  h e a t  (S t o n e r  1 9 3 6 ^ ) , u s e  w a s  m a d e  o f  t h e  Fk(rj) s e r ie s , o r  s e r ie s  d e r iv e d  

f ro m  th e m ,  fo r  h ig h  a n d  lo w  t e m p e r a t u r e s ,  a n d  a p p r o x i m a t e  r e s u l t s  fo r  t h e  i n t e r 

m e d ia te  t e m p e r a t u r e  r a n g e  w e re  o b ta in e d  b y  g r a p h i c a l  i n t e r p o la t io n .  A l t h o u g h  fo r  

th e  p u r p o s e  in  v ie w  th e  r o u g h  v a lu e s  so  o b ta in e d  w e r e  p e r h a p s  a d e q u a t e ,  t h e  p r o 

c e d u r e  w a s  n o t  v e r y  s a t i s f a c to ry ,  th e  r a n g e  o v e r  w h ic h  i n t e r p o l a t i o n  w a s  n e c e s s a r y  

b e in g  c o n s id e r a b le ,  a n d  th e  d e g r e e  o f  p r e c i s io n  o f  t h e  i n t e r p o l a t e d  v a lu e s  s o m e w h a t  

u n c e r t a in .  I n  a n y  in v e s t ig a t io n  in  w h ic h  s o m e th in g  b e t t e r  t h a n  r o u g h  v a lu e s  fo r  t h e  

i n t e r m e d i a t e  r e g io n  a r e  r e q u i r e d ,  p a r t i c u l a r l y  i f  d i f f e r e n c e s  o f  F {rj) a r e  in v o lv e d ,  t h e  

g r a p h ic a l  i n t e r p o la t io n  m e th o d  is q u i t e  i n a d e q u a t e .  I t  w a s  th is  c o n s id e r a t io n  w h ic h  

le d  u s  to  e v a l u a te  a  n u m b e r  o f  in t e g r a l s  fo r  t h e  in t e r m e d i a t e  r e g io n  b y  n u m e r i c a l  

q u a d r a t u r e .  I t  is c le a r ly  u n n e c e s s a r y ,  so  f a r  a s  p h y s ic a l  a p p l ic a t io n s  a r e  c o n c e r n e d ,  

to  d r a w  u p  a n  e l a b o r a te  t a b l e  o f  v a lu e s  o f  a  f u n c t io n  i f  th e s e  v a lu e s  a r e  g iv e n  w i t h  c lo se  

a p p r o x im a t i o n  b y  a  s im p le  a n a l y t i c a l  e x p re s s io n . W e  f o u n d ,  h o w e v e r ,  t h a t  o n ly  fo r  

la r g e  v a lu e s  o f  7 /(7/^  16) c o u ld  th e  a s y m p to t ic  s e r ie s  g iv e  v a lu e s  c o m p a r a b l e  i n  p r e 

c is io n  w i th  th o s e  w e  h a d  o b ta in e d  b y  n u m e r i c a l  i n t e g r a t i o n .  T h e r e  is n o  c o r r e s p o n d in g  

l im i t a t i o n  to  th e  p r e c is io n  o b t a i n a b l e  f r o m  th e  se r ie s  fo r  77 <  0 ;  b u t  h e r e ,  fo r  t h e  s m a l le r  

v a lu e s  o f  17/1 i t  is n e c e s s a ry  to  u s e  a  v e r y  l a r g e  n u m b e r  o f  te r m s  in  t h e  s e r ie s , so  t h a t  

th e  i n c id e n ta l  c a l c u la t io n  o f  v a lu e s  w h ic h  m a y  b e  r e q u i r e d  is r a t h e r  t r o u b le s o m e .

F o r  th e s e  r e a s o n s ,  a n d  in  v ie w  o f  t h e  b a s ic  im p o r t a n c e  o f  th e s e  in t e g r a l s  fo r  p h y s ic a l  

a p p l ic a t io n s ,  a  s y s te m a t ic  e v a l u a t i o n  o f  F (rj) h a s  b e e n  m a d e  fo r  — 4 - 0 < 7 7 <  + 2 0 0 ,  

so  c o v e r in g  th e  r a n g e  o r d in a r i l y  r e q u i r e d  in  a p p l ic a t io n s .  V a lu e s  ly in g  o u t s id e  th i s

j .  M c D O U G A L L  A N D  E. G. S T O N E R  O N
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r a n g e  c a n  b e  o b t a i n e d  w i t h  a  p r e c i s i o n  c o m p a r a b l e  w i t h  t h a t  i n  t h e  t a b l e s  b y  u s i n g  

o n l y  tw o  o r  t h r e e  t e r m s  o f  t h e  a p p r o p r i a t e  s e r ie s .  T h e  c o m p u t a t i o n  o f  F(rj) v a l u e s  

h a s  b e e n  m a d e  b y  m e a n s  o f  s e r ie s  a t  t h e  o u t e r  p a r t s  o f  t h e  r a n g e  c o v e r e d ,  a n d  b y  

n u m e r i c a l  i n t e g r a t i o n  f o r  i n t e r m e d i a t e  v a l u e s  o f  tj. T h e  u s e  o f  t h e  s e r ie s  in v o l v e s  t h e  

e v a l u a t i o n  o f  a  n u m b e r  o f  c o e f f i c ie n t s  w h i c h  m a y  h a v e  o t h e r  a p p l i c a t i o n s , a n d  f o r  t h e  

a s y m p t o t i c  s e r ie s ,  a  n u m e r i c a l  i n v e s t i g a t i o n  o f  t h e  d e g r e e  o f  p r e c i s i o n  a t t a i n a b l e  h a s  

b e e n  m a d e .  I n  c o n n e x i o n  w i t h  t h e  n u m e r i c a l  q u a d r a t u r e  f o r  a  p a r t i c u l a r  v a l u e  o f ? / ,  

s e r ie s  e x p r e s s io n s  h a v e  b e e n  d e v e l o p e d  f o r  t h e  “ h e a d ”  ( t h a t  is , t h e  i n i t i a l  p a r t  o f  t h e  

x  r a n g e )  a n d  “  t a i l ” ; a n d  f o r  t h e  l a r g e r  v a l u e s  o f  a  m o d i f i e d  p r o c e d u r e ,  w h i c h  g r e a t l y  

r e d u c e s  t h e  l a b o u r  i n v o l v e d  i n  t h e  n u m e r i c a l  i n t e g r a t i o n ,  h a s  b e e n  a d o p t e d .  A s  t h e  

m o s t  c o n v e n i e n t  p r o c e d u r e  f o r  e v a l u a t i n g  t h e  i n t e g r a l  v a r i e s  w i t h  t h e  v a l u e  o f  t h e  

a r g u m e n t ,  i t  is  c o n v e n i e n t  t o  s u b d i v i d e  t h e  a c c o u n t  o f  t h e  m e t h o d s  i n t o  s e c t io n s  

d e a l i n g  w i t h  d i f f e r e n t  r a n g e s  o f  ij v a l u e s .

F r o m  t h e  b a s i c  s e t  o f  c a l c u l a t e d  v a l u e s  o f  F(rj),  i n t e r m e d i a t e  v a l u e s  h a v e  b e e n  

o b t a i n e d  b y  i n t e r p o l a t i o n ,  g iv i n g  f i n a l l y  a  t a b l e  o f  a t  i n t e r v a l s  o f  O T  i n  t h e  a r g u 

m e n t .  F r o m  th i s  t a b l e ,  s u c c e s s iv e  d e r i v a t i v e s  a r e  r e a d i l y  o b t a i n e d ,  a n d  th e s e  m a y  b e  

u s e d  f o r  a n y  f u r t h e r  i n t e r p o l a t i o n  ( d i r e c t  o r  in v e r s e )  w h i c h  m a y  b e  r e q u i r e d .  T h e  

FFrj) v a l u e s  h a v e  b e e n  f o u n d  b y  i n t e g r a t i o n  o f  F(t]),  c h e c k s  b e i n g  p r o v i d e d  b y  a  

n u m b e r  o f  d i r e c t  e v a l u a t i o n s  o f  t h e  f u n c t i o n .

I n  t h e  c o u r s e  o f  t h e s e  c o m p u t a t i o n s  w e  h a v e  m a d e  u s e  o f  B a r l o w ’s t a b l e s *  f o r  t h e  

p o w e r s  a n d  t h e  S m i t h s o n i a n  t a b l e s  (B e c k e r  a n d  v a n  O r s t r a n d  1 909) f ° r  e x p o n e n t i a l s ,  

t h e  S m i t h s o n i a n  t a b l e s  b e i n g  s u p p l e m e n t e d  w h e n  n e c e s s a r y  b y  t h e  e x t e n s i v e  e x 

p o n e n t i a l  t a b l e s  o f  N e w m a n  (1 883) a n d  G l a i s h e r  (1 8 8 3 ) . T h e  n u m e r i c a l  w o r k  h a s  

b e e n  c a r r i e d  o u t  w i t h  t h e  a i d  o f  B r u n s v i g a  c a l c u l a t i n g  m a c h i n e s .
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2— E v a l u a t i o n  o f  F(rj)  f o r  0  a n d  0  

T h e  f u n c t i o n  to  b e  e v a l u a t e d ,  n a m e l y

(2 -1 )

/* 00 dye
is  a  m e m b e r  o f  t h e  s e q u e n c e !  Fk{rj) = J  ^ • (2 -2 )

N o w  i t  m a y  r e a d i l y  b e  s h o w n  t h a t ,  w h e n  0 ,

F M = r { k + i ) i ( - r > ^ i ,
r= 1 '

(2 -3 )

* “ B a r lo w ’s T a b l e s ” , e d . L .  J .  Co mr ie  (L o n d o n  : S p o n  1935) . S o m e tim e s  m o r e  s ig n if ic a n t  f ig u re s  

w e re  r e q u ir e d  t h a n  a r e  g iv e n  in  th is  e d i t io n .  T h e  e x t r a  f ig u re s  w e re  th e n  c a lc u la te d  o r  o b ta in e d  f ro m  

th e  e a r l ie r  e d i t io n .

f  I n  th e  s e q u e n c e  w i th  w h ic h  w e  a r e  c o n c e rn e d ,  in  w h ic h  k  is h a l f  a n  o d d  in te g e r ,  F k(j]) is s a t is 

fa c to r i ly  d e f in e d  b y  th e  in te g r a l  e x p re s s io n  fo r  k  v a lu e s  d o w n  to  — T h e  a p p r o p r i a t e  g e n e r a l iz a t io n  

o f  th e  s p e c if ic a tio n  o f  F k {rj) w h ic h  w ill  a p p ly  to  a  w id e r  r a n g e  o f  v a lu e s  o f  k  is c o n s id e r e d  in  a n  A p p e n d ix .
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72 J .  M c D O U G A L L  A N D  E . G . S T O N E R  O N  

th e  se rie s  r e p r e s e n t a t io n  b e in g  a p p r o p r i a t e  fo r  1. I n  p a r t i c u l a r ,  fo r  k  2>

F t ( r , ) = F W = F = ^ i ( - y - ' e- ^ .  ( 2 '4 )

T h is  se rie s  fo r  F(tj) h a s  b e e n  e v a l u a t e d  fo r  v a lu e s  o f  r] f r o m  — 4 -0  to  — 0-2  a t  in t e r v a l s  

o f  0-2  in  Tjy s e v e n  p la c e s  o f  d e c im a ls  b e in g  u s e d  in  t h e  c a lc u la t io n s ,  a n d  a  n u m b e r  o f  

te rm s  s u m m e d  s u f f ic ie n t  to  e n s u r e  a c c u r a c y  to  t h e  s ix th  d e c im a l  p la c e  in  t h e  r e s u l t .

A n  e s t im a te  o f  t h e  m a x im u m  e r r o r  i n  F(rj ) w h e n  o n ly  n t e rm s  o f  t

m a y  b e  m a d e  b y  w r i t i n g

F ( n ) = ^ 2  7 F + * » >  ( 2 ' 5)
*  r=  1 r *

a n  u p p e r  l im i t  to  t h e  r e m a in d e r ,  R n, b e in g  g iv e n  b y

u 'M  = J E  g(w+I)  ̂

n a - 2  ■ ( » + ! ) * *
( 2 -6 )

T h e  v a lu e s  o f  ea, t h e  m a x im u m  a b s o lu t e  e r r o r ,  a n d  o f  er, t h e  m a x i m u m  r e l a t iv e  

e r r o r  ( i.e . ea/F(rj)), a s  d e p e n d e n t  o n  th e  n u m b e r ,  n, o f  te r m s  u s e d ,  a r e  s h o w n  b e lo w  

fo r  n =  - 4 * 0 ,  (F (  — 4*0) =  0 -0 1 6  127 7 4 .)

n ea

1 0 0 0 0  105 11 6-5 x  10~3

2 0-000 001 05 6-5 x  10~5

3 0-000 000 01 7-7 x  10~7

4 0-000 000 00 1-1 x l O - 8

T h u s ,  b e y o n d  th e  n e g a t iv e  l i m i t  ( rj = ^ 4 - 0 )  to  t h e  if r a n g e  c o v e r e

a b s o lu te  a c c u r a c y  c o r r e s p o n d in g  to  t h a t  in  t h e  t a b u l a t e d  F{rj) v a lu e s  is o b t a i n e d  b y  

u s in g  o n ly  2 te rm s  in  t h e  se r ie s  (2 -4 ) , t h e  r e la t iv e  e r r o r  b e in g  less  t h a n  1 0 -2 , 1 0 ~ 4 a n d  

10~ 6 fo r  1, 2 a n d  3 te rm s .  T h e  n u m b e r  o f  te rm s ,  s a y  n!, r e q u i r e d  to  g iv e  th e  F{rj) v a lu e s  

to  a  sp e c if ie d  a c c u r a c y  in c re a s e s  as  | rj \d e c re a s e s ,  c h a n g i n g  v e r y  r a

b e tw e e n  — 1-0 a n d  — 0 -2 . T h i s  is i l l u s t r a t e d  b y  th e  fo l lo w in g  se r ie s  o f  v a lu e s  o f  n' 

c o r r e s p o n d in g  to  a n  a c c u r a c y  o f  1 in  t h e  s e v e n th  d e c im a l  p l a c e :

v  —4-0 - 3 - 0  - 2 - 0  - 1 - 0  - 0 - 8  - 0 - 6  - 0 - 4  - 0 - 2

n'3 4  7 13 16 21 30 56

P a r t l y  as  a  c h e c k  o n  th e  in t e g r a t i o n  m e th o d ,  t h e  F{rj) v a lu e s  fo r  — 1 - 0 ^ ^ < — 0-2  

h a v e  a lso  b e e n  d e t e r m in e d  b y  n u m e r i c a l  i n t e g r a t i o n ,  s a t i s f a c to r y  a g r e e m e n t  b e in g  

o b ta in e d .*  E v e n  in  th e  e x t r e m e  e x a m p le  w i th  ?/ =  — 0 -2 , h o w e v e r ,  t h e  s e r ie s  m e th o d  

is c o n s id e r a b ly  less la b o r io u s  t h a n  th e  n u m e r i c a l  i n t e g r a t i o n  m e th o d .

* A  fu r th e r  m e th o d  o f  e v a lu a tin g  a p p r o p r ia te  fo r | 7] | ^  0-3, is in d ic a te d  in  § 7.
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T H E  C O M P U T A T I O N  O F  F E R M I - D I R A C  F U N C T I O N S 73

rj — 0 . I n  t h e  e v a l u a t i o n  o f  F{rj) w h e n  0 , t h e  d i r e c t  s u m m a t i o n  o f  a  n u m b e r  

o f  t e r m s  o f  t h e  e x p a n s i o n  (2*2) is  n o t  c o n v e n i e n t ,  b u t  F | ( 0 )  m a y  b e  e x p r e s s e d  a s  a  

m u l t i p l e  o f  a  R i e m a n n  z e t a  f u n c t i o n ,*  f o r

oo

r=  1

00

=  (2 -7 )
r - 1

=  y 7 7 ( l - 2 - i ) { ( | ) .  (2 -8 )

A s  t h e  v a l u e s  o f  t h e  z e t a  f u n c t i o n  a r e  g iv e n  to  o n l y  f o u r  s i g n i f i c a n t  f i g u r e s  i n  t h e  J a h n k e -  

E m d e  t a b l e s  (1 9 3 3 ) , £ ( i )  w a s  e v a l u a t e d  f r o m  t h e  p o s i t i v e  s e r ie s  i n  (2*7) b y  m a k i n g  

u s e  o f  t h e  E u l e r - M a c l a u r i n  f o r m u l a  (W h i t t a k e r  a n d  R o b i n s o n  193 2 , p .  165)

1 f a+rw

— J  f ( x )  dx  =  ( / 0 + / 1 +  ••• + / r) — i ( / o + / r )

w3

^ 7 2 0
( / r - / o )

w 3
w  ( f ( 5 ) _ f ( 5 ) \

3 0 2 4 0  U r  J0 J
( 2 :9 )

i n  w h i c h  f r is  w r i t t e n  f o r  f ( a - \ - r w ).By t a k i n g  t h e  u p p e r  l i m i t  o f  t h e  i n t e g r a l  i n  t h

f o r m u l a  to  b e  l a r g e ,  w e  o b t a i n

£ (S ) = 2  r-t+Mt+a f { ^ + ^
7 1 11 1 |

3 8 4 ’ d3^  1 0 2 4  V " T
( 2 - 1 0 )

C h e c k s  a r e  p r o v i d e d  b y  c a r r y i n g  o u t  t h e  s u m m a t i o n  f o r  d i f f e r e n t  v a l u e s  o f  t h e  i n t e g e r  

a. S u b s e q u e n t l y  w e  o b t a i n e d  a n d  m a d e  u s e  o f  t h e  t e n  d e c i m a l  p l a c e  t a b l e s  o f  t h e  z e t a  

f u n c t i o n  c a l c u l a t e d  b y  G r a m  (1 9 2 5 ) .

T h e  F(r}) v a l u e s ,  o b t a i n e d  to  s e v e n  p l a c e s  o f  d e c i m a l s  a t  i n t e r v a l s  o f  0*2 i n  rj, h a v e  

b e e n  c h e c k e d  b y  t h e  m e t h o d  o f  d i f f e r e n c e s ,  a n d  t h e  i n t e r v a l  i n  rj h a s  b e e n  r e d u c e d  to  

0 T  b y  i n t e r p o l a t i n g  v a l u e s  c a l c u l a t e d  f r o m  t h e  B e s s e l  f o r m u l a , !

j |  = / „  +  « ^ + £ 2( ^  +  ^ ) + M  +  £ 4 ( ^  +  ^ )  •••> (2 -1 1 )

u s i n g  t h e  B e s se l c o e f f i c i e n t s !  f o r  n =  f :

y q , — 0 , 2'§~6 • ( 2

W h i l e  w e  c a n n o t  c l a i m  a c c u r a c y  f o r  t h e  s e v e n t h  p l a c e  d i g i t ,  i t  p r o b a b l y  h a s  s o m e  

s ig n i f i c a n c e ,  a n d  i n  t a b u l a t i n g  t h e  v a l u e s ,  r o u n d e d  to  s ix  p l a c e s ,  a n  i n d i c a t i o n  c a n  b e  

g iv e n  o f  t h e  n e x t  d ig i t .  T h e  m e t h o d  a d o p t e d  t h r o u g h o u t  th i s  p a p e r  is  t h e  u s e  o f  a  d o t  ’

* The relations betw een the values o f  7^(0) and the R iem ann  functions '(,{k -f 1) are discussed in § 7.

f  The  notation adopted in  the central difference formulae in  this paper is sim ilar to that used by  

Co mr ie  (1936) excep t that a small 8 is used in  p lace o f  the ita lic ized  capital A , and an ordinary number  

for the index in  p lace o f  dashes or R om an  numbers.

X Tables o f  Bessel coefficients are g iven  by Co mr ie  (1936).
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w h ic h  in d ic a te s  th a t  th e  d ig i t  fo llow in g  th e  la s t  o n e  p r i n t e d  lies  b e tw e e n  3 a n d  7 ;  

e .g . 0 -019  6 7 0 ' is a  n u m b e r  ly in g  b e tw e e n  0 -019  670  3 a n d  0 -019  670  7 . T h is  is m o r e  

c o n v e n ie n t  t h a n  th e  u se  o f  s u c h  a n  a l t e r n a t i v e  f o r m  a s  0 -0 1 9  6 7 0 £ . T h e  l i s te d  v a lu e s  

o f  F(rj) fo r  — 4 - 0 < ^ < 0 - 0  a r e  b e l ie v e d  to  b e  c o r r e c t  to  w i th i n  O'.

J ,  M c D O U G A L L  A N D  E. C. S T O N E R  O N

3— E v a l u a t i o n  o f  F{rf) f o r  0 - 0 < 7 < 3 - 0

F o r  th e  r a n g e  0 - 0 < 7 < 3 - 0 ,  w e  h a v e  f o u n d  n o  g e n e r a l*  m e th o d  o f  e v a l u a t i n g  F(ij) 

o th e r  t h a n  b y  d i r e c t  n u m e r i c a l  i n t e g r a t i o n ,  s u p p le m e n te d  b y  th e  u s e  o f  se r ie s  fo r  t h e  

c o n t r ib u t io n s  f ro m  th e  in i t i a l  a n d  f in a l  p a r t s  o f  t h e  x  r a n g e  ( th e  “ h e a d ”  a n d  “ t a i l ” ) .  

T h e  r a n g e  o f  i n t e g r a t i o n  w a s  s u i t a b ly  s u b d iv id e d ,  a n d  th e  v a l u e  o f  t h e  q u o t i e n t  

( e v a lu a te d  to  s ix  o r  s e v e n  d e c im a l  p la c e s )  o f# *  b y  1) w a s  o b t a i n e d  a t  a p p r o p r i a t e

e q u a l  in te r v a ls  fo r  e a c h  p a r t  o f  t h e  r a n g e .  T h e  in t e r v a l s  i n  t h e  s e v e r a l  p a r t s  o f  t h e  *  

r a n g e  w e re  so  c h o s e n  t h a t  t h e  c o n t r i b u t i o n s  to  t h e  in t e g r a l  f r o m  t h e  f o u r t h  o r d e r  

d if fe re n c e s  w e re  s m a l l ,  a n d  q u i t e  n e g l ig ib le  f r o m  d if f e r e n c e s  o f  h ig h e r  o r d e r .  A s 

i l lu s t r a t iv e ,  th e  fo llo w in g  r a n g e s  a n d  in t e r v a l s  (w) i n  x  w e r e  f o u n d  s u i t a b le  fo r  =  1 -0 : 

* < 0 - 4 0  (w =  0 -0 2 ) , 0 -4 0 -2 -0 0  (0 -0 5 ) , 2 -0 -4 -0  (0 -1 ) , 4 -0 -9 -0  (0 -2 ) , 9 -0 -1 7 -5  (0 - 5 ) ;  t h e  

q u o t ie n ts  b e in g  d e t e r m in e d  to  s ix  d e c im a l  p la c e s  u p  to  x =  9 -0 , a n d  to  s e v e n  p la c e s  

fo r  th e  r a n g e  9 -0 -1 7 -5 .  T h e  c e n t r a l  d i f f e r e n c e  f o r m u l a  (W h i t t a k e r  a n d  R o b i n s o n  

1932, p . 147) f

-  r +7 w  * = ( / 0 + / 1 + -  + / , ) - i ( / o + / , ) - r n - >  ( 3 -1 )
w J a

w h e r e  Sr =  £ ($ - -* +  ^ + i)>  a n d  f r is w r i t t e n  fo r  w a s  e m p lo y e d  in  c a r r y i n g

o u t  th e  in t e g r a t io n .  A s d e s c r ib e d  b e lo w ,  se r ie s  s u m m a t io n  m e th o d s  w e r e  d e v e lo p e d  

fo r  e v a lu a t in g  th e  c o n t r ib u t io n s  to  t h e  i n t e g r a l  s u m  f r o m  th e  i n i t i a l  p a r t  ( 0 -0 -0 8 )  o f  

t h e  x  r a n g e ,  w h e r e  (3-1 ) is in a p p l i c a b le ,  a n d  f r o m  th e  f in a l  p a r t  (9 -0 -c o ) , w h e r e  th e  

se r ie s  m e th o d  is less t r o u b le s o m e .

3 a—Series summation method fo r  head

T h e  f o r m u la  (3 -1 ) is i n a p p l i c a b le  to  t h e  i n i t i a l  p a r t  o f  th e  x  r a n g e ,  s in c e  t h e  h i g h e r  

o r d e r  d if fe re n c e s  fo r  r =  0 a r e  n o t  a v a i l a b l e .  F u r t h e r ,  o w in g  to  t h e  o c c u r r e n c e  o f  

in  t h e  in t e g r a n d ,  th e  u se  o f  a  f o r m u la  in v o lv in g  f o r w a r d  d if f e r e n c e s  is n o t  c o n v e n i e n t  

u n le s s  v e r y  s m a l l  in te r v a ls  a r e  u s e d ,  s in c e  th e  te r m s  in  t h e  f o r m u l a  c o n v e r g e  v e r y  

s lo w ly . T h e s e  d if f ic u lt ie s  h a v e  b e e n  o v e r c o m e  b y  d e v e lo p in g  se r ie s  f o r m u la e  fo r  t h e  

q u a d r a t u r e  in  th e  r e g io n  o f  x  =  0.

* A  m e th o d  d esc rib ed  in  § 7 is a p p lic a b le  fo r sm all v a lu es  o f  i], b u t  th e  v a lu es  o f  c e r ta in  R ie m a n n  

z e ta  fu n c tio n s  a re  re q u ire d .

f  See fo o tn o te  f  o n  p . 73.
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T h e  c o n t r i b u t i o n  to  F ( t f ) f r o m  t h e  r a n g e  x  =  0  t o  x  =  m a y  b e  e x p r e s s e d

i n  t e r m s  o f  A — e71 l

f - *  x i d x -  -  2  J _ a } { i - a . a - « 2 a 2 - % a 3 - « # 4 - } .  ( 3 - 2 )
J 0 e*-* +  l  3 ' A + l  1

3 1 _  3 A— 1 = i _  A2 — 4 A + 1

w h e r e  a i =  5 *]T pX * — 1 4 '  ( 1 + A ) 2 ’ 3 18*  ( 1 + A ) 3

JL_ (A— 1) (A2 — 1QA + 1) 

a* ~8 8  * ( I + A ) r

T h i s  s e r ie s  w a s  u s e d  to  g iv e  t h e  c o n t r i b u t i o n  f r o m  t h e  r a n g e  x  — 0  t o  x  — 0  0 8 , o r ,  f o r  

t h e  h i g h e r  v a l u e s  o f  f t o  *  =  0 -1 0 . A  c h e c k  w a s  o b t a i n e d  b y  u s i n g  a  l a r g e r  v a l u e  

f o r  a ( 0 - 2 0 )  a n d  c o m p a r i n g  t h e  d i f f e r e n c e  b e t w e e n  t h e  t w o  r e s u l t s  w i t h  t h a t  f o u n d  b y

n u m e r i c a l  i n t e g r a t i o n .

T H E  C O M P U T A T I O N  O F  F E R M I - D I R A C  F U N C T I O N S

3 &— Series summation method f o r  tail

F o r  t h e  s m a l l e r  v a l u e s  o f  t h e  c o n t r i b u t i o n  to  Fltf)  f r o m  t h e  t a i l  c a n  b e  e s t i m a t e d  

w i t h  a d e q u a t e  p r e c i s i o n  w i t h o u t  e x t e n d i n g  u n d u l y  t h e  r a n g e  o f  i n t e g r a t i o n ,  a s  i l l u s 

t r a t e d  b y  t h e  d e t a i l s  g iv e n  a b o v e  f o r  n =  1 . I n  g e n e r a l ,  h o w e v e r ,  a n d  p a r t i c u l a r l y  

f o r  t h e  l a r g e r  v a l u e s  o f  f ,  i t  is c o n v e n i e n t  a n d  m o r e  s a t i s f a c t o r y  to  e v a l u a t e  t h e  t a i l  

c o n t r i b u t i o n  b y  a  s e r ie s  m e t h o d .  A  s u i t a b l e  s e r ie s  m a y  b e  o b t a i n e d  i n  t e r m s  o f  i n -  

c o m p l e t e  g a m m a  f u n c t i o n s :

r°° x%dx W l  Xdx

b F V + T ' J / i

00 [*00

— 2  ("“  ) r | 
y — 1 jj

(3 -3 )

F o r  l a r g e  v a l u e s  o f  f ,  t h e  a s y m p t o t i c  s e r ie s  r e p r e s e n t a t i o n  o f  t h e  i n t e g r a l s  in  

o b t a i n a b l e  b y  s u c c e s s iv e  i n t e g r a t i o n  b y  p a r t s ,  is  a p p r o p r i a t e :

( 3 - 3 ) ,

r oo 1
| x*e~rxdx  =  -p % e -rPBrf ) ,

h  r

(3 -4 )

w h e r e

1 | £ %  k 1 . 3 . 5 . . .  (2 j — 1)1

Br iP )  =  1 +  2 ^ \ 1 + S? , ( - : |S  (2  1 ’

(3 -5 )

so  t h a t
Jmf®r+‘ 1 ' r=l r

(3 -6 )

I n  u s in g  t h e  s e r ie s
(3*6) f o r  0 * 2 < 7 ^ 3 ‘0 w i t h  /? =  9 , n o t  m o r e  t h a n  t h r e e  t e r m s  w e r e

V o l . c c x x x v i i . —A
IO
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76 J .  M cD O U G A L L  A N D  E. C. S T O N E R  O N

r e q u i r e d ,  a n d  th e  e v a lu a t io n  o f  th e  a p p r o p r i a t e  c o e f f ic ie n ts  9) f r o m  (3 -5 ) in v o lv e d  

n o t  m o r e  t h a n  t e n  te rm s  o f  t h e  se rie s . T h e  v a lu e s  o f  th e s e  c o e f f ic ie n ts  a r e  g iv e n  b e lo w .

T h e  u n c e r t a in t i e s  a r is in g  f ro m  th e  u s e  o f  a n  a s y m p to t ic  se r ie s  r e p r e s e n t a t i o n  w e r e  

± 5  in  t h e  s ix th  d e c im a l  p la c e  in  B x, a n d  less t h a n  0 ' in  B 2 a n d  i?3; t h e  e r r o r  to  w h ic h  

th e s e  m i g h t  g iv e  r is e  in  th e  c o n t r i b u t i o n  to  F{rj) w a s  n e g l ig ib le  ( <  1 in  t h e  s e v e n th  

d e c im a l  p la c e  fo r  r] — 3 ).

T h e  f u n c t io n  F{rj) h a s  b e e n  d e t e r m in e d  a t  in te r v a ls  o f  0- 2 in  in  th e  r a n g e  0 -0  <  <  3• 0 

b y  th e  m e th o d s  d e s c r ib e d  in  th is  s e c t io n .  T h e  in t e r v a l  in  t h e  a r g u m e n t  w a s  s u b s e 

q u e n t ly  r e d u c e d  to  0 T  b y  i n t e r p o la t io n ,  u s in g  th e  B esse l f o r m u la  ( 2 T 1 ) .  I t  is b e l ie v e d  

t h a t  th e  Fiji)values in  th is  r a n g e ,  w h ic h  a r e  t a b u l a t e d  to  s ix  d e c im a l  p la c e s ,  a r e  c e r 

t a in ly  c o r r e c t  to  1 in  th e  s ix th  d e c im a l  p la c e  a n d  m a y  a c t u a l l y  b e  b e t t e r  t h a n  th is  

d e g r e e  o f  p r e c is io n  su g g e s ts , so  t h a t  t h e  i n d i c a t i o n  o f  t h e  n e x t  d ig i t  g iv e n  b y  t h e  d o t  

s y m b o l ' is n o t  w i th o u t  s ig n if ic a n c e .

T h e  e v a lu a t io n  o f  F{rj) fo r  t h e  l a r g e r  v a lu e s  o f  rj b y  s t r a i g h t f o r w a r d  n u m e r i c a l  

in t e g r a t i o n  w i th  a n  a c c u r a c y  c o m p a r a b le  w i th  t h a t  o b t a i n e d  in  t h e  lo w e r  r a n g e  

w o u ld  h a v e  b e e n  e x t r e m e ly  l a b o r io u s .  T h e  d e t e r m i n a t i o n  o f  th is  f u n c t io n  fo r  a  s in g le  

v a lu e  o f  i] in v o lv e s  d r a w in g  u p  a  t a b l e  o f  e n t r i e s  o f  a n d  1 ), t h e  m a c h in e  w o r k

in  m a k in g  th e  d iv is io n s ,  d i f f e r e n c in g  to  t h e  t h i r d  o r d e r  to  c h e c k  th e  q u o t i e n t s ,  t h e  

i n t e g r a t i o n  s u m m a t io n ,  a n d  f u r t h e r  c h e c k in g .  E v e n  w h e n  a  r e a s o n a b l y  s y s te m a t ic  

p r o c e d u r e  h a s  b e e n  d e v e lo p e d ,  so  t h a t  fu ll  a d v a n t a g e  is t a k e n  o f  th e  p o s s ib i l i ty  o f  

u s in g  c o m m o n  e n t r ie s  fo r  a  se r ie s  o f  c a lc u la t io n s ,  a n d  r e p la c in g  d iv is io n s  b y  m u l t i 

p l i c a t io n s ,  t h e  e v a l u a t i o n  o f F(rj), e v e n  fo r  a  s m a l l  v a lu e  of?/ ( s a y  rj — 2 , w i th  F{rj) = 2 - 5 ) ,  

m a y  r e q u i r e  a b o u t  e ig h t  h o u r s .  A s rj in c re a s e s ,  so  d o  th e  v a lu e s  o f  t h e  i n t e g r a n d  a n d  th e  

r a n g e  in  w h ic h  i t  is a p p r e c ia b le ,  a n d  th e  v o lu m e  o f  w o r k  in c re a s e s  c o n s i d e r a b l y ; c o n s e 

q u e n t ly  a  m o d if ie d  m e th o d  fo r  th e  c o m p u t a t i o n  o f  F{rf) h a s  b e e n  e m p lo y e d ,  t h e  m e th o d  

b e in g  p a r t i c u l a r l y  u s e fu l  fo r  l a r g e  v a lu e s  o f  ?/, th o u g h  n o  a d v a n t a g e  is g a i n e d  b y  

a d o p t in g  i t  fo r  v a lu e s  o f  r] le ss t h a n  a b o u t  3.

T h is  m e th o d  c o n s is ts  in  t h e  c a l c u la t io n  o f  t h e  d i f f e r e n c e  b e tw e e n  F{rj) a n d  its  a p p r o x i 

m a te  v a lu e ,  a n d  r e d u c e s  v e r y  m a te r i a l l y ,  c e r t a in l y  b y  m o r e  t h a n  a  h a l f ,  t h e  t i m e  

r e q u i r e d  fo r  t h e  e v a l u a t i o n  o f  th e  in t e g r a l .  T h e  a p p r o p r i a t e  t r a n s f o r m a t i o n  o f  t h e  

in t e g r a l  fo llo w s .

=  1 -052  8 7 8 , £ 2(9 ) U  1-027 0 6 3 , 9) =  1 -018  1 9 3 . (3 -7 )

4 — E v a l u a t i o n  o f  F{tj) f o r  t/ > 3

J (

,0° x^dx

o ex~ y + l
1 j (A+J

(4 -1 )
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B y  s e t t i n g  y  — x — ya n d  y  — y — xi n  t h e  f i r s t  a n d  s e c o n d  i n t e g r a l s  

th e s e  b e c o m e

C27i x ^d x  n { r j - \ r y ) ^ d y

J v e*-v +  l  J o  ^ + 1  ’

a n d  f v x id x  =  p  ( y - y ) * ^ y
J o ^ + 1  J o  ^ + 1  '

W h e n c e  F (n)  =  | » l  +  f  { ( ? + y ) * - f ’

v"  3 /  J o  «» +  !  J 2, ^ “ ,  +  l ’

/*oo

w h i c h  m a y  b e  w r i t t e n  i ^ )  =  J y C - f  1 0 (y )  dfy +  f { x )  dx. (4 -2 )
Jo J 2tj

010 «r

0 0 8  e

S cales  fo r  cu rv e s  1, 2, 3, l a ,  3a

F i g . 1— G ra p h s  o f f ( x )  =  x ^ / ^ - v + l )  a n d  o f  ${y) =  { (y +  y ) * -  ( y -y )* } /(« » +  1) fo r  =  4-0, a n d  

o f # .  l , / ( # ) ;  l a , / ( # )  w ith  la rg e r  sca le  fo r  o rd in a te s ;  2, # ;  3, 0 (y ) ;  3 a ,  0 (y )  w ith  la rg e r  sca le  

fo r  o rd in a te s ;  3 b ,  0 (y )  in  re g io n  y = y ,w ith la rg e r  sca le  fo r  o rd in a te s  a n d  ab sc

T h e  c h a r a c t e r  a n d  p u r p o s e  o f  th i s  t r a n s f o r m a t i o n  w i l l  b e  m o r e  r e a d i l y  a p p a r e n t  

f r o m  a n  i n s p e c t i o n  o f  f ig . 1, i n  w h i c h  g r a p h s  o f  f { x )  1) f o r  y  4 -0  ( c u r v e  1 ) ,

a n d  o f  x ^(curve 2 ) ,  a r e  s h o w n .  T h e  s e c o n d  i n t e g r a l  i n  (4*2) is  t h e  a r e a  u n d e r  t h e  t a i l

IO-2
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o f  th e  f ( x )curve f ro m  x =  2 rj.Th e  f ir s t  in t e g r a l  c o r r e s p o n d s  to  t h e  

a r e a  u n d e r  t h e f ( x )  c u r v e  f r o m  x  =  7/ to  x =  2rja n d  t h a

f ro m  x =  0 to  x  =  7/; i t  is th e  a r e a  u n d e r  t h e  tj>(y) c u r v e  ( c u r v e  3) b e tw e e n  th e  l im its  

y  =  0 a n d  y — 7.

T o  c a r r y  o u t  t h e  (j)(y) q u a d r a t u r e s ,  a  se r ie s  o f  s q u a r e  ro o ts  w e r e  w r i t t e n  d o

tw o  s e p a r a t e  s t r ip s  in  o p p o s i te  o r d e r  a n d  th e  d if f e r e n c e s  r e q u i r e d  fo r  e a c h  v a lu e  o f  7/ 

w e re  o b ta in e d .  T h e  d e n o m in a to r s ,  ( ^ + 1 ) ,  r e q u i r e d  fo r  a n y  v a lu e  o f  7, a r e  c o m m o n  

to  th e  c a lc u la t io n s  fo r  t h a t  a n d  a l l  h ig h e r  v a lu e s  o f  , so  t h a t  c o n s id e r a b le  t im e  c o u ld  

b e  s a v e d  b y  o b ta in in g  r e c ip r o c a ls .  A s  th e  <j>(y) e n t r i e s  w e r e  m u c h  s m a l le r  t h a n  t h e ^ t f )  

e n t r ie s  in  t h e  rj<3 - 0  c a lc u la t io n s ,  l a r g e r  in t e r v a l s  i n  y  w e r e  u s e d  (0 -0 5 , 0 T  o r  0 -2 —

a n  in t e r v a l  o f  0-2  w a s  u s e d  t h r o u g h o u t  t h e  in t e g r a t i o n  fo r  > 8 * 0 ) ,  t h e  r a n g e  o f  i n t e 

g r a t i o n  b e in g  s u b d iv id e d  in to  p a r t s  so  c h o s e n  t h a t  c o n t r i b u t i o n s  to  t h e  in t e g r a l  s u m  

f ro m  f o u r th  a n d  h ig h e r  o r d e r  d i f fe re n c e s  w e re  s m a l l  a n d  n e g l ig ib le  r e s p e c t iv e ly .  N o  

d if f ic u l ty  a r is e s  in  th e  a p p l i c a t io n  o f  th e  c e n t r a l  d i f f e r e n c e  f o r m u la  ( 3 T )  in  t h e  0 

r e g io n ,  a s  th e  t a b l e  o f  <f)(y) e n t r ie s  c a n  b e  e x te n d e d  to  n e g a t iv e  v a lu e s  o f  y \  b

y  — rj r e g io n ,  t h e  s e c o n d  a n d  h ig h e r  d i f fe re n c e s  o f  <j>(y) in c r e a s e  r a p id l y ,  a n d  e q u a t i o n  

( 3 T )  c a n n o t  b e  a p p l i e d  w i th o u t  e r r o r .  T h is  is d u e  to  t h e  f a c t  t h a t  w h e n  a n d

x =  2rj t h e  tw o  f u n c t io n s  <j>(y) a n d / ( x )  ((j)(rj) = f(2 r j ) )  d o  n o t  j

b e h a v e s  n e a r  y  =  rj l ik e  x% n e a r  x  =  0 , a n d  th e  (j>(y) c u r v

b o u r h o o d  o f  y  =  rj.T h is  s p u r  is a p p a r e n t  i n  c u r v e  3 a  o f  fig . 1, a n d  is s h o w n  o n  a  l a r g

sc a le  in  c u r v e  3 b .  ( A c tu a l ly  t h e  m i n im u m  o f  <J>(y) b e c o m e s  less m a r k e d ,  a n d  o c c u r s  

c lo s e r  to  y  =  r]the g r e a t e r  t h e  v a lu e  o f  rj.) I t  b e c o m e s  n e c e s s a r y  to  l i m i t  t h e  (f>(y) 

q u a d r a t u r e  to  t h e  r a n g e  y  =  0 to  y  =  r/ — a,, c h o o s in g  a  so  t h a t  t h e  r e g io n  in  w h ic h  th e  

d if fe re n c e s  o f  <j)(y) in c r e a s e  r a p id l y  is e x c lu d e d .  T h e  w o r k in g  f o r m u la

is o b ta in e d  f ro m  (4 -2 ) b y  r e  >y th e  in t e g r a l  H{a)  a n d  f ( x )  dx. ( I n

fig . 1, th e  v e r t i c a l  l in e s  a t  x  =  1 a n d  x  =  7(z/ =  3) d e n o te  t h e  l im its  o f  i n t e

H(oc) a n d  I(oc) r e s p e c t iv e ly  w h e n  a =  1 ; t h e  c o n t r i b u t i o n s  w e r e  

a =  0*2, a n d  th e  c o r r e s p o n d in g  l i m i t  is i n d i c a t e d  in  c u r v e  3 b . )  T h e  in t e g r a l s  1(a) 

w e re  e v a lu a te d  b y  m e a n s  o f  t h e  f o r m u la  ( 3 T ) ,  a n d  th e  ) a n d  T (c t)  c o n t r i b u t i o n s  

w e re  d e t e r m in e d  b y  th e  se r ie s  s u m m a t io n  m e th o d s  d e s c r ib e d  b e lo w .

F{rj) -  i i f l -+ H (a ) + I (a )  +  T (a), (4 -3 )

w h e r e
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4  a— Series summation method f o r  the contribution H {a) _ r  h\ L

”Jo Vhi
T w o  f o r m u l a e  h a v e  b e e n  u s e d  f o r  t h e  e v a l u a t i o n  o f  t h e  H  c o n t r i b u t i o n .  T h e  f i r s t  is  

a p p r o p r i a t e  t o  t h e  a d o p t i o n  o f  a  s m a l l  v a l u e  o f  e .g .  a  =  0*2, a n d  is  s u i t a b l e  f o r  a n y  

v a l u e  o f  i]. T h e  s e c o n d  is  c o n v e n i e n t  f o r  u s e  w i t h  l a r g e r  v a l u e s  o f  p r o v i d e d  t h a t  

(rjy-a)  is  n o t  s m a l l ,  a n d  w i t h  t h e  c h o i c e  ot =  1 , m a y  c o n v e n i e n t

(i)  T h e  i n t e g r a n d  o f  H(oc) d i f f e r s  f r o m  t h e  i n t e g r a n d  o f  e q u a t i o n  (3*2) b y  so

t h a t

H{oc)
2 ^  

3 * 1 + 1
a l oc-f a2oc2 a3oĉ  a4oc (4 -4 )

w h e r e  A =  i %and t h e  c o e f f i c ie n t s  a r e  t h o s e  g i v e n  i n  (3 * 2 ) .

( ii)  A n o t h e r  s e r ie s  r e p r e s e n t a t i o n  o f  H  w i t h  d e c r e a s i n

o b t a i n e d  b y  e x p a n d i n g  t h e  i n t e g r a n d  o f  H in  a  s e r ie s  o f  p o w e r s  o

H(oc) =  | a f  ^  ( -  e~r^ ~ a\  (4 -5 )
r— 1

w h e r e  A r(a) =  3«“ ra ^ 3  • ^ f ' • ( 4  *' 6 )

roc

T h e  c o e f f i c ie n t s  A r(oc) i n v o l v e  x%erxdx  a n d  a r e  o b t a i n a b l e  i n  t h e
J o

b y  e x p a n d i n g  t h e  e x p o n e n t i a l  i n  t h e  i n t e g r a n d  a n d  i n t e g r a t i n g  t e r m  b y  t e r m .  W i t h  

oc =  1 , v a l u e s  o f  A r(oc), w h i c h  a r e  g i v e n  b e l o w ,  m a y  b e  d e t e r m i n e d  c o r r e c t l y  t o  t h

s e v e n t h  d e c i m a l  p l a c e  b y  u s i n g  1 0 , 1 3 , 1 6  a n d  18  t e r m s  i n  t h e  s e r ie s  f o r  1 , 2 , 3 a n d  4  

r e s p e c t i v e l y :

J j ( l )  =  0 * 6 9 2  8 8 0  6 , 1) =  0 * 5 1 0  0 0 4  3 ,

A 3( 1) 0 * 3 9 4  8 9 4  1 , A 4( 1) >= 0 * 3 1 8  4 9 5  3 . (4*

T h e  s e r ie s  (4*5) c o n v e r g e s  r a p i d l y  f o r  t h e  l a r g e r  v a l u e s  o f  7 , a n d  w i t h i n  t h e  b o u n d s  o f  

4*0—5*2, 5*2—6*4 a n d  6*4—10*0 f o r  rj, o n l y  4 , 3 a n d  2  t e r m s  r e s p e c t i v e l y  a r e  r e q u i r e d ;  

w h i l e  f o r  r/>1 0 * 0 ,  t h e  t e r m  i n  A 1 is  s u f f i c ie n t .  A s  c o m p a r e d  w i t h  (4*4) t h e  s e r ie s  (4*6) 

h a s  t h e  a d v a n t a g e  t h a t  t h e  s a m e  c o e f f i c ie n t s  A r(pc) a p p l y  f o r  a l l  v a l u e s  o f  rj. I t  is  p a r t i 

c u l a r l y  u s e f u l  f o r  l a r g e  7 v a l u e s  {rj>7 * 2 )  w h e n  t h e  l o w e r  l i m i t  o f  t h e  

(4*3) is  so  l a r g e  t h a t  t h e  T{oc ) c o n t r i b u t i o n  m a y  b e  d e t e r m i n e d  w i t h o u t  a p p

e r r o r  b y  m e a n s  o f  e q u a t i o n  (3 * 6 ).

4  b— Evaluation o f  the contribution T(oc) =
V y J 2V- C C ^ + 1

F o r  7 < 7 * 2 ,  t h e  i n t e g r a l  T(a)wa s  e v a l u a t e d  b y  n u m e r i c a l  i n t e g r a t i o n ;  o r ,  t h e

o f  i n t e g r a t i o n  w a s  d i v i d e d ,  a n d  t h e  f i r s t  p a r t  o f  t h e  T  c o n t r i b u t i o n  f o u n d  b y  n u m e r i c a l  

q u a d r a t u r e ,  w h i l e  t h e  f u r t h e r  p a r t  w a s  d e t e r m i n e d  b y  t h e  s e r ie s  m e t h o d ,  u s i n g  t h e
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f o rm u la  (3 -6 ) w i th  a p p r o p r ia t e  v a lu e s  o f  th e  lo w e r  l im i t  /?. (T h e  v a lu e s  u s e d  w e r e  

B =  11 fo r  t h e  rj r a n g e  5 -2 -6 -0  a n d  ^ = 1 3  fo r  t h e  r a n g e  6 -2 -7 -0 .)  F o r  7 -2  th

se r ie s  s u m m a t io n  a lo n e  w a s  u s e d ,  tw o  te rm s  o n ly  o f  t h e  se r ie s  (3 -6 ) b e in g  r e q u i r e d  fo r  

7 * 2 < 7 < 9 * 0  a n d  o n e  t e r m  fo r  r/> 9-0 . T h u s  fo r  ^ 7 - 2 ,  t h e  e v a l u a t i o n  o f

n u m e r i c a l  i n t e g r a t i o n  o n ly  fo r  I(ot) i n  (4 -3 ) , H{oc) a n d  b o t h  b e in g  e a s ily  d e t e r 

m in e d  b y  se r ie s  s u m m a tio n s .

T a b l e  4 T  i l lu s t r a te s  t h e  m a g n i tu d e s  o f  th e  c o n t r i b u t i o n s  to  F(rj) i n  t h a t  r a n g e  o f  t h e  

a r g u m e n t  to  w h ic h  th e  m o d if ie d  m e th o d  o f  th is  s e c t io n  h a s  b e e n  a p p l ie d .  I t  sh o w s  

th e  v a lu e  o f  th e  m e th o d  in  t h a t  th e  d e g r e e  o f  p r e c i s io n  a t t a i n e d  in  t h e  v a l u e  o f  F{rf) 

is d e t e r m in e d  e f fe c t iv e ly  b y  th e  a c c u r a c y  to  w h ic h  th e  I  c o n t r i b u t i o n  is e v a l u a t e d .  F o r  

rj =  io -0 ,  fo r  e x a m p le ,  t h e  a b s o lu te  a c c u r a c y  o f  Firj) =  2 T 3 4 4  471 is e f fe c t iv e ly  t h e  

s a m e  as  t h a t  o f / ( a )  =  0 -2 6 2  1 2 5 '.

T a b l e  4 -1 — C o n t r i b u t i o n s  t o  F{rj) f o r  4 ,  6 , 8 a n d  1 0 .

F i j j )  = f + #  i>)+ 7(a) + r (a) • a f l 1

J .  M c D O U G A L L  A N D  E. C. S T O N E R  O N

V 4 6 8 10

5-333 3 3 3 ' 9-797 959 15-084 9 4 5 ’ 21-081 851

H - 0 - 0 2 2  186 - 0 - 0 0 3  097 - 0 - 0 0 0  421 - 0 - 0 0 0  057

I 0-322 294 ' 0-326 177 ' 0-292 318 0-262 125 '

T 0-137 285 0-023 2 4 5 ' 0-003 644 0-000 552

H + I + T 0-437 3 9 3 ’ 0-346 326 0-295 541 0-262 6 2 0 '

m 5-770 727 10-144 285 15-380 4 8 6 ' 21 -344  471

T h e  v a lu e  o f  F(rj) g iv e n  h e r e  fo r  rj =  4  d if fe rs  b y  0 ’ in  t h e  s ix th  p la

in  th e  f in a l  ta b le .  T h i s  is d u e  to  t h e  r o u n d in g  o f  t h e  l i s te d  c o n t r i b u t i o n s  to  t h e  s ix th  

p la c e .  I n  t h e  w h o le  o f  th is  w o rk , e s t im a te s  o f  c o n t r i b u t i o n s  to  w e r e  m a d e  to  a t  

le a s t  o n e  d e c im a l  p la c e  m o r e  t h a n  w a s  to  b e  r e t a i n e d  in  t h e  f in a l  l i s te d  v a lu e .

T h e  m e th o d s  d e s c r ib e d  in  th is  s e c t io n  h a v e  b e e n  a p p l i e d  to  t h e  d e t e r m i n a t i o n  o f  

F{rj) a t  in te r v a ls  o f  0-2  in  rj i n  t h e  r a n g e  3 - 0 < t/ ^ 8-0, 0 -4  in  t h e  r a n g e  8 - 0 < 7 / ^ 1 2 - 0 ,  

a n d  t h e n  a t  in t e g r a l  v a lu e s  o f  rjup  to  rj =  16. 

fo r  w h ic h  th e  a s y m p to t ic  se r ie s  m e th o d ,  d is c u s s e d  in  § 5 , c a n  g iv e  re s u l t s  w i th  a  c o m 

p a r a b l e  d e g r e e  o f  p r e c is io n .  I n t e r p o l a t i o n s  w e r e  f i r s t  m a d e ,  u s in g  th e  B esse l f o r m u l a  

(2 -1 1 ) , to  in te r v a ls  o f  0 -2  fo r  8 - 0 < / 7 ^ 1 6 - 0 ,  f r o m  th e  v a lu e s  o f  a n d  t h e n

o v e r  th e  r a n g e  3 - 0 < t/ < 16-0  to  0-1 in te r v a ls ,  f r o m  th e  v a lu e s .  ( T h e  f u r t h e r  d i f f e r 

e n c e s  r e q u i r e d  in  i n t e r p o l a t i n g  in  t h e  n e i g h b o u r h o o d  o f  16 -0  w e r e  o b t a i n e d  

f ro m  th e  F(rf) v a lu e s  fo r  rj>1 6 - 0 ,  c a l c u la t e d  o n ly  b y  th e  a s y m p to t ic  se r

A t  e a c h  s ta g e  o f  th e  i n t e r p o la t io n ,  t h e  v a lu e s  w e r e  c h e c k e d  b y  th e  m e t h o d  o f  d i f f e r 

e n c e s . F o r  3-0  < 4 - 0 ,  t h e  F{rj) v a lu e s  a r e  g iv e n  to  s ix  p la c e s  o f  d e c im a ls  a n d  a r e

b e l ie v e d  to  b e  c o r r e c t  to  w i th i n  1 in  t h e  s ix th  p la c e .  O n l y  f iv e  p la c e s  o f  d e c im a ls  a r e  

l i s te d  fo r  4 - 0 < ? / < 1 6 - 0 ;  b u t  a s  th e s e  a r e  r o u n d e d  v a lu e s  th e y  s h o u ld  b e  c o r r e c t  to  

w i th in  0* in  th e  f if th  p la c e .
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5 — A s y m p t o t i c  s e r i e s  e x p a n s i o n  f o r  F(rj)

A n  a s y m p t o t i c  s e r ie s  e x p a n s i o n  f o r  t h e  i n t e g r a l ,

F M

x k dx
(5 -1 )

w a s  f i r s t  g iv e n  b y  S o m m e r f e l d  (1 9 2 8 ) , a n d  i n  a  s o m e w h a t  g e n e r a l i z e d  t r e a t m e n t  

N o r d h e i m  (1 9 3 4 ) c o n s i d e r e d  t h e  c o n d i t i o n s  f o r  v a l i d i t y .  S u b j e c t  t o  a n  e r r o r  o f  t h e  

o r d e r  e x p  ( — 7 ) ,  a n  e x p r e s s io n  a p p r o p r i a t e  w h e n  ^$>>1 is

77/c+l I n  \

F k( r i ) = l j r i [l +  l a 2rr ‘lr\+ R 2 n ,  ( 5 '2 )

w h e r e  a2r =  2 r 2r( £ + 1) k  . . . (k  — r + 2 ) ,  (5*3)

00

a n d  c2r =  2  ( — ) 5~ U _2r = f (1 — 2 1-2r) £ ( 2 r ) .  (5*4)
5=1

G i l h a m  (1 9 3 6 ) h a s  s h o w n  t h a t  f o r  t h e  r e m a i n d e r  t e r m ,

R 2 n < L 2n =  0  +  2 ) (5*5)

T h e  e v a l u a t i o n  o f  F k (ij) a s  g iv e n  b y  (5 -2 )  h a s  b e e n  d is c u s s e d  b r i e f l y  i n  a  p r e v i o u s  p a p e r  

( S t o n e r  1936 b)w ith  p a r t i c u l a r  r e f e r e n c e  t o  t h e  n u m b e r  o f  t e r m s  to  b e  u s e d  to  

o b t a i n  t h e  b e s t  a p p r o x i m a t i o n ,  a n d  t h e  v a l u e s  o f  t h e  c o e f f i c ie n t s  r 2r, f o r  r < 3 ,  h a v e  

b e e n  g iv e n  to  e i g h t  s i g n i f i c a n t  f ig u r e s  ( S t o n e r  1 9 3 6 a ) .  I n  t h e  p r e v i o u s  w o r k ,  t h e  a c 

c u r a c y  a i m e d  a t  c o u l d  b e  a t t a i n e d  b y  u s i n g  o n l y  tw o  o r  t h r e e  t e r m s  o f  t h e  s e r ie s ,  b u t  

i n  t h e  p r e s e n t  w o r k  i t  is  n e c e s s a r y  to  u s e  m o r e  t e r m s  to  o b t a i n  t h e  r e q u i r e d  d e g r e e  o f  

p r e c i s i o n  ( a n  a c c u r a c y  o f  1 u n i t  i n  t h e  s ix th  d e c i m a l  p l a c e  i n  t h e  v a l u e  o f  F{rf)) e v e n  

f o r  l a r g e  v a l u e s  o f  rj. T h e  n e c e s s a r y  c o e f f i c ie n t s  a n d  t h e  c o r r e s p o n d i n g  z e t a  f u n c t i o n  

v a l u e s  ( t a k e n  f r o m  G r a m ’s  t a b l e )  a r e  g i v e n  i n  T a b l e  5 T .

T a b l e  5 T — Z e t a  f u n c t i o n s  a n d  c o e f f i c i e n t s  i n  a s y m p t o t i c

SERIES EXPANSION FO R m

2 r 1  m C2r a2r
2 1-644 934 07 0-822 467 03 1-233 700 5

4 1-082 323 23 0-947 032 83 1-065 411 9

6 1-017 343 06 0-985 551 09 9-701 518 5

8 1-004 077 36 0-996 232  88 242-715 02

10 1-000 994 58 0-999 039  51 11 865-691

12 1-000 246 09 0-999 757 69 958 843-43

I n  a p p l y i n g  t h e  e x p a n s i o n  (5 -2 ) ,  t h e  b e s t  a p p r o x i m a t i o n  to  Fk{rj) is  o b t a i n e d  b y  

c h o o s in g  n s u c h  t h a t  t h e  r e m a i n d e r  t e r m  R 2n is  a  m i n i m u m ; i n  p a r t i c u l a r ,  i n  e v a l u a t i n g
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th e  se rie s  fo r  F(rj) =  F^rj),  t h e  p r e c is io n  is in c r e a s e d  b y  u s in g  te rm s  u p  to  

( i.e . in  ta k in g  ra te rm s  u n d e r  th e  s u m m a t io n  s ig n  in  (5 -2 ) ) ,  p r o v id e d  t h a t

(2ra +  2) a 2w+ 2 < 2w«2n72}

-  < m )

T h e  v a lu e s  o f  ra w h ic h  w ill  g iv e  th e  b e s t  a p p r o x i m a t i o n  to  F(rf) fo r  su c c e s s iv e  in t e r v a l s  

in  th e  r a n g e  o f  ij v a lu e s  a r e  s e t  o u t  b e l o w :

f

2 n

1-314

2

3-696

4

5-776

6

7-817

8

9-847

10

11-87

V 

2 n

11-87

12

13-89

14

15-90

16

17-91

18

19-92

20

21-93

T h u s  fo r  v a lu e s  o f  7/ ly in g  b e tw e e n  11-87  a n d  1 3 -8 9 , t h e  b e s t  a p p r o x i m a t i o n  is o b t a i n e d  

b y  u s in g  s ix  te rm s  o f  th e  se r ie s . V a lu e s  o f  t h e  u p p e r  l im i t  to  t h e  e r r o r ,  ea, i n  ) , d u e  

to  s u m m in g  o v e r  o n ly  ra te r m s  in  (5 -2 ) , a r e  g iv e n  b y  L 2n i n  (5 -5 ) w i th  | ,  a n d  a r e  

s e t o u t  in  T a b l e  5-2  to g e th e r  w i th  th e  c o r r e s p o n d in g  v a lu e s  o f  t h e  l i m i t  to  t h e  r e la t iv e  

e r r o r ,  er.

T a b l e  5-2  in d ic a te s  th e  p r e c is io n  o b ta in a b le  b y  m e a n s  o f  t h e  se r ie s  fo r  a n y  p a r t  o f  

t h e  r) r a n g e .  F o r  rj =  2 , 4 , 6, 8, fo r  e x a m p le ,  t h e  m a x im u m  p r e c i s io n  is 2 0 , 1-3 , 

a n d  0 - 0 1 1 % ,  a n d  is a t t a i n e d  b y  u s in g  1, 2 , 3 a n d  4  te r m s  r e s p e c t iv e ly  in  t h e  s u m 

m a t io n .  T h e  in c re a s e  in  th e  e r r o r  d u e  to  u s in g  m o r e  te r m s  t h a n  th e  n u m b e r  i n d i c a t e d  

b y  th e  c r i t e r io n  (5-6 ) is i l l u s t r a t e d  b y  th e  e v a lu e s  s e t d o w n  fo r  th e s e  v a lu e s  o f  rj c o r r e 

s p o n d in g  to  t h e  u se  o f  o n e  f u r t h e r  t e r m ,  n a m e ly  69 , 2 -7 , 0 -19  a n d  0 - 0 1 6 % .  T h e  p r e 

c is io n  b e c o m e s  c o m p a r a b le  w i th  t h a t  o b ta in e d  b y  th e  m e th o d s  d e s c r ib e d  in  p r e v io u s  

s e c tio n s  w h e n  r j ^  16 -0 , a n d  is t h e n  a t t a i n e d  b y  u s in g  f iv e  te r m s  in  t h e  s u m m a t io

A l th o u g h  th is  is le ss t h a n  th e  o p t i m u m  n u m b e r  o f  te rm s ,  a s  g iv e n  b y  (5 -6 ) , t h e  d e c r e a s e  

in  t h e  e r r o r  w i th  f u r t h e r  in c r e a s e  in  n u m b e r  o f  te r m s  u p  to  t h e  o p t i m u m  is s l ig h t ,  

a n d  n o  u s e fu l  p u r p o s e  is s e rv e d  b y  c a l c u la t in g  te rm s  b e y o n d  th e  s ix th ,  u s in g  f iv e  fo r  

t h e  s u m m a t io n  a n d  th e  s ix th  in  c a l c u la t in g  th e  e r r o r .  ( I t  s h o u ld  b e  p o in t e d  o u t  t h a t  

t h e  i n h e r e n t  e r r o r  in  (5*2), o f  o r d e r  e x p  ( — rj), is s m a l le r  t h a n  t h a t  g iv e n  b y  (5 -5 ) , a n d  

t h a t  i n  t h e  r a n g e  rj>1 6 - 0 ,  in  w h ic h  F{rj) h a s  b e e n  c a l c u la t e d  o n ly  b y  th e  a s y m p

se rie s  m e th o d ,  i t  is c o m p le te ly  n e g l ig ib le .)

T h e  v a lu e s  o f  F{rj) h a v e  b e e n  c a l c u la t e d  a t  in t e r v a l s  o f  0 -2  in  rj fo r  t h e  r a n g e  

1 0 - 0 < 7 < 2 0 - 0  f ro m  th e  a s y m p to t ic  se r ie s , w i th  ra =  5. A  c o m p a r i s o n  w i th  th e  v a lu e s  

c a l c u la t e d  b y  th e  m o d if ie d  n u m e r i c a l  i n t e g r a t i o n  m e th o d  o f  § 4  s h o w e d  t h a t  t h e  

a c t u a l  e r r o r s  in  t h e  v a lu e s  g iv e n  b y  (5 -2 ) a r e  c o n s id e r a b ly  less t h a n  th e  u p p e r  l im it s  

to  t h e  e r r o r s  g iv e n  in  T a b l e  5-2 . F o r  ?/ =  10 , 12 , 14 , 16 , fo r  e x a m p le ,  t h e  d i f f e r e n c e s  

F { in t e g r a t i o n )  — .F (se rie s) a r e  a p p r o x im a te ly  8 , 5 , 1 a n d  0 in  t h e  s ix th  d e c im a l  p la c e ,  

a s  c o m p a r e d  w i th  th e  u p p e r  l im its  to  t h e  e r r o r  i n  E '(se rie s )  o f  2 4 2 , 36 , 7 a n d  2  r e -
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s p e c t iv e ly .  I t  h a s  b e e n  a s s u m e d ,  t h e r e f o r e ,  t h a t  f o r  >  16*0 t h e  a s y m p t o t i c  s e r ie s  m e t h o d  

g iv e s  F(rj) c o r r e c t l y  t o  s ix  d e c i m a l  p la c e s ,  a n d  t h e  f u n c t i o n  h a s  b e e n  e v a l u a t e d  b y  th i s  

m e t h o d  o n l y  f o r  rj> 1 6 -0  a t  i n t e r v a l s  o f  0 -2 . A s  d e s c r i b e d  i n  § 4 , t h e  F(tj)  v a l u e s  f o r  t h e  

r a n g e  1 0 - 0 < 7 < 1 6 - 0  w e r e  o b t a i n e d  a t  i n t e r v a l s  i n  o f  0*2 b y  i n t e r p o l a t i o n  f r o m  t h e  

v a l u e s  c a l c u l a t e d  b y  t h e  n u m e r i c a l  i n t e g r a t i o n  m e t h o d ,  c h e c k s  b e i n g  p r o v i d e d  b y  

c o m p a r i s o n  w i t h  t h e  F(rj) v a l u e s  g iv e n  b y  t h e  s e r ie s  e x p a n s i o n  c a l c u l a t i o n s .  T h e  c o m

p l e t e  s e t  o f  F(rj) v a l u e s  f o r  1 0 -0  r̂/<2 0 - 0 ,  a t  i n t e r v a l s  o f  0 -2  i n  7 , w a s  c h e c k e d  b

m e t h o d  o f  d i f f e r e n c e s ;  t h e  i n t e r v a l s  w e r e  t h e n  r e d u c e d  to  0 T ,  a n d  t h e  f i n a l  s e t  o f  v a l u e s  

a g a i n  c h e c k e d .  A s  t h e  b a s i c  F(tj)  v a l u e s  o b t a i n e d  b y  t h e  m o d i f i e d  i n t e g r a t i o n  m e t h o d  

f o r  1 0 - 0 < 7 < 1 6 - 0  a r e  c e r t a i n l y  c o r r e c t  to  1 i n  t h e  s i x t h  d e c i m a l  p l a c e ,  a n d  t h e  F{rj) 

v a l u e s  o b t a i n e d  b y  t h e  s e r ie s  m e t h o d  f o r  rj>  16*0 h a v e  a t  l e a s t  th i s  d

a l l  t h e  F{rj) v a l u e s  f o r  1 0 - 0 < 7 < 2 0 - 0  m a y  b e  a c c e p t e d  a s  c o r r e c t  t o  1 o r  a t  m o s t  2  i n  

t h e  s ix th  p l a c e .  T h e  t a b u l a t e d  v a l u e s  a r e  g i v e n  to  f iv e  p l a c e s  o f  d e c i m a l s ,  t h e  d o t  

s y m b o l  * g iv i n g  a n  i n d i c a t i o n  o f  t h e  n e x t  d i g i t  a s  e x p l a i n e d  i n  § 2 .

T a b l e  5*2— U p p e r  l i m i t s  t o  t h e  e r r o r  i n  t h e  v a l u e  o f  F̂ (rj) g i v e n  b y  e q u a t i o n

(5*2) W IT H  l % k | |  MADE BY USING ONLY Yl TERMS U N D ER T H E  SUMMATION SIGN

A b o v e : A b s o lu te  e r r o r ,  ea, in  u n i ts  o f  th e  s ix th  d e c im a l  p la c e . B e lo w : R e la t iv e  e r r o r ,  er, t h e  n u m b e r  

in  b ra c k e ts  in d ic a t in g  th e  n e g a t iv e  p o w e r  o f  10 . T h u s  3-2 (3) in d ic a te s  a  r e la t iv e  e r r o r  o f  3-2  x  I Q - 3.

v 2n 

7J >

2 4 6 8 10

2 5 0 2  2 4 0 1 7 1 5  0 0 2

2-0 ( 1) 6-9 (1)

4 88 7 8 4 75 7 9 3 158 0 1 8

1-5 (2) 1*3 (2) 2-7 (2)

6 32 2 1 9 12 2 2 4 11 3 2 7 19 2 27

3-2  (3) 1-2 (3) 1-1 (3) T 9  (3)

8 15 6 9 5 3 3 49 1 7 4 6 1 6 67 2 5 2 5

1-0 (3) 2-2 (4) M  (4) M  (4) 1-6 (4)

10 8 9 8 5 1 2 27 4 0 9 2 5 0 2 4 2
4-2 (4) 5-8  (5) 1-9 (5) 1-2 (5) 1 1  (5)

12 5 6 9 6 5 4 0 125 53 3 6
2-0 (4) 1-9 (5) 4-5  (6) T 9  (6 ) 1-3 (6 )

14 3 8 7 4 2 7 0 4 6 14 7
1-1 (4) 7-7 (6 ) § i j  (6) 4-1 (7) 2-0  (7)

16 2 7 75 149 19 5 2
6-5 (5) 3-5 (6) 4-5  (7) I T  (7) 4-1 (8)

18 2 0 67 87 9 2 1
4-0  (5) 1-7 (6) 1-8 (7) 3-3 (8 ) TO (8 )

20 1 5 8 9 5 4 5 1 0
2-7 (5) 9-0 (7) 7-6  (8 ) 1-2 (8) 2-9 (9)

11
Vo l . CCXXXVII.—A
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6__ D e r i v a t i v e s  a n d  i n t e g r a l s  o f  t h e  f u n c t i o n  F{rj)

Derivatives o f  F(t, ) - A s  p o in t e d  o u t  in  § 1 ,  in  a p p l ic a t io n s  th e r e  a r e  a  

fu n c t io n s  c lo se ly  r e la te d  to  F (V) w h ic h  a r e  f r e q u e n t ly  r e q u i r e d  a m o n g  th e m  th e  

d e r iv a t iv e s  F',F", e tc . F r o m  th e  v a lu e s  o f  F ( y ) ,  l i s te d  a t  a n  in t e r v a l  (tr)  o f  0-1 in  ^ o r  

- 4 - 0 < 7 < 2 0 - 0 ,  t h e  f ir s t  d e r iv a t iv e s  a r e  r e a d i ly  e v a lu a te d  b y  m e a n s  o f  t h e  o r m u  a

wf! 1 M -L .X M

o r ,  in  m o r e  c o n v e n ie n t  fo rm ,

wfo =  +  — +  +  61o ( ^ - i  +  ^+ i) •••• y

T h e  v a lu e s  o f  wF(rj)ha v e  b e e n  o b ta in e d  o v e r  t h e  c o m p le te  r a n g e  o f  v a lu e s  g iv e n  m  

th e  t a b le  b y  u s in g  th e  f irs t  t h r e e  te rm s  o f  (6 -2 ) , t h e  c o n t r i b u t i o n  o f  th e  £5 te rm s  b e in g  

n e g l ig ib le  to  s ix  d e c im a l  p la c e s .  T h e  w W  v a lu e s  h a v e  b e e n  f o u n d  b y  a p p l y in g  (6 -2 ) 

to  th e  e n t r ie s  in  th e  wF' t a b le  r a t h e r  t h a n  b y  a p p ly in g  a  f o r m u la  fo r  s e c o n d  o r d e r  

d e r iv a t iv e s  in  te rm s  o f  d if fe re n c e s  o f  th e  o r ig in a l  F(rj) v a lu e s .  T h i s  p r o c e d u r e  is c o n 

v e n ie n t ,  as  i t  is d e s i r a b le  to  f in d  th e  d if fe re n c e s  o f  t h e  wF'  e n t r i e s  fo r  c h e c k in g  p u r p o s e s ,  

a n d  i t  h a s  th e  a d v a n t a g e  t h a t  i t  s m o o th s  o u t ,  to  s o m e  e x te n t ,  t h e  e f fe c t  o f  a n y  i r r e 

g u la r i t ie s  in  th e  h ig h e r  d if fe re n c e s  o f  F{ri) d u e  to  r o u n d in g  e r r o r s  in  t h e  e n t r ie s .  A  

s im i la r  m e th o d  h a s  b e e n  a d o p t e d  in  d e r iv in g  th e  w3F m t a b le .  I n  c a r r y i n g  o u t  t h e  

n u m e r i c a l  w o rk , o n e  m o r e  f ig u re  t h a n  th e  n u m b e r  t a b u l a t e d  h a s  b e e n  u s e d  t h r o u g h 

o u t ,  a n d  th e  t a b u l a t e d  wF', w2F"  a n d  w^F'" v a lu e s  a r e  b e l ie v e d  to  b e  c o r r e c t  to  t h e  

s a m e  d e g re e  o f  p re c is io n  as  th e  c o r r e s p o n d in g  F{rf) v a lu e s ,  n a m e ly  to  w i th i n  0 a n d  1 

in  th e  s ix th  d e c im a l  p la c e  fo r  th e  r a n g e s  — 4 - 0 < 7 < () • ( )  a n d  0 * 0 < 7 7 < 4 - 0  r e s p e c t iv e ly ,  

a n d  to  w i th in  0 ‘ in  th e  f if th  p la c e  fo r  4*0 <rj<2 0 - 0 .

T h e  n e e d  fo r  th e  d e r iv a t iv e s  o f  F{rj) i n  a p p l ic a t io n s  is a  s u f f ic ie n t  r e a s o n  fo r  t h e i r  

t a b u la t i o n .  I t  is, h o w e v e r ,  c o n v e n ie n t  to  l is t  th e  v a lu e s  o f  , w3F ' r a t h e r  t h a n

th o s e  o f  th e  d e r iv a t iv e s  th e m s e lv e s ,  s in c e  th e  m e th o d  a d o p t e d  g iv e s  wrF (r) w i th  th e  s a m e  

p re c is io n  as  th e  o r ig in a l  F  v a lu e s .  I f  t h e  v a lu e s  o f  t h e  d e r iv a t iv e  a r e  r e q u i r e d ,  i t  is 

m e re ly  n e c e s s a ry  to  m u l t ip ly  th e  c o r r e s p o n d in g  t a b u l a t e d  v a lu e s  wrF (r) b y  10 r , s in c e  

w — 0*1 t h r o u g h o u t  th e  ta b le .  ( I n  p h y s ic a l  a p p l ic a t io n s ,  a  m u c h  s m a l le r  a b s o lu t e  

a c c u r a c y  in  su c c e ss iv e  d e r iv a t iv e s  t h a n  in  F  is u s u a l ly  a d e q u a t e ; t h a t  p r o v id e d  b y  th e  

t a b le  w ill b e  m o r e  t h a n  s u f f ic ie n t  fo r  m o s t  p u rp o s e s .)  I n  a d d i t i o n  to  t h e i r  i m m e d i a t e  

u se  in  a p p l ic a t io n s ,  th e  wrF (r) v a lu e s  s e rv e  th e  p u r p o s e  o f  a  t a b l e  o f  d if fe re n c e s^  f o r  t h e  

F(rj) e n tr ie s ,  in  t h a t  th e y  m a y  b e  u s e d  d i r e c t ly  fo r  i n t e r p o l a t i o n  b y  th e  m e th o d s  d e 

s c r ib e d  in  § 8 . T h e  s m o o th in g  o u t  o f  t h e  e f fe c t  o f  r o u n d in g  e r r o r s  in  Firj), m e n t io n e d  

a b o v e ,  h e r e  g iv e s  th e  s e t o f  wrF (r) v a lu e s ,  c a l c u la te d  a s  d e s c r ib e d ,  a  d e f in i te  a d v a n t a g e  

o v e r  a  t a b le  o f  d if fe re n c e s .  M o r e o v e r ,  th e  e q u i v a l e n t  o f  a  t a b l e  o f  d i f f e r e n c e s  is p r o 

v id e d  a t  o n c e  fo r  F'(rj) a n d  F"{rj) a s  w e ll  a s  fo r  F{rj).

The Function §F§{rj)— T h e  e v a lu a t io n  o f  FFrj) f r o m  F(rj) is c o m p le m e n ta r y  to  t h e

* See fo o tn o te  j  o n  p . 73.
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e v a lu a t io n  o f  th e  d e r iv a tiv e s  o f  F{rj) , in  t h a t  i t  in v o lv e s  in te g r a t io n  o f  F{rj) . T h e  s e q u e n c e  

o f  fu n c tio n s  Fk(rj) is s a tis fa c to r ily  d e f in e d  b y  (2-2) fo r  — 1 ; h e n c e  fo r  >  0

_ f 00

=J o rii5

ry<q 1 \
Jo d x V - 1 + 1 ]

dx

; -e - =  l i t ) *  (6 -3 )

I n  t h e  s e q u e n c e  d e f i n e d  b y  h a l f - o d d - i n t e g r a l  v a l u e s  o f  k,  (6 -3 )  a p p l i e s  f o r  a l l  £:;» 

a n d ,  i n  p a r t i c u l a r ,

F i ( i )  =  W M  =  W ( v ) ,

so  t h a t  =  f  ^ (7 /)  +  (6 -4 )
J a

w h e r e  a is  a n y  s u i t a b l y  c h o s e n  l i m i t  o f  i n t e g r a t i o n .  T h e  m e t h o d  a d o p t e d  to  c o m p u t e  

t h e  § F |  {rj)va l u e s  w a s  to  e v a l u a t e  § F ^ a )  w i t h  a == — 4 -0 , u s in g  t h e  s e r ie s  (2 - 3 ) ,  a n d  to

a d d  t h e  v a l u e s  o f  j F(r/)dr/as g iv e n  b y  t h e  c e n t r a l  d i f f e r e n c e  f o r m u l a  (3 - 1 ) ,  o r  t h e

E u l e r - M a c l a u r i n  f o r m u l a  (2 * 9 ), w h i c h  is  c o n v e n i e n t  w h e n  t h e  v a l u e s  o f  t h e  d e r i v a t i v e s  

a n d  t h e i r  d i f f e r e n c e s  a r e  k n o w n .  I n  o r d e r  t o  p r o v i d e  c h e c k s  to  th i s  l e n g t h y  s e r ie s  o f  

c a l c u l a t i o n s ,  t h e  v a l u e s  o f  F%(a) w e r e  d e t e r m i n e d  d i r e c t l y  f o r  o t h e r  v a l u e s  o f  a , n a

- 3 ,  — 2 , — 1, 0 , 5 , 1 6 , 2 0 . T h e  m e t h o d s  a d o p t e d  w e r e  th o s e  u s e d  f o r  e v a l u a t i n g  F(rj) 

f o r  s i m i l a r  v a l u e s  o f  t h e  a r g u m e n t ;  t h e  a p p r o p r i a t e  m o d i f i c a t i o n s  o f  t h e  f o r m u l a e  a r e  

b r i e f l y  d e s c r i b e d  b e lo w .

F o r  a  <  0 , t h e  s e r ie s  (2 -3 )  w a s  e m p l o y e d ,  w h i l e  f o r  0 , u s e  w a s  m a d e  o f  t h e  r e l a t i o n  

(c f. 2 -8 )

W = i > ( l - 2 - f K ( f ) .  (6 -5 )

C o m p l e t e  a g r e e m e n t  w a s  o b t a i n e d  b e t w e e n  t h e  v a l u e  o f  | F f (0 ) a s  c a l c u l a t e d  f r o m  

(6*4) w i t h  a M  — 4*0, a n d  f r o m  (6 * 5 ), to  o n e  d e c i m a l  p l a c e  b e y o n d  t h a t  g iv e n  i n  t h e  

f i n a l  t a b l e .  T o  c h e c k  t h e  i n t e g r a t i o n  b e t w e e n  0  a n d  ^ =  5 , t h e  f u n c t i o n  

w a s  c a l c u l a t e d  f o r  <2 =  5 b y  t h e  m o d i f i e d  m e t h o d  o f  § 4 .  W e  m a y  w r i t e  (c f. (4*2) a n d

(4 -3 ) )

4 | = f  qt +  H ’ { a ) + r { < x . )  +  T ’(a)

w h e r e H'(oc) =
!„ W - ’ + i  ) ’

r ’ - “ { 0 + # - ( < ? - . # }

'o m m

T'(oc) =  1
'°° x^ dx

v J J 2?_ a ^  +  l ’

* A  m o re  g e n e ra l  d e r iv a t io n  o f  th is  r e c u r r e n c e  r e la t io n  is g iv e n  in  a n  A p p e n d ix .

I 1-2
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8 6

a n d  d e v e lo p  se rie s  e x p a n s io n s  fo r  th e  H'(ot) a n d  T'{a)  c o n t r i b u t io n s  a s  i n  § 4 .  T h u s ,  

c o r r e s p o n d in g  to  th e  e x p a n s io n  (4*5), w e  f in d

J .  M c D O U G A L L  A N D  E . C. S T O N E R  O N

co
H \o t)  =  f a * 2  ( - ) ^ - ^ - a){ l - T r (a )} /r , (6 -7 )

r— 1

w h ic h  c a n  b e  e v a lu a te d  fo r  rj — 5 b y  t a k in g  — 1 a n d  u s in g  th e  v a lu e s  fo r  t h e  c o e ff i

c ie n ts  Ar( 1) g iv e n  b y  (4 -7 ) . B y  c a r r y in g  o u t  a  c a l c u la t io n  s im i la r  to  t h a t  i n  § 3 £ ,  w e  

f in d ,  a s  a  f o r m u la  s u i ta b le  fo r  t h e  d e t e r m i n a t i o n  o f  t h e  T '  c o n t r i b u t i o n  (cf. (3 -6 ) ) ,

( 6 ' 8)

w h ic h  e n a b le s  T '(a)  to  b e  e v a l u a te d  b y  t a k in g  f} =  9 a n d  u s in g  th e  c o e f f ic ie n ts  B r{9) 

o f  (3 -7 ) . I n  t h e  c o m p u ta t i o n  o f  th e  I '(a )  c o n t r i b u t i o n ,  t h e  c e n t r a l  d i f f e r e n c e  f o r m u la  

( 3 T )  w a s  u s e d . T h is  c a l c u la t io n  is m u c h  m o r e  t r o u b le s o m e  t h a n  th e  c o r r e s p o n d in g  

o n e  in  d e t e r m in i n g  F{rj) o w in g  to  t h e  n e c e s s ity  o f  e v a l u a t i n g  a  se r ie s  o f  §  p o w e r s  a n d  

a lso  b e c a u s e  o f  t h e  l a r g e r  n u m b e r s  in v o lv e d .  T h e  c o n t r i b u t i o n s  ( r o u n d e d  to  s ix  

d e c im a l  p la c e s )  to  F§(5) g iv e n  b y  th e s e  c a l c u la t io n s  a r e  s h o w n  in  T a b l e  6 T ; t h e  

r e s u l t in g  v a lu e  o f  %F§{rj), 1 8 -5 3 4  9 6 4 06, is i n  g o o d  a g r e e m e n t  w i th  t h a t  o b t a i n e d  f r o m  

(6-4) w i th  a — 0 , n a m e ly ,  1 8 -5 3 4  9 6 4 12.

T a b l e  6-1— C o n t r i b u t i o n s  t o  F$(rj) f o r  5. 

F | | f |  =  f 7 f  +  i / ' ( a ) + / / ( a ) T T ' 2/ (a ) .  a  =  1

§7*
H '

r
T '

H ' + r + r

Ft(y)

22-360 680 

- 0  005 544

4- 870 868’ 

0-576 442

5- 441 766* 

27-802 446'

T h e  e q u a t io n  (5 -2 ) g iv e s  a n  a s y m p to t ic  se r ie s  e x p a n s io n  s u i t a b le  fo r  t h e  c o m 

p u t a t i o n  o f  F |( a )  fo r  a — 16 a n d  2 0 , a n d  th e  c o e f f ic ie n ts  (5 -3 ) fo r  A; — §  a r e

r a t i o n a l  f r a c t io n s  o f  t h e  c o r r e s p o n d in g  c o e f f ic ie n ts  u s e d  in  t h e  =  f  c a l c u la t io n ,  

a n d  g iv e n  in  T a b l e  5 -1 . B y  s u m m in g  to  f iv e  te rm s ,  th e  u p p e r  l im i t  to  t h e  e r r o r  i n  u s in g  

th e  se r ie s  e x p a n s io n  is

<  =  §7 f  X l 2 x T V t f i 2r 12. (6*9)

I n  th e  c a lc u la t io n s ,  th e re f o r e ,  t h e  a b s o lu t e  e r r o r  is g r e a t e r  t h a n  in  t h e  c o r r e s p o n d in g  

F(rj) c a l c u la t io n  ( th e  r a t i o  b e in g  3 ^ /1 9 ) ,  a l t h o u g h  th e  r e l a t iv e  e r r o r  is s m a l le r  ( in  t h e  

r a t i o  T h e  a g r e e m e n t  o b ta in e d  b e tw e e n  th e  v a lu e s  o f  f  fo r  16  a n d  2 0 , 

c a l c u la te d  f r o m  th e  a s y m p to t ic  se r ie s  e x p a n s io n ,  a n d  f r o m  e q u a t i o n  (6 -4 ) , w i th  5 , 

is s h o w n  b y  th e  fo l lo w in g  c o m p a r i s o n s :

v a lu es: 16

20

N u m e r ic a l

in te g ra tio n

279-638 884 

484-378 857

A sy m p to tic

series

279-638 883' ( ± 3 )  

484-378 856 ( ± 0 ‘)
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TH E C O M PU T A T IO N  OF FE R M I-D IR A C  FU N C TIO N S 87

A l t h o u g h  n o t  e x a c t  t o  t h e  s i x t h  d e c i m a l  p l a c e ,  t h e  a g r e e m e n t  is  c e r t a i n l y  a s  g o o d  a s  

c o u l d  b e  e x p e c t e d ,  a n d ,  i n d e e d ,  p r o v i d e s  a  m o s t  s a t i s f a c t o r y  c h e c k  o n  t h e  c a l c u l a t i o n s  

f o r  a  w i d e  r a n g e  o f  7 v a l u e s ;  i n  v ie w  o f  t h e  n u m b e r  o f  f ig u r e s  t o  b e  g i v e n  i n  t h e  t a b l e s ,  

t h e  d i f f e r e n c e s  a r e  o f  n o  i m p o r t a n c e .

I n  c a r r y i n g  o u t  t h e  c a l c u l a t i o n s  o f  a t  l e a s t  o n e  m o r e  f i g u r e  w a s  u s e d  t h a n

a p p e a r s  i n  t h e  l i s t e d  v a l u e s ,  a n d  t h e  p r e c i s i o n  s h o u l d  b e  s i m i l a r  t o  t h a t  o f  t h e  c o r r e 

s p o n d i n g  F{rj) v a l u e s ,  n a m e l y  0 ’ a n d  1 i n  t h e  s i x t h  p l a c e  f o r  — 4 - 0 ^  ^ 0 - 0 ,  a n d  

0 - 0 < ? / ^ 4 - 0  r e s p e c t iv e l y ,  a n d  0 ’ i n  t h e  f i f t h  p l a c e  f o r  4 - 0 < t/ ^ 20*0 . T h e  v a l u e s  o f  

a r e  t a b u l a t e d  r a t h e r  t h a n  th o s e  o f  F§(rj), a s  F, ',  F", F'"  a r e  s u c c e s s iv e  d e -  

r i v a t e s  o f  %FFrj), a n d  t h e  t a b u l a t e d  f u n c t i o n s  m a y  b e  u s e d  d i r e c t l y  i n  i n t e r p o l a t i o n  

p r o c e s s e s  (s e e  § 8 ) ;  c o n v e n i e n c e  i n  a p p l i c a t i o n s  is  l i t t l e  a f f e c t e d ,  a s  o t h e r  n u m e r i c a l  

f a c t o r s  u s u a l l y  o c c u r  i n  f o r m u l a e  i n v o l v i n g  F§(ij).

7 — S o m e  c h a r a c t e r i s t i c s  o f  t h e  t a b u l a t e d  f u n c t i o n s

I t  is p e r h a p s  d e s i r a b l e  t o  d is c u s s  c e r t a i n  g e n e r a l  c h a r a c t e r i s t i c s  o f  t h e  f u n c t i o n s  

t a b u l a t e d  i n  th i s  p a p e r .  T h e  c u r v e s  i n  f ig . 2  i n d i c a t e  t h e  v a r i a t i o n  w i t h  r\ o f  t h e  f u n c t i o n s  

§ F | ( ^ ) ,  F fr j)  =  F, F ' ,  F"  a n d  F'", f o r  v a l u e s  o f  rj l y i n g  b e t w e e n  — 3 a n d  + 5 .  T h e  

f u n c t i o n s  r e p r e s e n t e d  b y  t h e  f u l l  c u r v e s  m a y  a l l  b e  e x p r e s s e d  a s  a n d  t h e

c u r v e s  a r e  l a b e l l e d  a c c o r d i n g  to  t h e  v a l u e  o f  r. ( T h e  f F j i f §  c u r v e  s h o w n  f o r  r — — 1 

im p l i e s  t h e  c h o i c e  o f  a n  a p p r o p r i a t e  i n t e g r a t i o n  c o n s t a n t . )  T h e  b r o k e n  c u r v e  r e p r e 

s e n ts  a  l i m i t i n g  f u n c t i o n  to  w h i c h  a l l  t h e  o t h e r  f u n c t i o n s  t e n d ,  a s  e x p l a i n e d  b e l o w ,  f o r  

l a r g e  n e g a t i v e  rj.

C o n s i d e r a t i o n  o f  t h e  b e h a v i o u r  o f  t h e s e  f u n c t i o n s  f o r  v e r y  l a r g e  n e g a t i v e  a n d  p o s i t i v e  

v a l u e s  o f  7 , a n d  i n  t h e  n e i g h b o u r h o o d  o f  7 — 0 , e n a b l e s  a  s u r v e y  to  b e  m a d e  o f  t h e  

v a r i a t i o n  o f  t h e  f u n c t i o n s  o v e r  a l l  v a l u e s  o f  t h e  a r g u m e n t .

Behaviour o f  functions as ? /->  — g o— T h e  l i m i t i n g  f o r m  o f  F(rf) — F fr j)  w h e n  7 ^  — 00 

is  g i v e n  b y  e q u a t i o n  (2 -4 )  a s

(7 * i)

f u r t h e r ,  r e p e a t e d  a p p l i c a t i o n  o f  t h e  r e l a t i o n

(6 -3 )

w h i c h  is v a l i d  f o r  A ;> 0 , s h o w s  t h a t ,  f o r  p o s i t i v e  r,

J & m M j  (r + i _ 1 ) - • • f K M -  (7 -2 )

I n  t h e  l i m i t  7 - * — 0 0 ,  t h e r e f o r e ,  t h e  r e l a t i o n  b e t w e e n  t h e  f u n c t i o n s  F k ( tj )  is t h e  s a m e  a s  

t h a t  b e t w e e n  t h e  g a m m a  f u n c t i o n s  T ( £ + l ) ,  a n d  t h e  l i m i t i n g  f o r m s  o f

a r e  a l l  f 7 1 ^ .  T h e  a p p r o a c h  to  e q u a l i t y  w i t h  i n c r e a s i n g  v a l u e  o f  ( — 7 ) is i n d i c a t e d  i n  

f ig . 2 , a n d  a p p e a r s  a l s o  i n  t h e  t a b le s .  ( A t  rj =  — 4 -0 , | t t ^  =  0 -0 1 6  2 3 1  7 .)
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8 8 J .  M cD O U G A L L  A N D  E. G. S T O N E R  O N

F i g . 2— F i{v )  a n d  r e l a t e d  fu n c t io n s :

| I  00

F k iv)  =  {xk/{ex~ v + l ) } d x ;  =  F  f  F ^ r j ) .
J o

F u ll  c u rv e s :  ( - 1 ) ,  | f i ( f ) ;  (0 ) ,  F t (v ) =  F ;  (1 ) , ( 2 ) , (3 ) ,

B ro k e n  c u r v e :
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Behaviour o f  functions as ij-*oo — T h e  l i m i t i n g  f o r m  o f  Fk(rj) w h e n  oo is  g i v e n  b y  t h e  

a s y m p t o t i c  s e r ie s  e x p a n s i o n  (5*2) a s

[Fk { ^ v^ ^ j ~ ^ r j k+\  (7 -3 )

so t h a t  th e  l im it in g  fo rm s  o f  F^r/) = F, F ' ,  F"  a n d  F m 

a n d  \rj~% re sp e c tiv e ly .

T h e  g e n e ra l  c h a r a c te r  o f  th e  fu n c tio n s  c h a n g e s  f ro m  t h a t  o f  a n  e x p o n e n t ia l  to  t h a t  

o f  a  p o w e r  as rj c h a n g e s  f ro m  — oo to  +  oo, a n d  i t  is th is  c h a n g e  w h ic h  is re s p o n s ib le  

fo r  th e  d iff ic u lty  in  e v a lu a t in g  th e  fu n c tio n s  in  th e  t r a n s i t io n  re g io n . T h e  fu n c t io n s  

a r e  a ll  p o s it iv e  fo r  la rg e  n e g a tiv e  r) v a lu e s , a n d  a ll  in c re a s e  in i t ia l ly  as rj in c re a s e s ;  

b u t  w h e re a s  th e  fu n c tio n s  F ',  F  a n d  F% .( a n d  a ll  fu n c tio n s  Fk w i th  in

o f  h a lf -o d d - in te g ra l  k  v a lu e s )  in c re a s e  m o n o to n ic a l ly  w ith  in c re a s e  in  rj, th e  h ig h e r  

o r d e r  d e r iv a tiv e s  F (r){rf) w i th  2 e x h ib i t  (r 2) z e ro s , a n d  th e  v

fo r la rg e  rj a r e  p o s itiv e  o r  n e g a tiv e  a c c o r d in g  as ( r — 2) is e v e n  o r  o d d .

Behaviour o f  functions in the neighbourhood 0 — R e f e r e n c e  h a s  a l r e a d y  b e e n

m a d e  to  t h e  c o n n e x i o n  b e t w e e n  t h e  Fk(0) v a l u e s  a n d  t h e  R i e m a n n  z

e q u a t i o n s  (2 -8 )  a n d  ( 6 - 5 ) ) .  B y  m e a n s  o f  t h e  i d e n t i t y

t h e  r e l a t i o n ,

1 1  2  

ex + l  ~ex— l ~ e 2x— l ’

*°° x k dx 

o
(1

I* op //y

-  ta .  -  i%

(7 -4 )

(7 -5 )

is  o b t a i n e d  a s  v a l i d  f o r  k>0 (c o r r e s p o n d i n g  to  t h e  r a n g e  i n  w h i c h  m a y  b e  d e f i n e d
oo-

b y  2  n~s) .  D i f f e r e n t i a t i o n  u n d e r  t h e  i n t e g r a l  s ig n  s h o w s  t h a t
n- 1

^ ' ( o )  =  ( 1 - 2 1-* ) r ( * + ! ) £ ( * ) ,  (7 -6 )

p r o v i d e d  k > \ \  a n d  g e n e r a l l y ,  f o r  k > j ,

Fkr)W  F= { l - r 2 r~k) F ( k + 1 )  £ ( k + l — r). (7 -7 )

O u r  n u m e r i c a l  r e s u l t s  s h o w  t h a t  t h i s  r e l a t i o n ,  ( 7 - 7 ) ,  h o ld s  o v e r  a  w i d e r  r a n g e  o f  k  

v a l u e s  t h a n  t h a t  f o r  w h i c h  t h e  a b o v e  d i s c u s s io n  is  a p p l i c a b l e .  T h u s ,  i t  h o ld s  f o r  =  

w i t h  r = 1, 2 , 3 , a s  m a y  b e  s h o w n  b y  c o m p a r i n g  t h e  v a l u e s  o f  F ' ( 0 ) ,  ^ " ( 0 ) ,  0 ) g iv e n

i n  t h e  t a b l e ,  a n d  o b t a i n e d  b y  s u c c e s s iv e  d i f f e r e n t i a t i o n  o f  t h e  F(r/) v a l u e s ,  w i t h  th o s e  

o b t a i n e d  f r o m  (7 * 7 ), u s in g  t h e  z e t a  f u n c t i o n  v a l u e s  g iv e n  b y  G r a m . T h e s e  v a l u e s  a r e  

s h o w n  i n  T a b l e  7 -1 , w h i c h  i n c l u d e s  Ff\0) f o r  =  — 1, 0 , 1 , . . .  5 c a l c u l a t e d

t h e  i n d e p e n d e n t l y  c a l c u l a t e d  v a l u e  o f  1 ^ ( 0 )  ( fo r  w h i c h  t h e  d i s c u s s io n  g iv e n  a b o v e  is 

a p p l i c a b l e ) ,  a n d  a ls o  t h e  i n d e p e n d e n t l y  c a l c u l a t e d  v a l u e s  o f  ̂ ' ( 0 ) ,  0 ) a n d  F ”{0 ) .

T h i s  r e s u l t  s u g g e s t e d  t h a t  a n  a t t e m p t  s h o u l d  b e  m a d e  to  e s t a b l i s h  t h e  r e l a t i o n  (7 -7 )  

f o r  a  w i d e r  r a n g e  o f  k  v a l u e s ,  a n d  th i s  is  d o n e  i n  a n  A p p e n d i x ,  w h e r e  a n  a n a l y t i c  c o n 

t i n u a t i o n  o f  Fk(rj) is d e f i n e d  f o r  a l l  k̂0, ±  1, 
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is sh ow n  to  b e  v a l id  fo r  th e  s e q u e n c e  o f  h a l f - o d d - in te g r a l  v a lu e s  o f  k, in  p a r t i c u l a r ,  

w i th o u t  r e s t r ic t io n  o n  r.Th is  m a k e s  p o s s ib le  t h e  c a l c u la t io n  o f  T A(r)(0) v a lu e s  i

o f  z e t a  f u n c t io n  v a lu e s  (o v e r  th e  r a n g e  fo r  w h ic h  th e s e  h a v e  b e e n  c o m p u te d ) ,  a n d  a lso  

g iv e s  in f o r m a t io n  as  to  th e  b e h a v i o u r  o f  t h e  f u n c t io n s  (0 ) in  t h e  r e g io n  0  f r o m  t h e  

k n o w n  p r o p e r t i e s  o f  th e  z e t a  fu n c t io n s .  T h u s  su c c e s s iv e  p a i r s  o f  d e r iv a t iv e s ,  b e g i n n in g  

w i th  F"{ 0) a n d  T w(0 ) , a r e  a l t e r n a t e l y  p o s i t iv e  a n d  n e g a t iv e ,  a n d  th e  g r a d ie n t s  o f  t h e  

F£r)(?]) c u rv e s  a t  rj =  0  a r e  a l t e r n a t e ly  p o s i t iv e  a n d  n e g a t iv e  in  p a i r s  b e g i n n in g  w i th

F ’{rj) a n d  F"{r]). T h i s  in f o r m a t io n  m a y  n o w  b e  c o m b in e d  w i th  t h a t  a s  to  t h e  b e h a v i o u r  

o f  th e  fu n c t io n s  fo r  r j -^ — oo a n d  7 - ^ + 0 0 ,  to  d e t e r m in e  th e  g e n e r a l  c h a r a c t e r  o f  t h e  

v a r i a t io n  o f  F ^ i j f )  fo r  th e  w h o le  tj r a n g e .  F o r  e x a m p le ,  fo r  t h e  d e r iv e d  f u n c t io n s  

F lr)(r}) a  m a x im u m  f ir s t  a p p e a r s  in  t h e  F"  c u r v e ,  a n d ,  a s  m e n t io n e d  a b o v e ,  t h e  h ig h e r  

d e r iv a t iv e s  h a v e  {r— 2) z e ro s . W i t h  in c r e a s in g  r, t h e  z e ro s  m o v e  to  s m a l le r  v a lu e s  o

a  z e ro  f ir s t  a p p e a r i n g  fo r  n e g a t iv e  77 w h e n  r = 4 . F o r  2  a

z e ro s  in  t h e  r a n g e  rj >0 a n d  th e  s a m e  n u m b e r  in  t h e  r a n g e  < 0 ;  fo r  o d d ,  t h e r e

(r— 1 ) /2  z e ro s  fo r  rj> 0, a n d  ( r — 3 ) /2  fo r  rj<0.

T a b l e  7 -1 — V a l u e s  o f  F̂ r){0) c a l c u l a t e d  f r o m  z e t a  f u n c t i o n s

c o m p a r i s o n , t h e  v a l u e s  o f  | T | ( 0 ) ,  0 ) ,  F " ( 0) a n d  0 ) ,

J .  M c D O U G A L L  A N D  E. G. S T O N E R  O N

CALCULATED INDEPENDENTLY

V a lu e s  c a lc u la te d

r p M . (0) in d e p e n d e n t ly

- 1 1-341 487 26 0-768 535 89 § F f (0) -  0-768 536

0 2-612 376 35 0-678 09 3  90

1 - 1 - 4 6 0  354 41 0-536 077 46 F'(0) = 0 -5 3 6  08

2 - 0 - 2 0 7  886 22 0-336 859 12 F " (0 )  =  0-336 8 ’

3 - 0 - 0 2 5  485 20 0-105 178 18 F '" ( 0 )  = 0 - 1 0 5

4 0-008 516 93 - 0 - 0 7 7  847 17

5 0-004 441 01 - 0 - 0 8 5  119 97

F in a l ly ,  i t  m a y  b e  n o te d  t h a t ,  fo r  s m a l l  v a lu e s  o f  | | , i t  is c o n v e n i e n t  to  e v a l u a t e

F{ri) a n d  its  d e r iv a t iv e s  f r o m  th e  F£r)(0) v a lu e s  o f  T a b l e  7 T  b

se rie s  e x p a n s io n ; t h e  p r e c i s io n  a t t a i n a b l e  is c o m p a r a b l e  w i th  t h a t  o f  th e  l i s te d  v a lu e s  

fo r  | rj | < 0 - 3 .

8— D e s c r i p t i o n  a n d  u s e  o f  t a b l e

T h e  ta b l e  g iv e s  th e  v a lu e s  o f  f iv e  F e r m i - D i r a c  f u n c t io n s  w h ic h  m a y  b e  r e q u i r e d  in  

a p p l ic a t io n s ,  n a m e ly ,  § jF | ( t/ ) ,  Fi(rj) — F, wF, a n d  

— 4 -0  to  + 2 0 - 0  a t  in t e r v a l s  o f  w = 0 T  i n  t h e  a r g u m e n t .  T h e  m a g n i tu d e s

s ix  d e c im a l  p la c e s  fo r  — 4 - 0 < t/ < + 4*0, a n d  a r e  b e l ie v e d  to  b e  c o r r e c t  to  w i th i n  0* 

a n d  1 in  t h e  s ix th  p la c e  fo r  n e g a t iv e  a n d  p o s i t iv e  rj v a lu e s ,  r e s p e c t iv e ly ,  i n  th is  r a n g e .  

F o r  4 - 0 < 7 / < 2 0 - 0 ,  o n ly  f iv e  d e c im a l  p la c e s  a r e  g iv e n ,  a n d  th e  v a lu e s  a r e  c o r r e c t  to  0 ‘ 

in  th e  f if th  p la c e .  ( T h e  w3F"' v a lu e s  a r e  n o t  g iv e n  fo r  7 /> 8 - 0  as  th e y  a r e  s m a l l  ( < 1 ‘) 

b u t  th e y  m a y  b e  o b ta in e d ,  i f  r e q u i r e d ,  f ro m  in s p e c t io n  o f  t h e  w2F" v a lu e s .)  T h e  s e c o n d
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a n d  s u b s e q u e n t  c o l u m n s  o f  t h e  t a b l e  g iv e  t h e  v a l u e s  o f  t h e  d e r i v a t i v e s  ( d i r e c t l y ,  o r  

w i t h  t h e  f a c t o r  w) o f  t h e  f u n c t i o n  l i s t e d  i n  t h e  p r e c e d i n g  c o l u m n .

T h e  u t i l i z a t i o n  o f  s u c c e s s iv e  d e r i v a t i v e s  f o r  i n t e r p o l a t i o n ,  t o  w h i c h  r e f e r e n c e  h a s  

b e e n  m a d e ,  w i l l  n o w  b e  c o n s i d e r e d  m o r e  fu l ly .  I n  a p p l i c a t i o n s ,  v a l u e s  o f  t h e  f u n c t i o n s  

w i l l  b e  r e q u i r e d  f o r  v a l u e s  o f  q l y i n g  b e t w e e n  th o s e  f o r  w h i c h  t h e  f u n c t i o n s

a n d  i n t e r p o l a t i o n  w i l l  b e  n e c e s s a r y .  T h i s  m a y  b e  e f f e c t e d  b y  d r a w i n g  u p  a  t a b l e  o f  

d i f f e r e n c e s  a n d  u s in g  t h e  B e s se l f o r m u l a  ( 2 T 1 ) ;  b u t ,  m o r e  c o n v e n i e n t l y ,  a  T a y l o r  

s e r ie s  e x p a n s i o n  g iv e s  t h e  v a l u e  o f  f n = f ( a  +  nw) i n  t e r m s  o f  t h e  l i s t e d  v a l u e s  o f  f 0 

a n d  i t s  d e r i v a t i v e s :
00 /yjT

f n = f o + I j [ U>'f£r>- ( 8 '1 )

T h e  t a b l e s ,  t h e r e f o r e ,  p r o v i d e  a l l  t h e  i n f o r m a t i o n  r e q u i r e d  i n  i n t e r p o l a t i o n  o f  a n y  o f  

t h e  l i s t e d  f u n c t i o n s ,  a n d  n o  d i f f e r e n c i n g  o f  t h e  f u n c t i o n s  is  n e c e s s a r y .  A n  e s t i m a t e  

o f  t h e  n u m b e r  o f  t e r m s  o f  t h e  e x p a n s i o n  ( 8 T )  w h i c h  a r e  r e q u i r e d  i n  i n t e r p o l a t i o n  is 

r e a d i l y  m a d e .  F o r  F (q),  f o r  e x a m p l e ,  p u t t i n g  n — 1 s h o w s  t h a t  b y  u s in g  o n l y  t h r e e  

t e r m s  i n  ( 8 T )  t h e  e r r o r  d o e s  n o t  e x c e e d  0 ’ i n  t h e  s ix th  d e c i m a l  p l a c e  t h r o u g h o u t  t h e  

r a n g e  o f  q va l u e s  c o v e r e d  b y  t h e  t a b l e .  S in c e  t h e  e x p a n s i o n  a ls o  a p p l i e s  f o r  n e g a t i v e  n, 

h o w e v e r ,  t h e  g r e a t e s t  v a l u e  o f  | n | n e c e s s a r y  is  0*5, a n d  a n  e r r o r  o f  le ss  t h a n  

f i f t h  p l a c e  ( w h ic h  w i l l  u s u a l l y  b e  a d e q u a t e )  is  t h e n  o b t a i n e d  b y  u s i n g  o n l y  tw o  t e r m s  

i n  ( 8 T ) .

T h e  p r o c e s s  o f  i n v e r s e  i n t e r p o l a t i o n  m a y  a l s o  b e  r e q u i r e d  i n  a p p l i c a t i o n s ,  a n d  a n  

a p p r o p r i a t e  f o r m u l a  f o r  d e t e r m i n i n g  n w h e n  is  g iv e n  m a y  b e  f o u n d  b y  r e v e r s i n g  

t h e  e x p a n s i o n  ( 8 T ) .  T h i s  m e t h o d  is  d is c u s s e d  b y  B e c k e r  a n d  v a n  O r s t r a n d  (1 9 0 9 , 

p .  x x x ix )  w h o  g iv e  a  f o r m u l a ,  e q u i v a l e n t ,  a s  f a r  a s  t e r m s  i n  n\, to

71 =  Wl — i# 2Wl+ { i # 2  — “6#3}^! +  { A (M 3— 8#2_  (8 '2 )

w h e r e  n x =  ( f n- f 0) /w fo ,  a n d  =

T h i s  f o r m u l a  a p p l i e s  f o r  b o t h  p o s i t i v e  a n d  n e g a t i v e  v a l u e s  o f  n u  so  t h a t  i n  p r a c t i c e  i t  

is p o s s ib le  to  c h o o s e  t h e  l i s t e d  v a l u e  d i f f e r i n g  l e a s t  f r o m j ^ ,  a n d  | n e e d  n o t  e x c e e d  

0-5.

A l t h o u g h  t h e  n u m b e r  o f  t e r m s  o f  t h e  s e r ie s  (8 -2 )  r e q u i r e d  to  g iv e  t h e  v a l u e  o f  n a s  

a c c u r a t e l y  a s  p o s s ib le  d e p e n d s  u p o n  t h e  d i m i n u t i o n  i n  qr a s  r i n c r e a s e s ,  t h e  f a c t o r  

p r i m a r i l y  d e t e r m i n i n g  t h e  p r e c i s i o n  a t t a i n a b l e  is  a c t u a l l y  t h e  n u m b e r  o f  s i g n i f i c a n t  

f ig u r e s  i n  nlt o r  e q u i v a l e n t l y  i n  w f f  Fo r  F(rj), f o r  e x a m p l e ,  t h e  v a l u e s  o f  qr a

i n  t h e  n e i g h b o u r h o o d  o f  q =  — 4 -0  ( t h e  r a t i o  o f  s u c c e s s iv e  qr v a l u e s  t e n d s  to  0 T

t a b u l a r  i n t e r v a l ,  a s  q d e c r e a s e s ) ,  b u t  n o  u s e f u l  p u r p o s e  is  s e r v e d  b y  i n c l u d i n g  t e r m s

b e y o n d  t h a t  i n v o l v i n g  n\ i n  t h e  d e t e r m i n a t i o n  o f  a  v a l u e  o f  n i n  th i s  r e g i o n ,  s in c e  t h e  

a c c u r a c y  p o s s ib le  is  l i m i t e d  e s s e n t i a l l y  b y  t h e  p r e c i s i o n  o f  t h e  wF'  v a l u e ,  1 6 0 2 ’, n a m e l y  

O '. I n  t h e  n e i g h b o u r h o o d  o f  q = — 4 -0 ,  t h e r e f o r e ,  t h e  t a b l e s  a r e  a d e q u a t e  f o r  t h

m i n a t i o n  o f  n to  w i t h i n  0 -0 0 0  1* ( s in c e  | nx | n e e d  n o t  e x c e e d  0 -5 ) 

Vo l . CCXXXVII.—A 12
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y m a y  b e  fo u n d  to  w i th in  0 -000  01*. S im i la r  c o n s id e r a t io n s  s h o w  t h a t  in  th e s e  in v e r s e  

c a lc u la t io n s  th e  v a lu e  o f  tj i n  t h e  r a n g e  — 4*0 to  -(-4*0 m a y  b e  d e t e r m in e d  to  w i th i n  

16, 6, 3, 1 a n d  0 ‘ in  th e  s ix th  p la c e  fo r  1] g r e a t e r  t h a n  — 4, — 3, — 2, — 1 a n d  + 1  r e 

s p e c tiv e ly ,  a n d  t h a t  o n ly  fo r  — T 0 < t/ < ! 4 " 1 '0  is i t  n e c e s s a r y  to  i n c lu d e  th e  t e r m  i n 

v o lv in g  n\. I n  th e  r a n g e  4 - 0 < 7  < 2 0 * 0 ,  w h e r e  F{rj) is g iv e n  to  w i th i n  0 ' i n  t h e  f i f th  

d e c im a l  p la c e ,  7 m a y  b e  d e t e r m in e d  to  w i th i n  1 ' i n  t h e  s ix th  d e c im a l  p la c e ,  a n d  th is  

p r e c is io n  is a t t a i n e d  fo r  r] 4̂ * 5  e v e n  i f  t h e  n\ t e r m  is n e g le c te d .  I f  t h e  v a l u e  o

s p o n d in g  to  a  g iv e n  F(ij) is r e q u i r e d  to  a  lo w e r  d e g r e e  o f  p r e c i s io n  t h a n  t h a t  to  w h ic h  

th e  a b o v e  d is c u s s io n  a p p l ie s ,  s im p le  a p p r o x i m a t e  m e th o d s  o f  in v e r s e  i n t e r p o l a t i o n  

m a y  b e  d e v is e d  w i th o u t  d if f ic u l ty .  T h e  r e s u l t  o f  a n y  in v e r s e  i n t e r p o l a t i o n  c a l c u la t io n  

m a y  b e  c h e c k e d  b y  m e a n s  o f  t h e  e x p a n s io n  (8*1) o r  b y  e v a l u a t i n g  d i f f e r e n c e s  a n d  u s in g  

th e  d i r e c t  i n t e r p o la t io n  f o r m u la  o f  B esse l (2*11).

T h e  f o r m u la  (8-2 ) h a s  b e e n  a p p l i e d  in  p r o d u c in g  T a b l e  8*1, w h ic h  g iv e s  t h e  v a lu e s  

o f  1] c o r r e s p o n d in g  to  a  n u m b e r  o f  v a lu e s  o f  ( 0) , w h e n  th e  r e l a t i o n  (1*11) h o ld s ;  a n

i n d i c a t i o n  is th u s  g iv e n  o f  th e  r a n g e s  o f  t e m p e r a t u r e  c o r r e s p o n d in g  to  d i f f e r e n t  p a r t s  o f  

t h e  F{rj) t a b le .  ( T a b l e  8*1 w o u ld  b e  u s e fu l  i n  d e a l in g  n u m e r i c a l ly  w i th  s u c h  p r o b le m s  

a s  e le c t r o n ic  sp e c if ic  h e a t  a n d  s p in  p a r a m a g n e t i s m  to  w h ic h  r e f e r e n c e  h a s  b e e n  m a d e  

in  § 1 .)

J .  M c D O U G A L L  A N D  E. C. S T O N E R  O N

T a b l e  8*1— C o r r e s p o n d i n g  v a l u e s  o f  ( 0) a n d  rj

F o r  th e  lim itin g  v a lu es  o f  rj in  th e  F(rj) ta b le ,  n a m e ly , 9/ =  + 2 0 -0  a n d  —4-0, (k T je 0) ta k e s  th e  v a lu e s  

0-049 897 a n d  11-955 19’ re sp e c tiv e ly

k T / e 0 V k T / e 0 V

0-05 19-958 7 2 1 ' tjjjj - 0 - 0 2 1  461

0-1 9-916 4 1 2 ' 1-1 - 0 - 1 9 9  181

0-2 4-822 880 1-2 - 0 - 3 5 7  435

0-3 3-048 6 0 7 ' 1-3 - 0 - 5 0 0  051

0-4 2-100 868 1-4 - 0 - 6 2 9  8 4 2 '

0-5 1-486 224 1-5 - 0 - 7 4 8  9 2 9 ’

0-6 1-041 445 1-6 - 0 - 8 5 8  9 5 1 '

0-7 0-696 587 1-7 - 0 - 9 6 1  199 '

0-8 0-416 4 2 1 ' 1-8 - 1 - 0 5 6  7 0 7 '

0-9 0-181 112 1-9 - 1 - 1 4 6  3 16 '

1*1 - 0 - 0 2 1  461 2-0 - 1 - 2 3 0  719

S o m e  o f  t h e  in v e rs e  in t e r p o l a t i o n  c a l c u la t io n s  h a v e  b e e n  c h e c k e d  i n d e p e n d e n t l y  

b y  u s in g  a  d i r e c t  i n t e r p o l a t i o n  f o r m u la  a n d  a  t r i a l  a n d  e r r o r  p r o c e d u r e ,  b u t  l i t t l e  

t im e  is s a v e d  b y  a d o p t in g  th is  m e th o d .  I f  a  l a r g e  n u m b e r  o f  a c c u r a t e  in v e r s e  i n t e r 

p o la t io n s  h a d  to  b e  c a r r i e d  o u t ,  th e  d e s i r a b i l i t y  o f  a d o p t i n g  t h e  tw o - m a c h in e  m e t h o d  

d e v e lo p e d  b y  C o m r i e  (1936) w o u ld  b e  w o r th y  o f  c o n s id e r a t io n .  I n  v ie w  o f  t h e  f a c t  

t h a t  th e s e  a l t e r n a t iv e  m e th o d s  in v o lv e  th e  p r o d u c t i o n  o f  d i f f e r e n c e s  o f  t h e  f u n c t i o n  

to  b e  in t e r p o la t e d ,  w e  e m p h a s iz e  th e  p o i n t  t h a t  t h e  t a b l e  g iv e n  p r o v id e s  a l l  t h e  i n 

f o r m a t io n  r e q u i r e d  to  p e r m i t  t h e  i n t e r p o l a t i o n  o f  a n y  o f  t h e  l i s te d  f u n c t io n s  b y  u s in g
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th e  r e v e rs e d  se ries  (8 -2 ). W e  h a v e  e x e m p lif ie d  th e  p r o c e d u r e  b y  c o n s id e ra t io n  o f  in v e rs e  

in te r p o la t io n  f ro m  F(ij), n o t  o n ly  b e c a u s e  F(rj) is th e  b a s ic  c o m p u te d  f u n c t io n ,  b u t  

a lso  b e c a u s e  i t  is a lm o s t  e x c lu s iv e ly  fo r  th is  f u n c t io n  t h a t  in v e rs e  in te r p o la t io n  w ill b e  

r e q u i r e d  in  p h y s ic a l  a p p l ic a t io n s .  I f  n e c e s sa ry , th e  a c c u r a c y  a t t a in a b le  in  in v e rs e  

in te r p o la t io n  f ro m  th e  o th e r  fu n c tio n s  c a n  b e  d e te r m in e d  b y  a n  e x te n s io n  o f  th e  

a r g u m e n ts  g iv e n  a b o v e .

T h e  c o n s id e ra t io n  o f  p h y s ic a l  a p p l ic a t io n s  w h ic h  m a y  b e  m a d e  o f  th e  c o m p u te d  

fu n c t io n s  fa lls  o u ts id e  th e  sc o p e  o f  th is  p a p e r ; th e  e x a m p le s  m e n t io n e d  in  § 1 a r e  

su ff ic ie n t to  in d ic a te  th e  r a n g e  o f  u t i l i ty .  T h e  b o d y  o f  th e  p a p e r  d e a ls  e s se n tia lly  w i th  

th e  c o m p u ta t io n  o f  a  se ries  o f  fu n c t io n s  w i th o u t  r e g a r d  to  th e i r  a p p l ic a t io n ,  a n d  th e  

re su lts  a r e  p r e s e n te d  in  a  fo rm  w h ic h  seem s m o s t a p p r o p r ia t e  fo r  s h o w in g  th e  n u m e r ic a l  

c h a ra c te r is t ic s  o f  th e se  fu n c tio n s . S in c e , h o w e v e r ,  p h y s ic a l  c o n s id e ra t io n s  p r o v id e d  

th e  in c e n tiv e  fo r  s ta r t in g  th is  w o rk , i t  is p e r t in e n t  to  c o n s id e r  w h e th e r  th e  fo rm  in  

w h ic h  th e  re su lts  a r e  g iv e n  is th e  m o s t u se fu l fo r  th e  p u r p o s e  o f  a p p l ic a t io n s .  I n  th e  

e x a m p le s  m e n t io n e d  th e  v a lu e s  o f  /F(r])and o f  w o u ld  b e  r

a  se ries  o f  v a lu e s  o f  (k T /e0) ; i t  w o u ld  se e m , th e re fo re , t h a t  fo r  th is  p u rp o s e ,  a  ta b le  

g iv in g  rj, /q ,  F, F ' , . . .  a t  e q u a l  in te rv a ls  o f  (k T /e 0) w o u ld  b e  m o s t u se fu l. S u c h  a  ta b le  

c o u ld  b e  c o n s tr u c te d  ( a t  th e  e x p e n se  o f  c o n s id e ra b le  l a b o u r  in  in v e rs e  a n d  d i r e c t  

in t e r p o la t io n ) , b u t  as a n  a l te r n a t iv e  to  th e  ta b le  g iv e n  i t  w o u ld  h a v e  a  n u m b e r  o f  d is 

a d v a n ta g e s .  I f  i t  w e re  to  c o n ta in  a n  e q u iv a le n t  a m o u n t  o f  n u m e r ic a l  d a t a  r e le v a n t  

to  in te r p o la t io n ,  th e  n e c e ss ity  o f  t a b u la t in g  d iffe re n c e s  o f  th e  v a r io u s  fu n c t io n s  w o u ld  

m a k e  i t  v e ry  e x te n s iv e . M o re o v e r ,  th e  d i r e c t  a p p l ic a t io n  o f  th e  ta b le  w o u ld  b e  r e 

s tr ic te d  to  a  r e la t iv e ly  n a r r o w  r a n g e  o f  p ro b le m s , in  w h ic h  th e  e ffe c t o f  e x te r n a l  fie ld s  

(u s in g  th is  te r m  in  a  g e n e ra l iz e d  sense) is z e ro  o r  s m a ll  (as  in  th e  p r o b le m s  o f  e le c tro n ic  

sp ec ific  h e a t  o r  s p in  p a r a m a g n e t i s m ) ; in  d e a l in g  w ith  m o re  c o m p lic a te d  p r o b le m s  

( fe r ro m a g n e tis m  m a y  b e  m e n t io n e d  as a n  e x a m p le )  th e  o r ig in a l  ta b le  w o u ld  b e  m o re  

s u ita b le .  F in a l ly ,  th e  o c c a s io n a l c o n v e n ie n c e  o f  a  m o d if ie d  fo rm  o f  p r e s e n ta t io n  o f  

th e  n u m e r ic a l  re su lts  is m o re  t h a n  o ffse t b y  th e  c le a r  m a n n e r  in  w h ic h  th e  p r o p e r t ie s  

o f  th e  b a s ic  fu n c t io n s  a r e  e x h ib i te d  in  th e  ta b le  as g iv e n .

A l th o u g h  th e r e  a r e  s tro n g  re a so n s  fo r  t a b u la t in g  th e  b a s ic  F e r m i- D ir a c  fu n c t io n s  

in  a  fo rm  s im ila r  to  t h a t  a d o p te d  r a th e r  t h a n  in  a  fo rm  a p p r o p r ia t e  fo r  s p e c ia liz e d  

a p p l ic a t io n s ,  s u c h  a p p l ic a t io n s  w o u ld  o f te n  b e  f a c i l i ta te d  b y  s u p p le m e n ta r y  ta b le s ,  o f  

w h ic h  T a b le  8 T  is a n  e x a m p le  in  s k e le to n  fo rm . T h e  v a lu e  o f  a n  e la b o r a te  ta b le  o f  th is  

ty p e  w o u ld , h o w e v e r , s c a rc e ly  b e  c o m m e n s u r a te  w ith  th e  l a b o u r  o f  its  p r o d u c t io n ;  

fo r  u s u a lly  in  a p p l ic a t io n s  o n ly  a  f a ir ly  s m a ll  n u m b e r  o f  e n tr ie s  w ill b e  r e q u ir e d ,  a n d  

th e se  c a n  b e  c a lc u la te d ,  a t  s m a ll e x p e n d i tu r e  o f  t im e , f ro m  th e  b a s ic  ta b le .  T h is  t a b le  

n o t  o n ly  show s th e  n u m e r ic a l  c h a ra c te r is t ic s  o f  a  se ries  o f  im p o r t a n t  fu n c tio n s , b u t  i t  

a lso  re m o v e s  th e  m a jo r  p a r t  o f  th e  c o m p u ta t io n a l  d iff ic u ltie s  in v o lv e d  in  th e  a p p l ic a t io n  

o f  F e r m i- D ir a c  s ta tis tic s  to  a  w id e  r a n g e  o f  p ro b le m s .

1 2 -2
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A p p e n d i x *

Analytic continuation o f  the function F k(y)

M e n t io n  h a s  b e e n  m a d e  e a r l i e r  in  th is  p a p e r  o f  th e  d e s i r a b i l i t y  o f  o b t a i n i n g  a n  

a n a ly t i c  c o n t in u a t i o n  o f  t h e  f u n c t io n

f b t *  -
,co tk dt 

o t - i  +  V
( A l )

w h ic h  is a d e q u a te l y  d e f in e d  o n ly  fo r  k > — 1, p a r t i c u l a r l y  w i th

th e  r e la t io n

^ )(O) =  ( l - 2 ^ ) r ( ^ + l ) ^ + l - 0  (7-7)

fo r  a  w id e r  r a n g e  o f  r v a lu e s  t h a n  th e  c r i t e r io n  a llo w s , 

th e  n o ta t io n ,  a n d  to  s e t

G(x, |
100 tx~l dt 

o I s

I t  is c o n v e n i e n t  to  m o d if y

(A  2)

so  d e f in in g  a n  a n a ly t i c  f u n c t io n  w h e n  x  is p o s i t i v e ; t h e n

G ( x , y )  HI Fk(rj), w h e n  1, 

a n d  th e  in t e g r a l  F fr j)  =  G (§, y), a  m e m b e r  o f  t h e  s e q u e n c e  +  

is m o r e  a p p r o p r i a t e  t h a n  t h a t  u s u a l ly  e m p lo y e d  ( a n d  fo r  t h a t  r e a s o n  u s e d  in  th is  p a p e r ) ,  

a s  is i l lu s t r a t e d  b y  th e  l i m i t in g  fo rm s :  fo r  j j H l |  fo r

G(x, y) ->er>r(x).

A  c o n t in u a t i o n  o f  th e  f u n c t io n  (A  2) a p p r o p r i a t e  to  n e g a t iv e  v a lu e s  o f  x  is p r o v id e d  

( e x c e p t  a t  c e r t a in  p o in ts )  b y  c o n s id e r in g  th e  f u n c t io n

H  tk  n ■■
g (z ^ ) = J 0 ^ p t > (A 4 )

w h ic h  is id e n t i c a l  w i th  (A  2) fo r  z  r e a l  a n d  p o s i t iv e .  B y  a  p r o c e d u r e  s im i la r  to  t h a t  

fo r  o b ta in in g  H a n k e l ’s e x p re s s io n  fo r  F(z) (W h i t t a k e r  a n d  W a t s o n  1 9

p . 2 4 4 ) , i t  m a y  b e  s h o w n  t h a t  w h e n  th e  r e a l  p a r t  o f  z  is p o s i t iv e  a n d  n o t  i n t e g r a l

(A 5 )

w h e r e  th e  p a t h  o f  in t e g r a t i o n ,  C, s ta r t s  a t  in f in i ty  o n  th e  r e a l  a x is ,  e n c i r c le s  t h e  o r ig in  

in  a  p o s i t iv e  d i r e c t io n ,  a n d  r e tu r n s  to  in f in i ty ,  a n d  is so  c h o s e n  t h a t  i t  d o e s  n o t  in c lu d e  

a n y  o f  t h e  p o in t s  ±  [2n-\- 1) n i+ y .  A d o p t in g  th e  s y m b o l is m  o f  W h i t t a k

W a t s o n  fo r  th is  c o n t o u r ,  (A  5) m a y  b e  w r i t t e n

G(z, y) =
1

2 i s in  77Z

( - t y - ' d t

i w i  5
(A  6)

* W e a re  in d e b te d  to  M r  C . W . Gi l h a m fo r v e r ify in g  th e  g e n e ra l t r e a tm e n t  g iv e n  in  th is  A p p e n d ix .
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w h i c h  d e f in e s  a n  a n a l y t i c  f u n c t i o n  f o r  a l l  v a l u e s  o f  z  e x c e p t  0 , ± 1 ,  ±  2 , . . . ,  a n d ,  e x c e p t  

f o r  th e s e  v a l u e s ,  is a n  a p p r o p r i a t e  e x t e n s i o n  o f  G (x, rj). A  s p e c i a l  t r e a t m e n t  m a y  b e  

d e v e l o p e d  f o r  t h e  i n t e g r a l  v a l u e s  o f  z ,  b u t  th i s  n e e d  n o t  b e  c o n s i d e r e d  h e r e .

Relation between G (z , rj) and  1 ,

I t  m a y  n o w  b e  s h o w n  t h a t  t h e  r e l a t i o n

Fk M  (6*3)

o r  ^  G (x, tj) =  ( x - 1) G ( x - 1 , 7 ) ,

w h o s e  r a n g e  o f  a p p l i c a t i o n  is  r e s t r i c t e d  to  £ > 0 ,  o r  x > l ,  i n  v i r t u e  o f  t h e  d e f i n i t i o n s  

(A  1) a n d  (A  2 ) ,  h o ld s  i n  t h e  f o r m

drj
G{z,ri)  =  ( z — 1) G 1 , (A  7)

f o r  a l l  v a l u e s  o f  z  w h i c h  a r e  n o t  r e a l  a n d  i n t e g r a l .  F o r

T h u s

2 i s in 7 r ( z — 1) G { z — 1 , rj) =  

(2 itz~xs in  7r ( z  — 1 )]

= r  ( z - i )  ( * - * + i y  It ->00

( 0 + ) ( _ / ) z - 2 ^

*> d - y + l

(°+) 1 ( — tyz - lg t -yd t

» z — 1 * (et-y +  l ) 2

2is i n  7rz  , n ) .
z — 1 v "

dr]
G{z,

a n d  (A  7) fo llo w s . T h e r e f o r e  t h e  r e l a t i o n  (6 -3 ) ,  w h i c h  h a s  b e e n  a p p l i e d  i n  th i s  p a p e r  

t o  t h e  s e q u e n c e  k  =  t z +  | ,  w h e r e  n is  i n t e g r a l ,  is n o t  r e s t r i c t e d  to  p o s i t i v e  v a l u e s  o f  

p r o v i d e d  Fk{r]) is  s u i t a b l y  d e f in e d .

Relation between G (z ,  0 ) and the Riemann

T h e  R i e m a n n  z e t a  f u n c t i o n  m a y  b e  e x p r e s s e d  ( W h i t t a k e r  

p .  2 6 6 )  i n  t h e  f o r m

r (A  _
27 el— l

a n d  W a t s o n  1 9 3 5 ,

(A  8)

1 _  M_2 _

e*+1 ~  et- l ~ e 2̂ ! ’
H e n c e ,  u s in g  t h e  i d e n t i t y (7 -4 )
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l  /• (o+) _

i t  fo llow s t h a t  G(z,  0) =  -  J ;  S + I -

J .  M c D O U G A L L  A N D  E. C. S T O N E R

. j —
2 i s in  7t z   ̂ j  » el—l

Sin 77Z
n t j §  £(z ) - 

J r ( i - z ) ’

w h ic h ,  b y  th e  u s e  o f  th e  f u n c t io n a l  r e l a t io n  jH(z ) T (1  — z) — 7r/sin77Z, b e c o m e s

G (z , 0) =  -T(z) ( 1 - 2 1-* ) « z ) . (A  9)

R e p e a te d  a p p l i c a t io n  o f  (A  7) a n d  s u b s e q u e n t  u s e  o f  (A  9) g iv e s

( I / )  G ^Z’ °) I  (z _ 1 ) (Z ~ 2•"  (Z ~ ^

^  r ( z — r ) G (z ~ r’ 0^’

i .e .  ( | ) G ( z ,  0) =  T (z )  ( 1 - 2 1— K ( z - r ) ,  (A  10)

s h o w in g  t h a t  b y  s u i t a b ly  d e f in in g  Fk(rj), t h e  r e l a t io n  (7*7) h o ld s  fo r  b o t h  p o s i t iv e  a n d  

n e g a t iv e  h a l f - o d d - i n te g r a l  v a lu e s  o f  k,  in  p a r t i c u l a r ,  w i t h o u t  r e s t r i c t io n  o n  r, t h e  o r d e r  

o f  d i f f e r e n t ia t io n .
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TABLE OF FE R M I-D IR A C  FU N C TIO N S

T h e  ta b le  g iv es  th e  v a lu e s  o f  th e  fu n c t io n s

(rj), Fh(r/) =  =  F, w F ',  w^F"  a n d  w 3F"

w h e r e F M  =  f
J  I

xfr dx d
ex - y > an<^ F '  =  a t  in te rv a ls  w =  O l  in  th e  a rg u m e n t.

d
S in c e  e a c h  c o lu m n  a f te r  th e  f irs t  g iv es  a  m u l t ip le  o f  a  d e r iv a t iv e

o f  e a c h  o f  t h e  f u n c t i o n s  g iv e n  i n  t h e  p r e c e d i n g  c o l u m n s .

T h e  f u n c t i o n s  a r e  l i s t e d  to  t h e  s ix th  d e c i m a l  p l a c e  f o r  — 4*0 ^  +  4*0, a n d  to  t h e  f i f t h

d e c i m a l  p l a c e  f o r  4 - 0 < 7/ < 2 0 - 0 .  T h e  d o t  s y m b o l  * a f t e r  t h e  l a s t  p r i n t e d  d i g i t  i n d i c a t e s  

t h a t  t h e  n e x t  d i g i t  l ie s  b e t w e e n  3 a n d  7 .

T h e  v a l u e s  a r e  b e l i e v e d  to  b e  c o r r e c t  t o  w i t h i n  0 ‘ a n d  1 i n  t h e  s i x t h  d e c i m a l  p l a c e  i n  

t h e  r a n g e s  — 4 * 0 < 7 < 0 * 0  a n d  0*0 < tj <4 * 0 ,  r e s p e c t iv e l y ,  a n d  to  w i t h i n  0 ' i

p l a c e  f o r  4 - 0 < 7 < 2 0 - 0 .

S u ita b le  m e th o d s  fo r  d i r e c t  a n d  in v e rse  in te r p o la t io n  a r e  d e s c r ib e d  in  § 8.
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98 J . McDOUGALL AND E. C. STONER ON

V m F wF' w2F " w W "

- 4-0 0-016  179 ' 0-016  128 1 6 0 2 ' 158 15 '

- 3-9 0-017  875 0-017  812 1 7 6 8 * 174 ' 17

- 3-8 0-019  748 0-019  6 7 0 ' 1 952 192 18 '

- 3-7 0-021  816 0-021  7 2 1 ' 2  153 ' 2 1 1 ' 2 0 '

- 3-6 0-024  099 0-023  9 8 4 ' 2  376 233 2 2 '

- 3-5 0-026  6 2 0 ' 0-026  4 8 0 ' 2  6 2 0 ' 2 5 6 ' 2 4 '

- 3-4 0-029  404 0-029  2 3 3 ' 2  8 8 9 ' 2 8 2 ' 27

- 3-3 0-032  4 7 6 ' 0-032  269 3  186 3 1 0 ' 2 9 '

- 3-2 0-035  868 0-035  615 3 5 1 1 ' 3 4 1 ' 3 2 '

- 3 1 0-039  611 0-039  303 3  870 375 3 5 '

- 3 0 0-043  741 0-043  3 6 6 * 4  263 412 3 8 '

- 2-9 0-048  298 0-047  842 4  695 452 42

- 2-8 0-053  3 2 4 ' 0-052  770 5  1 68 ' 496 4 5 '

- 2-7 0-058  8 6 8 ' 0-058  194 5  6 8 7 ' 543 4 9 '

- 2-6 0-064  9 8 1 ' 0-064  161 ' 6  256 595 54

- 2-5 0-071  7 2 0 ' 0-070  7 2 4 ' 6  879 651 58

- 2 4 0-079  148 0-077  9 3 8 ' 7 5 5 9 * 711 63

- 2-3 0-087  332 0-085  864 8  303 7 7 6 ' 68

- 2-2 0-096  347 0-094  5 6 6 ' 9  114 8 4 6 ' 73

- 2 1 0-106  2 7 3 ' 0-104  116 9  9 9 7 ' 922 78

- 2-0 0-117  2 0 0 ' 0-114  588 10  9 5 9 ' 1 003 8 3 '

- 1-9 0-129  2 2 4 ' 0-126  063 12  005 1 089 89

- 1-8 0-142  4 4 9 ' 0-138  6 2 7 ' 13  139 1 1 80 ' 9 4 '

- 1-7 0-156  9 8 9 ' 0-152  373 14  368 1 278 100

- 1-6 0-172  967 0-167  397 15  697 1 381 1 05 '

- 1-5 0-190  515 0-183  802 17  131 1 489 1 10 *

- 1 4 0-209  777 0-201  696 18  676 1 602 116

- 1-3 0-230  9 0 7 ' 0-221  193 20  337 1 7 2 0 ' 1 20 '

- 1-2 0-254  073 0-242  4 1 0 * 22  118 1 843 1 24 '

- M 0-279  451 0-265  471 24  024 1 969 128

- 1-0 0-307  2 3 2 ' 0-290  501 26  0 5 7 ' 2  0 9 8 ' 131

- 0-9 0-337  621 0-317  630 28  222 2  231 133

- 0-8 0-370  833 0-346  9 8 9 ' 30  520 2  3 6 4 ' 134

- 0-7 0-407  098 0-378  714 32  9 5 1 ' 2  499 1 34 '

- 0-0 0 4 4 6  659 0 4 1 2  937 35  5 1 7 ' 2  633 1 33 '

- 0-5 0-489  773 0 4 4 9  793 38  217 2  766 1 3 1 '

- 0 4 0-536  710 0-489  4 1 4 ' 41  048 2  896 1 28 '

- 0-3 0-587  7 5 2 ' 0-531  9 3 1 ' 44  0 0 7 ' 3  022 124

- 0-2 0-643  197 0-577  4 7 0 ' 47  091 3  144 119

- 0 4 0-703  351 0-626  152 ' 50  293 3  2 5 9 ' 112 *

0 0 0-768  536 0-678  094 53  608 3  3 6 8 * 105
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99TH E C O M PU T A T IO N  O F FE R M I-D IR A C  FU N C TIO N S

V m F

0-0 0 -7 6 8  5 3 6 0 -6 7 8  0 9 4

0 1 0 -8 3 9  0 8 2 0 -7 3 3  4 0 3

0-2 0 -9 1 5  3 3 2 0 -7 9 2  1 8 1 ’

0-3 0-9 9 7  637 0 -8 5 4  521

0-4 1-0 86  3 5 8 0 -9 2 0  5 0 5 ’

0-5 1-181  8 6 2 ‘ 0 -9 9 0  2 0 9

0-6 1-2 8 4  5 2 6 1-063  6 9 4 ’

0-7 1-3 94  7 29 1-141  0 1 5 '

0-8 1-512  8 58 1-222  2 1 5 ’

0-9 1-639  3 0 2 ' 1-307  3 2 7 '

1 4 1-7 7 4  4 5 5 1-3 96  3 7 5

M 1-9 18  7 0 9 ' 1-4 89  3 7 2

1-2 2 -0 7 2  461 1-586  3 2 3 ’

1-3 2 -2 3 6  106 1-687  2 2 6

1-4 2 -4 1 0  0 3 7 ’ 1-7 92  0 6 8 '

1-5 2 -5 9 4  6 5 0 1-9 00  8 3 3 ’

1-6 2 -7 9 0  3 3 4 ' 2 -0 1 3  4 9 6 '

1-7 2-9 9 7  4 7 8 ' 2 -1 3 0  0 2 7

1-8 3-2 1 6  4 6 7 ’ 2 -2 5 0  391

1*9 3-4 4 7  6 8 3 2 -3 7 4  5 4 8 ’

2-0 3-691  5 0 2 2 -5 0 2  4 5 8

2 1 3-9 4 8  2 9 8 2 -6 3 4  0 7 2 ’

2-2 4 -2 1 8  4 3 8 ’ 2 -7 6 9  3 4 4 '

2-3 4 -5 0 2  287 2-9 0 8  2 2 4

2-4 4 -8 0 0  2 0 2 3 -0 5 0  6 5 9 ’

2-5 5-1 1 2  5 3 6 3 -1 9 6  5 9 8 '

2-6 5-4 3 9  637 3-3 4 5  9 8 8

2-7 5-781  847 3-4 9 8  7 7 5

2-8 6-1 3 9  5 0 3 3 -6 5 4  9 0 5 ’

2-9 6 -5 1 2  9 3 7 ' 3 -8 1 4  3 2 6 '

3 0 6 -9 0 2  4 7 6 ’ 3-9 7 6  9 8 5 ’

3 1 7-3 0 8  441 4 -1 4 2  831

3-2 7-731  147 4-311  811

3-3 8 -1 7 0  9 0 6 4 -4 8 3  8 7 6 '

3-4 8 -6 2 8  0 2 3 ’ 4 -6 5 8  9 7 7 '

3-5 9 -1 0 2  801 4-8 3 7  0 6 6

3-6 9 -5 9 5  5 3 5 5 -0 1 8  0 9 5

3-7 10-106  5 1 6 ' 5-202  0 2 0

3-8 1 0-6 36  0 3 4 5-3 8 8  7 95

3-9 1 1-1 84  3 6 9 5-5 7 8  3 7 8

4-0 11-751  8 0 1 * 5 -7 7 0  7 2 6 *

wF' w2F" w3F'"

5 3  6 0 8 3  3 6 8 ' 1 05

57  0 2 7 ' 3  4 7 0 97

60  5 4 4 3  5 6 2 88

6 4  149 3  6 4 6 7 8 '

67  8 3 2 ' 3  7 1 9 ' 69

71  5 8 4 ' 3  7 8 3 5 8 '

7 5  3 9 5 3  8 3 6 ' 4 8

79  2 5 4 3  8 8 0 38

83  1 5 1 ' 3  9 1 3 2 8

87  0 7 6 ' 3  9 3 6 1 8 '

91  0 2 0 ' 3  9 5 0 9 '

9 4  9 7 4 3  9 5 5 1

9 8  9 2 8 3  9 5 2 -  7

10 2  8 7 5 3  941 - 1 4 '

10 6  8 0 7 ' 3  9 2 3 - 2 1 '

1 1 0  7 1 8 ' 3  8 9 8 ’ - 2 7 *

1 1 4  6 0 2 3  8 6 8 ’ - 3 2 '

118  4 5 3 ’ 3  8 3 3 ' - 3 7

12 2  2 6 7 ’ 3  7 9 4 ' - 4 1

126  041 3  7 5 1 ' - 4 4 '

129  7 7 0 3  7 0 6 - 4 7

133  4 5 1 ' 3  6 5 7 ' - 4 9

137  0 8 4 3  6 0 7 ' - 5 0 ’

14 0  6 6 6 3  5 5 6 - 5 2

1 4 4  1 96 3  5 0 4 - 5 3

147  6 7 3 3  4 5 0 ' - 5 3 '

151  0 9 7 3  397 - 5 3 '

15 4  4 6 7 ' 3  3 4 3 ' - 5 3 ’

157  7 8 4 ' 3  2 9 0 ' - 5 3

161  0 4 9 3  2 3 8 - 5 2

16 4  261 3  1 86 - 5 1 ’

167  421 3  1 35 - 5 0 '

1 7 0  531 3  0 8 5 - 5 0

17 3  591 3  0 3 5 ' - 4 8 '

17 6  6 0 2 ' 2  9 8 7 ' - 4 7 '

179  5 6 6 ' 2  941 - 4 6

182  4 8 4 ' 2  8 9 5 - 4 5

185  357 2  8 5 0 ’ - 4 4

188  186 2  8 0 7 ' - 4 2 '

19 0  9 7 2 ’ 2  7 6 5 ' - 4 1

19 3  7 1 7 ' 2  7 2 5 - 4 0
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100 J. McDOUGALL AND E. C. STONER ON

V **t F wF' vF F" w3 F " '

4-0 11-751  80 5-770  7 2 ' 193  72 2  7 2 * - 4

4 1 12-338  6 0 ' 5-965  80 196  42 2  6 8 ' - 4

4-2 12-945  05 6-163  56 199  09 2  65 - 4

4-3 13-571  4 0 ' 6-363  9 6 ' 201  72 2  61 - 3 '

4-4 14-217  93 6-566  98 20 4  31 2  5 7 ' - 3 '

4-5 14-884  89 6-772  5 7 ' 206  87 2  54 - 3 '

4-6 15-572  53 6-980  7 0 * 209  39 2  5 0 ' - 3 '

4-7 16-281  11 7-191  3 4 ' 211  88 2  4 7 ' - 3

4-8 17-010  88 7-404  4 5 ' 21 4  34 2  44 - 3

4-9 17-762  0 8 ' 7-620  01 216  7 6 ' 2  41 - 3

5-0 18-534  9 6 ' 7-837  9 7 ' 219  16 * 2  38 - 3

5 1 19-329  76 8-058  3 2 ' 221  53 2  3 5 ' - 3

5-2 20-146  71 8-281  03 223  87 2  3 2 ' - 3

5-3 20-986  04 8-506  06 226  18 ' 2  30 - 2 '

5-4 21-847  9 9 ' 8-733  39 228  47 2  2 7 ' - 2 '

5-5 22-732  7 9 ' 8-962  9 9 ' 230  7 3 * 2  25 - 2 '

5-6 23-640  67 9-194  85 232  97 2  2 2 ' - 2 *

5-7 24-571  84 9-428  93 235  18 ' 2  20 - 2 '

5-8 25-526  53 9-665  21 237  3 7 ' 2  18 - 2

5-9 26-504  9 5 ' 9-903  67 239  54 2  16 - 2

6-0 27-507  3 3 ' 10-144  2 8 ' 241  69 2  1 3 ' - 2

6-1 28-533  8 8 ' 10-387  0 3 ' 243  81 2  11 ' - 2

6-2 29-584  8 1 ' 10-631  90 245  9 1 ' 2  0 9 ' - 2

6-3 30-660  3 3 ' 10-878  86 248  00 2  0 7 ’ - 2

6-4 31-760  6 5 * 11-127  8 9 ' 250  0 6 ' 2  0 5 ' - 2

6-5 32-885  98 11-378  9 8 ' 252  11 2  0 3 ' - 2

6-6 34-036  52 11-632  11 ' 254  14 2  02 - 2

6-7 35-212  47 11-887  26 256  15 2  00 - 2

6-8 36-414  04 12-144  4 0 ' 258  14 1 9 8 ' - 2

6-9 37-641  42 12-403  54 260  12 1 97 9 r

7-0 38-894  81 12-664  64 262  08 1 95 - r

7 1 40-174  41 12-927  69 26 4  02 1 9 3 ' - r

7-2 41-480  4 1 * 13-192  6 7 ' 265  95 1 92 - r

7-3 42-813  01 13-459  58 267  86 1 9 0 ' - i ’

7-4 44-172  3 9 ' 13-728  3 9 ' 269  76 1 89 - r

7-5 45-558  75 13-999  10 271  6 4 ' 1 8 7 ' - i '

7-6 46-972  2 7 ' 14-271  68 273  5 1 ' 1 86 - i *

7-7 48-413  15 14-546  12 275  37 1 85 - i '

7-8 49-881  56 14-822  41 277  21 1 8 3 ' - r

7-9 51-377  6 9 ' 15-100  5 3 ' 279  04 1 82 - l

8-0 52-901  73 15-380  4 8 ' 280  8 5 ' 1 81 - i
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TH E C O M PU T A T IO N  OF FE R M I-D IR A C  FU N C TIO N S 101

V m F wF ' w2F "

8-0 52 -901  73 1 5-3 80  4 8 ' 2 8 0  8 5 ' 1 81

8-1 5 4 -4 5 3  85 15-662  2 4 ' 2 8 2  6 6 1 8 0

8-2 5 6 -0 3 4  2 4 1 5 -9 4 5  8 0 2 8 4  4 5 1 7 8 ’

8-3 5 7 -6 4 3  07 16-231  1 4 ' 2 8 6  23 1 7 7 ’

8-4 5 9 -2 8 0  5 2 ’ 1 6-5 18  2 6 2 8 8  0 0 1 7 6

8-5 6 0 -9 4 6  78 16-807  14 2 8 9  7 5 ' 1 75

8-6 6 2 -6 4 2  01 17-097  7 6 ’ 291  5 0 1 7 4

8-7 6 4 -3 6 6  39 1 7 -3 9 0  13 2 9 3  2 3 ’ 1 73

8-8 6 6 -1 2 0  0 9 ' 1 7 -6 8 4  23 2 9 4  9 5 ' 1 72

8-9 6 7 -9 0 3  2 9 ’ 1 7 -9 8 0  0 4 2 9 6  67 1 71

9-0 6 9 -7 1 6  16 18 -277  5 6 2 9 8  37 1 6 9 ’

9 1 7 1 -5 5 8  8 6 ' 18 -5 7 6  7 7 ' 3 0 0  0 6 1 6 8 ’

9-2 73-431  57 18-877  68 301  7 4 ' 1 6 7 *

9-3 7 5 -3 3 4  4 5 ' 1 9-1 80  26 3 0 3  4 1 ' 1 67

9-4 7 7 -2 6 7  68 1 9 -4 8 4  51 3 0 5  0 8 1 6 6

9-5 79-231  41 1 9 -7 9 0  41 3 0 6  73 1 6 5

9-6 8 1 -2 2 5  82 2 0 -0 9 7  9 6 ' 3 0 8  37 1 6 4

9-7 83-251  06 2 0 -4 0 7  1 5 * 3 1 0  01 1 63

9-8 8 5 -3 0 7  30 2 0 -7 1 7  9 7 ' 311  63 1 62

9-9 8 7 -3 9 4  71 2 1 -0 3 0  4 2 3 1 3  2 5 1 61

10-0 8 9 -5 1 3  4 4 2 1 -3 4 4  47 3 1 4  86 1 6 0 '

1 0 1 9 1 -6 6 3  6 5 ’ 2 1 -6 6 0  13 3 1 6  4 5 ' 1 5 9 '

10-2 9 3 -8 4 5  52 2 1 -9 7 7  38 3 1 8  0 4 ' 1 5 8 *

10-3 9 6 -0 5 9  1 8 ' 2 2 -2 9 6  2 2 3 1 9  6 3 1 58
10-4 9 8 -3 0 4  8 1 * 2 2 -6 1 6  6 4 321  2 0 ' 1 57

10-5 1 0 0 -5 8 2  5 6 ' 2 2 -9 3 8  6 2 ’ 3 2 2  77 1 5 6
10-6 1 0 2 -8 9 2  5 9 2 3 -2 6 2  1 7 ' 3 2 4  33 1 5 5 *

10-7 1 0 5 -2 3 5  0 5 2 3 -5 8 7  2 8 3 2 5  88 1 5 4 '

10-8 1 0 7 -6 1 0  10 2 3 -9 1 3  93 3 2 7  4 2 ' 1 5 4
10-9 1 10-017  89 2 4 -2 4 2  1 2 ' 3 2 8  9 6 1 5 3

1 1 0 112 -4 5 8  5 7 ' 24-571  8 4 ’ 3 3 0  4 8 * 1 5 2 '

1 1 1 114 -9 3 2  31 2 4 -9 0 3  0 9 ' 3 3 2  01 1 52
11-2 117 -4 3 9  2 4 ' 2 5 -2 3 5  86 3 3 3  52 1 51
11*3 119 -9 7 9  53 2 5 -5 7 0  1 3 * 3 3 5  0 3 1 5 0 '

u i 122 -5 5 3  32 2 5 -9 0 5  9 1 ' 3 3 6  53 1 4 9 '

1 1 4 1 2 5 -1 6 0  7 6 ' 2 6 -2 4 3  19 3 3 8  0 2 1 4 9
11*6 127 -8 0 2  01 2 6 -5 8 1  9 5 ' 3 3 9  51 1 4 8
l l *7 1 30-477  2 0 ' 2 6 -9 2 2  2 0 ’ 3 4 0  9 8 ' 1 4 7 ’

11*8 133 -1 8 6  5 0 2 7 -2 6 3  93 3 4 2  4 6 1 47
11-9 135 -9 3 0  0 4 2 7 -6 0 7  12 3 4 3  9 2 * 1 4 6 '

1 2 0 1 38-707  9 7 ' 27-951  78 3 4 5  3 8 ' 1 4 5 '

13-2
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102 J. McDOUGALL AND E. C. STONER ON

V m F w F 1 w2F "

12-0 138-707  9 7 ' 27-951  78 345  3 8 * 1 4 5 '

12-1 141-520  4 4 ' 28-297  89 346  84 1 45

12-2 144-367  60 28-645  4 5 ' 348  29 1 4 4 '

12-3 147-249  5 8 ' 28-994  4 6 ' 349  73 1 44

12-4 150-166  54 29-344  91 351  16 ' 1 43

12-5 153-118  6 1 ' 29-696  79 352  5 9 ' 1 4 2 '

12-6 156-105  9 4 ' 30-050  0 9 ' 354  o r 1 42

12-7 159-128  68 30-404  82 355  4 3 ' 1 4 1 '

12-8 162-186  96 30-760  96 356  8 4 ' 1 41

12-9 165-280  92 31-118  51 358  25 1 4 0 '

13-0 168-410  71 31-477  4 6 ' 359  65 1 40

13*1 171-576  46 31-837  8 1 ' 361  05 1 39

13-2 174-778  3 1 ' 32-199  56 362  4 3 ' 1 3 8 '

13-3 178-016  42 32-562  6 8 ' 363  82 1 38

13-4 181-290  90 32-927  20 365  20 1 3 7 '

13-5 184-601  90 33-293  0 8 ' 366  57 1 37

13-6 187-949  56 33-660  34 367  94 1 3 6 '

13-7 191-334  0 1 ' 34-028  96 369  3 0 ' 1 36

13-8 194-755  40 34-398  9 4 ' 370  66 1 3 5 '

13-9 198-213  85 34-770  28 372  0 1 ' 1 35

1 4 0 201-709  50 35-142  97 373  36 1 3 4 '

14-1 205-242  49 35-517  0 0 ' 37 4  7 0 ' 1 34

14-2 208-812  95 35-892  38 376  04 1 3 3 '

14-3 212-421  01 36-269  0 8 ' 377  3 7 ' 1 33

14-4 216-066  81 36-647  12 ' 378  7 0 ’ 1 3 2 '

14-5 219-750  48 37-026  49 380  03 1 32

14-6 223-472  15 37-407  18 381  3 4 ' 1 3 1 '

14-7 227-231  96 37-789  18 382  66 1 31

14-8 231-030  03 38-172  50 383  97 1 31

14-9 234-866  50 38-557  12 385  2 7 ' 1 3 0 '

1 5 0 238-741  50 38-943  0 4 ' 386  5 7 ' 1 30

1 5 1 242-655  15 ' 39-330  27 387  87 1 2 9 '

15-2 246-607  5 9 ' 39-718  79 389  16 ' 1 29

15-3 250-598  9 5 ' 40-108  5 9 ' 390  45 1 2 8 '

15-4 254-629  36 40-499  69 391  7 3 ' 1 28

15-5 258-698  9 3 ' 40-892  0 6 ' 393  0 1 ' 1 2 7 '

15-6 262-807  8 1 ' 41-285  7 1 ' 39 4  29 1 27

15-7 266-956  12 41-680  64 395  56 1 27

15-8 271-143  9 8 ' 42-076  83 396  8 2 ' 1 2 6 *

15-9 275-371  53 42-474  29 398  09 1 26

1 6 0 279-638  8 8 ' 42-873  0 0 ' 399  3 4 ' 1 2 5 '
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V F voF' w2 F "

1 6 0 2 7 9 -6 3 8  8 8 ’ 4 2 -8 7 3  0 0 * 3 9 9  3 4 ’ 1 2 5 ’

1 6 1 2 8 3 -9 4 6  17 4 3 -2 7 2  98 4 0 0  60 1 2 5

16-2 2 8 8 -2 9 3  5 2 4 3 -6 7 4  2 0 * 40 1  8 5 1 2 5

16-3 292 -6 8 1  0 5 * 4 4 -0 7 6  6 8 4 0 3  0 9 * 1 2 4 *

16-4 2 9 7 -1 0 8  9 0 4 4 -4 8 0  3 9 * 4 0 4  34 1 2 4

16-5 3 0 1 -5 7 7  1 7 ’ 4 4 -8 8 5  3 5 ’ 4 0 5  5 8 1 2 3 *

16-6 3 0 6 -0 8 6  01 45-291  5 5 4 0 6  81 1 2 3 *

16-7 3 1 0 -6 3 5  5 3 4 5 -6 9 8  9 8 4 0 8  0 4 * 1 23

16-8 3 1 5 -2 2 5  85 4 6 -1 0 7  6 3 * 4 0 9  27 1 2 2 *

16-9 3 1 9 -8 5 7  0 9 * 4 6 -5 1 7  52 4 1 0  4 9 * 1 2 2

1 7 0 3 2 4 -5 2 9  39 4 6 -9 2 8  6 2 * 41 1  7 1 * 1 2 2

1 7 1 3 2 9 -2 4 2  86 4 7 -3 4 0  9 5 4 1 2  9 3 1 2 1 *

17-2 3 3 3 -9 9 7  62 4 7 -7 5 4  4 8 * 4 1 4  1 4 * 1 21

17-3 3 3 8 -7 9 3  80 4 8 -1 6 9  2 3 * 4 1 5  35 1 21

17-4 3 43-631  51 4 8 -5 8 5  19 4 1 6  5 6 1 2 0 *

17-5 3 4 8 -5 1 0  8 7 * 4 9 -0 0 2  3 5 4 1 7  76 1 2 0

17-6 3 5 3 -4 3 2  0 2 4 9 -4 2 0  71 4 1 8  96 1 1 9 ’

17-7 3 5 8 -3 9 5  0 6 4 9 -8 4 0  2 6 * 4 2 0  1 5 * 1 1 9 *

17-8  , 3 6 3 -4 0 0  11 50-261  01 421  3 4 * 1 19

17-9 3 6 8 -4 4 7  3 0 5 0 -6 8 2  9 5 4 2 2  5 3 * 1 1 8 ’

18-0 3 7 3 -5 3 6  7 4 5 1 -1 0 6  0 8 4 2 3  72 1 1 8 *

1 8 1 3 7 8 -6 6 8  5 5 * 5 1 -5 3 0  39 4 2 4  9 0 1 18

18-2 3 8 3 -8 4 2  86 5 1 -9 5 5  8 7 * 4 2 6  0 8 1 1 7 *

18-3 3 8 9 -0 5 9  77 5 2 -3 8 2  5 4 4 2 7  2 5 1 1 7 ’

18-4 3 9 4 -3 1 9  4 0 * 5 2 -8 1 0  3 8 4 2 8  4 2 * 1 17

18-5 3 99-621  8 8 * 5 3 -2 3 9  39 4 2 9  59 1 17

18-6 4 0 4 -9 6 7  32 5 3 -6 6 9  5 6 * 4 3 0  76 1 1 6 *

18-7 4 1 0 -3 5 5  8 3 ’ 5 4 -1 0 0  9 0 43 1  92 1 16
18-8 4 1 5 -7 8 7  5 4 5 4 -5 3 3  4 0 4 3 3  0 8 1 16
18-9 4 2 1 -2 6 2  5 5 ’ 5 4 -9 6 7  0 6 4 3 4  2 3 * 1 1 5 *

1 9 0 4 2 6 -7 8 0  99 55-401  87 4 3 5  3 8 * 1 15
1 9 1 4 3 2 -3 4 2  97 5 5 -8 3 7  83 4 3 6  5 3 * 1 15
19-2 4 3 7 -9 4 8  5 9 * 5 6 -2 7 4  9 4 4 3 7  6 8 ’ 1 1 4 *

19-3 443 -5 9 7  9 9 * 5 6 -7 1 3  2 0 4 3 8  8 2 * 1 14
19-4 449-291  2 7 * 5 7 -1 5 2  5 9 * 4 3 9  97 1 14

19-5 4 5 5 -0 2 8  5 5 5 7 -5 9 3  13 441  1 0 * 1 1 3 *

19-6 4 6 0 -8 0 9  9 4 5 8 -0 3 4  8 0 * 4 4 2  2 4 1 1 3 *

19-7 4 6 6 -6 3 5  5 5 5 8 -4 7 7  61 4 4 3  37 1 13
19-8 4 7 2 -5 0 5  5 0 58-921  5 4 * 4 4 4  5 0 1 13
19-9 4 7 8 -4 1 9  8 9 ’ 5 9 -3 6 6  61 4 4 5  6 2 ’ 1 1 2 *

2 0 0 4 8 4 -3 7 8  8 5 * 5 9 -8 1 2  7 9 * 4 4 6  75 1 12
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104 J .  M cD O U G A L L  A N D  E. C. S T O N E R

S u m m a r y

T h e  a p p l ic a t io n  o f  F e r m i - D i r a c  s ta t is t ic s  to  p h y s ic a l  p r o b le m s  ( e x a m p le s  o f  w h ic h
/+ oo

a r e  in d ic a te d )  r e q m r e s t h e e v a h i a t i o n o f i n t e g r a l s o f t h e f o r m E ^ ? / )  ==J

e s p e c ia lly  fo r  k  =  |  a n d  k =  § , a n d  o f  a  n u m b e r  o f  r e l a t e d  f u n c t io

T h is  p a p e r  is p r im a r i ly  c o n c e r n e d  w i th  th e  e v a l u a t i o n  o f  Fi(rj) =  F,  f r o m  w h ic h  th e  

o th e r  f u n c t io n s  m a y  b e  o b ta in e d ,  fo r  a  w id e  r a n g e  o f  v a lu e s  o f  t h e  a r g u m e n t  S e r ie s

e x p a n s io n s ,  w h ic h  a r e  a v a i l a b l e  fo r  rj 1 a n d  <  0 , c o r r e s p o n d

a p p r o x im a te ly  eQj k T < \  (e0 b e in g  th e  m a x im u m  p a r t i c l e  e n e r g y  in  t h e  F e r m i - D i r a c  

d i s t r i b u t io n  a t  a b s o lu te  z e r o ) ,  a r e  s tu d ie d  in  d e t a i l  a n d  a r e  e m p lo y e d  in  t h e  c a l c u la t io n  

o f  F  fo r  y >1 6 * 0  a n d  y <0 - 0 .  T h e  d e t e r m i n a t i o n  o f  0) is c a r r i e d  o u

r e la t io n  b e tw e e n  th e  f u n c t io n s  Fk{0) a n d  th e  R i e m a n n  z e t a  f u n c t io n

b e tw e e n  0 a n d  16, th e  c o m p u ta t io n s  a r e  m a d e  b y  n u m e r i c a l  i n t e g r a t i o n  m e th o d s ,  

s u p p le m e n te d  b y  th e  u s e  o f  se r ie s  fo r  t h e  i n i t i a l  a n d  f in a l  p a r t s  o f  t h e  x  r a n g e .  A  d i r e c t  

m e th o d  is u s e d  fo r  0 - 0 < 7 < 3 * 0 ,  b u t  fo r  3 * 0 ^ 7 / ^  16*0, a  m o d if ie d  p r o c e d u r e  g r e a t ly  

r e d u c e s  th e  w o r k  o f  c o m p u ta t i o n .

F r o m  th e  FFy)  t a b l e  so  o b ta in e d ,  v a lu e s  o f  M M  a r e  f o u n d  b y  n u m e r i c a l  i n t e g r a t i o n ,  

a n d  o f  t h e  d e r iv a t iv e s  F ' ,  F "and F'" b y  n u m e r i c a l  d i f f e r e n t ia t io n .  T h e  f in a l  t a

a t  t a b u l a r  in te r v a ls  w =  0 T ,  t h e  v a lu e s  o f  t h e  f u n c t io n s  §F§(y)} F^{rj) — F,  

a n d  w3F m, to  s ix  d e c im a l  p la c e s  fo r  — 4 - 0 ^ t/ <  + 4 * 0 ,  a n d  to  f iv e  d e c im a l  p la c e s  fo r  

4 '0 < t/ ^ 20*0. C o n v e n ie n t  m e th o d s  fo r  d i r e c t  a n d  in v e rs e  i n t e r p o l a t i o n  a r e  d e s c r ib e d .

S o m e  p r o p e r t i e s  o f  t h e  Fk(rj) f u n c t io n s ,  d e f in e d  o n ly  fo r  ( £ + 1 )  p o s i t iv e ,  a r e  d is c u s s e d , 

2 n d  a n  a n a ly t i c  c o n t i n u a t i o n  o f  t h e  f u n c t io n s ,  o b t a i n e d  in  a n  A p p e n d ix ,  e n a b le s  

th e s e  p r o p e r t i e s  to  b e  e s ta b l i s h e d  fo r  a  w id e r  r a n g e  o f  k  v a lu e s .
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